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Polythermal three-dimensional modelling of the

Greenland ice sheet with varied geothermal heat flux

NOTATION

A [ce-covered basal area

Ay Basal area covered by temperate ice

A(T") Rate factor for cold ice

A(w) Rate factor for temperate ice

a, Volume flux through the C'I'S

2 Specific heat ol ice

D(w) Water drainage [unction

E Enhancement factor

q Gravity acceleration

h z coordinate of the [ree surface

i Maximum h of the entire ice sheet

WS Fe— Maximum thickness ol temperate ice layer

¥ Latent heat of ice

Q:%mh Geothermal heat flux

iy Temperature

i Homologous temperature

T Pressure-melting point

Ty Melting point at zero pressure

Toe Basal temperature at Camp Century ice core

Thyes Basal temperature at Dye 3 ice core

Torip Basal temperature at GRIP ice core

Viot Total ice volume

Viesrp Volume of temperate ice

iy Horizontal cartesian coordinates

2 Vertical cartesian coordinate (height a.s.l.)

3 Clausius—Clapeyron gradient

& Heat conductivity of ice

P Density ol ice

o Effective shear stress

w Water content (mass fraction of water in
temperate ice)

Ul Threshold water content in the drainage
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ABSTRACT. Computations over 50000 years into steady state with Greve's
polythermal ice-sheet model and its numerical code are performed for the Greenland
ice sheet with woday’s climatological input (surface temperature and accumulation
function) and three values ol the geothermal heat lux: (42, 54.6, 29.4) mWm ~. It is
shown that through the thermomechanical coupling the geometry as well as the
thermal regime, in particular that close to the bed, respond surprisingly strongly to the
basal thermal heat input. The most sensitive variable is the basal temperature field,
but the maximum height of the summit also varies by more than =+ 100m.
I'urthermore, some intercomparison of the model outputs with the real ice sheet is
carried out, showing that the model provides reasonable results for the ice-sheet
geomeltry as well as for the englacial temperatures.

function

1. INTRODUCTION

In this paper we present a summary ol computations that
were performed with the polythermal ice-sheet model of
Greve (dissertation in preparation) using the numerical
code SICOPOLIS that was developed for it. The ice
within the Greenland ice sheet is allowed to become
temperate; in the regions where it is cold the energy
equation is used as an evolution equation for the
temperature field: in the temperate region it serves as an
equation governing the production and advection of the
water content of the ice. The two regions are separated by
the so-called cold-temperate transition surface (CTS)
whose motion is described by the kinematic equation and
the dynamic conditions peculiar to this type of Stefan
problem. The theory is essentially known (Fowler and
Larson, 1978; Hutter, 1982; Hutter and others, 1988;
Blatter, 1991; Blatter and Hutter, 1991; Hutter, 1993) and
is used here in the form given by Greve (dissertation in

preparation), lts implementation to a numerical code
using finite-difference techniques has been performed by
Greve; it makes eflicient use of the g-transformation [see
model-feature compilation in section 3) and stretched
coordinates in the vertical, to achieve the utmost accuracy
in the vicinity of the base where the ice may become
temperate in rather thin layers. We shall not present any
details, but in the following section will set out briefly the
boundary value problem that describes the problem.
Computations will be performed for the climate-
driving forces as follows. The surface temperature
distribution will be that of Ohmura (1987) as parameter-
ized by Caloy (1994). Similarly, the snow balance and
melting rate at the surface will be implemented according
to Ohmura and Reeh’s (1991) and Reehs (1991

suggestions as implemented computationally by Calov
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(1994 ). Both these input quantities will be held constant.
The basal surface will be held fixed (using the database of
Letréguilly, and others (1990)), as only steady-state
conditions are studied, and a constant vertical geother-
mal heat ux will be applied. This heat flux will be
varied, i.e., three computations will be performed for
Qoo = (42, 54.6, 29.4) mW m * with variations of
+30% ahout the mean.”

We shall demonstrate that the thermal state of the ice
close to the base depends strongly on this variation of the
geothermal heat. Due to the thermomechanical coupling,
however, both the surface topography and the total volume
of the Greenland ice sheet are equally allected. Such results
are important findings, in particular in relation to their
impact on future anthropogenic mass-balance predictions.

2. THEORETICAL BACKGROUND

The theory of polythermal ice presented here has been
formulated by Greve (dissertation in preparation) on the
hasis of earlier approaches provided by the authors cited
in the introductory paragraph. We do not wish to give the
derivation here, but mention that it is essentially based on
the shallow-ice approximation (Hutter, 1983; Morland,
1984 ), i.e., the model equations are scaled with respect to
the aspect ratio (typical height to length) of the ice sheet,
and only zero-order terms are kept. Since we carry out
only steady-state experiments in this paper, neither
bedrock sinking nor thermal inertia of the lithosphere is
taken into account. As for the stress-stretching relation,
Glen’s flow law with an exponent n = 3 is used (see e.g.
Paterson, 1981) as is common in ice-sheet modelling.
Below, we list those model equations that describe the
temperate regions within the ice sheet. The complete set will
be compiled by Greve (dissertation in preparation). For the
meaning of the different quantities see the notation list.
Water content in the temperate regions:

Ow Ow dw w 2

ey = i Uy = — A %
61‘+l' O.r+r”0y+l'(’)z pL t(w)o
3 dx 3 (Oh oh oh 1
E g gy | = D (8
pL C)T+ L ((’)t ok dx T dy lf') pD( h(21)
with

dh oh\*
o=pglh—z =1 L= &2
Pyl W\ 5z 9y (2.2)
Transition conditions at the CTS:
I;'oltl ice = Ltemp.ice = Tlrl\l- (23)
(i) @, >0 (melung condition):
(l.)T;'nld ice
W"Tl']nia. ice — U, T = 'j (24)

Amazingly, the numerical value 42 of the standard
QQ‘mh represents exactly the Answer to the Ultimate
Q;ucsliun of Life, the Universe and Everything (Adams,
1979). Further study will be required to figure out
whether this correspondence can lead to a more profound
understanding of all these things or is just an accident,
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(i) @, <0 (freezing condition):

ol ice 9 &
H( = G = Lf)”,J,-,“‘JIVIJI]l.iI‘(" (2.5)

dz

3. THE THREE-DIMENSIONAL POLYTHERMAL
ICE-SHEET MODEL, SICOPOLIS

SICOPOLIS (Simulation Code for Polythermal lce
Sheets) is a three-dimensional ice-sheet model developed
by Greve (dissertation in preparation). It allows time-
dependent integration of the thermomechanical model for
polythermal ice sheets as described in section 2. Hereby,
the ice-sheet flow is obtained as the response 1o a given
climatic input, namely surface temperature, accumula-
tion and ablation. A further boundary condition is
provided by the geothermal heat flux, whose influence
on the results 1s investigated in this work.

The main new feature of this model as compared to
previous three-dimensional ice-sheet models is that it
accounts for polythermal conditions within the ice sheet,
i.e. the possible presence of cold as well as temperate
regions, in a physically adequate wav. That is to say that
the water content in the temperate regions is computed by
solving Equation (2.1); the dependence of the rate factor

A in the flow law on the water content is considered; and
the positioning of the C1'S is carried out by fulfilling
Equations (2.3) (2.5). This entails the gpossibility of
discontinuities of the temperature gradient and the water
content at the CTS in case of freezing conditions,

The model essentially assumes that water in temperate
regions travels with the same velocity as ice. However,
preliminary computations have revealed that, without
any water-drainage mechanism included, the water
content can exceed 100% for several grid points, a
physically meaningless result, of course. Therefore, it is
necessary to prescribe a parameterization for water
drainage. On a higher level of model complexity, this
could be achieved by using something like an extended
Darey law (Hutter, 1993) for the
between water and ice travelling with different velo-

interaction force
cities; however, our formulation with one single momen-
tum balance for the mixture ice plus water does not allow
this approach. Thus, we deal with the problem by
introducing a drainage function D(w) in the water-
content Equation (2.1). Based on measurements of typical
water-content values in glaciers, we choose

D) = { i ’ § e } (With W = 1%).  (3.6)
This means that any water surplus exceeding the
threshold value wyay 18 assumed to be instantaneously
drained into the ground. We are aware of the fact that
our water-drainage model violates the local mass balance
owing to water annihilation out ol the interior of the
temperate ice. However, global mass balance is satsfied
by accounting for the amount of drained water in the
computation of the evolution of the ice surface.

Summary of further model features

Three-dimensional model, based on finite differences
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Polythermal calculation (as described above)
Horizontal resolution: 40 km

Time step: 10 a for the calculation of the velocities and the
topography, 100a for the calculation of the temperature
and water content

In the vertical: o-coordinates [or each of the three regions
(lithosphere: 11 equidistant grid points; temperate ice: 11
equidistant grid points; cold ice: 51 grid points with
densification towards the bottom), i.c., vertical columns
are mapped on [0,1] intervals

Temperature and water-content equation: implicit
discretization of z derivatives, explicit discretization of 2
and gy derivatives (upwind scheme for the horizontal
acdvection terms)

Height evolution equation: ADI scheme (i.e., one ol the two
directions is discretized implicitly in an alternating way)

Glen’s flow law with n =3 and an enhancement factor
E =3 (accounting for the reduced stiffness of Wisconsi-
nan ice in the near-basal regions where the main shearing
takes place) used; rate factor A depending on homologous
temperature in case of cold ice (common exponential law
A(T") = Ag exp(me with two different activation
energies @ for T" < —10°C and 7" > —10°C, respectively;

sce Paterson, 1981) and on water content in case of

temperate ice (Ai(w) = A(T" =0°C) x (1 + 184 w), ac-

cording to Lliboutry and Duval (1985)

Parameterization of surface temperature, accumulation
and ablation as used by Calov (1994), based on Ohmura

(1987), Ohmura and Reeh (1991) and Reeh (1991)

Basal sliding in case of a temperate base (Weertman-type
sliding law as used by Calov (1994 )); no basal sliding in
case of a cold hase.

The values [or the physical quantities occurring in the
model are listed in Table 1.

4. THREE MODEL RUNS WITH VARIED
GEOTHERMAL HEAT FLUX

In this section we want to investigate the influence of the
geothermal heat flux on modelled steady states of the
Greenland ice sheet under present climate conditions. To
this end, three experiments have been conducted with
SICOPOLIS. In experiment rc001 the standard value

émm =42mWm ? is used, experiment rc004 is carried
out with a 30% higher value :‘Q;mh =54.6mWm 7),
and experiment rc005 with a 30%
tQi,_“l.h =929.4mW m “). These variations cover roughly
the range of uncertainty of Q:j-ml. (for a detailed
discussion of measurements of geothermal heat fluxes see

lower value

Lee (1970)). The iterations start with the present
topography as obtained from measurements by Letré-
guilly and others (1990) and an isothermal state with
T =-10°C in the entire ice sheet; they are conducted for
50000 model years, being suflicient to reach approxi-
mately the steady state.

In Figure la ¢, the results of the runs rc001, rc004
and rc005 for the topography of the free surface are
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Table 1. Values for the distinet physical quantities as used
in the model calculations

Quantity Value

910kgm *
21Wm 'K
2009 J kg 'K’
335k] ke !

lee density p

Heat conductivity of ice &
Specific heat of ice ¢
Latent heat of ice L

Enhancement factor F 8
Clausius Clapeyron gradient 3 8.7 x 10 "Km'
Geothermal heat flux Q'j“rh (42.54.6,29.4) mWm *

9.81 ms >

Gravity acceleration g

depicted. Figure 2 shows the model output for the
homologous temperature at the ice base and the
distribution of temperate ice above the base. and Table
2 gives the results for fmax, Viots Viemps Aibs Aehy Himax,
Tarip, Toe and T]’)_\-(.;;T (see notation list), supplemented
by the observed values at hand (topography data from
Letréguilly and others (1990); ice-core data [rom
Weertman (1968), Gundestrup and Hansen (1984),
Johnsen and others (1992) and Dahl-Jensen (personal
communication, 1994)).

Figure la—c indicates that the free surface geometry
depends surprisingly strongly on the amount of the
geothermal heat flux. Not only do the heights of the two
domes differ from each other by roughly 100 m, the
location and some details in the form are also distinct.
Thus, an error in the estimate of the geothermal heat
[lux of 30% (which is realistic) affects the total mass
balance of the ice sheet in a non-negligible way. This is
also evident from row 2 in Table 2 where the total ice
volume Vi, is listed. These results, incidentally,
corroborate the opinion often expressed hy theoreti-
cians that the thermomechanical coupling is significant
in quantitative ice-sheet dynamics. They show that the
thermal effects feed considerably on the mechanics, and
the results are qualitatively to be expected. In run rc005
(Fig. lc) the ice is coldest and thus the stiffest of the
three cases, implying that the ice sheet must be the
thickest. In run rc004 (Fig. 1b) the heat input into the
ice from below is largest, the bottom-most ice weakest,
horizontal advection largest and height and total
volume therefore smallest. Note that the total ice-
covered surface is nearly insensitive to variations of the
geothermal heat (lux.

Even more alflected by the variation of the
geothermal heat flux is the thermal regime of the ice
sheet, in particular its response close to the base, as
presented in Figure 2a ¢ and in rows 3 and 5 of Table 2.
In all three cases of our model run, quite a broad belt of
the marginal basal ice is temperate. This basal ring of
temperate ice is interrupted at a few broad stripes in the
east, north and west of the Greenland ice sheet. In the

" These temperatures are calculated by averaging the
modelled values at the four adjacent grid points,
weighed by the inverse distances of the grid-point
positions to the actual borehole positions.
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Fig. 1. Steady-state free surface topography for the model runs described in the text with differing geothermal heat flux.
Panels (a.b.c) are for Q;olh = (42,54.6,294) mW m >, all other conditions betng the same. Equidistance of the level

lines s 200 m.

three cases of Iligure 2a-—c the temperate basal surfaces
amount to 39%, 51% and 33% of the entire ice-covered
basal surface and are therefore surprisingly large. This
result qualitatively verifies earlier results by Calov and
Hutter (1994a,b) who demonstrated using & much
simpler model that the thermal conditions of the basal
ice depend critically on the thermal input from the
surrounding boundaries,

Figure 2 also shows the positions in the model runs

where there occurs a non-vanishing basal layer ol

temperate ice with either melting or freezing CTS. 1t
can be seen that a freezing C'T'S with the possibility of
discontinuities of the temperature gradient and water
content always occurs at positions near the ice margin, in
agreement with what is expected. The associated volume
of the temperate ice is listed in Table 2 and is of order
3000 km” (0.1% of the total ice volume) with varations of
up to 10%.

Table 2 gives some more results of the simulations as
an overview, supplemented by observations. Obviously,

o BOOW BO°W  40°W  20°W o - ] BO"W BO°W  40°W  20°W o z 2 BO*W BOW  40°W  20°W Irid =
g . _ £ = — S 5 2 —" — . £
: = = ; = g . 8
£ £ z
g & gl & g &
T i !
B £ z
i S R
€38 £8| 3 =
=5 = 5 5 Sy
Al
; z £
5 / & 3
o =il g B
- = X i R
£ F— i — | & :
~i14
g 3 i g =
5 g 5T : g g 7 g
B 5
860 1) o
* o tamp. bose i dg © O temp.bcse o temp. bese
% melt CTS AL & melt CTS L@ melt. CTS
T ® freez.CTS = i & freez. CTS = @ freez. CTS z
3 :% :‘g g
g 2 g 2
ol " i " 1 L i i L L i i 5 L L L
: =720 =310 160 510 920 -720 =310 100 510 |20 -7120 -310 100 510 920
x/km x/km %/kmn
Fig. 2. Isotherms of the steady-state homologous basal temperatures shown as solid lines, the homologous temperature being
indicated in centrigrade. Open diamond symbols indicate positions where the basal ice is at the pressure-melting point, yel with
no lemperate layer above; full diamonds ( full circles) indicate positions where there is a basal layer of temperate ice with a
. = x = L : = a z 2 . y
melling (freezing) CTS. Panels (a,b.c) are for Qo (42.54.6,29.4) mW =, all other conditions being the same.
11
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Table 2. Model output for lowe (rc003 ), standard (rc001)
and high (rc004) Qg!mn].- respectively, and observed values
(obs), .g’fi’tfff _ﬁ”' Piaxs Veots V;vmp- ‘Ai‘h- At‘h- Hi maxs

Terips Toc and Thyes as defined in the nolation list

1005 vl rel04 obs
B (km) 3.429 3308 3.207  3.247
Vior (10°km¥) 3.083 3.016 2945 2.8927
Viemp (10* km?) 2.694  3.050  5.134

Ay, (10%km?) 717 1.720 1.710 1.682
Aip (10°km®™) 0.563 0.670 0.888 -

Hi siase [m) 41,789  42.096 42.790

Terp " C 16.149 —11.550 -7.413 -9.0
Tee °C -13.185 -11.120 -9.580 -13.0
Thyes "C 7.334 -5.702 -4.143 -13.22

the thermal regime at the base, namely the basal area
covered by temperate ice, Ay, and the basal tempera-
tures at the ice-core sites, Tarip/co/Dyess respond most
eritically to the different values of the geothermal heat
flux. However, there is a notable sensitivity of fy,y and
Viee as well, i.e., the overall geometry of the ice sheet is
affected by the different Q;mh values in a non-negligible
way. as stated above. The ice-covered basal area, Ajp,
appears to he almost insensitive.

The agreement between the modelled ice sheets and
the real world is remarkably good. With the exception of
Tiyyes. the observed values of the quantities listed in
Table 2 lie within or at least very close to the range of
the modelled ones; the rather big deviation for Thyey i3
supposedly due to the rather small number of grid points
covering the southern part of the ice sheet. However, one
must bear in mind that the actual ice sheet is certainly
not in steady state due to its experienced climate history.
This allects much less the mass balance. whose response
time is rather small, than it does the thermal regime. A
transient SICOPOLIS run driven with the standard
Q;i?-mh and a climate history as suggested by the GRIP
ice core provides an ice sheet ol comparable geometry
(somewhat thicker), yet with notably lower englacial
temperatures, and thus with a Vigy, reduced by about
18% and an Ay, reduced by about 15% compared to
the steady-state results (Greve, dissertation in prepara-
tion), due to the memory of the Wisconsinan ice age. In
agreement with these considerations the modelled
steady-state basal ice-core temperatures tend to be
higher than the observed ones (except Tgrip [rom runs
rc005 and rc001).

Unfortunately it is diflicult to check the model output
for the quantities describing temperate ice, namely
Viewps At and Hi iy, against the real world because of
data sparsity. First, the three decp ice cores mentioned
above are all situated in regions where no temperate ice is
found in the entire vertical column, in agreement with the
model results for all three runs presented here. Secondly,
boreholes drilled at Jakobshavns Isbrie (West Greenland,
south of Disco Island) have revealed a temperate ice base
and suggested the probable existence of an overlying
temperate layer (Iken and others, 1993). This is
confirmed by the three model runs (see Fig. 2), so that
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the model output in terms of polythermal features is al
least promising, even though quantitative checks cannot
he carried out at the moment. Remote-sensing techniques
based on the measurement of radio-wave velocities
(Macheret and others, 1993) may remedy this lack of
data in the future,
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