
ARCS OF PARABOLIC ORDER FOUR 

N. D. LANE 

1. Introduction. 

1.1. This paper is concerned with some of the properties of arcs in the 
real affine plane which are met by every parabola at not more than four 
points. Many of the properties of arcs of parabolic order four which we con
sider here are analogous to the corresponding properties of arcs of cyclic order 
three in the conformai plane which are described in (1). The paper (2), on 
parabolic differentiation, provides the background for the present discussion. 

In Section 2, general tangent, osculating, and superosculating parabolas are 
introduced. The concept of strong differentiability is introduced in Section 3; 
cf. Theorem 1. Section 4 deals with arcs of finite parabolic order, and it is proved 
(Theorem 2) that an end point p of an arc A of finite parabolic order is twice 
parabolically differentiable. Moreover, we show that if the osculating parabolas 
of A at p are non-degenerate, then A satisfies the third condition for parabolic 
differentiability at p. Section 5 is concerned with arcs of parabolic order four. 
Multiplicities at a point of an arc are defined, and it is observed (Theorem 3) 
that the parabolic order of an open arc of parabolic order four is not increased 
when one end point is added and certain multiplicities are introduced. Theorem 
4 indicates that the types of parabolically differentiable end points of arcs of 
parabolic order four are restricted, and Theorem 5 shows that there is a further 
restriction in the case of parabolically differentiable interior points. We prove 
that an end point of an arc of parabolic order four is three times strongly 
parabolically differentiable (Theorem 6) and that its interior points are twice 
strongly parabolically differentiable (Theorem 7). In Section 6, we use a 
monotony property of arcs of parabolic order four (Theorem 9) to prove that all 
but a countable number of points of A 4 are strongly parabolically differentiable 
(Theorem 10). 

1.2. Prerequisites. The definitions and notations which will be used in 
this paper are the same as in (2). For the convenience of the reader, some of the 
results in (2) which are needed for this paper are summarized below. 

The letters P , Q, . . . denote points and £, 8 , . . . denote lines, T denotes a 
parabola. The interior [exterior] of a non-degenerate parabola T is denoted by 

The family of all the non-degenerate parabolas which touch a line X at a 
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point P is denoted by r and the compactified family by f; cf. (2, 3.2). If 
P, Q, R are not collinear and Q and R lie on the same side of X, the two para
bolas of r through Q and R are denoted b y ^ ( r ; Q, R ) , i = 1,2. If 7r0 is a fixed 
parabola of r, ^OnO denotes the one-parametr ic family consisting of ir0 and 
those parabolas of r which meet 7r0 exactly once outside P\ 0(xo) denotes its 
compactification ; cf. (2, 2.16). 

An arc A in the real affine plane is the continuous image of a real interval . 
T h e images of dist inct points of the parameter interval are to be considered to 
be different points of A even though they m a y coincide in the plane. T h e letters 
p, sy g, . . . denote points of arcs. T h e parameters 5 and p are supposed to be 
dist inct and $ will usually be ''sufficiently close" to p. We shall restrict our 
a t ten t ion to arcs A with the proper ty t h a t each point p has a neighbourhood N 
on the parameter interval such t h a t for every s £ N, s ^ p, the image points s 
and p in the affine plane are distinct. This condition is automat ica l ly satisfied 
if p has finite linear order. I t is also satisfied if A is differxntiable a t p, i.e., if A 
satisfies the following condition. 

(i) CONDITION I. If the parameter s is sufficiently close to the parameter p, 
s 9^ p, the line ps is uniquely determined. It converges if s tends to p; cf. (2, 3.2). 

T h e limit s t ra ight line X is the ordinary tangent of A a t p. 

(ii) If A is differentiable, the non-degenerate, non- tangent parabolas through 
an interior point p of A all intersect A a t p or all of them suppor t (2, Theorem 

2) . 
(iii) Let A — p C ï * , s £ A — p. T h e two parabolas 7ri(<£; S) and 7r2(</>; S) of 

<t> C T a t an end point p which pass through s can be numbered in such a way 
t ha t 

lim 7T2(0; s) 

exists and is equal to the limit of the double ray through s with the vertex 
p (2, Lemma 17). 

(iv) CONDITION I I . Let A be differentiable at p and let all the points of A — p 
close to p lie in one of the closed half-planes bounded by %, say in ï * W X. If 
Q Ç Ï * , then the two tangent parabolas of A at p through Q and s converge when s 
tends to p; cf. (2, 4.1). 

The limit parabolas of Condition II are called osculating parabolas of A a t p 
through Q. T h e y are denoted by ir^a; Q),i = 1, 2. T h e family of all the osculat
ing parabolas of A a t p is denoted by a and the compactified family by <r. 

(v) If Condition II holds for one point Q G £*, then it holds for every such 
point (2, Theorem 3) . 

Condition II implies the following s ta tements . 
(vi) If A is twice parabolically differentiable a t p, the set a of the osculating 

parabolas of A a t p is one of the following three subsets of f: 
Type 1. a is one of the one-parameter families 4> described above; 
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Type 2. a consists of all the double rays of f with the common vertex p which 
lie in £ * U p; 

Type 3. a consists of all the pairs of parallel lines of f which lie in ï * U Ï ; 
cf. (2, Theorem 4) . 

(vii) Let <5 C r be a diametral pencil of parabolas (cf. 2, 1.5) and let 7r(5; S) 
denote the unique member of ô through 5. If the osculating parabolas of A a t p 
are non-degenerate or double rays [pairs of parallel lines], then as 5 —» p the 
parabola 7r(<5; S) converges to the unique osculating parabola in ô [the single 
line X] (2, Theorem 5) . 

(viii) T h e non-osculating tangent parabolas of A a t an interior point all 
support A there (2, Theorem 6). 

(ix) Let p be an end point of A. If 0 is one of the subfamilies of r defined above 
and 0 ^ a, then the parabolas 7Ti(<£; s) of <£ through s £ A, i = 1, 2, converge 
to a double ray on X with the vertex p as s —> /> (2, Theorem 7) . 

(x) Let £ be of Type 1. By (iii), the one-sided limits 

lim 7T2(o-; s) 

are double rays on X with the vertex £. 

CONDITION I I I . 

T(P) = lim 7ri(r; 5) 
S-4P 

exists; cf. (2, 5.1). 

7r(£) is called the super osculating parabola of /I a t p. I t is either non-degener
ate (Type 1 (a)), or a double ray on X with the vertex £. If p is an end point of 
A, pis of Type 1 (b) [Type 1 (c)] if this double ray is equal [opposite] to 

lim 7r2(o-; s). 

Condition I I I implies the following. 
(xi) If the end point p of A is of T y p e 1 (b) and -K is any osculating parabola of 

A a t p which does not meet A outside p, then A — p C K* (2, Corollary of 
Lemma 18). 

(xii) If p is an interior point of A, then the osculating parabolas of a — ir(p) 
all support A a t p or all intersect according as A has or has not a cusp a t £ 
(2, Theorem 8) . 

2. General ized parabol ic dif ferentiabi l i ty . 

2.1. General t a n g e n t parabolas . Let p, Q, R be non-collinear points. 
We call 7T a general tangent parabola oi A at p if there exists a sequence of quad
ruples of mutual ly distinct points un, vn, Qn, Rn such tha t un and vn converge on 
A to p, Qn —> Q, Rn-^ R, and there is a parabola ir(un, vn, Qn, Rn) through these 
points which converges to TT. 

https://doi.org/10.4153/CJM-1964-032-0 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1964-032-0


324 N. D. LANE 

Suppose t h a t p, Q', R' are not collinear, Qf and Rf lie on the same side of the 
t angen t of IT a t p, and Qn

f —* Q', Rn
r —> Rf* Using the same sequence un, vn as 

above, the quadrangle univn, Qn
f, Rn' is convex when un and vn are close to p on 

A. Thus , there are two parabolas Ti(un, vn} Qn', Rn
f), i = 1,2, through these 

points. Any limit parabola ir/ of the Tt(un, vn, Qn', Rn') will touch T a t p and 
will pass through Qf and R'. As in (2, 3.4), we can verify t h a t wf ^ -K2 . T h u s 
7r/ and 7T2 are the two parabolas through Q' and i? ' which touch T a t />. Every 
non-degenerate parabola which touches T a t p can be constructed in this way. 
From these remarks , we readily obtain the following lemma. 

L E M M A 1. If T is a general tangent parabola of A at p, then every non-degenerate 
member of the two-parameter family of parabolas which touch watp is also a general 
tangent parabola of A at p. 

We agree to compactify this family by considering any parabola of its closure 
to be a general t angent parabola of A a t p. 

Remark. If A is d i f ferent ia te a t p, every tangent parabola of A a t p is a 
general t angent parabola. The converse need not be t rue . For example, a dif
f e r e n t i a t e cusp point has general t angent parabolas other than the ordinary 
tangent parabolas ; cf. 2.7. 

2.2. Genera l o s c u l a t i n g parabolas . We call T a general osculating para
bola of A a t p if there exists a sequence of quadruples of mutua l ly dist inct 
points un, vn, wn, Rn, such t ha t un, vn, wn converge to p on A, Rn —> R, R ^ p, and 
there exists a parabola iv(un, vn, wny Rn), through these points which converges to 
7T. 

We observe t h a t every general osculating parabola is a general tangent parabola. 
Let 7Ti = lim Ti(uny vn, wn, Rn) be a non-degenerate general osculating para

bola of A a t p. There is associated with iri{un) vm wn, Rn), a second parabola 
TT2(un, vn, Wn, Rn), and any limit parabola ir2 of the Tr2(un, vn, wnj Rn) is also a 
general osculating parabola of A a t p. T h e parabolas irx and 7r2 intersect a t R 
and p and meet nowhere else. Thus , T2 is the other parabola through R of the 
family <J)(TI) determined by 7ri described in 1.2; cf. (2, 2.16). 

If Q e 7T!, Q 5* p, Qn G 7nO„, vn, wn, Rn), Qn —> Q, then 

7Ti(w„, Vnj Wn, Qn) = 7Ti (« n , Vn, Wn, Rn) 

and 

lim wi(un, vn, wn, Qn) = Hm TTi(un, vm wn, Rn) = irx. 

From the above, lim ir2(un, vn, wn, Qn) is also a general osculating parabola 
belonging to cj)(wi). This construction is readily seen to yield a n y w G «K^O-

We now compactify the family of general osculating parabolas of A a t p. 
Then our discussion implies the following lemma. 

LEMMA 2. If wi is a non-degenerate general osculating parabola of A at p, then 
every w G 0(TTI) is also a general osculating parabola of A at p. 
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Remark. If A is twice differentiable at p, every osculating parabola of A at p 
is a general osculating parabola. A twice differentiable cusp point, however, has 
general osculating parabolas other than the ordinary osculating parabolas. 

2.3. General superosculating parabolas. If there exists a sequence of 
quadruples of mutually distinct points tny un, vn, wn which converge on A to p, 
such that 7T is the limit of a parabola Tr(tn, un, vny wn) through these points, we 
call 7T a general super osculating parabola of A at p. 

Every general super osculating parabola is a general osculating parabola. 
Let 7Ti = lim Ti(tn, uni vny wn) be a general non-degenerate superosculating 

parabola of A at p. There is associated with iri(tm un, vn, wn), a second parabola 
TT2(tn, uni vn, wn) (which may be a pair of parallel lines) and any limit parabola 
7T2 of the T2(tni unj vn, wn) is also a general superosculating parabola of A at p. 
7Ti and 7T2 support at p and meet nowhere else. Let Xi be the tangent of TTI at p 
and suppose that wi C £1* ̂  P- Then 7r2 is either the double line on Xi, or a 
double ray on Xi through p, or a double ray in Xi* W p with the vertex p. 
By (2, Lemma 8), the line uv tends to Xi, however, and this result can be used 
to exclude the third case. 

Remark. If A satisfies Condition III at p, then ir(p) is a general super
osculating parabola of A at p. A cusp point which satisfies Condition III, how
ever, has general superosculating parabolas other than n(p). 

If A has a differentiable cusp at p, every tangent parabola of A at p which 
supports A at p is a general superosculating parabola of A at £. 

If 7To and 7Ti G <£(7ro) a r e general superosculating parabolas of A at p which 
support A at p, then every x between 7r0 and 7ri in 0 is a general superosculating 
parabola. 

2.4. The following statements are readily verified. 

LEMMA 3. Let p be an interior point of A. 

(i) Any parabola through p which supports A at p is a general tangent parabola 
of A at p. 

(ii) Any general tangent parabola of A at p which intersects A at p is a general 
osculating parabola. 

(iii) Any general osculating parabola of A at p which supports A at p is a 
general superosculating parabola. 

2.5. Let T be the limit of a sequence of parabolas \Tn\. We provide the points 
of irn r\ A with the following multiplicities: A point sn G Kn is counted twice 
if Tn is a general tangent parabola at sny but not a general osculating parabola ; 
sn is written down three times if wn is a general osculating parabola, but not a 
general superosculating parabola; sn counts four times if Tn is a general super
osculating parabola at sn. 

https://doi.org/10.4153/CJM-1964-032-0 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1964-032-0


326 N. D. LANE 

LEMMA 4. Suppose that k (not necessarily distinct) points of irn C\ A converge 

to p as n —> oo. Then w is a general tangent parabola if k = 2\ w is a general 

osculating parabola if k = 3 ; TT is a general super osculating parabola if k — 4. 

2.6. Let p be an end point of A. Suppose t ha t 

Xi = lim (psn), X2 = Hm (prn) 
Sn-ïV Tn-ïP 

exist. Then Xi and X2 divide the pencil of lines through p into two open inter
vals. At least one of them has the proper ty t h a t every line X belonging to it 
meets every neighbourhood of p on A. Thus , there exists a sequence of points 
un £ X C\ A converging to p. In part icular, X will be a general t angent of A 
a t p. 

Similarly, to every w G r{X) there exists a sequence of points vn 6 TT Pi A 

converging to p. T h u s T will be a general superosculating parabola of A a t p. 

2.7. Convex arcs . Let A be a convex arc with the end point p. T h u s A 
has linear order two and it is well known tha t A satisfies Condition I at p; cf. 
1.2 (i). T h u s A has a well-defined tangent X a t p. 

The line tu converges to X as the distinct points t and u converge on A to p. For 
the reader 's convenience, we include a proof. T h e line tu is denoted by 8(£, u). 

Proof. Let p, t, u, v lie on A in t h a t order. From the convexity of A we m a y 
assume t h a t 

(i) 8(*, u) c [8(/>, ')* r\ g(*f v)*] u [g(/>, tr r\ 8(*, v)*] u /. 
Lett ing 2 and ^ tend to /?, we conclude t ha t lim 2(t, u) lies in the closure of 

for each choice of z; on .4. Let t ing v tend to £>, we get lim 8(£, w) = Ï . 
Any general tangent parabola of A a t £ will touch Ï a t £. T h u s , in this case, 

the set of general tangent parabolas of A at p will coincide with f. 

2.8. N o t a t i o n s . We use the notat ion of the preceding section. T h u s A 
will denote a convex arc. 

Suppose t h a t A — p C £*• Let R be a fixed point in X*. If t, u, v are three 
mutua l ly dist inct points sufficiently close to p on A, then the quadrangle 
t, u, v, R will be str ict ly convex and there will be two parabolas through 
t, u, v, R. 

If t, u, v lie on A in t ha t order, we denote by iriit, u, v, R) [T2(R, t, u, v)] the 
parabola through these four points such t h a t they lie on it in the order t, u, v} R 
[R, t, uy v\. 

Suppose t h a t four mutua l ly dist inct points t, u, v, w lie on A in t h a t order. 
Then there are two parabolas through these points. If t, u, v, w are sufficiently 
close to p, one of them will be non-degenerate and the points t, u, v, w will lie on 
it in the same order. The other parabola is either a pair of parallel lines or a 
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non-degenerate parabola and, in the latter case, the points will lie on it in the 
order w, t, u, v or u, v, w, t. 

We shall use the notation TTI = Ti(t, u, v, w) to indicate that the order in 
which the four points lie on TI is the same as their order on A. The other para
bola through these points will be denoted by 7r2(îf, /, u, v) or 7r2(w, V, W, t). 

Let 7T (P ; QR) denote the (degenerate) parabola consisting of QR and the line 
through P parallel to QR. Thus, 7r2 = ir2(w, t, u, v) if w G ir(t\ uv)* but T2 = 
T2(u, v, w, t) if w £ ir(t) uv)*. 

3. Strong differentiability. 

3.1. We call an arc A strongly differentiable at p if the following condition 
is satisfied. 

CONDITION V. If two distinct points u and v converge on A to p, the line uv 
always converges. 

In particular, if we take u = p, we see that Condition I' implies Condition I 
and the line uv converges to Ï . 

By 2.7, a convex arc satisfies Condition I7 at an end point. 

LEMMA 5. A convex arc A which satisfies Condition I at an interior point p 
also satisfies Condition V at p. 

Proof. By 2.7, 
lim 2(t,u) = Z 

if t and u lie on the same side of p on A. 
Let t, p, uy v lie on A in that order. From the convexity of A, we may again 

assume (1), and the proof follows the lines of 2.7. 

Remarks. If A is strongly differentiate at p, the family of general tangent 
parabolas of A at p coincides with f; cf. 2.7. 

If A is differentiate everywhere, then A is strongly differentiate at p if and 
only if the family of tangent parabolas of A is continuous at p. 

3.2. We call A strongly twice parabolically differentiable at p if A satisfies 
the following condition. 

CONDITION II ' . There exists a point R 9e p with the following properties. If 
t, u,v are mutually distinct and lie sufficiently close to p, the parabola TTI (t, U,V, R) 
exists. It converges as t, u, v converge to p. 

We note the following implications of Condition IL: 
(i) A sufficiently small neighbourhood of p on A is convex. 
(ii) A satisfies Condition 1 and hence Condition V at p. 
(iii) A — p and R will lie on the same side of the tangent X of A at p. 
(iv) A satisfies Condition II at p. 
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(v) / / R' lies sufficiently close to R and the t, u, v are close to p, Ti(t, U, V, R') 
and ir2(R

f, t, u, v) exist. They converge as Rr tends to R and t, u, v, to p. 
(vi) lim Ti(t, u, v, R) = lim iri(p, u, v, R) = lim 7ri(r; V, R) = 7n(cr; R), and 

similarly, lim ir2(R} t, u, v) = lim 7r2(i?, p, u, v) = lim x 2 ( r ; v, R) = ir2(a] R), 
where the ^ ( r ; v, R) are the tangent parabolas of A at p through v and R and the 
TTi(a; R) are the osculating parabolas of A at p through R; i = 1,2. 

Let A satisfy Condition II everywhere. If Condition I I ' holds a t p, then the 
family of osculating parabolas of A is cont inuous a t p. (The converse of this 
s t a tement is also t rue. But the au thor possesses only a fairly lengthy analytical 
proof.) 

3.3. T H E O R E M 1. / / Condition IV is satisfied for one point R, then it is 
satisfied for every point Q Ç Ï * . 

Proof. Let TX = lim iri(t, u, v, R) exist. As in 3.2, A satisfies Condit ion I I 
and 7Ti G cr. Let Qf —> Q and let T be any accumulat ion parabola of either the 
sequence {wifjt, u, v, Qr)} or the sequence {^((Z, /, u,v)). We may assume, for 
example, t h a t TT = lim Ti(t, u, v, Qf). T h u s T and iri meet a t p with a mult i 
plicity > 3 . By the remark near the end of 3.1, w Ç f. 

If p is of T y p e 1, ir cannot be a pair of parallel lines or a double ray, otherwise 
iri{t, u, v, R) and iri(t, u, v, Q') would have more than four points in common. 
Hence w is non-degenerate and either w — TI or w and wi meet a t p with the 
exact multiplicity three. T h u s ir G #(7ri). 

Similarly, if p is of T y p e 2, w cannot be non-degenerate or a pair of parallel 
lines. Hence ir is the unique double ray of a through Q. 

If p is of Type 3, ir cannot be non-degenerate or a double ray. Hence TV is the 
unique pair of parallel lines of a through Q. 

3.4. We call A strongly parabolically differentiable a t p if A satisfies the 
following condition. 

CONDITION I I I ' . Suppose that the points t, u, v, w are mutually distinct and lie 
on A in that order. If they are sufficiently close to p, the parabola Ti(t, u, v, w) 
exists. It converges as these four points converge to p. 

I t can be proved t h a t Condition I I I ' implies Condition I I ' and Condition I I I ; 
cf. 1.2 (x). We readily prove t h a t 

lim Ti(t, u, v, w) = lim Ti(p, u, v, w) = lim 7TI(T; V, W) = lim 7ri(cr; W) = ir{p), 

where T(P) is the superosculating parabola of A a t p defined in 1.2 (x). 
If Condition I I I holds a t each point u of A and Condit ion I I I ' holds a t p, 

then T(U) tends to ir{p) as u —> p. 
We observe t ha t for every arc A and point p which satisfies Condit ion I I I ' , 

T2(t, u, v, w) does not converge and each of the al ternat ives mentioned a t the 
end of 2.3 will actual ly occur. 
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4. Arcs of finite parabolic order. 

4 . 1 . An arc A is said to be of finite parabolic order if every parabola meets 
A a t a finite number of points only. (We do not require this number to be 
bounded.) In this section, we assume tha t p is an end point of such an arc. I t is 
well known t h a t A satisfies Condition I a t p. T h u s the tangent X and the 
family r of the tangent parabolas of A a t p are defined. 

4.2. T h e penc i l rQ. Let Q G £*, say. Let 8 denote the line pQ and let 
tyfl denote the line through Q parallel to X. 

The parabolas of r through Q const i tute a one-parameter subfamily rQ of 
r. T o each line 3) =̂  8 through p there corresponds exactly one member of 
TQ with the diameter 3). Through each point R G S* — 8 there pass two para
bolas of TQ, viz., Tri(r;Q, R),i = 1,2. We note tha t the pair Ti(r; Q, R) depends 
continuously on R. 

If 9J? separates [does not separate] R and X, then the diameters 

5 ) { i r i ( r ; Q , ^ ) } and 2){ir2(r; 0 , * ) } 

through >̂ are not separated [are separated] by X and 8. 
We verify these s ta tements by choosing an affine co-ordinate system such 

t ha t Q has the co-ordinates (0, 1), and r touches the x-axis a t the origin. Then , 
the parabolas of rQ have equations of the form (y — Xx)2 = y. If R has the 
co-ordinates (x0, y a), then the X* which are associated with the 7TJ(T; Q, R) must 
satisfy the equation 

\ 2x 0
2 - 2X^0^0 + yo(yo - 1) = 0, 

and Xi and X2 have opposite signs or the same sign according as yQ < 1 or 
yo > I-

We may assume tha t A — p (Z X* C\ 8*. Thus , we can number the 71-* (r; Q, s) 
such t ha t 3){7ri(r; Q, s)} P X* lies in 8* and ®{T2(T; Q, S) } P 3T* lies in 8*. I t 
may be observed tha t this numbering is consistent with the numbering of the 
7Ti(a; s) in 1.2 (iii). 

Let Q G 7T G T. If ^ G 7T*, then 35{7n(r; Q, S)} and £ separate 35{7r} and 8. 

4 .3 . We verify that A satisfies Condition II at p. Let s2/l fow+i] be a sequence 
of points converging to p on A — p and suppose t ha t irf [ir,r] is a limit parabola 
of the sequence of parabolas 7TI(T; (), s2w) friOr; Q, S2«+i)] and t ha t 71-' ^ 71-". We 
may assume t h a t A — p does not meet wf or 7r" and, in particular, it does not 
meet the arcs of 71-' or TT" between $)? and £ . T h u s A — p lies in Î * P 9K* H 8* 
between these arcs, say, in ir* P 71-"*. Let 7r be any parabola of TQ through 
7T*' Pi 71-"* Pi 8*. Since s2n [s2n+i] lies in 7r* [71-*], the arc 52w52n+i of A meets 7r 
for all n. This contradicts the assumption t ha t A has finite parabolic order. 

Similarly, 7r2(r; Q, s) has a unique limit parabola as 5 tends to p. 

4.4. Let p be of Type 1; cf. 1.2 (vi). We t'mfy £ t o 4̂ satisfies Condition I I I 
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Let the Tt(a; s) be numbered as in 1.2 (iii). Thus 7r2(o-; S) converges to a 
double ray on X with the vertex p as s tends to p. Suppose that 7n(cr; s) has two 
distinct limit parabolas ir' and irn', and let 7TI((J; 52n) —> x', 7TI(O-; S2W+I) —> TT". 

Let 7T be any parabola of a between T' and ir". We may assume that A — p 
lies in £)(TT)*. Then ©{71-1(0-; 5)} C\ £* lies in £)(TT)* [£>(*•)*] if and only if 5 
lies in 7r* [71-*]. In particular, £){7r(o-; 52w)} and T){T((T; S2n+i)} are separated by 
3)(TT) and Ï , if s2w and s2re+i are sufficiently close to p. Hence Sin and ^4-1 lie on 
opposite sides of it. Thus the arc s2nS2n+i of 4̂ meets 7r for all w. This is im
possible. 

The results of Section 4 are summarized in the following. 

THEOREM 2. An end point p of an arc A of finite parabolic order is twice para-
bolically differentiable. If p is of Type 1, then A satisfies Condition III . 

Remark. Finite parabolic order does not imply strong parabolic differentia
bility. The arc given by 

y = 0 when x = 0 

and 

y = 2 - V Î 2 - sin27r[2n-1(2» + 1)* - n]} 

when 2~n < x < 2~w+1, n = 1, 2, . . . , is of finite (but not of bounded) para
bolic order. No neighbourhood of the origin, however, is convex, and hence the 
origin does not satisfy Condition II ' . 

5. Arcs of parabolic order four. 

5.1. Multiplicities. Let A4 be an open arc of parabolic order four. A 
point of A 4 will converge if its parameter tends to one of the end points of the 
parameter interval. Thus A4 has two well-defined end points p and p'. 

It is readily verified that A 4 has linear order two. Thus, A 4 is convex and there 
are always two parabolas through four distinct points of A 4. 

Using the methods of (1, 3.3), the following theorem can be proved. 

THEOREM 3. The parabolic order of A4 is not changed by 
(i) the addition of one end point p to A4; 
(ii) the introduction of multiplicities at py such that p is counted once, twice, 

three times, four times, respectively, on a non-tangent parabola through p, a non-
osculating tangent parabola at p, an osculating parabola 9^ ir(p), and ir(p); 

(iii) the introduction of multiplicities at interior points q of A4, such that q 
is counted once [twice] on any parabola which intersects [supports] A 4 at q. 

Proof. Suppose that a parabola T through p intersects A 4 at q and meets A 4 
at three other mutually distinct points r, s, and t. Choose disjoint neighbour
hoods N of p and M of q which do not contain r, s, or t. If v converges to p on 
N, then one of the parabolas through r, s, t, v, say, 7Ti(r, s, t, v), will converge to 
7r; cf. (2, Lemma 3). Hence 7ri(r, s, t, v) will intersect M if v is sufficiently close 
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to p. Thus , we conclude t h a t if a parabola through p meets At at four points, 
then all of them are points of support. 

Similarly, by approximating a tangent [an osculating] parabola by a non-
tangent parabola through p [a non-osculating tangent parabola] we can verify, 
in turn , t h a t if a tangent [an osculating] parabola of A4 at p meets A4 at three 
[two] points, then they are points of support. We can then prove t h a t w(p) does 
not intersect A 4. 

If a parabola T supports A4 a t a and also meets A±\J p a t r, s, and t, then a 
suitable parabola near w through r, s, and / will intersect A 4 twice near a. This 
is excluded by the above discussion and the definition of A4. Hence, a parabola 
through four points of A±\J p does not support A 4 at any of them, and it follows 
t h a t no parabola through p meets A±KJ p in five points. 

Similar a rguments can be used to show tha t a parabola through three points 
of A4 \J p does not support A4 at two of them. 

Using the same methods, we then verify, in turn , t ha t a tangent [an osculating] 
parabola of A 4 at p through two points [a point] of A4 intersects A 4 at each of them 
[at that point]. Thus , no tangent [osculating] parabola of A4 at p meets A4 at 
more than two points [more than one point]. Finally, we conclude t ha t ir(p) does 
not meet A 4. 

From now on, we may assume tha t p belongs to A 4, whenever it is convenient 
to do so. 

Remark. I t is well known tha t there exist open arcs A of linear order two 
whose linear order is increased when both of their end points are added and 
each of them is counted twice on its tangent . This occurs when the end points 
of A are dist inct and the tangent of one passes through the other. 

Similarly, it can happen t h a t an open arc A4 no longer retains the parabolic 
order four when both of the (distinct) end points are added and the mult i
plicities described in Theorem 3 (ii) are introduced. This will occur if and only 
if an osculating parabola a t one end point of A 4 is also a tangent parabola of 
A4 a t its other end point. 

5.2. The following lemmas can be verified. 

LEMMA 6. No general super osculating [osculating; tangent] parabola at an 
interior point q of A 4 intersects A 4 at one [two; three] other point (s). 

Let q be an interior point of A4. We say t h a t TT meets A4 exactly two [three] 
times at q if ir is a general tangent parabola [a general osculating parabola] a t q 
bu t not a general osculating parabola [not a general superosculating parabola] . 

LEMMA 7. A general superosculating parabola at an interior point q of A4 
supports A 4 at q. 

A general tangent [osculating] parabola w at q will support [intersect] A4 at q 
in either of the following cases: 

(i) 7T intersects A 4 at two distinct points [a point] different from q; 
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(ii) 7T = lim T(t,u,d,e) [w = lim w(t, n, v, e)], 
t,u->q t,u,V-^q 

where d and e are fixed points of A 4. 
Thus, IT meets A4 exactly twice [three times] at q if (i) or (ii) holds. 

5.3. By Theorem 2, A4 satisfies Condition II a t p. Up is of Type 1, A4 
also satisfies Condit ion I I I a t p. 

T H E O R E M 4. An end point p of A4 is of Type 1 (a), Type 1 (c), or Type 3 ; cf. 1.2 
(vi), (x). 

Proof, (i) Suppose t h a t p is an end point of T y p e 2 of the open arc A±-
T h u s 7r(o-; r) is the double ray with the vertex p through the point r of A4. By 
Theorem 3, A4 intersects 7r(o-; r) a t r. Hence, there are t angen t parabolas of A4 
a t p close to w(a; r) which meet A4 near p and intersect / 1 4 twice near r. This 
is excluded by Theorem 3. 

(ii) Suppose t h a t p is of T y p e 1(b). Thus , the osculating parabolas of A4 a t 
p are non-degenerate and ir(p) is the double ray on Ï with the vertex p which 
coincides with 

lim 7r2(cr; s). 

We number the Wi(o", s), i = 1,2, as in 1.2 (iii). 
Now 35{7T2(o-; s)} P\ Ï * will meet A 4 at a. point g which lies between 5 and p 

on A4. T h u s g lies in 7^(0"; 5)*. By 1.2 (xi), a small neighbourhood of £ on A4 
lies in 7r2(a-; 5)*. Hence 7r2(o-; 5) also meets A 4 between q and p. This is excluded 
by Theorem 3. 

We observe t h a t the three types exist. For example, an arc of an ellipse [a 
hyperbola] has parabolic order four; an end point p is of the T y p e 1(a) and 
A4C*(P)* [A, C Trip)*]. 

T h e arc 

x = sm, y = s2m(l + sn), 0 < 5 < 1, m > n, 

is of parabolic order four, and the origin, given by s = 0, is of T y p e 1(c). 
T h e arc 

x = s, y = s3, 0 < s < 1, 

has parabolic order four and the origin is of T y p e 3 ; cf. (2, 5.4). 

Remarks. The arc 

x = 52, y = s3, s > 0, 

is of parabolic order five and the origin is of T y p e 2. 
T h e arc 

x = s2, y = s4 - sb, 0 < 5 < 1/10, 

is of parabolic order five and the origin is of T y p e 1 (b). 
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5.4. T H E O R E M 5. An interior point p of A A is of Type 1(a) with respect to 
each of the subarcs into which A 4 is decomposed by p. 

Proof. Let A 4 = B±\J p\J B* and let a denote the family of osculating 
parabolas of B± a t p. 

Suppose t ha t p is of Type 1(c) [Type 3] with respect to B±. If 5 £ B4 is 
sufficiently close to p, then 71-1(0-; s) [ir(a] s)] will intersect B4. This is excluded 
by Lemma 6. 

Remarks. If an arc Ab of parabolic order five is parabolically differentiable a t 
an interior point p, then p is not of Type 1 (c) or Type 3. 

The arc 

x = s3, y = sQ + 58, — 00 < 5 < 00, 

is of parabolic order six; the origin, given by s = 0, is of Type 1 (c). 
T h e arc 

x = s, y = s4, — 00 < 5 < 00, 

is of parabolic order six and the origin is of Type 3. 

5.5. LEMMA 8. Every point of A4 satisfies Condition I ' . 

Proof. An interior point p £ A 4 decomposes a small neighbourhood M of p 
on A 4 into two subarcs N and N'. Thus M = X VJ pU N'. By 2.7, X and iV' 
are strongly differentiable at p. 

Suppose t h a t the tangents X and X' of N and A7/ respectively a t p are dist inct . 
Because of the convexity of A 4, we may assume t h a t N U i\7/ C Ï * H Î 7 * . 

By Theorem 5, the family a of the osculating parabolas of N a t /> is of T y p e 1. 
If 5 G iV, 7r2(o-; 5) is a non-degenerate parabola which intersects X' a t £ and is 
close to the double ray on X with the vertex p in X'* U £ Thus , 7r2((7; 5) inter
sects N a t 5, suppor ts A^&tp, and hence intersects AT/ if 5 is sufficiently close to 
p. This is excluded by Lemma 6. 

Hence X and Xf must coincide, and Lemma 5 then implies t ha t A 4 satisfies 
Condition I ' . 

5.6. L E M M A 9. An end point of an arc A4 of parabolic order four satisfies 
Condition IV. 

Proof. Let p, q, r, s, t, e be mutual ly distinct points on A4 in t ha t order. By 
Theorem 3, a parabola through four points of A4 intersects A4 a t each of these 
points ^ p. We consider first the case in which p is of Type 1. 

By Theorem 3, the arc^44 — p lies in ir(p)* or ir(p)*. In the former case, it also 
follows from Theorem 3 t ha t a small open arc of A 4 with the end point p lies 
in 

7Ti(o-; e)* C\ 7ri(r; t, e)* C\ Ti(p, s, t, e)*. 
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T h u s , in this case, 

(2) 7ri(<7, r, s, e) passes through the region of 

7Ti(£, g, s, e)* C\ 7ri(g, s, t, e)* which contains / on its boundary . 

Let t ing first g, then r and 5 together, and finally t, tend to p on A^ we get, 

from (2) 

(3) lim 7Ti(£, r, s, e) = iri(a;e). 

From (2) and (3), we get, by first let t ing q, r, s tend to p together, and then 

let t ing t —» p, 

(4) lim iri(q,r,s,e) = Ti(a',e). 
q, r, s-^p 

A similar a rgument holds in the case when A± lies in ir{p)*. T h u s A± satisfies 
Condit ion I I ' a t p. In part icular , 

lim 7r2(e, p, r, s) = lim 7r2(£, g, r, 5) = 7r2(o-; g). 
r, s-$p g,r, s->p 

T h e case where p is of T y p e 3 m a y be deal t with using the same method, and 
we have 

lim 7ri(g, r, s, e) = lim 7r2(£, g, r, s) = lim 7ri(£, r, 5, e) 

= lim ir2(e, p,r, s) = 7r(o-;e), 

where, in this case, T(<T] e) is a pair of parallel lines. 

5.7. L E M M A 10. An end point p of Type 1 of an arc A± of parabolic order 
four satisfies Condition I I I ' . 

Proof. Let p, q, r, s, t, u be mutua l ly dist inct points on A 4 in t h a t order. 
Let p be of T y p e 1(a) and assume, for example, t h a t A4 C ?r(£)*; cf. 5.3, 

Example 1. T h u s , the open arc of T±{gt r, s, t) bounded by r and t passes through 
the region of 

iri(P, 2, r,t)* r\iri(q, r,t,u)* 

which contains 5. Let t ing g, then r, then s and t together , and finally u, tend to 
p, we get 

(5) lim 7TI(T;S, t) = ir(p). 
s.t^p 

Now, 7Ti(g, r, s, t) passes through the region of 

TTI(P, g, s, t)* Pi 7n(g, s, t, u)* 

which contains r. Let q tend to p. Then let r, s, and t tend to p together (using 
(3) and (5)). Finally, let u tend to p. This yields 

(6) lim 7ri(p,r,s,t) = w(p). 
T,S, t-^p 
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Finally, the arc of 7ri(g, r, 5, 0 between s and £ lies in the region of 

7TiO, r, s,t)* n7r i ( r , j , / , « ) * 

which has 5 and / on its boundary. Let q, r, s, t tend to p together (using (4) 
and (6)). Then let u —> p. This yields 

(7) lim 7ri(g, r, 5, 0 = v(p). 
q,r,s, t-$v 

A similar proof gives (7) in the cases where p is of Type 1(a) with 
A4 C K(P)*J or £ is of Type 1(c). 

Lemmas 9 and 10 yield the following theorem. 

THEOREM 6. An end point p of an arc A4 of parabolic order four is twice 
strongly parabolically differentiable. If p is of Type 1, then A 4 is three times 
strongly parabolically differentiate at p. 

Remark. If p £ A4 is of Type 3, then iri(q, r, s> t) does not converge. In 
particular, w(a] t) tends to the double line on X, while the parabola of r which 
also touches A 4 at 5 tends to a double ray on X with the vertex p as s tends 
to p. However, every accumulation parabola of the 7ri(g, r, s, t) is either a 
double ray on X or the double line on X. 

5.8. The Corollary of this section will be used in the proof of Theorem 7. 
Let A be twice parabolically differentiable at its end point p. 

LEMMA 11. Let T £ r — 0-, wf Ç <t>(ir). Let s Ç A — p lie sufficiently close to p. 
Then s does not lie between T and wf. 

Proof. Suppose that there exists a sequence 5 —> p, s £ A — p, s Ç 7r*P\7r'*. 
Then any accumulation parabola of the 7r(<£; S) lies between IT and T' in 0(71-) 
and hence is non-degenerate. This is excluded by 1.2 (ix). 

COROLLARY. Let A satisfy Condition I at the interior point p and let A be 
one-sidedly twice parabolically differentiable at p with families of osculating 
parabolas <r and a'. Let w G r, T $ a \J af. If ir intersects [supports] A at p, then 
every member of <l>(w) intersects [supports] A at p. 

5.9. THEOREM 7. An interior point p of A4 satisfies Condition IV. 

Proof. Let e and p be distinct points on A4. Let N and N' be one-sided neigh
bourhoods of p such that e$N\J p\J Nf. 

Let 7Ti and 7r2 be two general osculating parabolas of A4 at p} which are limits 
of parabolas through e. Suppose that ir2 i <l>(Tri)] thus 71-1 and 7r2 support at p. 
By Lemma 7, 7Ti and 7r2 both intersect A4 at p. Hence there exist tangent para
bolas of A 4 at p other than wi and T2 which support TTI and 7r2 at p and intersect 
A 4 at p. Let 7r3 be one of them. 
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By Lemma 9, the arcs N U p and Nf U p satisfy Condit ion I I ' a t p and , in 
part icular , Condit ion I I . By Theorem 5, p is of T y p e 1 (a) with respect to bo th 
N and N'. Let ^ ( o - ; e) and 7r*((/; e), i = 1, 2, denote the pairs of osculating 
parabolas of N and N' respectively a t p. At least one of 7ri, 7r2, 7T3, say 7r, does 
not belong to a U a'. We m a y assume t h a t N C. TT*, N' C 7r*. Let <£ = <t>(ir). 
By 1.2 (ix), each 7r*(</>; 5) is close to a double ray on X with the vertex £ if 5 
is sufficiently close to p. Hence the end points of N U p U iV lie in 7r *(</>; 5)*. 

Let 5 Ç iV. Since N C TT*, Lemma 11 implies t h a t a small open subarc of N 
with the end point p lies in T^; S)*. By the Corollary of Lemma 11, 71-*(0; 5) 
intersects ^44 a t £. Hence 7r*(</>; 5) also intersects N'. By Lemma 3, 7Ti(<£; S) is a 
general osculating parabola a t p and also intersects N and iV7. Since this is 
excluded by Lemma 6, we conclude t h a t a n y two general osculating parabolas 
of A4 a t p through e belong to the same family </>. T h u s A4 satisfies Condit ion 
I I ' a t p. 

5.10. T h e following result is analogous to Lemma 5. 

T H E O R E M 8. An arc of parabolic order four which satisfies Condition III at an 
interior point p also satisfies Condition III' at p. 

T h e proof of Theorem 8 follows the lines of the proof of Lemma 10. 
T h e au tho r has shown in a forthcoming paper t h a t A4 need no t satisfy 

Condit ion I I I a t an interior point p. 

6. A m o n o t o n y property of t h e o s c u l a t i n g parabo las of A 4. 

6.1. If T is any non-degenerate parabola, p Ç 71-, then 9?p{7r} denotes the 
intersection of the d iameter of ir through p with 7r*. In 6.2, we shall call dtp{7r} 
the diametral ray of w a t p. 

Let p G A4 be of T y p e 1. Let B± denote the open subarc of A4 bounded by 
p and an end point of A 4. Let -w be any general superosculat ing parabola of A 4 

a t p. Let w(p) be the (unique) superosculating parabola of B4 a t p. 
If p is an end point of A4, Lemma 10 implies t h a t w = w(p). 
Let p be an interior point of A4. Then IT and w(p) both suppor t A4 a t p\ cf. 

Lemma 7. By Theorem 7, A4 has a pencil <r of non-degenerate general osculating 
parabolas a t p. 

A general superosculating parabola T of A4 a t £ is one of the following k inds : 
7T can be non-degenerate, in which case w £ a-, or x can be a double ray on £ 
through p, or the double line on X. Only in the first case is w = lim 7ri(2, W, A, W) ; 
cf. 2.8. 

Suppose t h a t the general superosculating parabola T lies in a. Wr i te dlp{ir} = 
$R{TT} and %{T(P)} = m{ir(p)}. Thus , 9?{TT} = £){TT} P I TT*, £ is the end point 

of 3î{7r},and %{*} C ^ . Define $»{*•}* = £){TT}* n £ * . We may assume tha t 
either 9?{TT}* C K{ir{p)}* or 9Î{TT}* C 9 Î{TT(^ )}* . 

L E M M A 12. I f 

£4 c «(P)* r\ m*(p)}* [S4 C TT(£)* n ${*•(£)}*], 
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then 

${TT}* C ${TT(£)}* and B, C TT* 

[ $ { T T } * C 9?{TT(£)}* and B4 C * * ] . 

Proof. B^r\ir = B4 r\Tr(p) = p. Suppose that 

Then B4 C n{p)* C\ 7r* [Z?4 C *"(/>)* P\ 7r*]; otherwise 7Ti(o-; S) could not con
verge to T(P) as s tends to p on £4 . This implies, however, that ir(p) and ir 
cannot both support A4 at p. 

COROLLARY. If p is an interior point of A 4, then any non-degenerate general 
super osculating parabola of A4 at p lies between the two one-sided super osculating 
parabolas of A4 at p in the pencil a(p). 

We also observe that every parabola of a which lies between the two one
sided superosculating parabolas of A 4 at p is a general superosculating parabola 
of A4 dit p\ cf. Lemma 3. 

6.2. THEOREM 9. Let p and q be two distinct interior points of A4. Then the 
diametral rays inside [outside] two non-degenerate general superosculating para
bolas at p and q do not intersect if A4 C n(p)* [if A4 C TT(£)*]« 

Proof. Let B4 be the open subarc of A4 with the end points p and q and let 
7T (p) and 7T (q) denote the superosculating parabolas of B4 at p and q respectively. 
Let Tq and aq denote the families of tangent and osculating parabolas of A 4 at 

0-
Suppose, for example, that B4 C nip)*» We may assume that B4 C 9îp {*"(/>)}*• 

Thus 

B4 C TT(P)* H in(er; </)* H i r i ( r ; r f f)* H in(P; <r,)* H 7r(g)*. 

Since g Ç 5KP{^(^)}*» we obtain 

» p { ^ ( ^ ) } * D ^ { i r ( c r ; g ) } * D J R p { i r ( r ; r f f ) } * . 

Put 
MA*}* = 3 ) f f { 7 r } * n î ç * . 

Thus 
%W(r;Tq)}\\%W(r;rq)} 

and 
9 î , { x ( r ; r , ) } * D 9 î t { T ( T ; r t ) } * . 

Also 
5R, {T (T ; r,)}* D %{T(P; <ra)}* D SR,{ *(«/)}*. 

Altogether 

SU *-(<z)!*C3M *(£)!*• 
Lemma 12 now yields our theorem. 
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The case JB4 C n(p)* is dealt with similarly. 
We note that in both cases the diameter of ir(t) through a fixed point 0 

rotates monotonically about 0 as t moves continuously and monotonically 
along A 4. 

Remark. Our proof shows that Theorem 9 also holds if p or q are end points of 
Type 1(a) of A±. By using Theorem 6, we readily verify that Theorem 9 re
mains valid if p or g are end points of Type 1 (c) provided that 9?{7r(£)} is inter
preted to be the ray incident with w(p) if p, say, is of Type 1 (c). 

6.3. THEOREM 10. All but a countable number of points of A\ are strongly 
parabolically differentiable. 

Proof. Let p and q be the end points of A 4. 
Case 1. Let p and q be of Type 1 (a). Suppose that A4 C n(p)*- Let 5 Ç ^44 be a 

point which does not satisfy Condition I I I ' ; then A does not satisfy Condition 
III at 5; cf. Theorem 8. Let ir(s) and T'(S) be the one-sided superosculating 
parabolas of A 4 at s. Let 6 (s) be the angle between 9? s {w (s)} and 9? s {n' (s)}. We 
may assume that 9?sf7r(5)}* C ÏÏtsWis)}*. By Theorem 9, the regions 

9{s{7r(s)}* H M,{ir'(s)}* and $,{*•(*)}* n ^ N ' W Î * are disjoint if s * t. 

Thus there are not more than 2n members in the class of points s for which 

ir/271-1 > d(s) > ir/2n, n = 1, 2, 3, 

Since every 5 with 6(s) > 0 is included in exactly one of these classes, there is 
only a countable set of points with 0(s) > 0. 

Case 2. Let p and/or q be of Type 1 (c) or 3. 
Consider two sequences of points {pi} and {qt} converging to p and q res

pectively such that on the parameter interval 

P < Pi+i < Pi < qt < qt+i < q, i = 1, 2, . . . . 

By Case 1, each of the arcs with the end points 

pi,qû P2, Pu quÇ2] Pz,p2] £ 2 , ^ 3 ; . . . 

contains only a countable number of singular points. Hence the union A4 of 
these countably many arcs also contains only a countable number of singular 
points. 
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