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PARTIALLY BOUNDED SOLUTIONS OF LINEAR 
ORDINARY DIFFERENTIAL EQUATIONS 

DAVID LOWELL LOVELADY 

1. Introduction. Let R, R+, and R~ be the intervals (-co, oo), [0, oo), 
and ( —oo , 0] respectively. Let m be a positive integer, and let S$ be the algebra 
of all m X m matrices. Let A be a locally integrable function from R to stf'. 
We propose to study the problems 

(NH) u'(t) = f(t) + A{t)u{t) 

and 

(H) v'{t) =A{t)v(t) 

in Rm. (H) and (NH) will denote whole-line problems, whereas (H)+, (NH)+ , 
(H)~, and ( N H ) - will denote corresponding semi-axis problems. 

In [1] (see also [2, Theorem 1, p. 131]), W. A. Coppel obtained necessary and 
sufficient conditions for each bounded continuous/ on R+ to yield at least one 
bounded solution u of (NH)+. The present author [3] has determined that an 
analogous result holds for (NH). 

If one attempts to apply these results to a higher order problem 

(NH)n *<»>(*) = / ( / ) +A(t)u(t) 

by converting to a first order problem over Rmn, one discovers that the results 
best fit the more general problem 

n 

u{t) = ^2 ^~ljs* 
i f c = l 

and yield boundedness not only of u but also of the intermediate derivatives 
u', u", . . . , u{n~l). There is, however, a generalization of the original problem 
which includes (NH)n in a natural way. 

Let each of 5i and 52 be a linear subspace of Rm, and consider the problem of 
finding conditions which ensure that if / is a bounded Si-valued continuous 
function on R+ then (NH) + has a solution the projection of which into 5*2 is 
bounded. It is clear that this problem not only includes the original problem, 
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but also includes the aforementioned higher order problem. In § 2, we shall 
solve this problem for (NH)+. In § 3, we shall use these results to obtain infor
mation on the solution space of (H), thus extending [4, Theorem 1]. We shall 
indicate in § 4 how this includes many of the results of [5], and how § 3 yields 
information on solution space structure for 

(H)n t,<">(0 = A(t)v(t). 

2. The semi-axis problem. Let {zu . . . , zm) be a basis for Rm, and if x is 
in Rm and x = ^2^=i akzk, let \x\ = max {|ai|, . . . , \am\\. Let || ||0 be the 
induced norm on s/. Let each of a and fi be a continuous function from R to 
(0, oo ). Let Sêcfé be the space of all continuous functions/ from R to Rm such 
that there is a number b with | / ( / ) | ^ ba(t) whenever / is in R. Uf is in 31 Jio let 

ll/IU = sup {| /(0l/«(0 : Msin i?} . 

Let Sëa^^ and 3of€~ be the corresponding semi-axis function spaces with 
norms || ||a+ and || ||a~ respectively. Define 31 fê, â&fé+, SSffë-, 
Il Il/s» H ||/3+, and || ||̂ ~ analogously. Let Si and S2 be as in § 1, and if 
i is in {1, 2} let Qt be a projection from Rm to St. Let M\ be the subspace of Rm 

to which x belongs if and only if Q2v is in 3a
c^+

J where v is that solution of 
(H)+ such that v(0) = x. Let M2 be a subspace of Rm such that Rm = M i © M2, 
and let Pi and P2 be supplementary projections with ranges Mi and M2 

respectively. Let <i> be the fundamental matrix for (H), i.e., <i> is that locally 
absolutely continuous function from R tos/ such that 

•J o 
$(/) = 1+1 A(s)$(s)ds 

J o 

whenever t is in R. Recall that each value of $ is invertible. The following 
theorem is our main result. 

THEOREM 1. The following are equivalent: 
(i) / / / is in âS^€+ and Qif = f then there is a solution u of (NH)+ such 

that Q2u is in 3ta
c£+. 

(2) (it) J | | ( / - Q2)P^(s)-1Q1\\^(s)ds < oo 
J o 

and there is a number K such that 

(3) 
] \\QMt)PxHsTlQi\\P{s)ds 

J 0 

+ J \\QMt)P^(sr1Q1\\fi(s)ds :g Ka(f) 

whenever t is in R+. 
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Note that statement (ii) holds with respect to one norm on s/ if and only if 
it holds with respect to every norm on s/. Thus we see that our a priori specifi
cation of the norm on Rm, and hence on s/, is more a matter of convenience than 
of necessity. In the case Q2 = / , inequality (2) is trivially satisfied and hence 
does not appear in [2, Theorem 1, p. 131]. When auxiliary conditions similar 
to (2) were given in [5, Theorems 1 and 5], it appeared that there was an 
essential difference between first order cases and higher order cases. Theorem 1 
now makes it clear that all of these cases are part of a common phenomenon. 
This will be explored more fully in § 4. 

Proof of Theorem 1. First suppose that (ii) is true. Now (3) says that 

f ° WQtPMsr^Wmds S Ka(0), 
J o 

so (2) and (3) together say 

J o 

Conclusion (i) is clearly equivalent to showing that if / is any member of 
â§pcé?+ then there is a solution u of 

(4) u'{t) =Qlf(t)+A(t)u(t) 

such that QiU is in S§&
cê+. L e t / be in 3^+. Let u from R+ to Rm be given by 

u(t) = I ^(t)Pl^)~1Qif(s)ds - j $(0P2$(5)-1Gi/(^)^. 
•s o */ t 

The above remarks assure us that the improper integrals exist and that u is 
differentiate. Clearly u satisfies (4) on R+. Also, if t is in R+, 

\Q2u(t)\=\ I Q2$(t)Pi$(s)-1Q1f(s)ds - j Q2$(t)P2<t>(s)-1Q1f(s)ds\ 

^ 11/11/ f \\QMt)PxHsTlQi\\mds 
J o 

+ 11/11/ } " WQ&iQPMs^QiWmds 

g \\f\\e+Ka(t), 

so Q2u is in ^ a ^ + , and (i) is proved. 
Now suppose that (i) is true. Let 2f be the linear space to which u belongs if 

and only if u is locally absolutely continuous, Q2u is in 3a^f+, u(0) is in M2} 

and there is an 5i-valued member û of 31$!+ such that u(t) = uf(t) — 
A(t)u{t) for almost all / in R+. If u is in 9, let \\u\\D = \\Q2u\\a+ + \u(0)\ + 
\\û\\p+. Suppose that {un}n=i is a i^-valued sequence, and is a Cauchy sequence 
with respect to || H .̂ Find that z in M2 and that Si-valued member w of 
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3Sptf+ such that |«n(0) — z\ —> 0 and \\un — w\\p+ —> 0 as n —> co . Now, if / is 
in i?+ and n is a positive integer, 

«,(/) = $ ( / K ( 0 ) + I $(/)<î>(5r14(^)^, 
•/ o 

so there is a continuous function u0 from i?+ to i?w such that un{t) —> u0(t) 
uniformly on compact subsets of R+. Since {Q2un}n=i has pointwise limit Q2Uo} 

and is a Cauchy sequence with respect to 11 ||a
+, we see that Q2u0 is in ^a

ctf+. 
Thus, u0 is in Qf and \\un — u0\\D —> 0 as n —» 00 . Clearly now, ^ is a Banach 
space with respect to || H/,. 

Let <Û be that closed linear subspace of ^ ^ + consisting of all Si-valued 
members of ^ ^ + . Let T be the linear transformation from Q to $ given by 
Tu = û. Clearly T is continuous, and T is onto by hypothesis. Suppose that 
u is in Sf and Tw = 0. Now Q2u is in &a

cë;+, u satisfies (H)+ , and u(0) is in M2. 
Thus u = 0, so T is one-to-one. Hence [6, Theorem 4.1, p. 63], T~l is continuous 
and there is a number L such that 

(5) \\u\\D £L\\u\\fi+ 

whenever u is in 2iï. 

If/ is in S let % be that solution of (NH)+ such that Q2uf is in &<,$+ and 
Piuf(0) = 0. Now (5) says that 

| |« /IU=£| | / | |*+ 

whenever/ is in <f. But |w/(0)| ^ ||%||z> and ||(?2%||a+ ^ lk/||z>» so 

(6) MO)I :SL| | / |L,+ 

and 

(?) ne ,« / iu + ^i i i / i i / . + 

whenever/ is in <¥. 
If/ is in S and has compact support; let wf be given by 

« 7 ( 0 = ] HfiPMs^Qif&ds - ) QftPMs^Qif^ds. 
•^ 0 ^ * 

Routine computations show that wf = uf. Now the formula given for wf, the 
inequalities (6) and (7), and an argument similar to that of [2, pp. 133-134], 
show that 

(8) fœ \\P2^(sr1Q1\\^s)ds < œ 
J 0 

and that (3) holds with K = mL. If s is in JR then 

| | ( / - QJPMs^QiW = ||P2$(5)-i(2i|| + \\Q2P2*(s)-iQ1\\J 

so (8) and (3) imply (2). This completes the proof. 
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3. S o l u t i o n space s t r u c t u r e o n t h e w h o l e l i n e . In [4, Theorem 1] it 
was shown t h a t if ( N H ) has a bounded solution on R w h e n e v e r / is a bounded 
continuous function on R, then every solution v of (H) is if the form v = V-i + 
VQ + Vu where each of v-u *>o, and v\ satisfies (H) , v-i is bounded on R+, v0 is 
bounded on R, and V\ is bounded on R~. T h e corresponding result in our 
present s i tuat ion is not quite so t idy, bu t it does give addit ional unders tanding 
of [4, Theorem 1]. 

We take Su S2, Qu and Q2 as before. Let Mo be the subspace of Rm to which 
x belongs if and only if Q2v is in ^ a ^ , where v satisfies (H) and v(0) = x. 
Let M-\ be determined by the requirement t ha t M-\ © Mo is the subspace of 
initial points for solutions v of ( H ) + with Q2v in ^ a ^ + . Let Mi be similarly 
determined by problem (H)~. (Note t ha t Mi here is not as in § 2.) Let Mm be 
determined by the requirement t ha t 

Rm = Mo © M_i © M i Ô Mœ. 

Let Po, Pu P-u and Pœ be supplementary projections with ranges Mo, Mu 

M-u and Mœ respectively. 

T H E O R E M 2. Suppose that if f is an Si-valued member of 38$? then there is a 

solution u of (NH) such that Q2u is in 3êa^> Then 

5 i £ f i $(t)[M-i © Mo © Mi]. 
(t£R) 

Note t h a t if Si = Rm then Pœ = 0 and we get an analogue of [4, Theorem 1]. 
Also, the extent to which liPœ = 0 " may fail is determined by the size of Si 
and is independent of the size of 52. 

Indication of proof. I t can be shown, using techniques almost identical to 
those of [4, Proof of Theorem 1], t ha t our hypotheses imply t ha t 

I P^^Qif^ds = 0 

wheneve r / is in 3ès^é\ ThusP0 04>(/) - 1(2i = 0 whenever t is in R. Now if (/, x, y) 
is in R X Rm X Rm and y = $(t)-lQiX, then Pœy = 0, so y is in Af_i © Mo © 
Mu T h u s Qix is in $ ( / ) [M_i © M0 © Mi], the conclusion follows, and the 
proof is complete. 

4. H igher order e q u a t i o n s . Let n be a positive integer and consider the 
problems (NH)W , (H) n , (NH) n +, and (H)n+. If we write (NH)TO+ as a first order 
problem over Rmn, then Theorem 1 includes [5, Theorem 5] with Qi and Q2 

given by Qi(x0, . . . , xn-U xn) = (0, . . . , 0, xn) and Q2(xu x2, . . . , xn) = 
(xi, 0, . . . , 0) . In this case, (2) implies t h a t if k is an integer in [1, n — 1] 
then the mapping described b y / —> uf

(]c) is cont inuous considered as a function 
from 31 çfé+ to (if[R+, Rm] with compact-open topology. T h u s we see another 
point of view from which (2) can be considered superfluous in the case n = 1, 
Si = S2 = Rm. 
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It does not follow from Theorem 2 that the hypothesis "iff is in 3S$1 then 
there is a solution u of (NH)n in ^ a ^ " gives a decomposition of the solution 
space of (H)w. The comments following Theorem 2, however, indicate that a 
stronger hypothesis will yield such a decomposition. We state our result with
out proof. 

THEOREM 3. Suppose that if ( / i , . . . , fn) is in 3i $ion then there is a subset 
{zi, . . . , zn] of Rm such that the solution u of (1) is in âiïjté\ Then, if v satisfies 
(H)n, v is of the form v-i + v0 + Vi where each of v-i, v0, and v\ satisfies (H)n, 
Vo is in Sëofé', the restriction of v-\ to R+ is in ^ a ^ + , and the restriction of V\ to 
R- is in Sëofé-. 
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