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Abstract. The Arens products are the standard way of extending the product
from a Banach algebra A to its bidual .A”. Ultrapowers provide another method which
is more symmetric, but one that in general will only give a bilinear map, which may not
be associative. We show that if A is Arens regular, then there is at least one way to use
an ultrapower to recover the Arens product, a result previously known for C*-algebras.
Our main tool is a principle of local reflexivity result for modules and algebras.
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1. Introduction. Given a Banach algebra A, there are two canonical ways to
extend the products on A to products on the bidual .4”, called the Arens products (see
[2]). Another, less common, way to view the bidual of a Banach space is as a quotient
of an ultrapower of that space (see [13]). As the ultrapower of a Banach algebra is
again a Banach algebra, this suggests another way of defining a ‘product’ on A”.

We recall below the notion of an ultrapower of A with respect to an ultrafilter
U, written (A)y. By weak*-compactness of the ball of A", we can always define a
norm-decreasing map

oy (A — A" (ou((a), n) = llglz} (e, a;) (ne A, (a) € (Ay).

It follows from the principle of local reflexivity (see [13, Proposition 6.7] or
Theorem 2.2) that for a suitable I/, that is an isometry K : A” — (A)y such that o7, 0 K
is the identity on A”. Using this, we may define a bilinear map

s= o DA XA > A x W = o (K(DKW) (@, e ).

This idea was explored by Godefroy and Iochum in [12] and Iochum and Loupias in
[14]. In general this might only lead to a bilinear map (which can fail to be associative).
However, for C*-algebras, we always recover the Arens products.

In this paper, we shall explore these ideas further, and also consider related ideas
for Banach modules. The Banach space tool which relates an ultrapower of a Banach
space E to the bidual E” is the principle of local reflexivity. It should hence come as
no surprise that our line of attack is to prove various strengthenings of the principle of
local reflexivity for Banach algebras and modules. For example, we show that when A
is Arens regular, that is, the two Arens products agree on .A”, then there is at least one
way to use an ultrapower of A to induce the same product on A”. As a result, we get a
‘symmetric’ definition of the product on .A”.
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We introduce some notation below, and summarise the results of [12] and [14]. We
then study the principle of local reflexivity, and prove versions for Banach modules and
Banach algebras which allow us to draw conclusions about ultrapowers. We investigate
when  can actually be chosen to be an algebra homomorphism, and how these ideas
interact with dual Banach algebras. Finally, we show that x can be badly behaved even
for C*-algebras if the map K is not chosen to be an isometry.

1.1. Notations and basic concepts. Let E be a Banach space. We write E’ for the
dual space of E, and for x € Eand u € E’, we write (u, x) for u(x). Recall the canonical
map kg : E — E" defined by (kg(x), u) = (u, x) for x € E and u € E’. When kg is an
isomorphism, we say that E is reflexive.

Recall the notions of filter and ultrafilter. Let ¢/ be a non-principal ultrafilter on a
set I, and let E be a Banach space. We form the Banach space

(E, 1) = {(xi)iel C E:(x)ll == sup llxill < OO} )

iel

and define the closed subspace
Ny = {(xi)iel €L™(ED): ,152 llx:ll = 0} .

Thus we can form the quotient space, called the ultrapower of E with respect to U,
(E)y = L2(E, D/ Ny.

In general, this space will depend on U/ (and upon, for example, if the continuum
hypothesis holds), though many properties of (E); turn out to be independent of I/,
as long as U is sufficiently ‘large’ in some sense.

We can verify that, if (x;);c; represents an equivalence class in (E);,, then

I(x)ier + Null = }an} [RS1R

We shall abuse notation and write (x;) for the equivalence class it represents; of
course, it can be checked that any definition we make is independent of the choice of
representative of equivalence class. There is a canonical isometry £ — (E); given by
sending x € E to the constant family (x). We again abuse notation and write x € (E)y,
identifying E with a closed subspace of (E),.

Recall the notion of a countably incomplete ultrafilter, for which see [13]. To avoid
set-theoretic complications, we shall henceforth assume that all our ultrafilters are
countably incomplete.

There is a canonical map (E'),, — (E);, given by

(i), (x;)) = ,li)n; (Mis X;) (i) € (ENus (xi) € (E)y).

This map is an isometry, and so we identify (£”),, with a closed subspace of (E);,. It is
shown in [13, Proposition 7.1] that (E);, = (E')y if and only if (E), is reflexive.

For Banach spaces E and F, we write B(E, F) for the space of bounded linear
operators from E to F. Then there is a canonical isometric map (B(E, F)), —

B((E)y (F)u) given by
T(x)=(Ti(x»))  (T'=(T)) € (B(E, F))u, x = (xi) € (E)).

We shall often identify (B(E, F)),, with its image in B((E)y, (F)y)-
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When A is a Banach algebra, (A),; becomes a Banach algebra under the pointwise
product. This follows, as it is easy to show that A, is a closed ideal in the Banach
algebra £°(A, I). Then A is commutative if and only if (A)y is; (A)y is unital if A is
unital. If A is a Banach *-algebra (see [S, Chapter 3]) or a C*-algebra, then (A); is a
Banach %-algebra or a C*-algebra, respectively, with the involution defined pointwise.
Thus, as the class of C(K) spaces for compact, Hausdorff spaces K is the class of
commutative, unital C*-algebras, we see that the ultrapower of a C(K) space is again a
C(K) space.

We now recall the Arens products on A”. Firstly, we turn A" into a .A-bimodule in
the usual fashion,

<a'ﬂ’b>:(l’brba>’ (,U«avb)ZW«’ab) (a,bGA,,bLEA/).

In a similar way, A”, A”, and so forth also become .A-bimodules. Then we define
bilinear map 4" x A', A’ x A” — A’ by

(@ -u,a)=(d,pn-a), (u-®,a)=(d,a-p) (PeA, peA acA).
Finally, we define bilinear map O, & : A” x A” — A’ by
(POW, ) = (P, W - pu), (POW, u) = (¥, u- ) (@, ¥ ecA, ueA).

These are associative products which extend the natural action of A on A", called
the first and second Arens products. See [S, Section 3.3] or [17, Section 1.4] for further
details. Thus O and < agree with the usual product on « 4(A). When O and < agree on
all of A”, we say that A is Arens regular (see also Section 5). As stated above, for suitable
U, given ®, ¥ € A”, we can find bounded families (¢;) and (b;) with (g;) tending to ®
weak™* along U, and (b;) tending to W. Then

(®OW, 1) = lim hm (, aibj),  (POW, u) = lim hm (1w, aib)) (neA).

Jj-Ui-uU i—»U j—

We show that when .4 is Arens regular, we can find a more ‘symmetric’ version of these
formulae.
Recall the map = x defined above. We shall henceforth always assume that

K : A’ — (A)y is such that o o K is the identity on .A” and that K o k4 is the canonical
map A — (A)y. This is enough to ensure

e for®c A" anda € A, wehave ® xk4(a) = ®-aand k4(a) x ® = a - D;
e if A hasa unit e 4, then x4(e4) is a unit for .

In [14], the authors make the further assumption that K is always an isometry.
Under this extra condition, from the proof of [12, Corollary I1.2], it follows that
when A is a C*-algebra the map *u always agrees with O = < (recall that a C*-
algebra is always Arens regular, see for example [12, Corollary 1.2]). We shall show that
without this isometric condition on K, we do not always have x = O, even for some

. Y &7
commutative C*-algebras. In [12, Example 3, Page 55], it is shown that when A = ¢!
with pointwise product (which is easily seen to be Arens regular), then for some K, we
do not have that & agrees with the Arens products.
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In [14, Definition 5], the authors say that > is regular if it is separately weak*-
continuous. They show in [14, Proposition 6] that if & is regular for some K and U,
then A is Arens regular, and that &= O = <. This follows fairly easily from weak*-

U . . .
continuity. Conversely, in [14, Theorem 12], the authors show that if A4 is commutative
and not Arens regular, then x , asitisalways a commutative bilinear map, never agrees

K,

with either Arens product. Let E be a reflexive Banach space with the approximation
property (see [22, Section 4] or [10, Section VIII]). Let A = K(E), the algebra of compact
operators on E. Then [14, Corollary 14] shows that x is associative on A if and only
if it is regular. The second remark after this result in [14] asks if there is in general any
link between associativity and regularity of &0 something we do not consider further

here.

2. The principle of local reflexivity. The classical principle of local reflexivity
states that for a Banach space E, the local (or finite-dimensional) structure of E” is the
same as that of E, taking account of duality. Formally, we have

DEFINITION 2.1. Let E and F be Banach spaces, and let T € B(E, F). Fore > 0, we
say that T is a (1 + €)-isomorphism onto its range if (1 — €)||x|| < | T(x)|| < (1 + €)|x]|
for each x € E.

THEOREM 2.2. Let E be a Banach space, and let M C E" and N C E' be finite-
dimensional subspaces. For each € > 0 there exists a (1 + €)-isomorphism onto its range
T : M — E such that

(1) (@, u) = {u, T(®)) for w € N and ® € M;
(2) T(kg(x)) = x for x € E such that kg(x) € M.

Proof. See [22, Section 5.5] for a readable account. O

We wish to extend this result, using the results of Behrends [3]. Before we can
do this, we need a word about tensor products of Banach spaces. Let E and F be
Banach spaces, and let £ ® F be the algebraic tensor product of £ with F. We define
the projective tensor norm on E ® F by

lulle =inf { > lxilllyill cu=Y xi®yip (weEQF).
i=1 i=1

Then the completion of E ® F with respect to || - ||, is the projective tensor product,
EQF.

See [8], [10, Section VIII] or [22] for further details. In particular, when E is a
Banach space and M is a finite-dimensional Banach space, then the dual of B(M, E)
may be identified with M@E’ by

x@u, T)=(u, T(x)) (x®ueMIE,T e B(M,E)).

For general Banach spaces F and G, the dual of FRG is B(F,G’), under the
identification

(T.x®y)=(T(x),y) x®yeF®G,TEeDBF,G)).
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Thus B(M, E)’ = (MQE')Y = B(M, E"), and we can check that the canonical map
KB(M,E) B(M, E) — B(M, E") satisfies KB(M,E)(T) =kgoTfor T € B(M, E).

The following definitions are from [3]. For a Banach space E, we write FIN(E) for
the collection of finite-dimensional subspaces of E.

DEFINITION 2.3. Let E be a Banach space, and let M € FIN(E”) and N € FIN(E").
Amap T : M — Eisan e-isomorphism along N if T is a (1 4 €)-isomorphism onto its
range such that (&, u) = (u, T(®)) for u € N and & € M.

Let (Fj)i_, and (G))Z, be families of Banach spaces. Let 4; : B(M, E) — F; be an
operator, for 1 <i < n, and let ¥; : B(M, E) — G; be an operator, for 1 <j < m. For
1 <i<nletfieF;,andfor1 <j<m,let C; C G; be a convex set. Then M satisfies

(1) the exact conditions (A4;, f;), for 1 <i < n, and

(2) the approximate conditions (y;, C;), for 1 <j <m,
if foreach N € FIN(£’) and € > 0, there exists an e-isomorphism 7' : M — E along N
such that 4(T) = fi, for 1 <i<mn,and Yy(T) € (C))e ={y+z:y€ C,ze G, |Iz|| <
e}, forl <j<m.

Given (4;) as in the above definition, notice that we have A} : F/ — M®E’ and
Al B(M,E")— F/'.For M C E",let 1y : M — E” be the inclusion map.

THEOREM 2.4. Let E be a Banach space, M € FIN(E"), and let (F;), (4;), (), (G)),
() and (C;) be as defined in the above definition. Then the following are equivalent:
1. M satisfies the exact conditions (4;, y;)i_, and the approximate conditions
(W GLys
2. 1y is weak*-continuous on the weak™-closure of A|(F{) + - -- + A, (F)), A/ (tm) =
kg, (i) for each i, and w/f/(tM) lies in the weak*-closure of kg (C)), for each j.
Suppose that the map T (A1), from B(M,E) to Ay ®---® A, has a
closed range. Then we may replace 1y being weak*-continuous on the weak*-closure
of Yoy Al(F)) by there existing T : M — E which satisfies A(T)=y;, for | <i<n
(T need not satisfy any other condition).

Proof. This is in [3, Theorem 2.3], and the remark thereafter. ]

For example, let Ay, : B(M, E) - B(M Nkg(E), E) be the restriction operator,
and let By, € B(M N «g(E), E) be the map By(kg(x)) = x. Then the principle of local
reflexivity is just the statement that each M € FIN(E”) satisfies the exact condition
(Au, Bar). Notice that A, : B(M, E") — B(M Nkg(E), E”) is also the restriction
operator, and that B}, : M N«kg(E)— E’ is the inclusion map, so that condition (2)
given above is easily verified in this case (or one can use the remark).

3. Ultrapowers of modules. We wish to extend the principle of local reflexivity to
(bi)modules of Banach algebras. Let A be a Banach algebra, and let £ be a Banach
left A-module (or a right A-module, or an .4-bimodule), so that we can certainly apply
the principle of local reflexivity to E. However, we also want to take account of the
A-module structure, that is, ensure that 7 : M — E is ‘in some sense’ an A-module
homomorphism (of course, M will in general not be a submodule).

It will be helpful to recall that kg is an .4-module homomorphism. For the
following, note that for L € A and M C E” finite-dimensional, we have

L-M={a-®:aeL,®ec M}cFINE.
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THEOREM 3.1. Let A be a Banach algebra and let E be a Banach left A-module. Let
M CE'",LC Aand N C E' be finite-dimensional, and let ¢ > 0. Let My € FIN(E") be
such that L - M + M C M. Then there exists T : My — E, a (1 4 €)-isomorphism onto
its range, such that,

1. (D, u) = (u, T(D)) for ® € Myand u € N,

2. T(kg(x)) = x for kp(x) € My Nkp(E),

3. la-T(®)— T(a- D)| <¢€lall|®| forae Land d e M.
A similar result holds for Banach right A-modules and Banach A-bimodules with
condition (3) changed in the obvious way.

Proof. Let § = €/5 or 1, whichever is smaller. Let (@;)7_; be a set in L such that
lla;|| = 1 for each i, and such that

min |la —a;|| <8 (ae€L,|al=1).
1<i<n

For 1 <i < n, define ¢; : B(M,, E) > B(M, E) by
vi(T)®) =T(a;- ®) —a;- T(®) (T € BMy, E), P € M).
Then ¢/ : MQE — MyQE', and for ® € M, u € E' and T € B(My, E), we have
(Wi @@ w). T) = (1, Y(THP)) = (1, T(a; - ®) — a; - T(P)),
sothat y/(P®@u)=a;- Q@ u — P ® - a;. Then, for & € M and u € E’, we have
(W (ay), PO ) = (upgys @i - PO — P p-ar) = (a;- P, p) — (P, - a;) =0,

so that ¥/ (ta,) = 0.

Consider the exact condition (A4, Bu,), as after Theorem 2.4. Then clearly we
have verified condition (2) for the approximate conditions (v;, {0}), for 1 <i <n.
Applying Theorem 2.4, we find T € B(My, E), a (1 4+ §)-isomorphism onto its range,
with conditions (1) and (2), and such that ||[y;(T)| < 8 for 1 <i < n. Then, fora € L
and ® € M with ||a|| = ||®|| = 1, we can find { with ||a — a;|| < §. Then we have

la-T(®) - T(a- ®)
< la—a) - T(P) + lla; - T(®) — T(a; - )| + | T(a; - © — a. )]
< 8(L4+8) + [T + (1 +8)8 < 36 +28% <.

Thus we are done, as § < e.
Similarly, we can easily adapt the above argument to give the result for right
A-modules and A-bimodules. ]

It would be nice if we could work with the exact conditions (v;, {0}) given above,
but it is far from clear that we can apply condition (2) of Theorem 2.4 in this case.
Fortunately, the above is enough for our application.

We now apply this to prove a result about ultrapowers of modules. Notice that for
a Banach algebra A, a left A-module E and an ultrafilter /, we have that (E),, is a left
A-module with pointwise module action. As usual, £’ becomes a right .A-module for
the module action given by

(w-a,x)={u,a-x) (aec A,xeE,ueck).
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Similarly, £” becomes a left A-module. Recall the map oy, : (E),; — E”; this is easily
seen to be a left A-module homomorphism, as

(@ ou(x), w) = lim (- a, ) = lim (. @ x) = (ou(a-x). w),

forae A, u € E' and x = (x;) € (E)y. This all holds, with obvious modifications, for
right A-modules and .A-bimodules.

THEOREM 3.2. Let A be a Banach algebra, and let E be a left A-module. Then there
exists an ultrafilter U and amap K : E" — (E)y such that

1. K is an isometry and a left A-module homomorphism;

2. oy o K is the identity on E”;

3. Kokg : E — (E)y is the canonical map.
Similar results hold for right A-modules and A-bimodules.

Proof. We carefully prove this sort of result once, for completeness. Define
I={(M,N,L,€): M eFIN(E"), N € FIN(E'), L € FIN(A), ¢ > 0},

with partial order given by (M, Ny, Ly, €1) > (M3, N3, L, €;) if and only if M| D M>,
Ni{ D N,, L) 2 Ly and €; < e. Then (I, <) becomes a directed set, and let &/ be some
ultrafilter refining the order-filter on 7.

We now define K : E” — (E)y. Fix ® € E”, and let K(®) = (x;);er € (E)y, where,
fori=(M,N,L,e)el, we let x; = T(®) where T : M — E is given by the above
theorem (with, say, My = L - M + M). Then, if ®, ¥ € E”, let K(®) = (x;), K(¥) =
(y))and K(® + W) = (z;),sothatfori = (M, N, L, €)with®, ¥ € M,wehavex; + y; =
T(®)+ T(V)=T(®+ V) =z. Thus (x;) + (3;)) = (z;) in (E)y, so that K is linear.
Similarly, we see that K is an isometry, as ¢ — 0 along I/. It follows from conditions
(1) and (2) in the above theorem, that, respectively, o, o K is the identity on E”, and
K o kg is the canonical map E — (E)y.

Finally, we show that K is a left A-module homomorphism. Leta € Aand ® € E”,
let K(®) = (x;) and K(a-®) = (y;), and let i = (M, N, L, €) with &,a- ® € M and
a € L. Then

la-x; = yill = lla- T(®) — T(a- P)| < €llalll|®]l,

by condition (3) in the above theorem. Thus a - K(®) = K(a - ®) in (E). U

4. Ultrapowers of algebras. Let A be a Banach algebra. Using the above, as .A”
is an A-bimodule, we can find an ultrafilter ¢/ and an isometry K : A" — (A);, which
is an A-module homomorphism, and with oy, o K the identity on .A”. This is not quite
enough to show that &, agrees with either Arens product on .4”. We now show that,
at least when A is Arens regular, we can do better.

THEOREM 4.1. Let A be an Arens regular Banach algebra, M € FIN(A”), N €
FIN(A) and € > 0. Let My = M + MOM and Ny = N + M - N. Then there exists a
(1 + €)-isomorphism onto its range T : My — A such that

1. (D, u) = (u, T(D)) for ® € My and u € Ny,

2. T(kq(a)) = afor k(a) € My N k4(A),

3. [, T(POW) = T(@)T (V)| < ellpllI NIVl for w € N and &, ¥ € M.
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Proof. Let § > 0 be such that § < € and (1 4+ 6)(3+6) < €. Let (u;)_; S N be
such that | ;|| = 1 for each i, and such that we have

min [, —pll <8 (ue N, |[lull =1).

1<i<n
For 1 <i < n, define y; : B(M,, A) — B(M,, A') by
Vi(T)®) = T(P) - wi (T € B(My, A), ® € My),

and define T; € B(M,, A')by T(®) = ® - pu, for & € M. Then we have ¢/} : Mp®A" —
My®A', and, for T € B(My, A), ® € Myand A € A", we have

(Y@@ A), T) = (A, yi(T)(P)) = (A, T(®) - i) = (i - A, T(P)).
Thus we have ¥//(® ® A) = ® ® ;- A, and s0
(W' (), @ ® A) = (D, ;- A) = (ACD, ;)
= (AOD, i) = (A, @ - w;) = (ka(Ti(P)), A), (4.1)

as A is Arens regular. Thus ¥/ (tar,) = kB, 4)(T7). Again, we can then find T €
B(M,, A) satisfying (1) and (2), and such that |[y;(T) — T;|| <8 for1 <i <n.

For w € N and &, ¥ € M with |u| = || @] = ||¥| =1, let i be such that ||u —
will < 8. Then @OV € My and W - u € Ny so that we have

(1, T(@DOW)) = (POW, ) = (P, W - u) = (¥ - u, T(P)).
As |y(T) — T;|| < 8, we have || T(¥) - pw; — W - ]| < 8, and so
I1T(¥)-p— W pll
SANT) =T - il + 1TV - i = Ve pill + 1y = W ]
< 8|IT(®)|| + 8 + §||¥| <81 +8) + 2.
Putting these together, we then get

(w, T(®OW) — T(®)T(W)| = (¥ - w, T(P)) — (T (V) - p, T(P))]
< [IT(@)(8(1 + 8) +28) < (14 8)(5(1 + 8) + 25)
=38(1+8)3+9) <,
as required, completing the proof. O

THEOREM 4.2. Let A be an Arens regular Banach algebra. There exists an ultrafilter
U and an isometry K : A" — (A)y such that

1. oy o K is the identity on A”;

2. K o k4 is the canonical map A — (A)y;

3. Y defined using K, agrees with the Arens products on A”.

Proof. This follows exactly as for the proof of Theorem 3.2. U
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Let A be an Arens regular Banach algebra, and form K : A” — (A)y as in the
theorem. For ®, ¥ € A", let (¢;) = K(®) and (b;) = K(¥), so that for u € A,

(@, u) = ,ILHZ} (w,ai), (W, u)= llgrl} (1w, by,
D = = 1 : i)
(POW, pu) = (® 2 Wp) = lim (. a;b)

Compare this symmetric definition of ®0OW to the formulae in Section 1.1. Of course,
here we have to be careful in our choice of K.

As in the introduction, we note that [14, Theorem 12] shows that it is too much to
expect the above to be true for a non-Arens regular Banach algebra A, with (3) replaced
by asking for x to agree with O or O. At least, this is true if A is commutative. It
would be interesﬁﬁng to know if we could ever have, say, » = O for a non-commutative,
non-Arens regular Banach algebra. o

4.1. Asking for an algebra homomorphism. A much stronger result than the above
would be to find & and K : A" — (A), with K being an algebra homomorphism
(presumably assuming that A4 is Arens regular). We now present a case when this is
possible.

PROPOSITION 4.3. Let A be a commutative, Arens regular Banach algebra such that
A is an essential ideal in A”. Suppose that A has an approximate identity (e,) consisting
of idempotents, which is bounded in the multiplier norm. Then there exists an ultrafilter
Uand K : A" — (A)y with K being an algebra homomorphism, and such that o o K is
the identity on A”, and K o k4 is the canonical inclusion A — (A)y.

Proof. Let (ey) be indexed by the directed set 7, and let &/ be an ultrafilter on /
refining the order filter. As A is an ideal in A", we see that for ® € A", we have that
de, € Aforeacha € I. As (ey) is bounded in the multiplier norm, there exists M > 0
such that

llaegll < Mllall (a € A« €l).

Thus |l - 1] < M|l for uw € A" and each «, and so || ®e, || < M| P|| for & € A” and
each . Hence we may define K by

K(®) = (Pey) € (A (P € A").

Hence K is linear and bounded, and as (e,) is an approximate identity, we see that
K ok 4 is the canonical map A — (A)y. For each o, we know that ¢2 = ¢,, and so

K(®)K(W) = (PegWey) = (PWegey) = K(DV) (0, W e A).
For u € A’ and a € A, we see that

(cK(®),a-pu) = lirr114 (@, eqa-p) = (®,a-u) (®eA).

Hence o K(®) = ® when restricted to A- A’ If ® € (A- A)*, then ®a = 0 for each
a € A. As Ais an essential ideal in . A”, by definition, ® = 0, and so we conclude that
o o K is the identity on A”. g
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The above applies in particular to A = ¢y. It would be interesting to know if the
same conclusions hold in the non-commutative case, namely the compact operators
on £,

Following an example from [11], let A = C([0, 1]), acommutative C*-algebra. Then
A” is a von Neumann algebra, and so has many (self-adjoint) projections. Let I/ be an
ultrafilter, and suppose that A” is isomorphic, as a Banach algebra, to a subalgebra
of (A),. Thus (A), contains non-trivial, not necessarily self-adjoint, projections.
However, (A), is isomorphic to C(K) for some compact Hausdorff K, and any
projection in C(K) is automatically self-adjoint. It follows from [11, Proposition 2.1]
that (A);, does not contain non-trivial projections, as the only projections in A are
0 and 1, and so we have a contradiction. It would be interesting to, say, characterise
C*-algebras .4 which are such that .A” is isomorphic, or x-isomorphic, to a subalgebra
of an ultrapower of A. This of course has links to the notorious Connes-embedding
problem for von Neumann algebras.

Following [12, Example IIL.1], let A = ¢! with the pointwise product. Then ¢y €
(€'Y = ¢, and we can decompose (¢')" as ¢g @ €', where

g ={® e @) :(® x)=0(x € c)).

Furthermore, ||® + al| = [|®|| + |lal| for ® € ¢; and a € ¢'. Then the product on (¢')”
is simply

(P, a)(V, b) = ab (a,bet, ®,We cé).

Thus A is an ideal in A”, and clearly .A has an approximate identity consisting of
idempotents, and bounded in the multiplier norm. Notice that A is certainly not an
essential ideal in A”.

PROPOSITION 4.4. With notation as above, there exists an ultrafilter U and an
isometry K : (£ — (£YYy satisfying the conclusions of Theorem 4.2, with K being a
homomorphism.

Proof. Let M € FIN((¢")"), N € FIN(¢>°) and € > 0. As (£')” is an £; space (see
[22, Chapter 2], for example), by enlarging M as necessary, we can find a basis (mi)f:l
for M such that ||m;|| = 1 for each i, and

k k
A=) laul < Y aim;
i1 i1

k
<0+ il (@), SO.
i=1

As (€'Y = ¢ @ £', we may suppose that m; € €' for 1 <i <k and m; € ¢t for k <
i < k. Similarly, it is no loss of generality to suppose that N is the linear span of
indicator functions x4, ..., x4, With (A,-)L1 C N pairwise disjoint. Furthermore, we
may suppose that

sup {|{m, x)| : x € N, |lx|| <1} = (1 = &)ml| (m € M).

Order (4;) so that A; is finite for 1 < i < /, and A; is infinite otherwise.
Let a; =m; € €' for 1 <i <k, let a; = (a”),en € £'. Suppose we have chosen
ai, ..., a, and let N be such that Z|I|>N |a§')| <€ for 1 <i<r, and such that 4; C
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{1,---,N}jforl <j< I. As My € cé, for all finite sets 4 € N, we have that
(Mes1, xa) =0, (1 <j<D), (Mgt xapa) = (Mei, xa), (<) <D).

Consequently, by a simple argument, we can find @, = (&) € ¢! with [|a1]| =
Imegtll = 1, (X0 @rg1) = (Mg, xa,) for [ <j<I withd™ =0for < N, and with
|a,r+1)| < e forall 2. Thus (x4, ary1) = 0 = (m41, x4,) for 1 <j < i

Hence we find (al)k | € El such that (x,a;) = (m;, x) for xe N and 1 <i<k.
Furthermore, (a,)é‘: i have disjoint support. Consequently, for (ai)f:l cC,

k
E o;im;|l .
i=1

Zam, +Z|oz|<(1+e)2|oz,|sIT

Similarly,

k

E o;m;

i=1

k
> sup{Zaxx,ai) ;x e N, x| = 1} >(1-e

Hence the map T : M — ¢' defined by T(m;) =a; and linearity is a (1 + é)-
isomorphism onto its range, for ¢ = 2¢(1 — €)~'. Furthermore, (m, x) = (x, T(m)) for
me M and x € N, and Tk, (a) = a for a € ¢! with k,(a) € M.

By a now standard argument, we find an isometry K : (Zl)” — (£")y such that
oy K is the identity on (¢')”, Kk, is the canonical map £' — (£'),,, and for &, ¥ € Co ,
we have K(®)K(V) = 0. This last fact follows as we chose (a,)k i above with disjoint
support, and with ||a;||« small for i > k (this deals with the case that W is a scalar
multiple of ®). By the discussion above hence K is an algebra homomorphism, as
required. [

5. Dual Banach algebras and weakly almost periodic functionals. Let A be a
Banach algebra such that A = E’ for some Banach space E. We say that A is a dual
Banach algebra if the product on A is separately weak*-continuous. It is shown in
[21, Section 1] (see also [6, Section 2]) that A is a dual Banach algebra if and only if
ke(E) C E' = A’ is an A-submodule.

Notice that A" is always a dual Banach space. It is not hard to show that A",
with either Arens product, is a dual Banach algebra if and only if A is Arens regular.
Similarly, by the definition given in [14], the product & is regular if and only if it makes

A’ a dual Banach algebra (of course, taking account of the fact that * may not be
associative). Hence [14, Proposition 6] shows that (A”, x )isa dual Banach algebra (in
this not necessarily associative sense) if and only if & = 0O = < (in which case, * is
automatically associative). In particular, &, cannot turn A" into a genuine dual Banach
algebra unless A is already Arens regular.,

Let A be a Banach algebra. We say that u € A’ is weakly almost periodic (WAP)
if the map A — A’;a +— a- u is weakly compact. We write u € WAP(A') in this case

(some authors write WAP(A) for this). The space WAP(A’) has been widely studied,
especially in the context of group algebras. We now collect some useful results.
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PROPOSITION 5.1. Let A be a Banach algebra. Then WAP(A') is a closed submodule
of A. For we A, we have u € WAP(A') if and only if (dOV, pu) = (dOW, u) for
&, W e A”. In particular, A is Arens regular if and only if WAP(A') = A'.

Let X C A’ be a closed submodule, so we identify X' with the quotient A"/ X*. The
Jfollowing are equivalent:

1. X € WAP(A),

2. the Arens products drop to a well-defined product on X' turning X' into a dual

Banach algebra.

Proof. These facts are collected in [6, Section 2]. The first result is due to John Pym.
The second result can be found in many places in the literature; see [16, Lemma 1.4]
for example, which shows this for commutative Banach algebras. O

Similarly, we say that u € A’ is almost periodic, written u € AP(A’), if the map
A— A';a+ a-puis (norm) compact.

PROPOSITION 5.2. Let A be a Banach algebra. Then AP(A') is a closed submodule
of A'.
Let X € A’ be a closed submodule, so we identify X' with the quotient A"/ X*. The
following are equivalent:
1. X € AP(A);
2. the Arens products drop to a well-defined product on X' which is jointly continuous
on bounded spheres.

Proof. Lau shows this for a certain class of commutative Banach algebras in [15,
Theorem 5.8], although the proof is very easy to adapt to the general case. Compare
also [14, Proposition 7]. O

Let A be a Banach algebra and let &/ be an ultrafilter. Define UZVAP Ay —
WAP(A'Y by

(o™ (@) = lim (. ) (@) € (A, o € WAP(A)).

That is, GZ){NAP is simply the map o;; composed with the quotient map A" — WAP(A')'.

THEOREM 5.3. Let A be a Banach algebra, let M € FIN(A"), N € FIN(WAP(A))
and N € FIN(A), and let € > 0. Let My = M + MOM and Ny = N + M - N. Then
there exists a (1 + €)-isomorphism onto its range T : My — A such that

1. (D, ) = (u, T(®)) for ® € My and u € N;

2. T(ka(a)) = afork(a) € My N k4(A);

3. U, T(®OW) = T(@)T (V)| < ellpllI NIV for w € N and &, ¥ € M.

Proof. If we examine the proof of Theorem 4.1, we see that it will hold for non-
Arens regular Banach algebras, so long as N € WAP(A). It is an easy exercise to take
account of V. ]

COROLLARY 5.4. Let A be a Banach algebra. There exists an ultrafilter U and an
isometry K : A" — (A)y such that

1. oy o K is the identity on A”;
2. K ok y is the canonical map A — (A)y;
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3. Let t = twap : A" — WAP(A'Y be the quotient map. For ®, ¥ € A", we have

(W(@)(W), 1) = (o *P(K(®)K(W)p) (1 € WAP(A)).

It would seem to be natural to ask if we could define K as a map WAP(A') — (A)y
with oA o K, the identity on WAP(A').

PROPOSITION 5.5. Let A be a Banach algebra. The following are equivalent:

1. There exists amap Kwap : WAP(A'Y — (A)y with ;)" o Kwap, the identity on
WAP(A'Y

2. WAP(A')L is complemented in A" (that is, WAP(A') is weakly complemented );

Proof. If (1) holds, then L = oy, 0 K is a map WAP(A'Y — A”. Then twap o L is
the identity on WAP(A'Y, and so L o twap is a projection of .A” onto the image of L,
with complementary space WAP(A')*, and so (2) holds.

If (2) holds then let P: A” — WAP(A)* be a projection. Let K : A” — (A)y
be such that oy, o K is the identity on A”. We identify WAP(A') with the quotient
A" JWAP(A')*, and let twap be the quotient map. Define Kwap : WAP(A') — (A)y by

Kwap(twap(®@)) = K(® — P(®)) (P € A").

Then, if twap(®) = twap(¥), we have ® — W € WAP(A)*, so that P(® — W) =
® — ¥, and so K(® — ¥ — P(® — W¥)) = 0, showing that Kwap is well defined. Then
O‘Z};VAPKWAPLWAP = LWAPUL{K(I — P) = ‘WAP(I — P) = LWAP» and so (1) holds. O

We currently have no examples showing that WAP(A')* can be complemented in
A”. An obvious place to look is at group algebras L!(G), for which WAP(L>®(G)) is
(reasonably) well understood (see [6, Section 7] and references therein).

We can similarly define 0/2F, and as AP(A’) € WAP(A'), all of the above holds
for AP, with suitable modifications. By Proposition 5.2, we see that aL"?P is actually an
algebra homomorphism.

6. Automatic regularity for C*-algebras. As stated in the introduction, [12,
Corollary I1.2] shows that when A is a C*-algebra the map & always agrees with

O=9, so long as K : A" — (A)y is an isometry (and satisfies our two standing
assumptions, namely, o o K is the identity on A”, and K oky4 is the canonical
embedding).

The proof of [14, Proposition 7] is trivially adapted to our situation (that is, when
K is not assumed to be an isometry) to show that when AP(A’) = A’, we have that
&= O (as WAP(A') = A’, such algebras are always Arens regular).

Recall, [23], that a positive functional of a C*-algebra is pure if the associated
GNS representation is irreducible. Recall that a C*-algebra is said to be scattered if
every positive functional is a sum of pure positive functionals. For a commutative
C*-algebra, C(X) is scattered if and only if X is scattered, in the topological sense that
every subset of X contains an isolated point. Then Quigg [19, Theorem 3.2] showed
the following:

THEOREM 6.1. For a C*-algebra A, AP(A") = A’ if and only if A is scattered and
each irreducible representation of A is finite-dimensional.
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It seems possible that for well-behaved Banach algebras (say, certainly for C*-
algebras), that when A" # AP(A’), we can construct a map K : A" — (A); satisfying
our two assumptions, but with & # 0. We can currently only show this under an

extra assumption.
Before we proceed, we provide a general way of finding such maps K.

PROPOSITION 6.2. Let A be an Arens regular Banach algebra. Suppose that there
exist weakly null nets (ay) and (by), on the same index set, such that (a,by) is not weakly
null. Then there exists an ultrafilter U and a bounded map K : A" — (A)y which satisfies
our standing assumptions, but with p. not equal to the Arens products.

Proof. Let our nets be indexed by the directed set J, and let V be an ultrafilter
refining the order filter on J. Let VW be some ultrafilter such that there exists a bounded
map L : A” — (A)y satisfying the conclusions of Theorem 4.2. Let & € A” be the
weak*-limit of (a,b,) along V, so that ® # 0.

Let ¥y, ¥, € A"\ Aand M, M, € A" be such that (M, k4(a)) = (M3, k4(a)) =
0forae A, and

(M1, W) = (M, W) =1, (M, W) = (M, V) =0.

Recall that we define the ultrafilter V x W on J x I by, for K € J x I, setting K €
VY x W if and only if

{iel {aed:(a,i)e K} €V}eW.
Then, for a family (x4, ;)cs.icr in @ Hausdorft space X, we have

lim lim x,;, = lim x4,
i-Wa—V (o, )= VxW

whenever the limits exist. Let &/ =V x W, and define K : A” — (A)y as follows. For
A e A, let L(A) = (¢i)ics, and define

K(A) = (ci+ (M, Aag + (M3, A)be)w,perxi-

Obviously K is linear and bounded. For a € A, by the choice of M, and M, we have
K(x 4(a)) = (a), so that K o k4 is the canonical map A — (A)y.
For n € A’ and A € A”, let L(A) = (¢;), so we have

(KA. p) = lim, (. ci+ (M1, Mg + (Ma, A)ba) = lim (. c) = (A, ),
as (a,) and (b, ) are weakly null.
Finally, let L(¥}) = (¢;) and L(V¥;) = (d;), so that
K(W) = (¢ci + o),  K(¥2) = (d; + ba).
Thus we see that for u € A/,

(ll"l KTZ/{ \112’ /’L> = o}li)IEZ,{ (M» (Ci + aot)(di + ba)) = (oz,lzi')rgl/{ (/’L7 Cidi + a(xdi + Ciba + aaba)

(
= (U10Ws, 1) + (@, ) + lim (lim (d; - 1, aa) + (- ¢, ba)

= (W0W, + @, 1),

as (ay) and (b,) are weakly null. Hence, ¥, & W, #£ W 0W; as & # 0. O
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Let A = K(¢7), the compact operators of ¢7, for 1 < p < co. Then, as detailed
in [17, Section 1.4] for example, the dual of A is the nuclear operators on ¢, and
A’ = B(¢), with O = < agreeing with the usual product. Let (§,) be the standard unit
vector basis of ¢, and for each n, let a,, be the rank-one operator which sends §, to §;,
and kills §; otherwise, and let b, be the rank-one operator which sends §; to §,, and
kills 8 otherwise. Then (a,) and (b,) are both weakly null sequences, but ,b, is the
projection onto the first coordinate, for each n. Hence the above proposition applies in
this case, and in particular it applies to the C*-algebra IC(£2).

DEFINITION 6.3. Let E and F be Banach spaces, and let T : E — F be a bounded
linear map. Then T is totally completely continuous if, whenever (x,) is a weakly null
net in E, then lim,, || T(x,)|| = 0.

Recall that if we only use sequences in the above definition, we get the usual
notion of T being completely continuous [1]. Our work below will show that being
totally completely continuous is strictly stronger than being completely continuous.
We view being totally completely continuous as a property close to being compact.

PROPOSITION 6.4. Let A be a Banach algebra, and let @ € WAP(A') be such that the
map A — A';av> a-p is not totally completely continuous. Then there exist weakly
null nets (ay) and (by,), on the same index set, such that (byay) is not weakly null.

Proof. Let (a;) be some weakly null net in A such that for some § > 0, we have
lla; - |l = & for all i. Let A be the collection of finite-dimensional subspaces of A,
partially ordered by reverse inclusion. For each M € A, if we can find some i and some
b € Awith ||b|| = 1, and with

ai -, )] = 8/3, (h,0) =0, (A, @) < (dimM)~" Al (re M),

then we are done.
As (a;) 1s weakly null, we can ensure the final condition by simply ensuring that
i > iy, for some iy depending upon M. For ¢ € A, we have

lim (a; -, ¢) =lim (u - ¢, a;) = 0,

so we see that (a; - 1) is weak*-null.
For fixed i, notice that the Hahn-Banach theorem shows that

sup{[{a; - u,b)| : be A 1Dl =1,(r,b) =0 (1 € M)}
=d(a; - u, M) = inf{|la; - u — A|| : A € M}.

For each i, let A; € M be such that ||a; - © — A;|| = d(a; - n, M). Suppose that d(a; -
u, M) < € for each i > iy. Then (1;) is a bounded net, and so, by passing to a subnet if
necessary, we may suppose that A; — A € M, in norm. For ¢ € A, we see that

[ o)l = lm @ - =2, )| = Tim [{a; - = i, )| < lelle,

so that ||A|| < €. Hence

8 < liminf la; - ull < liminf fla; - 0 — Al + A1 < € + liminf fla; - 0 — 2] < 2e,
1 1 1

showing that € > §/2, as required. ]
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For more about the following definition, see [4, Section 5].

DEFINITION 6.5. A Banach space E has the w-property if there exists a bounded
net (7y) of finite-rank projections such that || 7,(x) — x| — O for x € E.

Notice that if £ has a basis, then it has the w-property. It is easy to show that
L' spaces (and hence M (X) spaces) have the -property, so the duals of commutative
C*-algebras have the m-property. However, the m-property is stronger than the more
usual (bounded) approximation property, and it is known (see [20, Remark 6.1.9]) that
a von Neumann algebra M has the approximation property if and only if it is nuclear,
which is if and only if M is a finite sum of algebras of the form C(X) ® M,,. As the
approximation property passes to preduals, there are plenty of von Neumann algebras
M such that M’ cannot have the 7 -property.

PROPOSITION 6.6. Let A be a Banach algebra such that A’ has the w-property.
Let u € WAP(A')\ AP(A). Then the map A — A';a— a- u is not totally completely
continuous.

Proof. Let (T,) be a net of finite-rank projections on .4’ such that | 7,(1) — A|| = 0
foreach A € A'. Let M = sup,, || T ||. Suppose, towards a contradiction, that for each
8 > 0 there exists some « such that for each & € A” with T,(®) = 0, we have [|® - u|| <
sl

For each 8, choose such an a. For ® € A" let ¥ = ® — T, (®), so that T),(¥) =
0, and so [|[®-pu— T (@)l =¥ -pll <8IV <81+ M)|P|. As § >0 was
arbitrary, we see that the map A” — A’; ® > ® - u can be uniformly approximated by
finite-rank operators, and hence is compact, contradicting the fact that © ¢ AP(A’).

Thus, for some § > 0, for each « there exists @, € A" with || Py || = 1, T,(Dy) =0
and ||®, - u|| > §. For each «, let a, € A be such that ||a,| < 2, a, agrees with @, on
the image of T, a finite-dimensional subspace of A’, and ||a, - 1| > &/2. We can ensure
the final condition as a, - © — ®, - u weakly, as u € WAP(A’). Then, for A € A’, as
T,(A) — A in norm, we see that

lim (A, ag) = im (T, (X), az) = lim (P, T,(X)) = 0,

0 (ay) is weakly null. Il
We can immediately draw conclusions about commutative C*-algebras.

THEOREM 6.7. Let A = Cy(X) be a commutative C*-algebra. The following are
equivalent:

1. X is scattered;

2. forany K : A" — (A)y satisfying our standing assumptions, we have &= 0.

Asking for K to be an isometry is a strong condition. There is by now a large
selection of results in the theory of C*-algebras which weaken the requirement of
‘isometry’ to ‘completely bounded’ (see [18], for example). Given a C*-algebra A,
there is a canonical way to turn the matrix algebra M, (A) into a C*-algebra. Given
a linear map 7 : A — B between two C*-algebras, let T acts pointwise as a map
(T)n : M, (A) = M, (B). Then T is completely bounded if and only if sup,, [[(T),|| < oo.
It is simple to show the map K which we constructed in Proposition 6.2 is completely
bounded: the only non-trivial thing to check is the well-known fact that bounded linear
functionals are automatically completely bounded. It would be interesting to know if

https://doi.org/10.1017/50017089508004400 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089508004400

ULTRAPOWERS OF BANACH ALGEBRAS AND MODULES 555

there is any reasonable weakening of the ‘isometry’ condition on K which still ensures
that &= O for C*-algebras.
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