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Abstract. In this paper BP-theory is used to give a proof that there exists a
stable homotopy element in y'rgn+1 _,(RP*) with non-zero Hurewicz image in ju-theory
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1. Introduction.

1.1. Deciding whether or not framed manifolds with non-trivial Arf-Kervaire
invariant exist is one of the longstanding problems in homotopy theory. In terms of
stable homotopy theory this is concerned with the existence of certain two-primary
classes in the stable homotopy group 73(S°). It was shown in [4] that the problem
only remains when m = 2"+! — 2. In fact calculations similar to those we are about
to do give the result of [4] very easily.

At the moment it is known only that such framed manifolds exist when
n=1,2,3,4,5.

It is convenient to study an equivalent problem. When m > 0 there is a split
surjection, called the Kahn-Priddy map, of the form

S (RP®)—73(S) ® Z,
and when m =2"t!' —2 the condition that 0 e nfm_z(RPoo) maps to a stable
homotopy element represented by a framed manifold of Arf invariant one modulo 2
is equivalent to the Steenrod operation, S¢*' : H* ~1(C(0); Z/2)— H*"'~1(C(6); Z./2),
being non-trivial on the mod 2 cohomology of the mapping cone, C(6), of 6.

The main result (Theorem 4.2) of this paper is to show that this happens if and
only if the ju-theory Hurewicz homomorphism, Hj, : n§n+l_2(RP°°)—> jupni1 _o(RP™)
is non-trivial on [#]. This result was first conjectured a long while ago by Barratt and
Mahowald, appearing in print in [3]. The proof given by Klippenstein and me in [8]
unfortunately contains a gap. Namely the group in [8, Lemma 3.1] is slightly larger
than claimed, allowing some ruinous indeterminacy into the argument. In 1990
Knapp pointed out the problem and Klippenstein tried to repair the mistake, failing
to do so before he left the academic profession. A few years later Knapp produced a
correct proof [9] based on work of Miller-Ravenel-Wilson [10]. In view of its history
one cannot expect a non-technical proof of this conjecture but I believe that the proof
given here is ‘elementary’ in the sense that it proceeds via a series of generalised
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homology calculations which are rather standard. Firstly Theorem 4.2 is reduced to a
result in J, (Theorem 3.5), which is a generalised homology theory constructed from
BP-theory. Then the proof of Theorem 3.5 requires only a basic familiarity with the
rather awkward formula for the canonical anti-automorphism in BP-theory, dis-
covered by Quillen and described in [1] and [16]. After that the proof rests on some
easily obtained formulae involving binomial coefficients modulo 2 and a two-step
induction argument.

In the past I was inclined to give BP, a wide berth. Therefore I am particularly
grateful to Huajian Yang for introducing me to Quillen’s formulae in a very user-
friendly manner. Huajian was my Britton post-doctoral research assistant at
McMaster University before he, too, left the academic profession.

Here is an outline of the contents of the paper. In §2 and §3 I recapitulate the
facts and formulae that are needed about BP and RP* and then introduce the
homology theories J, and J,, which are to BP and BP A BP what ju is to bu. The
crux of the paper is to restrict the possibilities for Hurewicz images in these theories
by analysing the canonical anti-involution induced by switching the factors in
BP A BP. This is done in Theorem 3.5. Theorem 3.4, which is a weaker and easier
result, is stated without proof. The latter may be proved by a similar induction to
Theorem 3.5 using bu A BP rather than BP A BP. In §4 the deduction of Theorem
4.2 from Theorem 3.5 is explained. In §5 an induction argument is given as a first
step towards proving Theorem 3.5. In order to get around the point at which the
argument of §5 falters we derive in §6 some complicated combinatorial identities
modulo 2 which must be satisfied by the coefficients in our hypothetical Hurewicz
image. The coefficients in question are either 0 or 1. In §7 it is shown how, by
studying the combinatorial identities of §6 in low degrees, one can complete the
induction argument for the proof of Theorem 3.5.

2. BP-theories and RP*°,

2.1. Let BP denote the 2-adic Brown-Peterson spectrum ([1, pp. 109-116]; [16])
whose homotopy, m.(BP)= BP,, is isomorphic to Z[vi, vz, v3,...] where Z,
denotes the 2-adic integers and deg(v;) = 2(2' — 1). Then we have BP*(CP>) =
BP*[[x]], where BP* = BP_, and deg(x) = 2. The series [2]x € BP*[[x]] is defined by
[2]x = f*(x), where f: CP® = BS'— CP™ is induced by the squaring map on the
circle, S'. From [16, Lemma 3.17, p. 20] we have

[2]x = 2x + Z vix? (modulo < 2, vy, va, v3, ... >> BP¥[[x]]).

i>1

Now consider BP*(RP*) = BP* @ BP*(RP*). The composition of f with the
canonical map, i : RP?— CP*—CP™, is trivial. Also x'*! is zero in BP*(CP?*)
and there is an induced isomorphism of the form

* . BPY[[x])/ < X1, [2]x >—> BP*(RPY).
This isomorphism is proved together with the assertion that every element of
BP*"(RP*) may be written uniquely as (the image under i* of) Y~ €,v'x/, where the

sum is taken over all sequences of non-negative integers, I=(i,...,i),
vi=yl v 2j =3 1i2(2* — 1) =2m and 1 <j <t with each ¢, =0or 1. To
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prove both assertions one observes that the Atiyah-Hirzebruch spectral sequence for
the reduced group, BP*(RP?), collapses because it is concentrated in even total
degree. The E>-term is generated by BP* and x so that i* is surjective. Also E5? is
zero unless 0 < p <2t is even and g =2n, in which case it is isomorphic to
BP¥ ® Z,/2. Therefore the order of BP*"(RP*) is 2%, where a = a; + ... + a, and g
is equal to the number of sequences / such that 2j > 1622 — 1) = 2m. This is
also the number of expressions of the form Y, . e/v'x’ in dimension 2m. On the other
hand, the form of [2]x shows that every element of BP*"(RP) may be written in at
least one way in the desired form. Hence, by counting group orders, this expression
must be unique and i* must be an isomorphism. o ‘

The S-dual of RP* is homotopy equivalent to X'=>RP>~2/RP>~%~2 for i suf-
ficiently large, by [5, pp. 205-208], and the previous discussion yields short exact
sequences of the form

0—)BPz[_Zh(RP2’>_2/RP2I._2[_2)
_)BP21?2/1(RP2"72)_)BP2i72/1(RP2i72172)_)0.

In addition, we have S-duality isomorphisms [5] of the form

BP2i—2/1(RP2i—2/RP2'—2f—2) o BPI—2/’!(21—2iRP2'—2/RP2i—2I—2)
=~ BP»,_1(RP*).

For 1<h<t the element x2'he BPY2(RPY?) maps to zero in
BP*~2"(RP?~%~2) and we may define xo;,_; € BPy,_1(RP*) to be equal to the image
of x*"'~" € BP*~"(RP*~2/RP*~2~2) under the S-duality isomorphism.

Every element of BP*~2(RP¥~2/RP?~2-2) can be expressed uniquely in the
form Y, ep'x/ with 271 —1<j<27'—1 and each ¢ €{0,1}. Hence every
element of BP>,_(RP*) = BP>,_;(RP¥) is uniquely expressible in the form
Z,.k e’ X1 With 1 <2k+1<2t—1 and each ¢; € {0,1}. The relation that
x27'=h=1 . [2]x = 0 translates into a congruence of the form
2xop—1 + Z ViXop_oiviy; = 0 (modulo < 2, vy, vp,v3, ... >? BP*(RPZ[)).

Jj=1

Recall [1, p. 89] that if X is a commutative ring spectrum with unit, ¢ : S°— X, there
are two maps, ny=1A¢ and nr=tA1l, from X to XA X that give
T«(X A X) = (X A X), the structure of a left or right m.(X)-module, respectively.
When X = BP there exist canonical elements, ; € (BP A BP)ypi_yy , [1, Theorem
16.1 p. 112], [16, Theorem 3.11 p. 17] such that (BP A BP), = BP,[t1, t2, t3,...] as a
left BP,-module . From the collapsed Atiyah-Hirzebruch spectral sequence for
(BP A BP),(RP*) there is an isomorphism of left BP,-modules of the form

(BP A BP),(RP*) = (BP A BP), ®@pp, BP.(RP*) = BP (RP*),[t1, 12, 13, .. .

Therefore every element of (BP A BP),,_;(RP?*) is uniquely expressible in the form
ik e,vt kit with 1 <2k+1 <2¢—1 and each ¢ € {0, 1}. Here ¢/' = (i)

denotes t1 R~
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3. J. and J,

3.1. Let ¥ : BP— BP denote the Adams operation in BP-theory ([1, Part II];
[11], [13, pp. 59-60]). Hence v is equal to multiplication by 3 on BP,; and by 3/*!
on BPy1(RP*). The last fact follows easily from the formula y3(x) =37'x [13,
Corollary 4.3 p. 60] since the S-duality isomorphism is given by slant product with
the BP-Thom class of the tangent bundle of RP* [1, p. 264] and since ¥ commutes
with slant products. It also follows that ¥* A ¢° : BP A BP—> BP A BP is given by
multiplication by 3* on (BP A BP)y, and by 3/*!' on (BP A BP),,, |(RP¥).

Define spectra J and J' by the following cofibration sequences

T 31
J 5 P S B I vy
and

, 7 ,(//.3/\,‘//.3_1 7-[’1 ,
J — BPABP — BPABP— 3J.

Since ¥ -t =1 : S°— BP, n; and ng induce maps 7j;, fig : J—>J, respectively. Also
¢ induces a (unique) map, i : S°—J, such that 7 - = 1.

Let n > 1 be an integer. Since ¥° — 1 is injective on BPy1_»(RP*"") 22 BPyii_»,
there is an isomorphism of the form

(7[1)* . BP2n+1 1 (RPZ”*‘) ® Z/2n+2 i) J2n+1_2(RP2”+1 )’
since 3% — 1 = 2"2(2s 4 1). Similarly there is an isomorphism of the form
(), : (BP A BP)yi_{(RP*") @ /2" =5 J,. ,(RP*™).

By means of the isomorphisms, (1), and (7}),, we may represent elements of
Jye1 H(RP*™) and J,,, ,(RP*™) by sums in degree 2"*! —1 of the form
k€ xuqrand Yo, ev't! xo41, respectively, as in §2.1.

Now let T: BP A BP—> BP A BP be the map which interchanges the factors.
Then T, = c, the conjugation, on (BP A BP),(X). In §5.2 we shall need the following
formulae for c(vk) = (ngr),(vk). Recall that BP, embeds, via the Hurewicz homo-
morphism, into H.(BP; Z,) = Zy[my, my, ...], where deg(m;) = deg(v;) and v; =
2m; — Zj';} mpy?

LEMMA 3.2. Let =< 2,v|,v3,... > <BP, = Zs[v\.v2,...]. Then, for k > 1,

k .
(Mr)(vi) = 2t + Z vjti/_j (modulo 12[1‘1, t,...])

Jz1

in (BP/\BPL< = ZIo[vi,va, ..., t, 0, 13,
Proof. We use the formulae of [1, Theorem 16.1, p. 112] and [16, Theorem 3.11

p. 17] from which we see that (ng).(vi) =21 +v; and that in (BP A BP), ® Q,
(Rr),(my) = Zjl';o mt_;. The results follows by induction on k. O
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3.3. Let £ be a commutative ring spectrum and let (), : BP*(CP*)—
(E A BP)*(CP*®) denote the map induced by 5, the unit of £. When E = BP,
(BP A BP)*(CP®) =2 (BP A BP)_,[[x]], where x = (11),(x) in dimension two. On the
other hand, n = ng, so that the formula of [1, Lemma 6.3, p. 60] and [16, Lemma
1.51, p. 9] becomes

o(x) =Y _bIFx"*" € (BP A BPY(CP™).

>0

This formula also holds in (BP A BP)*(RP™). ‘
Since (1), (x2+1) € (BP A BP),(RP?"") corresponds under S-duality to x> =+~
in

' i=1_on
(BP A BPY"(RP*~2/RP*~2"'-%) = (x Zalvw. vz, ol '][[x“>/([2]x)

X2 Dol va, o 1y o, X

(where this isomorphism follows from the canonical form for elements that was
discussed in §2.1), it follows that

k
A(1L)s (k1)) = MR) (k1) = Y brw(L) (X2 1),

w=0

where

k
2i=1_y—1 BP _v+1\21—k—1
E bk,wx = (E bv X )

w=0 >0

in (BP A BP)"(RPY~2/RP?-2"'-2) The coefficients b5* € (BP A BP), = Z,v,
Va, ..., t, B, ...] satisfy [16, Theorem 3.11 (proof), p. 17 and Theorem 1.48(c) p. 8]

> n).m) =D (). (m) IV

>0 5s>0 >0

This equation holds in Q,[vy, v2, ..., 11, 2, . . .] but setting each v; to zero we obtain
the equation

0="> 1> bBy

>0 v=>0

and this equation holds in Zj[v, v2,..., 1, t,...]/ < Vi, V2, ... >. Hence we find
that

ZZZZ([)BP) €Z2V1 Vz,...,Zl,lz,...]/<2,V1,V2,...>.

>0 v=0

Since 7 = 1 = by one sees by induction that b57 e< 2, vj, vy, ... >

Zs[vi, va, ..., 11, ta,...] except when v = 2" — 1 for some m and for each v > 1

https://doi.org/10.1017/S0017089502010017 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089502010017

14 VICTOR P. SNAITH

v
2
0= Z tj(bff,_]) (modulo < 2,vi,va,...>Zr[vi,v2, ..., t1, t2,...]),
Jj=0

which we shall use in proving Lemma 6.2.
Now we can state our main technical results.

THEOREM 3.4. In the notation of §§2.1 and 3.1, let u € Jyi_(RP*"") be repre-
sented as u ="y ;€' Xour1_gogiriy—1- If

2r1+l

(1R), () = (L), (w) € Ty _,(RP™ ),
then either for some 0 < d <n+ 1 and e =1 or for some d > n—+ 2 and € = 0 we have

u= 62dx2u+1,1 + E €y VI Xontl _deg(vl')—1-
(I')zd+1

Here the length of I = (iy, ..., I,) is defined to be equal to I[(I) =i} + ...+ i,.
In §7.1 we shall improve Theorem 3.4 to the following more difficult result.

THEOREM 3.5. In the notation of $§2.1 and 3.1, let u € Jyi_>(RP?"") be repre-

sented as
u=e2""xp | + Z GIfVI/inH_deg(vl’)_]
(1) =n+2
and satisfy
(7R)2 (1) = (1), (W) € Sy ,(RP*™),

where €, ¢ € {0, 1}. Then ey =0 if I(I') =n+ 2.

REMARK 3.6. Theorem 3.4 may be proved directly by mapping to bu A BP,
which amounts to setting v; = 0 for all j > 2 and then following a (simpler) version
of the induction which proves Proposition 5.3. Alternatively one may derive Theorem
3.4 from Theorem 3.5 by replacing u by 2"y,

4. Im(J)-theory and the Kervaire invariant.

4.1. Suppose that 6 : $2""'~2—RP™ is an S-map whose mapping cone is denoted
by C(6). In dimension 2! — 2 the Kahn-Priddy map [6] gives a split surjection of
stable homotopy groups

73 2(RPX) 13,1 5(S) ® Zs

onto the 2-Sylow subgroup of the stable homotopy groups of spheres. The Kervaire
invariant ([3], [4], [7]) of a framed manifold yields a homomorphism from
nf,H_z(SO) ® Z, to the group of order two. Furthermore, it is well-known that the
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image of [0] € 7t§,,+172(RP°°) has non-trivial Kervaire invariant if and only if the
Steenrod operation ([12], [15])

Sq*  HY~Y(C0); Z)2) =~ Z.)2— H*"'~\(C(6); Z/2)

is non-trivial.
Now let bu denote 2-adic connective K-theory and define ju-theory by means of

|
the fibration ju—s> bu L bu. Hence ju, is a generalised homology theory for which
Juy _H(RP®) = Z,/2"2. Recall that, if ¢ € jupn_(S?""~2) = Z, is a choice of gen-
erator, the associated ju-theory Hurewicz homomorphism
Hj, : 70501 _(RP®)—> jitys1 _o(RP®) = 7,/2"+?

is defined by H;,([0]) = 6.(1).
We are now ready to state the main result of this paper.

THEOREM 4.2. For n > 1 the image of [0] € 71§”+172(RP°°) under the ju-theory
Hurewicz homomorphism

H;,([6]) € juyi o(RPY) = Z/2""2

is non-trivial if and only if Sq*" is non-trivial on H*'~'(C(6); Z/2).
In any case, 2H;,([6]) = 0.

Proof. Consider the following commutative diagram.

Jont1p(S ) L Jpei_o(RP)

BPypi1_1(C(8)) BPyii_o (82 -2)

P -1 PP -1

BP2n+1_m1(RP°°)—> BP2n+1;1(O<0))

BPynsi_o(82-2)

Iy 2(RP) o Jpus_o(C(0))
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Let i € Jyi_»(S*"'~2) be the class given by the J-theory unit as in §3.1. The
J-theory Hurewicz image is given by 0,(0) € Joi_o(RP®) 22 Joi_»(RP*). It is an
element satisfying the conditions of Theorems 3.4 and 3.5. The image of 7 in
BPyr (S "2) is 1 of §3.1, which lifts to ¢ € BPyei_,(C(6)). Then (v — 1)(¢") lifts
to o € BPy+i_(RP®) and, by [14, Proposition 2, pp. 241-242], the image of « in
i _»(RP?™) is equal to 6,(7). Therefore, by Theorem 3.4, we obtain an equation
of the form

w3(l//) = L// + 62dx2n+1,1 + Z E]/VI/Xz;xH_deg(Vl’)_l + 2”+2,3 [S BP271+1,1(C(9))
II)>d+1

forsome 0 <d<n+1,e=0,1and B € BPy1_ 1(RP°°)

Define ju by the 2-local cofibring, ju—s bu l#—> bu, so that jusi_»(RP>®) ==
Z./2"*2, generated by A,(xyu1_p), where A, : Jo(X)—>ju,(X) is induced by the canoni-
cal map A : BP — bu. Therefore the ju-theory Hurewicz image of 6 is €294, (xyus1_1).

First we must show that d > n + 1, which will imply that the ju-theory Hurewicz
image of 0 is trivial unless d = n+ 1 and in that case is non-trivial if and only if
e=1.Ife=1and d <n+ 1, we replace ¢ by 2"*1=9,. Then the argument which is to
follow shows that 2"+1=99 is detected by S¢*' on the mod 2 cohomology of its map-
ping cone. This is easily seen to be impossible, by comparing the mapping cone
sequences for 2"t1=99 and 2"—9¢.

The fact that d > n + 1 implies that 2H,([6]) = 0.

Now write s, : BP.(X)— BP,_»,(X) for the Landweber-Novikov operation in
BP-homology corresponding to su.0,0,.) in [1, p. 12]. We are going to study the
consequences of the relation, 3”v3s,, = s,,¥°. This relation is established by observ-
ing that the sum of the left and right sides over m correspond to two ring operations
in BP-cohomology and therefore are equal if and only if these cohomology opera-
tions agree on x e BP?(CP®), which is easily verified. In addition, if
T : BP— HZ/2 corresponds to the Thom class, then a similar argument shows that
(S¢*™), Ty = TSy : BPo(X)—> Hy_2,(X; Z)2).

Also, if 0 < m < ¢, using the formulae of [1, Part I, §5 and §8.1] it is not difficult
to show (we shall only need this formula modulo 2) that

m-+t

Sm(X241) = (—1)m( )x2t2m+l € BPy_2mi1(RP%).

Bearing in mind the previous discussion about what to do if d < n+ 1, we may
suppose that d = n+ 1 and write

V) =1 4+ 2" gy + 2" B+ y € BPya_(C(0)).

Here 8 € BPy+i_1(RP®) C BPyw+i_1(C(0)) and, by Theorem 3.5,

— 4
V= § , €IV Xontl_geg(v!")—1+
1" >n+2

Applying the relation with m = 2""! we obtain the following equation in
BPznil(C(e)) = BP2rz,1(RPOO):
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211—1 +2n -1

Sy (1) + €2 ( o

)w-l + 22551 (B) 4 51 () = 37 37 sy ()

because ¥ acts like multiplication by 3 on BPy_;(RP™).
We are going to apply

he © BPyrii_{(RP®)—>butii | (RP™)  (modulo 2')

to the above equation, bearing in mind that A,(vx) = 0 for k£ > 2 and that

0 =vix2j_1 4+ 2x2j41 € bu2j+1(RPoo).

In bu, (RP™®) consider Ay (s,(vi)Xos1. If m # 25 — 1,25 — 2 then A, (s,(vk)) is a
multiple of v%“, for some e > 0, and therefore A, (s, (vi)) X211 € 4butrjioee1 15, (RP™).
Similarly one sees that A.(sy_(vi))X2j41 € 2buzj3(RP*). Also, since s, ; cannot
decrease Adams filtration, A.(sy_;(v¢)) € 2bup(S°) and A (S2x_1 (Vk))X2j41 €
2busjy 1 (RP®).

Now consider v, v;, ... v, X241 € BPy+1_1(RP*) and

)\*(52"*1("1'1 Vi « v e Vi,x2j+l)) = Z )‘*(sul(vil )) cee )\’*(S[l/(vi/)))\‘*(sﬂr+1 (x2j+1))'

a+...ap =21

The discussion above shows that this lies in 2'buz:_1(RP™) unless ¢ = 0. Also
)\*(Szu—l(XZnJrl_])) (S 2bLl2n_1(RPOO), since

2n—l 42— 1
< e ) =2(2s+1),
for some s. Hence both 221, (s5-1(8)) and A.(sy-1(y)) lie in 23 bugn_ | (RP®).
From this discussion, in the previous notation, our equation implies the fol-
lowing congruence in buyi_ (RP®) = Z,/2*"":

(3% = DAs(sp-1 (1)) = 2"2€ modulo 2" buy_ 1 (RP™).

However, for n > 1, (3% — 1) = 2""2(2w + 1), for some w, so that € = 1 if and only if
Ae(s2-1(1”)) 1s a generator of buy_;(RP*). The factorisation, T : BP — bu—>
HZ/2, implies that € = 1 if and only if the dual Steenrod operation, S¢?', is non-
trivial on Hy.i_(C(6); Z/2), which is equivalent to Sg*’ being non-trivial on
H*~1(C(9); Z./2). This completes the proof. O

5. Theorem 3.5 — the induction step

5.1. In this section we begin the proof of Theorem 3.5, establishing the main
part of an induction argument.

Consider once more the isomorphism

X2 2o, va, .t s K]
XzHZQ[Vl, (VO ST S S || B |

(BP A BP)*(RP?~2/RP*~2"'-2) = ( )/ (12]x)
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established in §3.3 by means of the canonical form for elements, discussed in §2.1.
Recall that there are isomorphisms of the form

(BP A BP)Zi—2"+I (RP2i—2/RP2'—27'+1—2) ® Z/2l7+2

= (BP A BP)y.i_,(RP*"") ® Z/2"+2

= Jh_(RPY™).

Suppose that u € Jym_o(RP*"") is represented by

_ n+1 I
u=€e2"" Xpmr1_| + E €IV Xoutl _geg(v!”')—1
KI)=n+2

with €, ey € {0, 1}. If u satisfies (), () = (1), (u) € J/z,,ﬂ_z(RPz"H) we wish to show
that €, is zero for all I’ with /[(I') = n+ 2. For this purpose we shall compute in
(BP A BP)* 2" (RP¥2/RP¥-2"'-2) @ Z/2"*? or rather in a (graded) quotient,
denoted by E* for brevity.

Let I=<2,v(,v2,... > <aBP, =7Z5[v1,v2,...] be the ideal generated by 2, vy,
V2, .... According to §2.1, since [2]x = 0, we have, for all j > 0, 2x!7 =", vix?
(modulo P[[x]]) in BP,[[x]]/([2]x). By induction on ¢ > 0 we have, for all j > 0,

2l x4 = Z Vi« Vi, X2 A2 (modulo F2[[]).

Similarly, since i is much larger than n, we have, in (BP A BP)"(RP*~2/RP*~2""'-2),

’ i—1_ i in Iy gy ! i—1_
2n+2V[l[ xZ k—1 =( 2 : Vi, .- Vin+2x21+27+m+2”+ n Z)VIZJ x2 k—1

i1yeesinp2>1
+ E e 1y,
II"y=n+3,1"

Therefore, if we set

_ } : 20 420 4 42042 —p—2
Uy, = Vip oo Vipn X s

then

XX 2o, vy, sty XD

o <x2f‘—2"Z2[vl, V..., b, s][[X]]>/ ~

where &~ denotes the ideal generated by elements of the forms [2]x, v/’ x2™' 2",

I(I) > n+ 3 and w,r’" x*"'~2'~0+D_Then E* is a quotient of the required form. Let

). (xz"‘z"zz[vl, Vay ooy 11, 1, S]]

2x) ® 22" —E*
xz’1Z2[v1,vz,...,ll,tz,...][[x]]>/([ by &z —

denote the canonical quotient map.
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Consider the (graded) subgroup D* C E*, generated by the elements of the form
('t x*~'=k=1) with I(I) = n + 2. By induction, using the canonical form of §2.1 for
elements of (BP A BP)*(RP*~2/RP?~2""-2) we see that D* is a Z/2-vector space on
generators of the form v/¢/'x/ with /(I) =n 42 and 2! —2" <j < 2! — 1 modulo
the relations 0 = u,x’ for j > 2=! —2" —y — 2. In particular, a homogeneous ele-
ment of D* represented by an element of the form > ;)_,.» €rxv I =k=1 with
€1 € {0, 1} and €(42,0,0,..).x = 0 for all k can be zero if and only if each ¢ is zero.

We are now ready for the induction argument, which will put severe restrictions
on the canonical form for elements u € Jy1_»,(RP?""") in Theorem 3.5.

5.2 Analysis of the leading terms .

We begin by observing that u =2"t'x,.1_, satisfies the condition of the
theorem ThlS is because 2" (r), (xp1) and 2"1(np),(xmi_;) are S-dual to
2l e(x)* % and 21X~ respectively. However,

2n+lc(x)2”172" 2}1+1(Z bBP v+1)2"*172”’

v>0

. . i—1 n i—1 .
which is congruent to 2"*'x?" 2" modulo < 2"*2, x*" >, as required.

Therefore we may modify u so that € = 0 and we may write

.
u= > e xun
=t 2,k

with 2"+1 — deg(v'") — 2 = 2k, whose S-dual is

’ i—1_
D(u) _ § : €, kVI X:2 k 1.
I(I")>n+2.k

Note that this is also the expression for the S-dual of (1), (u).

Next we shall compare the images in E2~2"" of the S-duals of (n),(u) =
Z/(]/)szrz,k er ;v o1 and (ng),(w). To calculate the second image we need to
sharpen Lemma 3.2. The proof of Lemma 3.2 easily yields, for k > 1,

k
(). = 2t + Y vz, (modulo Pl1y, 1, .. ]).

Jz1

Therefore, in 22", the image of the S-dual of (ng),(x) is given by

20=1 4 20 )i 21 k1 BP _q\2'—k—1
Zepkl‘[(zva(z,x AN OB AL

j=1 a>1 q=0

where I’ = (i1, ..., i) and /(I') =n+ 2. In this expression the multiple of v’f+2 is
equal to

i—1 2! 1 —k— 1
Zel/kvl H(t]x+t/ l)l/xz —k— ](ZbBP 11)

q=0
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In E* the expression under consideration is unchanged by adding the following
linear combination of multiples of u,,,

Zel’kun l_[(t/x+t/ l)nx =1 _f—n— 3(ZbBP q)2'1 —k— l

=1 q=0

. i__~n+l . .
Hence, in 272", u is also represented by the expression

B N BP g2~ —k—1
S e [T vt 2 (00

Ik j=1 a>1 q=0
. i—1__ Zi_lfkfl
—Ze, Ky ﬂ(t,x+z DN OB AR :

k q=0

Bearing in mind that 7p = 1 = b8”, expanding this expression and collecting all
the terms that do not involve any s ( j=>1)gives an element representing the S-dual
of (n,),(u) in D*~2"" < E2=2"" Therefore, in D 2", expanding the expression and
collecting all those monomials which do involve any of the #;’s should give zero. Also
this expression contains no monomials of the form v”+2t ...tyx7 so that we may
apply the criterion of § 5.1 to decide whether or not thls element is zero in D*.

Now consider the non-zero terms of smallest degree in x. That is, consider the
maximal k such that there exist €, x’s which are non-zero. Since every term except
VIT2x"*2 in u, has degree at least n + 3, the terms of degree 2°~! — k — 1 in x in the
modified representative for u are given by

P

j—1 . i—1__
Zép’k l—[("j"“’j—lt% +...+V11‘/2_1)1/X2 k=1
I Jj=1

P

n+2 2 N2 k-1

— E € kv H(tj_l)»’x .
T =1

Consider the subsum, for the same maximal k, over I’ = (i, ..., i) such that
i, ..., I are not all zero and, of course, i, is non-zero. This means that » > 3. This
subsum contributes
> I _je—
€p kv’11+" vy .. vif_‘l 1,2'_’1x2 k=1 ¢ p*.
(i25.0ir—1)70

By induction on the maximal value of r for which €, x is non-zero in this subsum, we

see that €y, =0 if (i,...,i—1)#0. This is because, for such terms,
1 .. i 2 1
yirtiyl -y 2 27 k=1 can only originate from ey v vE .. vi- VA

So far then we have shown that the terms of degree 2! —k — 1 in x in the
modified represent ative for (nr),(u) are given by

i or—1 5 i ) 21[ 2, -
Z fllyk(Vll(Vr‘i‘Vrfltl +"'+vllr,1 ro__ VIIH- ’_1) c D*’
I'=(i1,0,0,...,0,i,)

where i + i, = n + 2 in this sum.
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We write this representative for (ng),(u) as a sum of three parts in the form

i 2 +2 21, 21 _f—1
> e kOO v ) = VR X
I'=(i1,0,0,..,0,,), r>4

i—1__ 1
+ Z el/l‘(vl (v3 + vzt1 + vltz)“ — ”+2 2’3 )x2 k=1
1'=(i1,0,i3)

i i 2202y 27 k-1
+ E er k(v (m2 + i) — Vit .
I'=(iy,i2)

Next, in this simplified expression, consider the subsum

. i=1_ e
E AL Y By D R = )i
1'=(i1,0,0,...,0,i,),r=4

Expanding out the first subsum and considering the terms

i P I
61/’](‘}111 (Vr—lt% )l,—x2 k—1 e D*
I'=(01,0,0,...,0,i,),r>4
shows that €,/ = 0 for each I' = (71, 0,0, ..., 0, i,) with r > 4. This is because, in the
simplified expression, e(il,g,owg,ir),kv’ll(v,_lt%'i 'x2"'=k=1 can only originate from
i 'r 2l_lfk71 .
€(11,0,0,...,0,i,).k V] Vi X Jfr =4 _
Thus we have shown that the terms of degree 2-! — k — 1 in x in the modified
representative for (ng),(u) are given by

i 4 2\(n+2—i; +2 2(n+2—i1)\ 21— k—1
D €l 0mr2-in k(] (03 + vatf 4 vy )T — R AT
i

i 2\n+2—i n42 2iy 2 —k—1
+ E 6(il,n-',—2—i1),k(v1] (V2 + Vltl) b — Vi 2)x
i
n+2—1i,

n+2_l1 : 2—i— i—1_J_
= ZE([MO,”_FQ_,‘I)_/( Z ( ; >v’ll (v3 + szl‘)“(v] t%)(th i1—a) 27 k-1
i

a=1

n+2—1i;
n+2— ; ; i1
i .a 2\n+2—ij—a 27 —k—1
+ E €y nt2—i).k E ( )Vl'vz(\’lll) X

n+2—i,

n + 2 — il . i—1
+2— Ava 2(n+2—iy—a) 271 —f—1
= E €(i1,0.n42—1)).k E ( u >V’17 vz + it " "
i

a=1
n+2—i; .
n + 2 — 11 . i—1
n+2—a a 2m+2—ij—a) 21 —f—1
+ E €3, n+2—i)),k E ( 4 v vyl X .
i] a=1

By expanding this expression and considering the terms involving some v3’s and
1;’s, we see that this expression can equal

/n+212’1k1 /n+212"k—l *
E €(iy,0,n4+2— l])vl ! + E €(iy ,n4+2— ll)Vl ! €D 5

i

the terms in the S-dual of (17),(u) of degree 2-! —k — 1 in x, if and only if some-
where in the first sum n 42 — ij = 2% and the remaining €, 0,,+2—i,),x must vanish.
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For the maximal k& under consideration there can be only one remaining such
term, namely when k =2" — i} — 7i3 — 1 =2" —n — 3 — 3. 2%+ Therefore we have
whittled down the terms of degree 2'~! — k — 1 in our representative for (nz),(u) to
the form

N0 2% | a2y inl_p |
€(n42-27,0,24),k V1 vy +v 1] x

n+2—i; .
n+2—1 - =
n+2—a_ a 2n+2—ij—a) 21 —k—1
+E €(iy,n+2—iy),k E < g " Vi X .
i

a=1

To cancel the terms involving ¢;’s we must have either €(,12_2 9 2«) x = 0 or there is a
non-zero term with @ = 27" and 2(n + 2 — i} — a) = 2*+2. However, this implies that
n+2 —i; = 2*t! with the result that the binomial coefficient

n+2—1 _ Qo+l
a T\ 2e
is even.

Therefore the terms of degree 2°~! — k — 1 in our representative for (nz),(u) take
the form

n+2—1i .

_ - n+2—i1\ 4120 a 2n+2—i1—a) 21 _f—1

€(i1.n+2—ip) k a V1 Vol X .
i] a=1

Similarly, by expanding this expression and considering the terms involving
some v,’s and ¢;’s, we see that all the €(;, ,4+2—;)x must vanish except for possibly one
for which n+2 —i; =2f and k=2"—1i, —3i, — 1 =2" —n— 3 — 2A*1. Therefore
the terms of degree 2! — k — 1 in our representative for (1z), (1) by now have the form

_2B 9B i—1_j_
YA A S

which does equal the terms of degree 2'~! — k — 1 in the S-dual of
_2B 2B
(ML) (€220 20y Vi 772 V3 Xoes)-
The following result recapitulates the progress of the induction argument so far.

PROPOSITION 5.3. In Theorem 3.5, the element u € Jyui _(RP*™) may be assumed
to have the form

—28 28
-2 V% Xontl _op_28+2_5

1/
+ E €IV Xontl _giog(v1)—1
deg(v!")>2n+28+244

1
u=e2""xp1_| + €piaas VT

It
+ E €NV Xontl _geg(v!')—1
(I)=n+3

with e, €(n+2-2626), €' € {0, 1}
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6. Some important combinatorial identities. _

6.1. We are going to study (nR)*(v’i‘. Vi k- DY with i 4+ ... +i. =n+2,
2l —1>271 = 2" 4 42 4 25 in the quotlent of E* of §5.1 glven by setting
O=t1=th=...=t 1=t =ty =.... In fact, we shall therefore be in
D*/ < t1,to, ..., ti_1, tiy1, tiz2, ... >. This is the vector space over F, on a basis
given by v1ex? with 271 —2" < § <271 — 1, [(l) =n+2 and I # (n +2,0,0,...).

In order to compute these elements we shall need the following result.

LEMMA 6.2. Forj> 1, in
Z2[V1,V2,...,ll,lz,...]/ < 2, Vi, V2, ooyl By oo Lim 1y Bl oo >
we have
t(2:71/_l)/(2/_l) l.fV — 2mj _ 1’

i
0 otherwise.

BP
bv

Proof. From §3.3 we know that bBP = 0 unless v =2° — 1 and the congruence

0= Z t(bz‘ s 1)2’ (modulo IZ,[vy, ..., ..]). Therefore, in the quotient of the
statc:‘:mentl 2c/)f2 o tll)}el lgmlma 2”/_lt(2 D 1) + tobzm, | SO that, by induction,
by =1 2 W@ 2 i , as required. It is easy to see that b5” = 0 in
the other cases. [

6.3. The case j = 1.
Let D* be asin §5.1. If i} + i, < n+ 2, Lemma 6.2 implies that in canonical form
in D*/ < tr,t3,tg,... >

o0
MR), (V] .. VEN) = (v + Z vt x2 N (v 4 Vi) (v3 + vat})”
k=1

O vt )"x’(Z oy
If iy +i =n+2 we have
(). 07275 = (O Yt Y 4 )

k=1

o0
_ (Z Vi x2 2)11+2(1 + Xll)n+2 i ch J(Z t%v*lxzrfl)/-
k=1 v=0

Now suppose that, in (cohomological) dimension 2/ — 2"+!, we have an element
as in Proposition 5.3 but with € = 0 in the leading term. Such an element has an
S-dual of the form

D) = Z e/ xR
7
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with €; € {0, 1} and where the lowest degree terms in x consist solely of the
term /2722 2T This element  satisfies  (7z),(D(w) = D(x) in
D*/ < ty, 13, 14, ... >. We may obtain relations in Z/2[x, t;]/(x* ~*=¥) by equating
coefficients of v/ 7). In fact, these relations lie in the subring, Z/2[w]/(w* ~>~%),
where w = xty. Since j < n + 2 we may view all these equations as being in the same
ring. For example Z/2[w]/(w*'~3"~%) will suit our purposes providing that n > 5.
Now consider all those terms whose (nr),-image contains some monomials of
the form vll‘ v’z’x t]. These can only come from monomlals with I = (iy, ip, i3). A cal-

. A
culation of the monomlals of the form v/*>2"v¥" x4% occurring in

(UR)*(VT vlzzv’; 2= l*2”+n+2+2i2+6i3)7

where n + 2 = i| + i, + i3, together with some elementary combinatorics, yields the
following result.

PROPOSITION 6.4. Set w = xt; and L(w) = > 20 7 ~1x? =1 =" w1 In the
notation of Proposition 5.3, if j <n+ 2, then

€(n+2-/.j)
_ Z L(W)Zi"72”+n+2+2iz+6i3 (” +2-0h—1i3 > ( ) )
(i],fg,i}), i1+ih+iz=n+2, b b ) + 13 + b _J
n+2—ir—i b 2\ib+iz+b—j. 4i
X €y, in,ip) (1 4+ W) 7727 3( ) (w?) Ry An

i~1_on n+2 ) )
_ Z L(w)* 1y MaEaEC P lz)( . >(1 )2
(i1,i2), i +i=n+2, ]

in Z./2[w]/(w* =36).

6.5. The case j = 2.
Next we calculate the monomials of the form v} "7\ x4z} occurring in

L i ontl
(r;R)*(v'l‘v’z2 LX) e Dp¥" /<t tz, tg, ... >

Since

(nR)*(V?) = (Z Vu(tsxzu_l + tiia))iyv

a>1

the term under consideration can only come from monomials with 7 = (iy, 2, i3, iy).
In this case one obtains the following identity.

2m 2_ m
PROPOSITION  6.6. Set w* =1tx° and M(w) =Y, .t S —D/@ =D 2oy
> 0" w®"=D_ In the notation of Proposition 5.3, if j < n+ 2, then
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1)
Ent2—jj = 2 : €Giririsig) | .

(i1,02,03,ia), 0y +ir +i3+is=n+2 J— 4

. o e i—1_on P46 i
% (1 + w3)] iy W3(12+213+514 ])M(W)Z 2" 4042421 +613+14iy

n+2 Y i~1_on 6P
3(i+2 27 =2"4n+-2+42ir+6,
— Z E(il,iz,ig)< ; >W (i2 ls)M(w) ir+6i3

(iy,02,83), 11 +ir+i3=n+2
in Z/2[w]/(w?'—31=0)).

6.7. The case j > 3.
If, rather than ¢ or t,, we try this process with #; for k > 3 we obtain the iden-
tity below.
k k mhk __ k_ mk
PROPOSITION 6.8. Set w? ! = 1, x* 1 and Mi(w)=>",.-0 tg D/@=0) -1
mk . .. [ -
> o W& TV, In the notation of Proposition 5.3, if j < n+2 and k > 3, then

€(n+2—4.)
I

2K 1) (i 4-2ipg +4i)
( 6(1‘1,...)<. . ) >W( Wix+2ix 41 +4ig42)
(i112,0, ikl 15k 2)s i1 o ik i1 ks 2= 42 J T T le2

n—+2 kv Lo
25— 1) (i 420
_ E E(il,...)< . )W( Wik+2i41)
(11,0, e its Bt ) By g g =n+2 J

% Mk(W)Z"’l =274+ 2420 +(25 = )i+ = D)1 +(2 = D)iksa

in Z/2[w]/(w* =379,

REMARK 6.9. In using the identities of Propositions 6.4, 6.6 and 6.8 it is some-
times convenient to add them over all values of ;.

7. Theorem 3.5—the final step.

7.1. To complete the proof of Theorem 3.5 we must show that €;,,»_2s 2 = 0 in
Proposition 5.3. Since the ¢,’s are equal to 0 or 1 it suffices to show that the identities
of Propositions 6.4, 6.6 and 6.8 imply that €,12_2 ) =0 (modulo 2). Since the
algebra is very laborious we shall merely sketch the procedure.

In the circumstances of Theorem 3.5 we may suppose, by Proposition 5.3, that
€ = 0 (subtracting 2"+ x,.1_, from u if necessary, as in §5.2) and that €nt2-2,2) =0
for 0 <j < B—1. Then the first step of the induction shows that the lowest x-
degree in the S-dual, D(u), is 2"~! — 2" 4+ n + 2 + 2#*!, which means that €, ;, ;;) = 0
for all ij + i, + i3 =n+2 and 2i, + 6i3 < 21 —except possibly €422 26), Which
we are trying to show is zero in order to complete the last step of the main
induction.

The Arf invariant of framed manifolds is well understood when n =1, 2, 3,4 so
that we shall assume that » > 5, which ensures that 8§ < 2" — 2n — 6. From Proposi-
tion 6.4 modulo w8Z/2[w]/(w*' ~¥~©), setting j=1,2,3,4, 5,6 successively yields
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€mn-1.1) = 0 = €(1-2.2) = €(—3.3) and then Proposition 6.6 modulo w8Z/2[w]/(w* ~¥~6)
yields €(n—4,4) = 0.

Therefore we may assume that n > 5 and g > 3.

We shall sketch the remainder of the proof for the case in which # is odd. In this
case its suffices to study the identities of Propositions 6.4, 6.6 and 6.8 modulo
w8Z/2[w]/(w?' ~3"=6). The case when 7 is even is similar but more complicated.

When #n is odd Proposition 6.6 implies that €p42-2525) = €mt+1-25,25+1) for all s.
Setting j=2f —1,2#,2 + 1 in Propositions 6.4 and 6.6 yields €, 432521 =
0 =€u201221.1) = €u-252041.1))  €n+1-2026.1) = €(nt2-2626) and € 2042) =
€—242,26 if n =1 (modulo 4) while €(,_2 147y = 0 if n = 3 (modulo 4). In addition,
Proposition 6.8 modulo w3Z/2[w]/(w*~3"=6) yields the congruence 0 = €(41-;/.1)+
€(n+2—jj—1.1) + €m2—jj) (modulo 2) for odd .

When n=1 (modulo 4) these identities together with Proposition 6.6 for
j=2f+1 yield €n+2-26 20 = 0, completing the proof in that case. When n =3
(modulo 4) setting j =26 + 3,28 +4,2F + 5 yields €(,_2¢_42616) = 0 = €(_26-2.2514)
and

n+2
€n—28-32644,1) = €n—26-22644) = < 4 )G(n—26+2,2ﬁ) (modulo 2)

from which one sees that €, 255 = 0 if n = 3 (modulo 8 ).

Finally, if n =7 (modulo 8), one shows by setting j =2/ +7,2¢ + 8, ... that
€(n+2-26,28) = €ut1-26,26,1y are the only possibly non-zero coefficients of length two or
three. Summing over j the identity of Proposition 6.8 with & = 3, as in Remark 6.9,
we obtain in Z/2[w]/(w* ~3"76)

€(n+2-26,26) = E €(n+2—-j.))
J

— Z (W7)2i4+4i5

(i1,12,0,i4,15), i1 +ir+ia+is=n+2€, iy,0,iy.is)

6_ 9_ i1 _n y 4 o: 5o
X (14w + w21 42 1+.“)2 D 24200 +(24 —2)ig +(25—2)is

= €ura-22m (1 + 407 + 0" 1) + O((W)?).

Considering the coefficient of w’ shows that €t2-2626 = 0 when n =7 (modulo

8). O
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