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ABSTRACT

In this paper we show how to predict relative trace identities from the computation
of Jacquet modules of the Weil representations. Many previously considered special
cases of relative trace identities fit the principle we develop here, including those with
important applications on L-functions. We also show how to prove these identities using
the Weil representation. We give a proof of the relative trace identities between the dis-
tributions on SO(n + 1,n) and Sp(m) (n = m). The proof should serve as a model to the
other cases conjectured in the paper.

1. Introduction

Let G and G’ be a dual reductive pair (see [How90]). Let wy, be the Weil representation of the group
G x G’ (see [Wei64]). Let H C G be a subgroup, and x be a representation of H. Then the space
of (H, x)-covariants of w,, has a G’-action. A natural question is to describe this G’-module. In the
first part of this paper, we study this question in several cases. It turns out that this question is
closely related to the theory of the relative trace formula. The main goal of the paper is to explore
this relation.

The relative trace formula identities have been studied in many papers. They are a tool in
the theory of Langlands’ functoriality, and recently have found many other applications in number
theory. We study here several families of such identities. We arrive at these identities through
consideration of covariants of the Weil representation. Included in the families are the generalizations
of many cases considered before, including for example the identities conjectured or proved in
[F1i93, FMO04, FJ96, Jac87, Mao92, MR99a, MR99b, Zin98]. We will give the proof for one family
of identities. The proof for other families of identities can be done similarly.

1.1 Definition of a distribution

Let F' be a number field, with A its adele ring. We use v to denote a place of F'. Let GG be a reductive
group.

In studying the relative trace formula, one considers a distribution of the following type: for
f € S(G(A)) (the space of Schwartz functions on G(A)), let

Ig(f: Hi,x1,Ha, x2) :/ / K¢(h1, ha)x1(h1)x2(h2) dhy dhs. (1.1)
(F)\H1(A) (F)\H2(A)

Here H; and Hs are two closed subgroups of G, x; (i = 1,2) is a character of H;(A) trivial on
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H;(F), and K¢(z,y) is the kernel function for the representation p(f) acting on L*(G(F)\G(A));

more explicitly
= > fla ).
YEG(F)

1.2 Relative trace identity
One of the applications of the relative trace formula is in the study of Langlands’ functoriality
theory. Assume G and G’ are two reductive groups such that there is a homomorphism between
the L-groups of G and G’. Then Langlands’ philosophy predicts that there is a correspondence
between the automorphic representations of G' and G’. The method of the relative trace formula
is to establish a relation between two distributions as defined by (1.1) over the groups G and G’.
The spectral decomposition of these distributions will give a correspondence between the automor-
phic representations of G and G’. For an example of such an application, see [Jac87].

The relation between the two distributions is what we call a relative trace identity. Explicitly,
we say there is a relative trace identity

IG(f:H17X17H27X2):IG’(f/:HLX,l?HéaXé) (12)
if the following are true.

a) There exists maps €, : S(G,) — S(G,) for all places v of F.

b) There is a finite set Sy of bad places, such that for any S a finite set of places containing Sy,
we have for any f = @ ,cq fo ®U€S fv, with f, € S(G,) when v € S and f, a Hecke function
when v ¢ S, that Equation (1.2) holds for f' = €,(fu) @, g5 Ao(fv). Here A, is the local
Hecke algebra homomorphism between G, and G given by the Satake isomorphism and the
homomorphism between the L-groups of G' and G'.

We will say that f and f’ match if the identity (1.2) holds for f and f’.

From the identity (1.2), we can expect (roughly) to get an identity of the following type: For =
of G and 7’ of G’ two corresponding cuspidal automorphic representations,

Z P HI)XI)P( H27X2 Z P Hlel) (Q% : HévXé)’ (13)
{¢:} {#}}

where {¢;} and {¢}} are orthonormal bases of the spaces of = and 7’; f and f’ match, and the
notation P(¢ : H,y) denotes the period integral

P(6: H.x) = / o(h)x(h) dh. (1.4)
H(F)\H(A)

An identity like (1.3) has other applications. For example it is used in [Guo96] to show that
L(m,1/2) > 0 for any cuspidal representation 7 of PGL(2).

1.3 An example

We discuss here a basic example of identity (1.2). Let G = PGL(2) and G’ = §l/)(2) be the double
cover of SL(2). Let Hy be the subgroup of the diagonal matrices in G, and let H{ = H), = Hs be the
group of upper triangular matrices with unit diagonal in G. We note that there is a homomorphism
from Hi to G’ as the covering splits over this subgroup of SL(2). Thus we may consider H] = H,
as a subgroup of G’. Let x1 be a quadratic character ., of A associated to the quadratic extension
F[/7]; it can be considered as a character of H;. Fix a non-trivial additive character ¢ of A/F.

For
@ = (L ") en
ulxr) = 0 1 25
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let x2(u(z)) = ¥(z), xj(u(x)) = xh(u(—2x)) = Y(r2/2). In [Jac87], Jacquet showed that there is a
relative trace identity (1.2) for the above choice of data.

In this example, P(¢ : Hy, x1) for ¢ € 7 is related to L(7m ® x-,1/2), while the right-hand side of
(1.3) is related to the ‘Fourier coefficient’ of 7’. The identity (1.3) states roughly that L(7® x.,1/2)
equals the square of the norm of the 7th Fourier coefficient of ’. For a more precise statement and
relation with the corresponding result on modular forms, see [KZ81] and [BMO04].

A natural question is to generalize this identity. A generalization would have implications in the
identities for the values of L-functions, and problems like Bocherer’s conjecture [B6c86, FS99].

1.4 Orbital integral

One of the difficulties in the theory of the relative trace formula is to determine the choice of data
(H;,xi) and (H.,x;) (¢ =1,2). In § 1.6, we suggest a principle of choosing the data in some cases,
which in particular would lead to a generalization of the identity in § 1.3. In this and the next
subsection, we will give some motivation for the principle.

Let us recall how the map ¢, in condition a of Equation (1.2) is defined. Assume f = ®f,, and
the distribution I (f : Hy, x1, H2, x2) decomposes into a sum of orbital integrals (see § 5 for an
example)

Z -[G(f70 : H17X17H27X2) - Z C(O) HIG,U(fIHO : H17X17H27X2)-

ocO ocO v
Here O is the set of representatives of orbits, a subset of G(F); c(o) is a positive coefficient that
equals some volume; I ,(fy,0 : Hi, x1, H2, x2) is the local orbital integral which takes the form

/ fo(hy oha)x1 (h1)x2(ha) dhy dho.
H2,U0071H1YU0\H2’.U Hl,'u

A similar decomposition holds for I/ (f' : Hy, X}, Hb, X5):
IG’(f, : HLX/l?Hé?XIQ) = Z C(O,) HIG'w(fz,nO, : Hi?X,hHé?Xé)'
o'eQ’ v

We will assume there is a bijection ¢ between the set of orbits O and O’ (for an example where this
is true, see § 4). Then we will define €, by requiring that, for f, = €,(f,), the following identity of
orbital integrals holds:

IG,U(fv7 o: H17 X1, H27 X2) = -[G/,v(le)a L(O) : Hia Xlla Héa Xé)Av(O) (15)
Here A, (o) is some transfer factor independent of f,, satisfying c(c(0)) [[, Av(0) = c(0).

If the maps ¢, exist, and if moreover we have the fundamental lemma, i.e. the identity (1.5)
holds for f] = A(f,) where v ¢ S and f, is a Hecke function, then it follows immediately that the
relative trace identity (1.2) holds. An example of identity (1.5) and the fundamental lemma is given
in §§ 5-7.

1.5 Orbital integral as a linear functional

We consider the orbital integral I ,(fy,0: Hi, x1, H2, x2) as a linear functional on S(G,,). Assume
v is a p-adic place. The map

folg) — ; folhytg)xa (k1) dhy

is a projection from S(G(F)) onto indgll’ . X1 (all inductions are set to be compact inductions in
this paper). Thus for fixed o, the functional Ig ,(fy,0 : Hi,x1,H2, x2) gives a linear functional
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I »(¢v, 0 : Ha, x2) on the space of indgll’ . X1, satisfying

Iu(p(h2)du — X3 ' (h2)dy, 0 Ha, x2) =0, V6, € indff i,
where p is the right regular representation.

Thus the local orbital integral is a linear functional on the set of covariants indg’im X1[H2v: X5 1].
Here we adopt the following notations: for a space of representation E of p of G, for (H, x) as before,
let E(H, x) be the space spanned by p(h)v — x(h)v, v € E,h € H; let E[H,x| = E/E(H, x).

A similar argument works for local orbital integrals of G’. The identity (1.5) is a compar-
ison between linear functionals on the space indgjm X1[Hzw, X 1] and linear functionals on the

space indg’i ) X1[H3 ., X;_l]. To make such a comparison possible, it is natural to choose the data

(H;, xi, H], X;) (i = 1,2) so that there is an isomorphism
. _ ~ G; ’_
indf X1[Hae 3] 2 indpy X4[H x5 ) (1.6)

In the next subsection, we describe how to arrive at such a choice of data in the cases when G, G’
is a dual reductive pair.

1.6 The case of a dual pair
We continue to consider the local situation; fix a p-adic place v, and drop it in the notations. Assume
now that G, G’ is a dual reductive pair inside a metaplectic group Sp(M) for some M. Fix a non-

trivial additive character ¢ of A/F. Let wy, be the local Weil representation of Sp(M) associated
to the character 1. It acts on the space of Schwartz functions S(V') on an M-dimensional space V.

Let H be a closed subgroup of G, with x its character. We consider the space wy[H, x]. The group
G’ acts on this space via the Weil representation. Similarly if H’ is a closed subgroup of G’ with
character x’, we can define a representation space wy[H', x'] of G. In the first part of this paper, we
will prove some isomorphisms of the following type:

wy[Ha, x5 '] = indGi X1, (L.7)
wylHy, x5 '] 2 indf, x1. (1.8)
Here the isomorphisms are as G’-modules or G-modules, and the inductions are all compact induc-
tions.
We claim the isomorphisms (1.7) and (1.8) imply the isomorphism (1.6). This follows from the
isomorphisms

wy[Ho x Hy, x3" @ x5 ] = wylHa, x5 ' J[Hb, x5 ] 2 wy[Hj, x5 [Ha x5 ). (1.9)

In view of the discussion in § 1.5, we will set the data for trace identity (1.2) to be (H;, xi, H., x})
whenever the isomorphisms (1.7) and (1.8) hold. We come up with several families of relative trace
identities in § 2 using this principle. We have checked that all these identities hold. In the second
part of this paper, we provide a proof for one family of identities.

1.7 Remark on the proofs

The above discussion also indicates a way to prove the trace identities. As stated in § 1.4, to establish
a trace identity, one needs to show the orbital integral identity (1.5). From the isomorphism (1.9),
we see that the orbital integrals I (fv,0 @ Hi, X1, Ha, x2) and Ig ,(f), (o) « Hi, X}, H2, x5) give
linear functionals of functions in the space of the Weil representation. The idea is to show that
they give the same functional by using the properties of the Weil representation. The same idea
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can be used to prove the fundamental lemma. It turns out all one needs is the already proven local
unramified Howe duality conjecture.

1.8 A specific family of relative trace identities
We discuss in detail the family of relative trace identities that is proved here.

Let G, = SO(n+ 1,n) be the split special orthogonal group. Let G/, = Sp(m) be the symplectic
group, and G its double cover. Assume m < n. Denote an element in G, by (g,€) with g € G/,
e € {£1}. If the covering splits over a subgroup H of G/, for h € H, we write h for the image in
G under the splitting map. The consideration in § 1.6 and the results in § 2 lead us to consider
the following distributions.

Let N/ be the subgroup of upper triangular matrices with unit diagonal in G!.. Then the
covering of G7, splits over N/ . We define a distribution on G,,(A): for f € S(G,(A)),

In(F) = / / K 5(Gir, )0/ (nanz ") dny dns. (1.10)
N3 (F)\Ni (A) J N3 (F)\NG (A)
Here for n € N}, n.= (n,1), and
0'(n) = (mz+ -+ nnotm + %) . (1.11)

We now define a distribution I, ,(f) on Gy,(A). In § 2.1, we introduce the subgroups R, , and
Um.n of Gy, and the characters x and p on them. We define

Imn(f) = / / Ky(ryu)x Hr)p () dr du. (1.12)
R n(F)\Rm,n (A) SUm,n(F)\Um,n(A)

The distributions I,,, , and J,, can be written as sums of orbital integrals. The groups R,, , and
Um.n act on Gy, by (r,u) : g — r~gu. For 0 € Gy, let (Rpmn X Upnn)o be the set of all pairs (r,u)
satisfying r~tou = 0. We say the orbit of o under the action of Ryyn X Up, p is relevant if we have
x(r)p(u) =1 for (r,u) € (Rmn X Unn)o. Then we have (§ 5)

Lnn(f) =Y [ L(fs), f=f, (1.13)
{0} v

where the sum is taken over the set of representatives for the relevant orbits, and the orbital integral
is defined as

I(fs) = / / fo(rrow)x ()t () dr du. (1.14)
m,n,v O_IRm,n,UomUm,n,v\Um,n,v

Similarly, the group N, x N/ acts on G}, by (ni,n2) : g — nl_lgng. We say an orbit o is

relevant if n; 'o'ng = o’ implies that 6’(nyn,') = 1. Then

Jm(f) = Z H']o’(fv)a ]F = ®fv7 (1.15)
o) v

where the sum is taken over representatives of relevant orbits and the orbital integral J, ( fv) is
defined to be

/ / FoATY (0!, 1)i2)0! (nanz ) dna dis. (1.16)
tnyo ) Nl N0 "ING, o \N]
We will show the identity (1.5) between orbital integrals in this case.

THEOREM 1.1. There is a bijection ¢ from the set of relevant orbits {o} in G, (F) to the set of

relevant orbits {0’} in GJ,(F), such that there exists a map €, from C°(Gy, ) to S(Gp, ) for all
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places v, and transfer factors A, (o) satistying [[, Ay(0) =1, 0 € Gy (F'), with
(o) (€(f)) = Av(0)Lo(f0)- (1.17)

We note that in the statement we used C2°(G,, ) instead of S(G, ). This is a technical point
which appears in the proof of Lemma 5.2.

We now state the fundamental lemma in this case. Let v be a p-adic place with odd residue
characteristics. Let O, be the ring of integers. Let H,, , be the Hecke algebra of G, ,. It is the set
of compactly supported functions that are biinvariant under Gy, ,(O,). Recall that the double cover
of G, , splits over G7, ,(O,). We let ﬂmﬂ, be the set of compactly supported functions f on G’mﬂ,
that are biinvariant under G7, ,(0,), and satisfying f((g,1)) = —f((g,—1)) (that is, f is a genuine
function). It is the Hecke algebra of émw. There is a Hecke algebra homomorphism A from H,, ,
t0 Hpm.o (see § 7). Fix the measures so that G 0(0) and Gy, ,(O) have volumes 1. We prove the
following theorem.

THEOREM 1.2. Let ¢ and A, be as in Theorem 1.1. Then if v is of order 0 at v, we have
Juo)(A(f2)) = Ay (0)Io(fo) (1.18)

whenever f, € Hy, .

As stated in § 1.4, taking into account the identities (1.13) and (1.15), the above two theorems
imply the following.

THEOREM 1.3. There is a relative trace identity (in the sense of equation (1.2) and Theorem 1.1):

Ly (f) = Jm(f). (1.19)
1.9 Remarks
1) When m = n = 1, the identity (1.19) is Jacquet’s identity (when 7 = 1) that we mentioned in
§ 1.3.

2) When m =n, G, = SO(n+1,n), G, = %(n), the correspondence of automorphic representa-
tions was considered in [Fur95]. In our formula, the group R, ,, is the Bessel group defined in
[Fur95], while U, ,, is a maximal unipotent subgroup. The trace identity should give a corre-
spondence between the generic automorphic representations of SO(n+1,n) with non-vanishing
Bessel periods and the generic automorphic representations of :S’;)(n) The Bessel periods are
closely related to the value L(m,1/2) (see [Gin90, Sou93]). In particular, the identity (1.19)
should give an identity for the value of L(m,1/2). When n = 1 this identity is given in [BMO04].

3) The identity (1.19) can be considered as a tower of identities. Fix n, and we get a family of
formulas, which describe the correspondence between SO(n+ 1,n) and a family of metaplectic
groups G with m = 1,...,n. Fix m, and we get a correspondence between %(m) and a family
of orthogonal groups SO(n + 1,n) with n > m. The tower principle in the correspondence
between orthogonal and metaplectic groups is described in [Ral84].

4) The case m = 1 is also studied in [MR99b]|. Here R,, , is isomorphic to the group SO(n,n),
and Up, , is an abelian unipotent group. The particular case m = 1, n = 2 is also considered
in [FM04] and [Zin98].

5) The space wy[H, x| is the Jacquet module of the Weil representation with respect to the data
(H, x), thus the title of the paper.

6) Similar arguments can be made when we consider the minimal representations of the excep-
tional groups in place of the Weil representation. The computation of the Jacquet module there
should yield relative trace identities for the dual pairs inside the exceptional groups.
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1.10 Structure of the paper

This paper is organized as follows. In § 2, we state the isomorphisms of type (1.7) and (1.8) in
various cases. In some cases, the isomorphisms are only true for a subspace of the Jacquet module,
but it is good enough for the isomorphism (1.6) to hold. In § 3, we provide the proofs of the results
in § 2. The proof of the results in § 1.8 starts in § 4, where we classify the relevant orbits. In § 5,
we express the orbital integrals as linear functionals on the space of Weil representations. We show
Theorem 1.1 in § 6, Theorem 1.2 and thus Theorem 1.3 in § 7. In § 8, we make some remarks on
other cases of trace identities, and the relation between the identities considered in this paper and
those in previous works on relative trace identities.

1.11 Notation

The symbols m and n denote integers. We denote the set of m x n matrices by M,,,,. We denote
the (4, 7)th entry in a matrix A by A; ;. We use 1,, to denote an m x m identity matrix, and 0 to
denote a matrix of suitable size with all entries being 0. We use * to denote a block of a matrix
that can have any entry. All vectors in a vector space are written as column vectors, with matrices
acting by left multiplication.

We will let 0, € GL,, be the permutation matrix with ‘1’s on the antidiagonal. Denote by S,, C

M., m the set of matrices A where Aoy, is symmetric. Given g € GL,,, we will let ¢* = o,,, g lom.

For v € F™ a vector, we let v; be its i¢th coordinate.

The homomorphism p is defined in § 2.1, § is defined in Equation (3.4), and the homomorphisms
n,n,p,p" are defined in § 4.

2. Families of relative trace identities

In this section, F' is a p-adic field. We state isomorphisms (1.7) and (1.8) for various pairs of groups
G and G', and state the corresponding relative trace identities.

2.1 When G = SO(n + 1,n), G’ = Sp(m), with n > m

Let e1,...,eo,41 be the standard basis of F2n+l ) Let SO(n + 1,n) be the special orthogonal
group fixing the symmetric bilinear form (,) given by (e;,e;) = 2 when i + j = 2n + 2,7 # j,
(€nt1,€nt1) = 1, and (e;, e;) = 0 otherwise. For m < n, let V, ,, be the subspace of F2+1 spanned
by {e1,...,em—1,€ent1}, and let W, , be the subspace spanned by {en, ..., ean+2-m}. Denote by
Pryw,, . v the orthogonal projection of v € F2r+lip Win.n. We define some subgroups of SO(n+1,n).

Let Ry, ,, be the subgroup of SO(n + 1,n) fixing Vi, »:
R;ﬂ,n ={r|r(er,...,em-1,6nt1) = (€1,...,€m—_1,€n+1)} (2.1)
Let R, ,, be the subgroup of Rj, .
R?,w ={re R;n,n | Prwy,, ,(rv) =v, Vv € Wy, .} (2.2)
Then R}, ,, is a normal subgroup of Rj, ,, with R}, , /R" = 50(n—m+1,n—m+1).

m,n’

Let N; denote the subgroup of upper triangular matrices with unit diagonal in GL;. Then N,
acts on V, . Define R,, ,, to be the subgroup of SO(n + 1,n):

Rppn={r€SO(n+1,n)|3n € Ny, rv=nv, Vv €V} (2.3)

When m = n, this is the Bessel group defined in [Fur95] for SO(n + 1,n). When m = 1, it is
isomorphic to SO(n,n).
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The group R;ﬂ,n is a normal subgroup of R, ,, with an isomorphism p : R,/ R;ﬂ’n = N,, given
by r — n in Equation (2.3).
Let Uy, be the subgroup of R, 1 5:
Unn ={u € Ryy1n | Prv, . (uv) = v, ¥V € Wip1n} (2.4)

Then it is a unipotent radical of a standard parabolic subgroup of SO(n + 1,n), whose Levi part
is isomorphic to GLT* x SO(n —m + 1,n —m). When m = n, U, , is a maximal unipotent sub-
group in SO(n + 1,n). The group RO, 41, 18 a normal subgroup of Uy, with the isomorphism
P Um,n/Rgn—i-l,n = N1

Fix 9 a non-trivial additive character of F'. We define the characters on R,, , and Uy, ,. First
we define an additive character 6 on N;:

O(n) =Y(n1o +noz+ -+ nl_l,l), n € Nj. (2.5)

Then we define a character x on R,,, by x(r) = 6(p(r)), and a character pu on U,,,, by p(u) =
0~ (p(u)).

Let N/ be the group of upper triangular matrices in Sp(m) with unit diagonal. Denote an
element in G’ by (g, €) with g € Sp(m) and e = 1. The group N}, can be considered as a subgroup
of G’ via the embedding n — 7 = (n,1), n € N'. Define a character 6’ of N;, by

0'(n) = 1 ("1,2 Fo ot M %) 7 (2.6)

where n = (n; ;) € N},.
PROPOSITION 2.1. As a representation of G = SO(n + 1,n),
wy [Ny, 0] = indGan x b (2.7)
As a representation of G' = :S?)(m),
WU, 1] = ind§, 0. (2.8)
The proposition suggests the following relative trace identity:
16(f : Runs X Y Uy ™ Y) = Ie (f': NL,, 0/, N, 671, (2.9)

This formula will be established in this paper.
We look at a generalization of the identity (2.9). Let 7 € F'*. Consider the character 0. of N/ :

-

0.(n) = (maz+ -+ Mnetn + mm ) (2.10)
All non-degenerate characters of N), are in the orbit of a ¢. for some 7. We will state a result for
wy[Njn, 07).

Let V},,, be the subspace of F?+1 spanned by e1,...,em_1 and e, + (7/2)ean12-m. We define
the subgroups Ry, ,, R;;m, qu:n and U], ,, as before with V,,,,, replaced by V] . (However in
the definition of U7 (m,n) we need the assumption n > m.) Then again there is an isomorphism
p: Rfmn/R;;’n = N, and we can again define character x” on R7, ,, by setting x7(r) = 0(p(r)),
and (when n > m) character ™ on Uy, , by 7 (u) = 07" (p(u)).

We note that Up,, and Uy, ,, are the same groups.

PROPOSITION 2.2. As a representation of G = SO(n + 1,n),

wi Nl 0] = nd%, (7). (2.11)
When n > m, as a representation of G' = Sp(m),
WU, 7] = ind§, 0. (2.12)
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This proposition together with Proposition 2.1 suggests the following relative trace identities:
Ia(f - R;Ln? (XT)_17 Um,ns /‘_l) = IG’(f/ : N;m 9,7 N1,n? (9;)_1)7 (2.13)

and when n > m
Ia(f - R;Ln? (XT)_lﬂ Un,n, (NT)_l) = IG’(f, : N;me;?N;m (9;)_1) (2.14)

Remark 1. In the case m = n = 1, the implication of (2.13) is the following: the period
P(m, R}, ,,X") defined in Equation (1.4) for a cuspidal representation 7 of PG La, if not 0, should

roughly be the product of two different Fourier coefficients of the lifting 7 of 7 to S*Eg. A modular
form version of this statement is proved in [Koh85]. Combining this with the statement for L(m,1/2)
and L(m ® xr,1/2) coming from Jacquet’s identity in § 1.3, we get that L(m, 1/2)L(7 ® x,1/2) is
roughly the square of P(m, Ry, ,,,X"), assuming P(m, R}, ,,,X7) # 0. Extending this argument to the
general case, we should get a general version of Bocherer’s conjecture for generic representations of
SO(n+1,n).

Remark 2. The generalization (2.14) of (2.9) is not a superficial one. As an example, when n =
2,m =1, the group Ry is isomorphic to SO(2,2) while the group R7 , is isomorphic to SO(3,1)
for 7 not a square. In particular, while the cuspidal representations do not appear in the spectral
decomposition of I(f : Ry, x 1, U2, u~ 1), they do appear in the spectral decomposition of I (f :

12 (x")"Y Upa, (u™)71) for 7 not a square. The formula (2.14) in this case should give the Saito—
Kurukawa lifting.

2.2 When G = SO(n + 1,n), G’ = Sp(m) with m > n

Let U,, be the subgroup of upper triangular matrices in G with unit diagonal. Define p a character
of U, by

w(u) = zp_l(um + - FUppt1), n=(n;;) € Up. (2.15)

Let e1,...,ea, be the standard basis of F?™ where Sp(m) acts. Let Vin.n be the subspace of
F?™ spanned by {ei,...,e,} and Wy, » be the subspace spanned by {ey,...,e2mi1-n}. We define
some subgroups of G'.

Let H| be the group
Hy={(h,£1) € G' | 3In€ Ny, hv =nv, Vv eV, .} (2.16)
Let Uy, ,, be the subgroup of Sp(m):
Upn = {u € Sp(m) | (u,1) € Hy, Pryy, uv=v, Yve W, 1} (2.17)

As the covering splits over any unipotent subgroup, U;n,n can be considered a subgroup of Hj, and
it is a normal subgroup. Define another subgroup of H} to be the inverse image J;mn in the covering
of the set of

1,1 O 0 0 0 0

1 1 X Y z 0

) " 1, 0 Omn Y 0
J(9. X,Y, z) = g e L _Of”_" ‘X o (2.18)

1n—1

where g € Sp(m —n), *X, 'Y € F™ ™ and 2z € F. Then Hj is the semidirect product of Unn
and J;,,. Recall that there is an oscillator representation xj defined on J;, ,, explicitly.
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For ®(Z) € S(F™™"):
X1(7(9,0,0,0), £1)2(Z) = wy(g, £1)2(Z);
X1 (i (Lam—2n, X, 0,2), 1)(Z) = (2/2)®(Z + 'X);
X1 (12m—20,0,Y,0), 1)®(Z) = (Y - 2)2(Z).

We define a character p’ on Uy, ,, as follows: for each u € Uy, ,, from (2.16) there is an n € N,

associated to it. We define p/(u) to be #(n) where 6 is defined by (2.5). As J/ . stabilizes this

m,n
character p' on Uy, ,,, we can extend ' and x] to a representation x) on Hj: for any h = uj with

J €y, andue Uy, . let
X1(h) = p'(u)x1 (5).
Let Hj be the semidirect product of Uy, and
Hyw = {(i(l2m—2n-2,0,Y,2),£1) | 'V € F*~™"1 > € F}.
For h = u(j(lam-2n-2,0,Y, 2),1) € Hy with u € U}, { ,,,, let
Xo(# (m)B) = 1 (W) (2/2).
As H,, ,, stabilizes the character p/, x4 is a character on the unipotent group H.
PROPOSITION 2.3. As a representation of G = SO(n + 1,n),
wy[HY, xb) = indf pu. (2.19)
As a representation of G' = :S?)(m),

wy[Un, ) = indf, X} (2.20)

We expect that there is a relative trace identity:
-[G(f : Un7 s Un7 :u'_l) = IG’(f, : HL X/17 Hé7 X,Q_l)' (221)
Here since x/ is no longer a character, we define I (f' : Hi, x}, H, X;_l) as follows:
/ / K g (hs, ha) O3 (1) a5 ) ey diy (222
H{(F)\H{(A) J Hy(F)\Hj}(A)
where
Op(h) = D> Xi(h)2(2).
ZeFm—n
This type of coperiod trace formula has appeared in for example [MR99c]. We refer to that paper
for the precise meaning of the relative trace identities in this situation.

2.3 When G = O(n,n), G’ = Sp(m)
The situation is similar to that of §§ 2.1 and 2.2. We will only state the results without giving the
proof.

When n > m, consider G as a subgroup of SO(n + 1,n) mapping e,+1 to £e,41. Let Ry, , and
Upm.n be the intersection between G and the corresponding groups defined in § 2.1. Let x™ and p”
be the characters defined in § 2.1. Let N, C G’ and 0. be as defined in § 2.1.

PROPOSITION 2.4. As a representation of G = O(n,n),

wy[ Ny, 07] = indf,  (x7) 7" (2:23)
As a representation of G' = Sp(m),
WU, 7] = ind§, 0. (2.24)

864

https://doi.org/10.1112/50010437X04000399 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X04000399

JACQUET MODULES

We expect the relative trace identities (2.13) and (2.14) to hold in this setting.

When 1 < n < m, let U, be the intersection of G and the corresponding group in § 2.2. Define
w on U, by letting

w(u) = zp_l(um + Ui F Un—1n11), U € U, (2.25)
Define the subgroup Uy, , as in (2.17). Let H] C G’ be the semidirect product of Uy, ,, ; and the

group with elements of the form j(g, 0,0, z) where g € Sp(m —n + 1). (Recall that j(g,X,Y,2) is
defined in (2.18).) For h = uj(g,0,0,z2) € H| with u € Uy, , 4, let

X1 (h) = 1 (u)ip(2).

Let Hy C G’ be the semidirect product of Uy, ,, and the group with elements of the form
j(9,0,Y,2) with 'Y € F™™" > € F and

gz(lm‘” 1Z >ESp(m—n).

m—-n

For h = uj(g,0,Y,2) € Hy with u € Uy, ., let
Xa(h) = p'(u)(2).

PROPOSITION 2.5. As a representation of G = O(n,n),
wy[Hy, xb) = ind{, p. (2.26)
As a representation of G' = Sp(m),

wy[Un, ] = indf, X4 (2.27)

We expect the identity (2.21) to be true in this setting.
2.4 When G =GL,, G' = GL,, with n >m

Here G and G’ form a dual reductive pair in %mn

Let N,, be the subgroup of G’ defined in § 2.1 and 6 its character defined in (2.5). Let Hy,,, C G
be the following subgroup: it consists of elements

<n 0>, n € Np,.
* %

For h € H,, ,, of above type, let x(h) = 671(n); then x is a character of Hy, . Let U, ,, C G be the
following subgroup: it consists of elements

n *
<0 1n_m> ;N E Ny,

For u € Uy, ,, of above type, let p(u) = 0(n)(wmm+1); then p is a character of Uy, .
PROPOSITION 2.6. As a representation of G' = GL,,,
Wy [Upony p) = ind§; 074 (2.28)

We have an injective homomorphism between G L,-modules: indgm'n X+ wy[Nm, 8]. This injection
induces a vector space isomorphism

ind% XU 1] = wip[Now, 0] [Up i, 1] (2.29)

The proof of Proposition 2.6 is similar to that of Proposition 2.1 and will be skipped.
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From Proposition 2.6, the argument in § 1.6 shows that the spaces ind%m’n XU, pt] and

ind%ﬂ 0~[N,n, 0] are isomorphic. We expect that there is a relative trace identity:

IG(f; Hm,m X5 Um,na N_l) = IG’(f,§ Np, 9_17 Np, 9_1)- (230)
Remark 3. Note that Ig(f'; Ny, 071, Ny, 071) is a Kuznietsov trace formula on GL,,.

Remark 4. When m = n, we would need to set H,,,, and Uy, ,, to be Ny,. Of course one gets a
trivial trace identity here.

In the case m = 2, we can get another family of identities which is studied in [F1i93] and [Mao092].
We consider H = GL,,_1 as a subgroup of G; let U C G be a unipotent subgroup consisting of
matrices of the form

1 v oz
u(v,w,z) = lp—2 w|, (2.31)
1

where v and w are vectors in F"~2. Define a character y of U by letting p(u(v, w), 2) = 9 (vi +w1).
The following proposition was mentioned to us by W. Gan.

PROPOSITION 2.7. As a module of G = GL,,:
wy[Na, 0] = ind 1. (2.32)
As a module of G' = GLs:
wylU, p) =2 ind§, 67 (2.33)

Thus one expects a relative trace identity:
IG(f :H,1,U, M_l) = IG'(f, : N, 0_17 Na, 9_1)' (234)

In [F1i93], a similar identity is conjectured. However, the character u of U is chosen there as (v +
Wp—2), which is an incorrect choice. With the choice of p in [F1i93], the right-hand side of (2.34)
should be replaced by Ig/(f’ : N2,1, No,0~1) (when n > 3).

3. Proof of results in § 2

We will make use of the following lemma [BZ86, Lemma 2.23].

LEMMA 3.1. Assume H is exhausted by compact subgroups (i.e. any compact subset of H is con-
tained in a compact subgroup). Let x be a character of H. Let  be a representation of H acting
on E. Then a vector £ € E lies in E(H, x) if and only if there exists a compact subgroup H. C H,
such that

/ x Y (h)w(h)E dh = 0.

c

We give in detail the proofs of Proposition 2.1, and will only sketch or skip the proofs of the
other results, as the proofs are similar.
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3.1 Proof of the isomorphism (2.7)
We recall the model of the representation wy,. It acts on the space S(Map41,m) such that

ol SNZ) = et (™2 T (g ) 31)
o1, a)B(Z) = (1, 9)~ o290 (7) (32)
st (M) 10)8(2) = 66 Zornia 2V o) 20(2). (33)

Here g € G, h € GL,,, o7 is the matrix with ‘1’s on the antidiagonal and the ‘0’s elsewhere,

s =((" o)1) oi= T (3.4

oy

v(a,v) denotes the Weil constant, and for Z = [Z1, Z3] € Map41,m, where Z; € Mo, 11, let
dN(2) :/ V("2 ooni1 20)) ([ 2, Z5)) dZ'. (3.5)
Mapy1,1

We compute the projection from S(Mapy1,m) to wy[N),, 6] in two steps. Note that N, is the
direct product of Nj ; and N, ;, where N} ; = 6(Np,) is the intersection of Ny, with the Levi
part of the Siegel parabolic subgroup of Sp(m), and N;n’U is the intersection with the unipotent
radical. Thus as a G-module,

wy[Nin, 0'] = (0 [Nin, 17, 0D [N, 1., 0] (3.6)
We first compute wy [N, 17, 0].

m

LEMMA 3.2. The space wy(N;, ;,0') spanned by wy(n)® —¢'(n)® (n € Nj, ;, ® € wy) is
S(Mapy1,m\Y), where

Y ={lz1,..-,2m] | (zm»2m) =1, (2, 2;) = 0 for other combinations of i, j}.

Proof. From Lemma 3.1, we need to check that there exists a compact subgroup N” of Ny’ﬂ’U such
that

/ wy(1, (n, 1))®(2)0'(n 1) dn =0
if and only if ® is a function supported away from Y. The integral equals
[ oV 200 20, 2)/20(2) v,

where the domain of integration is over the group of V € &, satisfying

]-m V 1
( VYex

For Z € Y, the integral equals vol(N”)®(Z). If ® is supported away from Y, there exists a large
enough compact set N” such that the above integral vanishes for all Z in the support of ®. Thus the
claim is proved. O

From Lemma 3.2, wy [N, 17,0'] 2 S(Y) as a (G, N, 1 )-module. Here the action is given as
(g,6(n)) : ®(Z) — ®(g~ 2Zn), g€ G, n€ Ny, (3.7)
Let Yp be the subset of Y consisting of matrices of rank m. Then S(Yj) is a submodule of S(Y).
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LEMMA 3.3. As G-modules,
S(Y0)[Npn, 1, 0] = S(Y)[Ny,, 1, 0] (3.8)

Proof. The group G x N,, acts on Y by (g,n) : Z — g~ 'Zn, g € G,n € N,,,. By Witt’s theorem,
Y has a finite number of G X N, orbits, represented by [aje1, ases, ..., am—1€m—1,€nt1], wherea; =0
or 1. Consider an orbit o with such a representative where one of the a; equals 0.
Then the stabilizer of the orbit would contain a group {1241} X Ny, o, where N, , is a subgroup of
N and the character ¢ is non-trivial on §(Ny,,,). Thus for this orbit o, S(0)[N], ;,0'] is a trivial
space. Since Yj is the orbit with representative a; = 1, we see S(Y'\Yy)[N/ ;,0'] is a trivial space.

The lemma follows from the exact sequence: e
1 S(Y) = S(Y) = S(Y\Yy) = 1. O
From the above two lemmas and (3.6), we get
wy[ Ny, 0] = S(Y0) [Ny, 1, 0']. (3.9)

As Yy is a G x N, orbit, we see that S(Yp) is a (G, N,,)-module with action given by (3.7).
Then as G-modules,

S(Y0)[Np, 1, 0] = S(Y0) [N, 0. (3.10)

Define an action of R,,,, on indg, 1 by

r:p(g) = o(r'g). (3.11)
LEMMA 3.4. As G-modules, S(Yy)[ Ny, 6] = ind%,  1[Rpyn, x]-

Proof. By Witt’s theorem, g — Z, = g '[e1,...,em—_1,€ent1] gives a bijection of Ry, ,\G and Y.
Thus ® — ¢a(g) = ®(Z,) defines an isomorphism between ind%n 1 and S(Yp). Observe that

rlet, ... em—1,€nt1] =[€1,. .., €m—1,nt1lp(r), T E Ry (3.12)

where p is the isomorphism from Ry, n/ R}, , t0 Ny, in § 2.1. Thus ¢ (r~1g) = ®(Zyp(r)). As x(r) =
O(p(r)), ® — ¢g¢ defines the isomorphism in the lemma. O

Since as G-modules indglm A[Rmm, x| = indgmm x !, the isomorphism in (2.7) follows from
Lemma 3.4 and (3.9) and (3.10).

3.2 Proof of the isomorphism (2.8)

To prove the isomorphism (2.8), we use the mixed model of the Weil representation. In this model,
wy, acts on S(Map, , X F™). The action is given as follows: for a function @ ®((Z, Zy) = ®(2)Po(Zy)
in the set (Z € Moy, n, Zy € F™), for ¢’ € Sp(m),

wolL, (g, 1) © Bo(Z, Zo) = Bg ~' Z)wy (g, 1)®0(Zo), (3.13)
the second w,, being the Weil representation of G’ acting on S(F™). Let U,%%n, Uf,w, Ug’%n be sub-
groups of U, , consisting respectively of

n 1, v —vv*/2 1, 0 V
ui(n) = 1 , ug(v) = 1 v* ;o us(V) = 1 0

Here in the definition of ug(v), we understand v as a vector in F™ written as a column vector in
F"™ with the last n —m entries being 0. Then U, ,, is the semidirect product of U},MUZWL and U2

m,n’
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and Uﬁl’nUﬁ%n is the semidirect product of U} , and Ufnm. The action of Uy, , on the mixed model
can be described as follows:

ww(ul(n), 1)@ & @O(Z, Zo) = @(Zn)q)o(ZO), (3.14)

wy(us(V),1)® @ ®0(Z, Zy) = Y(tr(*ZV0,2Z)/2)® @ ®(Z, Zo). (3.15)

We only need to know the value of wy,(u2(v),1)® ® ®¢(Z, Zy) for some special choice of Z and Zy:
* *

wy(uz(v), 1)® @ B <<3 0> ,ZO> = (" Zynv)® <<8 0>> Dy (Z). (3.16)

where n € N,,, and v € F™.

Similar to the computation of wy[Ny, 17,0'], we see as (U Uz 11y G')-module
WUy t] = S % F™), (3.17)
where

Y,:{[fl7’-’7fn] | (fl7f]>/:07 ignorj gn}7
(,) being the alternating form on the symplectic space. We will let Y] be the subspace of Y’

consisting of the matrices with fi,..., fi, being of rank m. Similar to the proof of Lemma 3.3, we
can prove that as G’-modules
S(Y' x F™) Uy, JUR o 1] 2 S(Yg x F™)[Uy, JUZ o 1. (3.18)

From Witt’s theorem, the map

@ -a (5 0)

is a bijection between Ny, ;/\Sp(m) X My, n—m and Yg. Thus S(Yy x F'™) can be identified with
S(Ny, r\Sp(m) X My n—m x F™) under this bijection. Given F7 ® I, @ Fs(g, B, Zo) in the space,
the action of G’ x U}, ,U2 , (again denoted wy) is given as follows:

ww(l’(hv 1))F1 ® Fy ®F3(gyB>ZO) :Fl(gh)FQ(B)ww(h71)F3(ZO)7 h e Sp(m)’ (319)
-1

soli) VA © Fow o 8,20 =1 (" 1) o) Bl (B + Oz, (320

ww(u2(v), 1)F1 & F2 &® Fg(g, B, Zo) = Fl (Q)FQ(B)F?'?’U(ZO), (3.21)

where

and FY"(Zy) = wy(g, 1) " F§(Zo) with F§(Zo) = ¥ (* Zov)wy (g, 1) F5(Zo) (the function is determined
by the N, ;;-coset of g).
Given F} ® F, ® F3 as above, we define a genuine function F' on G’ X M, p—p by

F((g,1), B) = Fi(g)F2(B)wy (g, 1) Fs(em). (3.22)
LEMMA 3.5. The map 0 : F1 ® F, ® F3 — F defines a (G, U, ,,)-module isomorphism
5 ¢ SNy \Sp(m) X M x F™)UZ, i) 210y 00 S(Mypra):

The action on the second space (denoted 1) is given by

n(h.1)F(g. B) = Flg(h. ), B) (3.23)
-1

atun)Fe. ) =F (" ) 1) e+ 0)). (3.21)
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Proof. From (3.21) it is easy to see that S(N;, ;;\Sp(m) X My n—m X Fm)(Ufmn, ) lies in the kernel
of §. It is also clear that the image of § lies in 1ndG/ 9’ ® S(Mp,n—m). Thus d is a well defined

map between two spaces in the lemma. The fact that 1t is a module homomorphism is also clear
from the definition of the actions (3.19) and (3.20) and the action of 7.

To show the map ¢ is surjective, we only need to show that, for any compact open set Q €
My, n—m and any small enough compact neighborhood Ky of identity in Sp(m), there exists F; ®
F5® F3 such that its image F(g, B) is given by €' (u)e whenever B € Q and g = (uh, ¢€), with e = +1,
ue N/, v and h € Ko, and F(g, B) = 0 otherwise. To find such a function F; ® Iy ® F3, we simply
set I to be the characteristic function of an,UKo, F5 to be the characteristic function of 2, and
F3 to be a function fixed under the Weil representation of (k,1) with k£ € Ko, and F3(ey,) = 1.
A direct computation shows the image F'(g, B) is the function specified above.

Here

To show injectivity of the map &, we will apply Bernstein’s localization principle, stated as
follows.

LEMMA 3.6 [Ber84, p. 58]. Let q : X +— T be a continuous map of l-spaces. For t € T, let
X; = ¢ '(t) and consider the space S*(X;) as a subspace of S*(X) (here S* denotes the space of
distributions). Let W be a closed subspace of S*(X) which is an S(T)-submodule. Then the sum
of Wt =W N S*(X;) over t € T is dense in W.

We now return to the proof of Lemma 3.5.
We apply Lemma 3.6 to the case where X = N, ;,\Sp(m) X My p—pm x F™, T = N}, 1;\Sp(m) x
M n—m, and W is the space of the distributions D on X satisfying wy(u2(v))D = 9(v,,)D for
v € F™. We check W is an S(T')-submodule. Let F} ® F} € S(T'), then for D € W,
ww(u2(v))F{ & F2/ . D(Fl & F2 & Fg) = D(F{ & Féww(z@(v))Fl & F2 & Fg)
= D(ww(UQ(v))FlF{ & FQFQI & Fg)
= Y(vm)F] @ Fy - D(Fy @ Fy @ Fy).
Here the first equation follows from the definition, the second follows from Equation (3.21), and the
third from the fact that D € W. It follows that F} @ Fy - D € W, i.e. W is an S(T)-submodule.

Next we consider the space W' for each t € T. Such a t can be written as (g, B) with

Nr’mU\Sp(m) and B € My, p—m. As X; = F™, we will identify S*(X;) with the space of dis-
tributions on F™. For D € W', let D'(F3) = D(wy(g,1) " F3), F5(Zy) € S(F™). Then from (3.21)
and the fact that wy(uz(v))D(F3) = ¥(vy)D(F3), we get ¢(vy,) D' (F3(Zo)) = D' (¢(* Zov) F3(Zy)).
Thus D'(F3) = ¢, F3(em) for some constant ¢;. Therefore D(F3) = ciwy(g,1)F3(em) whenever
De W'

Recall that any function lying in the kernel of § has the form Y, F} ® F} ® F} with
ZFl B)wy(g,1)Fi(em) = 0.
Thus for D € W considered as a distribution in W, for any function as above in the kernel of 6,
<Z FleF® F3> = Z Fi(9)F3(B)wy(g,1)Fi(em) = 0.
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From the localization principle, we see that for any D € W,
D<ZF{'®F5’ ®F§> =0
i

whenever Y, F} ® Fy @ F} lies in the kernel of §. As W only vanishes on the space S(Ny, 7\ Sp(m) x
Mo n—m x F™)(UZ ., 1), we see that the space contains the kernel of §. We get the injectivity of 4.
The proof of Lemma 3.5 is done. O

We now consider indG;/n . 0" ® S(Mpn—m)[Up, - 1] Define an action of N, on indG;,n ; 0" by

n:¢(g) — ¢(n~'g). (3.25)
LEMMA 3.7. As G'-module, ind$, . 0" @ S(Mpp—m)[Upns 1] = ind§, . O'[N;,,0'71].

Proof. We can write an element in U}, , as u1(n) with

o ni 1m C
e Lnem lyom)

Thus U,l,w is the semidirect product of two subgroups U,lnln and U,l,?n with U,lnln = N,, and U,l,?n =
My, p—m- It is clear from Lemma 3.1 that the map
Fo.B)~Flg)= [ Flg.B)dB (3.26)
M’m,nfm

defines a (G', Ny,)-module isomorphism between ind$), . 0' @ S(Mpp—m)[Ur2,, 1] and ind, ; o',

where the action of N, on the second space is given by

viomio = (7 )1)s)

As Ny, /Ny, 7 & Nip, it is then clear that
ind§s 0@ S(Mpp—n)[Upy 1) = indy 0[N, 071 = ind§y 0[N, 0]
as G’-modules. O

As ind§, ; 0'[N],, 01 = ind%ﬂ ', the isomorphism (2.8) follows from Lemmas 3.5 and 3.7 and
isomorphisms (3.17) and (3.18).
The proof of Proposition 2.2 is similar to that of Proposition 2.1 and will be skipped.

3.3 When G = SO(n + 1,n), G’ = Sp(m), m > n
The proof of Proposition 2.3 is similar to that of Proposition 2.1. We will only give a sketch. We will
let U! be the groups Ué,n (1=1,2,3) in § 3.2.

To prove the isomorphism (2.19), we use the model of wy given by (3.1)-(3.3). Let Hy; be
the intersection of H} with the unipotent radical of the Siegel parabolic subgroup of G’, and
Hé ; the intersection with its Levi part. Then Hj is a semidirect product of Hé’U and Hé .- Asin
§ 3.1, we get an isomorphism of (G, Hé 1, )-modules,

Wy [Hé,Uv X,2] = S(Y)’
where

Y = {(y17’ . 7ym) | (ylay]> = 07Z < n+ 1 except (yn+layn+l> - ]-}7
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and (G, Hy 1) acts on S(Y) by
(9. (h,1) : @(Z) = ®(g7'Zh), g€ G.(h,1) € Hy.
As before

S(Y)[Hé,[,a X,2] = S(Yb)[Hé,La X,2]7

where Yj consists of matrices where rank [y1,...,yn+1] = n+ 1. From Witt’s theorem, we see there
is a bijection between U,%\G X My, m—n—1 and Y given by

(gaB)Hg_1[617’”76n+17B]7 geaaBEMn,m—n—h

where we consider B to be a matrix in Map41,m—n—1 Whose last n + 1 rows are 0. We will identify
S(Yp) with S(U3\G x M,, ;—n—1) through this bijection.

Similar to the proof of Lemma 3.7, we can establish an isomorphism of G-modules:
S(Yo)[H3, 1, Xo] = indgs LUy, 1),
where U, acts on ind%; 1 by u : ¢(g) — é(u'g). As indfs 1{U,, 7" = indgn w, we get the
isomorphism (2.19).

To prove the isomorphism (2.20), we use the model given by (3.13)-(3.16). Then as (G, U} U?2)-
modules,

wolU2, 1] = SOV x F™),
where
Y' ={[f1,-.-, ful | {fi, [;) =0, Vi, j}.
As before, we can replace Y’ by Y| consisting of the matrices of rank n.

Let J,,,, be the subgroup of J,,,, fixing the space Vrlrw defined in § 2.2. Let jmn be its inverse

image in G’. Then jm,n is a normal subgroup of Hj. There is an isomorphism H{/jmm — N,
defined by (2.16).

From Witt’s theorem, there is a bijection from Jp, ,\Sp(m) to Y{ given by g +— g e, ..., en].
Thus

Wy [Un, 1] 2= 8(Jmn\Sp(m) x F™)[ULUZ, ]

Given F| @ F5(g9,Z) € S(Jmn\Sp(m) x F™), we define a genuine function F on G’ x F™~" by
setting

Fg.).27) = Flowsonr (7)), 2 e, (3.27)
As in Lemma 3.5, we can show that this map gives an isomorphism between G’-modules:
S(Jmn\Sp(m) x F™)[US, ] = indﬁ;m X1

Moreover if we define the action of H{ on ind?l X} as h: ¢(g) — ¢(h~1g), we can get an isomor-

phism between G’-modules:

(T \Sp(m) x F™)[U3U,u) = ind§ X4[H7 ;.

As ind%ﬂm XA[HY, T indG; X} as G'-modules, we get the isomorphism (2.20).
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3.4 When G = GL,, G' = GL-

To prove Proposition 2.7, we will use the following model for the Weil representation: for ® &

S(M,,2),
wy(g,1)®v,w] = ®[g v, ‘gw], geG, (3.28)
i (1, (1 a)) Blv, w] = B[v,aw], (3.29)
W (1, (1 1)) v, w] = /cb[v’,w’]w(tv’v + 'w'w) dv' dw’, (3.30)
Wy (1, (1 "f)) Blv, w] = Blv, w]d(ztvw). (3.31)

From (3.31), we see that wy[N2, 0] is isomorphic as a G-module to the space of Schwartz func-

tions on the closed subset Mgg of M, 2 consisting of [v,w] with *vw = 1, the G-action being

described as in (3.28). The group G acts on this closed set transitively by g o [v,w] = [¢g~ v, tgw],

and the stabilizer of [e1,e;] is H. Thus if we define, for a function ® € S(Miz), n(®)(g) =
®[gter, tger], then 7 is a G-module isomorphism from S (M32) to ind% 1. This gives isomorphism
(2.32).

To show the isomorphism (2.33), we use another model for the Weil representation wy: for g € G,
g €G' and ® € S(Ms,,),

wy(g,9")@[X] = ®(g ' Xg), X € My, (3.32)

where A € My, ,, and B € M, y,—,. The proof is similar to the computations done in the proof of
Proposition 2.1, and will be skipped.

4. The relevant orbits

We start the proof of the relative trace identity (2.9). The results are stated in § 1.8. We will use
the notations introduced in §§ 1.8 and 2.1.

In this section, we give a description of the set of representatives of the relevant R, , X Up.n
orbits in G,, = SO(n+1,n), and match the orbits with the relevant N, x N/ orbits in G|, = Sp(m).

To classify the relevant orbits in SO(n + 1,n), we solve an equivalent problem of classifying the
relevant orbits in the subset Yy (introduced in § 3.1) of the set of (2n 4 1) x m matrices. We make
a change of notation and denote Yy by X. Explicitly, X is the image of SO(n + 1,n) under the map

bprg—Zg= g_l[el, ey Em—1, Entl].
The group Uy, X Ny, acts on X by
(u,n) sz —uten; wue Unmmn, M€ Np.

We say an orbit of x € X under the action of Uy, , x Ny, is relevant if u~ten = z implies
p(w)0(n) = 1.

LEMMA 4.1. The map ¢ induces a bijection between the R, , x Uy, , orbits in SO(n + 1,n) and
the Up, n X Ny, orbits in X. It also induces a bijection between the relevant orbits.

Proof. Let g1 and g be in SO(n + 1,n). Recall that Ry, /Ry, ,, = Ny, with the projection p from
Ry, n to Ny, (see § 2.1). From the definition of ¢ and (3.12), we see for r € Ry, 5, u € Uy,

r_lglu = go if and only if u_lqﬁ(gl)p(r) = ¢(g2). (4.1)
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Thus ¢ gives a bijection of orbits. Set g1 = go = g in (4.1). We see (r,u) lies in the stabilizer of g if
and only if (u, p(r)) fixes ¢(g). Since x(r)u(u) = 0(p(r))pu(uw) by definition, we see x(r)u(u) being
trivial on the stabilizer of g is equivalent to 6(n)u(u) being trivial on the stabilizer (u,n) of ¢(g).
The map ¢ induces a bijection between relevant orbits. O

We now describe the relevant orbits in X. The group N; x N; acts on GL; by (n1,n9) : g —
nl_lgng. We say the orbit of g is relevant if nl_lgng = g implies 6(n1n2) = 1. Let S; be a complete
set of representatives for these relevant orbits. For g € S;, [ < m, let sT(g) be an element in X

given by
.,y (0 %I,
S0 = () ). (1.2
where
Im—l - [el+27 6l+37 <oy Em, en—i-l]' (43)
If [ = m, then let
g (0 0\ 4
s(9)=10| € X, wherege GL,,, §= 0 1/2 g Om.
g

Then we have the following proposition.

PROPOSITION 4.2. A complete set of representatives for the relevant U, , X N, orbits in X is given
by

m—1
U s (9) g€ 83 ufs(g) | g€ Sm}.
=0

Although we do not need a description of the complete set S; of representatives of the relevant
orbits, such a description is well known (see [JR92]). It is given by {Ijojw,a,}, where I] is the
diagonal matrix diag[l,—1,..., (—1)l+1], v is a partition of [, w, is the longest Weyl element for
the standard Levi subgroup of GL; corresponding to v, and a, is an element in the center of this
standard Levi subgroup.

The N], x N/}, relevant orbits in Sp(m) have been classified in [Ma093]. We have our next
proposition.

PROPOSITION 4.3. A complete system of representatives of the relevant orbits in Sp(m) is given by

m—1 _g* —a*
U ti(g) = :I:12m—2l g c Sl U {t(g) = < g > ‘g S Sm} .
=0 g g

From Propositions 4.2 and 4.3 it is easy to describe a bijection between the relevant orbits.
We denote by {0} the orbit containing o as a representative. Lemma 4.1 gives a bijection ¢ from the
set of relevant orbits in SO(n+1,n) to the set of relevant orbits in X. Let ¢/ be a map from the set of

orbits in X to the set of orbits in Sp(m), such that ¢'({s*(g)}) = {t*(g)} and ¢'({s(9)}) = {t(9)}.
Then from Propositions 4.2 and 4.3 we obtain the following.

PROPOSITION 4.4. The map ¢' is a bijection of relevant orbits. The map 1 = ¢’ o¢ defines a bijection
from the set of relevant R, ,, X Uy, n-orbits in SO(n + 1,n) to the set of relevant N}, x N -orbits
in Sp(m).
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The proofs of Propositions 4.2 and 4.3 involve the careful consideration of the stabilizer of the
orbits. To save space, the proofs are not included here. Instead we simply describe the stabilizer of
the relevant orbits.

For {o} a relevant orbit in SO(n + 1,n), let Upno = 0 ' Rppno N Uppn. For {0’} a relevant orbit
in Sp(m), let N}, , = o "'Nj 0N Ny,.

For I < m, let p’ and 1’ be injections from N; and Sp(l) respectively to Sp(m) given by

U 1m—l
P (u) = Lom—2 . n'(h)= h . (4.4)

u* 1m—l

For I < n, let p” and 7 be injections from N; and SO(l + 1,1) respectively to SO(n + 1,n) given by

U Tn—
p'(u) = Lopt1-21 , nlg) = g : (4.5)

u* 1n—l

For g € GL;, let Uy, = Ni N g 'Nyg. Let U,l,w be the subgroup of U,,,, consisting of elements

satisfying
1 0
s = (" 1)

with n’ € N,,.
LEMMA 4.5. When o' = t*(g), N, o 1s the direct product n/'(N,,_;)p'(Ug). When o' = t(g), N, , =
p'(Ug).

When ¢(0) = 5%(g), Um.n.o is the direct product n(U}n_m_l)p”(Ug). When ¢(0) = s(9), Unn.o =
o'(Uy).

5. The orbital integrals

5.1 Expansion of distributions into orbital integrals
We prove the identities (1.13) and (1.15).

PROPOSITION 5.1. Choose the measure so that A/F has volume 1, and let the Haar measures on
Unn(A) and N;,(A) be the products of additive measures on A. Then if f = ®fy, Lnn(f) =

Zo HU ‘[O(fv)' Iff = ®fv7 Jm(f) = Zo’ Hv JO'(]Z:U)'
Proof. Let I, »(f) be the integral defined in (1.12). From the definition of K, we get I, ,(f) equals

Z / / forouw)x L)t (w) dr du.
o mn(A) o™ Ry (F)oNUpnn (F)\Unn,n (A)

The sum is taken over the R, ,, X Uy, orbits in SO(n + 1,n)(F'). The above integral has a factor

/ wH(w) du.
07 R n (F)oNUpn n (F)\o ™t R i (A)oNUrn n (A)

If 0 is not relevant, this integral is 0. If the orbit o is relevant, the above integrand is 1. The integration
equals the volume of

0" R (F)0 N Uy (F)\0™ " R (A)0 N Uy (A),
which equals 1. The integral I, ,(f) equals

S[ P Yo ) (u) dr du
5 mon(A) Jo Ry n (A)oNUnp,n (A)\Um,n (A)
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where the sum is taken over the relevant orbits. When f = ®f,, the integration factors into local
orbital integrals defined in (1.14). We get the identity (1.13). Similarly one can show the identity
(1.15). The formal argument can be justified using the convergence proved in [Jac95]. ]

From the above proposition, to prove the relative trace identity (2.9), we need to compare the
orbital integrals I,(f,) and Jy(f,) when o/ = 1(0). We will relate the orbital integrals I,(f,) and
Jor ( fv) with linear functionals in the space of Weil representations. From now on, we will fix a local
place v and drop it from the notation.

5.2 The orbital integral I,(f)
LEMMA 5.2. Given f € CX(SO(n + 1,n)), there exists ® = ®; € C°(Map41,m), such that

D(g er, - em1,eni1]) = /R f(r~tg)dr. (5.1)

/
m,n

Proof. By definition R;n,n is the subgroup that fixes the vectors e1, ..., €y,_1, €,+1. Thus the identity
(5.1) defines a function &y € C°(X) (here X is the variety Y; defined in § 3.1). Since X is
an open subset of the closed variety Y defined in § 3.1, C°(X) embeds in C°(Y). The map
CX(Mapy1,m) — C°(Y) through restriction is surjective. Thus the lemma is proved. O

As a corollary, we have the following.

LEMMA 5.3. Given f € CX(SO(n + 1,n)), there exists & = & € C°(Map41,m), such that

/ q’(g‘l[el,--.,em_l,enﬂ]n)@(n_l)dnZ/R Falgx 7 (r) dr. (5:2)

Proof. The integral on the right-hand side can be unwound to |’ Ronn/R! f - The lemma follows
from the fact that Ry, ,/R,,, = Ny and the identity (3.12). ' ' O

Let f and ® be as in Lemma 5.3. Then I,(f) equals

/ / B(uLd(0)n)0 " (n)u~ (u) du dn. (5.3)
0_1Rm,nomUm,n\Um,n m
which we will denote by Iy (o) (®).

Using the model for Weil representation (Equations (3.1)—(3.3)), we can rewrite the above inte-
gral Iy, (®) as follows.

LEMMA 5.4. Let f and ® satisfy the identity (5.2), then

I(f) = I0) (@) = / / wy (1, 6(n))@(¢(0))0 ™" (n)p~ " (u) du dn. (5-4)

Unn,n,é(0) \Um,n </ Nom

Here we use the notation

5.3 The orbital integral J (f)
Recall that we define I,,, € Moy 41, to be the element given by (4.3) when [ = 0.

LEMMA 5.5. Given ® € S(Mapy1.), there is a function f = fg € S(%(m)), such that

F(-19)0 (n) dn = / ot 9) (I )i~ () d. (5.5)

N’;n R9n+1,n\Um:"
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Proof. Denote the right-hand side of (5.5) as F(g). Let u € Up,p, then p(u) € Npyyr (§ 2.1).
Let n € N,,, and fix a u = u,, such that

plun) = <(1) n91> .

Then u,, ' I, = I,,n. Thus from the identity (3.1),
wy (untt, )P (L) = wy(u, 6(n)g)®(Im) = wy(u, g)P(Imn).
A simple change of variable gives F(d(n)g) = pu(u,)F(g) = 6(n)F(g) for n € N,,. From Equa-

tion (3.3), we see further that if
n= <<1” V> ,1> €N/,
L

wy (u, )P (In) = Y(Vin,1/2)wy (u, 9) @ (L) = 0 (n)wy (u, 9)(Im).
We get in this case F(ng) = ¢'(n)F(g) also. Thus for n € N/, F(ng) = 6'(n)F(g).
We next show that the function F'(g) is also a Schwartz function on N,’n\%(m) To do so

then

we consider F(a, 1), where a = diaglay,...,am,a ", ... ,al_l]. Assume ® = ®®; ; where ®; ; is a
function on the (7,7)th entry in Mo, 41 ,m,. A direct computation using (3.1) shows that F(a, 1)
equals

ﬁ [H(: RON| i 3400) )i ) ialor )| (2.

j=i+2
where @Z] denotes the Fourier transform of ®; ;. The above is clearly a Schwartz function on (F*)".
Our claim now follows from the next lemma. O

LEMMA 5.6. Let F(g) be a Schwartz function on N;,L\:S?)(Zn) satistying F'(ng) = 0'(n)F(g). Let g =
nak be the Iwasawa decomposition. Define f(g) so that f(n(ak,1)) = X\(n)F(ak,1) where \ is any
Schwartz function on N}, such that

/A(n_l)H'(n) dn =1,
Then the function f(g) is a Schwartz function on %(m), satisfying

F(i71g)0' (n) dn = F(g).
N,

Proof. When g = ng(ak, 1), the integral is just
/ AR hg)F(ak,1)8 (n) dn.

A change of variable n — nng gives the equation in the lemma. We now show f(g) € S (:S';)(m))
This is clear when the place v is a p-adic place, as in this case S (%(m)) = Cgo(%(m)) Now assume
v is archimedean. We may as well consider the statement for Sp(m) instead of the covering group
:S';)(m) From the definition of the Schwartz function [Cas89], we need to show for all X differential
operators in the enveloping Lie algebra of Sp(m), the function

X f(9) = 5 Flgexp(tX))i=o

has norm bounded by ||g||”" for any r > 0 (here we choose the algebraic norm ||g|| on Sp(m)
so that ||gh|| < ||g|l||R]], see [Cas89]). Fix k in the maximal compact subgroup K’ of Sp(m) and
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consider elements of the form g = ngak. Given X, there exists a finite number of operators X;
and polynomials f;(k) on K’, such that

Ad(k)X =) filk)X;.
Then

X f(noak) = & f(npak exp(X))] o

= %f(noa exp(t Ad(k)X)k)|t=o0

d
= Z fi(k)af(noaexp(tXZ-)k)|t:0.
i
For X any operator in the enveloping Lie algebra, let

X o f(noak) = < f(noaexp(tX)h)li=o.

Thus we only need to show for any operator X, and any r > 0, that
d _
| X o f(noak)| = Ef(noaexp(tX)k)h:o < ||lnoal| ™" (5.6)

If X is in the Lie algebra of the K’, then the function X o f(ngak) has the form A(n)Fx(ak) where
Fx is a Schwartz function. If X is in the Lie algebra of the torus of Sp(m), then again X o f(npak)
has the form A(n)Fx (ak) where Fy is a Schwartz function. If X is in the Lie algebra of N/ , then
X = X, where a is a positive root of Sp(m). Then X o (fnoak) = a(a)F(ak)XA(ng). Thus we
get X o f always has the form Ax(ng)Fx(ak) where both Ax and Fx are Schwartz functions.
We get
[ X o f(noak)| = |Ax (no) Fx (ak)| < [lno||~"[la] ™" < [Inoal ™"

We have shown Lemma 5.6. O

__ From Lemma 5.5 we get immediately the following relation between the orbital integrals on
Sp(m) and the orbital integrals on X.

LEMMA 5.7. Let @, f satisfy the identity (5.5) in Lemma 5.5. Then for any relevant orbit {0},
Jo (f) = Jy (P) where

= wy(u, (o', 1)7R 1w (n™1) dn du. .
T@ = [ - /. (0 (0 DAL ()0 (0 dn d (57)

m+1,n\Um~,’ﬂ

The fixator Ny, , is described in Lemma 4.5. It turns out that the expression (5.7) almost equals
(5.4) when ¢(0) = o'. This is the key relation for the proofs of Theorems 1.1, 1.2 and 1.3. We prove
this relation in the next section.

6. Comparison of orbital integrals

We prove Theorem 1.1 in this section. Fix a local place v, and fix the Haar measure on F), to be
self dual with respect to the additive character . We will drop the reference to v in the notations.
The theorem follows from the following proposition.
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PROPOSITION 6.1. There is a function A(o) defined for o = s*(g) or s(g), such that for any
¢ € S(May+41,m), we have

Jix () () = A(si(g))Isi(g)(QJ), ge s, l<m, (6.1)
Ji(g)(®) = A(s(9)) Ls() (®), 9 € Sim- (6.2)

The definition of A(o) is given in the proof, which is broken down into subsections in the
following. We treat here only the case relating Jy+(5)(®) with I+ (5)(®). The other cases can be
done similarly.

6.1 Simplification of the problem
We first need to simplify the problem at hand. We let Uy% n,s+(g) be the group

Ugl,n,s“'(g) = {u € Um,n ‘ u_13+(g) = 8+(g)}‘

Then in fact U°

mons+(g) = n(Rgl—H-l,n—l)' Let N, o+(g) be the group
Nm,s+(g) = {TL € Np, | Ju € Um,n,u_15+(g) = 8+(g)n}'
It is clear that for ® € S(Map41.m),
[ eutsmet @ man= | o, DB (s (g)) ™ ()

m,s+ (9) st (g) \Urmon,st (9)

Thus we get from (5.4)

= wy(w, 6(n))® (st L)\t (w) du dn.
I+ () (@) = / o e / (1, 5()) @ (5 (9))0" (m)~ () dud

+(g) \Nm

The group Uy, has a normal subgroup U, with the quotient group isomorphic to 7(Up,—1pn—1)-
The above equation can be written as

L@ = [ / [ wetuntu). o)
uQER?n—Hl,n_z\Um—l,n—l Ny st (g) \Nm Jur€lp

m,

x ®(sT(9)0  (n)p ™ Hurn(uz)) duy dusy dn. (6.3)

Recall that N ! =06(Npm)N, m,u Where N’ m,u s the Siegel unlpotent subgroup of N/.. Let N’ ot (), U

= N () N Nm’U. Then a direct calculation shows that N mt+(g o\ ot (g) = (Npst(g))-

Observe also that the intersection of RO 41 With Uy, is RY 1> and the intersection of RO t1n
with 9(Up—1.n—1) is just n(RY 1+1,n_1)- Thus Equation (5.7) can be written as

it (9)(®) = / / /
u2€R9nfl+1,nfl\Um*l{ﬂ*l nENm s+(g)\Nm n’eN’

/ wo(un(uz), (£ (g), 1)'d(n))
uleR?+1 2\Uln

X B (L) (urn(u2))0 (n' =107 (n) dn dn’ duy dus. (6.4)

m,t+(g), U\N”/an

Thus to prove Proposition 6.1, we only need to show that the following key identity holds for
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any ® € S(Map41,m):

[

m,tt(g),U V" M

—A%) [ ol Tan) BT (@) () do (6.5)
uel

/ (s (£ (9), D)0 (/1) () s i
U R?+1,n\Ulv"

6.2 Two necessary lemmas
We now state two lemmas that would imply Equation (6.5). Assume g € S; with [ < m. The element

(t*(9), 1) equals
o} <<‘”9 1m_l>> Ai(g), (6.6)

where Aj(g) € {1} comes from cocycle computation (o] is defined in (3.4)).
Let & C M;; be the set of matrices p such that po; is symmetric. For p € &, let

For g € My, let

fl(Q) = <(q)> € M2n+1,m—l-

It is convenient to write an element in Moy, 41, as [A, B] where A € Mo, 41 and B € Moy, 41 m—1-
Equation (6.5) follows from the following two lemmas.

LEMMA 6.2. For any ® € S(Ma2y41,m),

/ w0, )DL )1~ (1)
R?_‘.l,n\Ul,n

Ul,n

where Ag = [2[{(=/2(1, )~ CrDI/2

/ es / e Tom)®(EW). € 0) + Lt dp g (w)du, - (6.7)

LEMMA 6.3. For any ® € S(Ma2y41,m),

ag ~
/ Lo S 2 (e (77 1,))7)
neN’ \Ny, o /PESI JgEM) 1y m—l

m,tt(g),U
X ®([£(p), €' (q) + Im—i]) dpdgt/ (n™") dn = As(g) (st (g)), (6.8)
where
v(1,9)
(det(g)2nH1,4p)”

From the two lemmas, we see that Equation (6.5) holds with A™(g) = A1(g)A2A3(g).

To prove the two Lemmas, we apply the model of Weil representation (Equations (3.1)—(3.3)) and
the Fourier inversion formula. Because of the generality of the cases we consider, the proof appears
more complicated than it really is. A similar proof for a special case has appeared in [MR99a], where
the notations are not as complicated as here.

Asz(g) = Idet(g)l”_m_l/27
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6.3 Proof of Lemma 6.2
For uw € Uy, ul,, has the following form:

uly = [2'(v',n1), €' (q) + Im—l] (6.9)
where v! is a vector in F! with the coordinates v =v;for1<i<1l,n € N, ¢ € My and
ty!
Z’(Vl,nl) = | m
0

The character p~!(u) = 0(n1)1(v1). Thus the left-hand side of (6.7) is
/ / / w(1,0)®([Z' (v, n1), € (q(w)) + L))~ (n1)y 1 (Vh) dny dv' dg.
ni1EN; leFl EMl m—1

From Equation (3.2), this integral equals:

sy [ B(e( Z03n 1 2/ (v )
n1€Ny JVIEF JqeMy 1y J ZEMap 11,
X ®([Z,€(q) + In]) dZ 67 (ny)y 1 (v}) dvl dny dg.

We can apply the Fourier inversion formula for the integrals over Z, n; and v'. Let Vl’ , be the
subspace of My, 41:

{Y' € Mopt1,

Y/
Y, = <n(Y9)Jl> ) n(Y,) € Nl7 YE)/ € M2n+1—l,l} .
The above integral equals

sy [ e g+ L) dY e (610)

We study the Uj ,-orbit of Vl’ -

LEMMA 6.4. There is a bijection from U, x & to Vl’n, given by (u,p) — Y’ = u&(p). Moreover,
pw(u) =071 (n(Y")) (here u is the character defined on Uy, ,, instead of Uy ).

Proof. The fact that u§(p) lies in V/', is clear, so is the identity on the character p(u). If u§(p) = &(p')
with p,p’ € S, the fact u € O(n + 1,n) implies that *¢€(p)oo,1£(p) = *€(p')o2ns1£(p'), which is
just p = p/, and thus also v = 1. Therefore the above map is an injection. On the other hand, if

A
Y = | Z for some n € Ny,
noy
let
n* * *
u = lony1-o1 Z20 | € Upy.

n

Then Y’ = ué(g) for some g € M. Let p = (go; + *g0y)/2, and

1 gor —p
u = lopt+i1—2 € Uy,
1

then Y/ = wu/¢(p) with p € S;. The map is a surjection. This completes the proof of Lemma 6.4 [
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We now return to the proof of Lemma 6.2.

We also observe that dY’ = |2|'!=1)/2 du dp with the above bijection. Note that the group Uin
stabilizes the space of {'(¢) with ¢ € M;,,,—;, where the action is by left multiplication. Thus with
Lemma 6.4 and Equation (3.1), we can write (6.10)

DIUCEENPRSEETE / / / s 1ty Lo )B(E (), €' (a) i) )2 (ue) dp du dg.
Uion JGEM i1 /S

This finishes the proof of Lemma 6.2.

6.4 Proof of Lemma 6.3

The group N/ (g)U 8 independent of g; it is just '(N/ _,) NN/ ;. As 5((019 ) )) stabilizes
) ’ ’ m—I

under conjugation by the groups N, vandn '(N] _,), we can make a change of variable

s (7 0,)) (0 ,0)

Under this change of variable, the conjugation also stabilizes the character ¢ restricted to Nr/n,U3
the integral in Lemma 6.3 becomes

—m— ~ g
() | [ O ()
ﬁE??’(N,/n_l)ﬂN,QL,U\N,'n,U S qul,m—l m—l

x ®([E(p), &' (q) + L)) dpdq 0’ (n~") dn.

q)g = ww <12n+175 <<Ulg 1m_l>>> P.

An element 7 in an ¢ has the form

= u(S) = <(1m i) ,1> (6.11)

S S
S = <Sglz, o 55101) , Sl S Ml,m—ly SQ € Sl, 53 S Sm—l-

Let

where

Then from (3.3), the above integral is

det(g)| ™" /S e /S » /S | / o E0) €@+ T D)1 6o 2
+tr("(€'(q) + Lm—1)0204+1£(P) S101m—1)) dp dg dS1 dSo.

From the Fourier inversion formula, the above integral equals

[det(g)| ™"~ @y (€(0), Iin-1]).

Since

£(0), Lin-] <(”g 1m_l> = 5" (g),

we get from (3.1) that

_ n V(1Y)
@9((6(0), L) = [det(g) "1/ e S (s (9)).

We have shown Lemma 6.3.
This completes the proof of Proposition 6.1 (for the case we consider).
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Proof of Theorem 1.1. We can assume that the measure is given as in the start of the section.
Let the bijection of orbits ¢ be defined as in Proposition 4.4. Given f € C°(G,), we find ®; €
C(May11,,) by Lemma 5.3. Lemma 5.5 associates to @ a function f € S(Gp,). Let e(f) = f.
From Proposition 6.1 and Lemmas 5.4 and 5.7, the identity (1.17) is satisfied for the pair (f, f).
Since clearly for g € S;(F) a rational element, [[, A,(s(g)) = 1 and [], A,(s(g)) = 1, we have
shown Theorem 1.1. O

7. Fundamental lemma

We prove Theorem 1.2 in this section. Fix F;, a p-adic field with odd residue characteristic. We will
drop the reference to v in the notations. Assume 1) is of order 0. Choose the measure so that G,,(O)
and G, (O) have volume 1.

The proof of Theorem 1.2 uses the Howe duality, Proposition 6.1, and the more precise version
of Lemmas 5.3 and 5.5.

We recall the Howe duality [How90, Ral82, Wal90]. The statement we will use is the following.

THEOREM T7.1. If f € H,, f € H,,, such that f = A(f) under the Hecke algebra homomorphism,
let ®y be the characteristic function on Moy, 1., of the lattice Moy i1, (O), then as functions on

M2n+l,m7

/ £ (g, Tom) B0 dg = / F(h ™ )wy(Lans1, h)®o dh. (7.1)

Theorem 7.1 is an immediate consequence of the first statement in § 6.1 of [Ral82].

Let fo be the characteristic function of G,,(O) and fo be the genuine function which takes value
lat g, g€ G, (O) (note that G, splits over G, (O)), and 0 at any (g,1) with g & G”,,(O). The two
functions are the unit elements of the Hecke algebras H,, and Hy,. If f € Hy,, then f = f* fo where
* is the convolution of functions. Similarly f = f * fo if f € Hpn.

We now state the more precise version of Lemmas 5.3 and 5.5 applied to the case when f = fo
and f = fy.

LEMMmA 7.2, If fo, ®( are as above, then

[ 0 ) i = / w1 9)Bo(Im )~ (1) ds (72)

R?1L+l,n\Um~,’ﬂ
Proof. Let F1(g) and F5(g) be the left- and right-hand sides of (7.2) respectively. Then we have
F;(hg) =0 (n)Fi(g), ne N, i=12.

The equivariance is proved in the proof of Lemma 5.5. It is also clear that Fj(gk) = Fj(g) for
k€ G, (O) and i = 1,2. By the Iwasawa decomposition, to show Fi(g) = F»(g), we only need to
prove it for the case g = (a, 1) where a is a diagonal matrix diaglay, . .., am,an!, ..., a;').

For na € G/, (0), we have a,n both lie in G/,,(O). Thus the integral Fi(a) equals 1 when |a;| = 1
for 1 < i < m, and equals 0 otherwise.

To compute Fh(a), we use the isomorphism p : R%H’n\Um,n = Npy1. For u € Uy, p, write

1 tv
plu) = n = ( n) € Npst

with n’ € N,,,. From (3.1), we see that Fy(a) equals
/ / [Ian' + e *V]a)0 ™t (n)y = (vy) dn/ dv,
veFm™ nENm
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where a’ = diag|aq, ..., a;,] € GLy,. The set
{n € Nppi1 | [Imn + e1'v]a' € Moy 11.m(0)}

can be described as
{n € Nypy1 | n'a” € GLy11(0)}

with a” = diag[1,aq,...,a;]. Thus the above integral is
/ 6~ (n) dn.
NENmy1,na" €G Ly (0O)
This integral is 0 unless |a;| = 1 for 1 < i < m, in which case it clearly equals 1. O
Similarly we have the following lemma.
LEMMA 7.3. Let fy, ®¢ be as above, then
/ fo(rtg)x (r)dr = / Bo(g e, s em_1,eni1)n)0 1 (n) dn. (7.3)
Rmon m

Proof. Let Fi(g), F2(g) be the left- and right-hand sides of the equation respectively. We have the
equivariance condition under R,,, and invariance condition under G,,(0):

Fi(rgk) = Fi(g)x(r), 7€ Rpmn, k€ Gp(O), i =1,2.
From the Iwasawa decomposition, we only need to check Fj(a) = Fy(a) where

ST ~1 —1
a =diagai,...,am,1,...,La,,,...,a] ]

A simple calculation as above gives Fj(a) = Fy(a) = 1 when |a;| = 1, 1 <17 < m, and they equal 0
otherwise. O

Proof of Theorem 1.2. Let f be an element in the Hecke algebra and f = A(f). From Lemma 7.3
and the equation f * fo = f, we see in Lemma 5.3 that one can associate to f the function ®
defined as the left-hand side of (7.1). From Lemma 7.2 and the equation f * fo = f , we see
that Lemma 5.5 holds for f and ® with @ being the right-hand side of (7.1). By Theorem 7.1,
® equals ®;. Lemmas 5.4 and 5.7 and Proposition 6.1 then imply the identity (1.18). ]

Proof of Theorem 1.3. We choose the set of bad places Sy to be the union of archimedean places,
p-adic places with even residue characteristics, and places where 1 is not of order 0. Then the
discussion in § 1.4 shows that Theorems 1.1 and 1.2 and Proposition 5.1 imply Theorem 1.3. U

8. Some remarks

We mention the relation between the relative trace identities in § 2 and those considered in some
previous works.

The identity (2.34) is considered in [F1i93]; the special case when n = 3 is considered in [Ma092]
and [F1i97]. The identity (2.9) is considered for the special case m = 1 in [MR99b]. The identity
(2.14) is considered for the special case m = 1, n = 2 in [FM04] and [Zin98]. The identity (2.9) in
the setting of § 2.3 is considered for the special case m = 2,n = 3 in [FJ96] (there they treat the
similitude group case).

Jacquet’s identity discussed in § 1.3 involves another generalization of identity (2.9) (in the case
n =m = 1), i.e. the introduction of a quadratic character x,. We now discuss how to introduce a
quadratic character in the identity (2.9). Recall that there is a spinor norm defined on SO(n+1,n),
it is a homomorphism N : SO(n + 1,n) — F*/F*2. Then yx,N is a character of SO(n + 1,n).
We have the following proposition.
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PROPOSITION 8.1. For 7 € F'*, there is a relative trace identity (in the sense of (1.2))

IGn (f : Rm,m X_l’ Um,m M_l) = IGn (f/ : Rm,m X_l(XTN)’ Um,m :U_l)' (8'1)
Here both distributions are over SO(n + 1,n). There is a relative trace identity
Ig, (f: Ny, 0 N0 ") =1g (F: Ny, 600, N}, 0.70), (82)

Here both distributions are over :S';)(m)
Proof. For the identity (8.1), let f'(g) = e(f)(g) = f(9)x+(N(g)). Then
I(f/ : Rm,na X_l(XTN)a Um,na N_l)

— [[ Z 1o e W) @ dudr
.

- / / N Fr ) () (w) dudr,
Y

as N(u) =1 for u € Up,, and N () € F* for v € SO(n + 1,n)(F). Thus we get that the identity
(8.1) holds for f' = e(f) defined above. It is easy to check that e is restricted to a Hecke algebra
homomorphism Ag, at almost all non-archimedean places.

To show the identity (8.2), we consider :S';)(m) as a subgroup of Cf?\@)(m), and define f'(g) =
e(f)(g9) = f(DygD71) where D, € GSp(m) is given by (diag[r1m, 1], 1). One can check again that
this definition of € yields identity (8.2) and is restricted to a Hecke algebra homomorphism )\ém at
almost all non-archimedean places. O

From the above proposition and the identity (2.9) which we proved, one gets a relative trace
identity:
I, (f t R X OGN, U ™) = I (f + NJ, 04, N, 070, (8.3)
which is the generalization of Jacquet’s identity described in § 1.3.
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