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BOUNDARY UNIQUE CONTINUATION THEOREMS UNDER ZERO
NEUMANN BOUNDARY CONDITIONS

XIANGXING TAO AND SONGYAN ZHANG

Let u be a solution to a second order elliptic equation with singular potentials be-
longing to the Kato-Fefferman-Phong’s class in Lipschitz domains. We prove the
boundary unique continuation theorems and the doubling properties for 42 near the
boundary under the zero Neumann boundary condition.

1. INTRODUCTION

The following boundary unique continuation theorem was proved in [1]: if u is a
harmonic function on a connected C*! domain 2 in R® whose normal derivative vanishes
everywhere on an open subset ' of 2 and whose gradient vanishes on a subset of I with
positive surface measure, then u must be identically constant on 2. In fact, the unique
continuation problem for second order partial differential equations has been receiving
increasing attention from both workers in partial differential equations and mathematical
physics. In particular, this attention has been focusing on second order equations in which
the coefficients of the lower-order terms are allowed to be singular, which is suggested by
situations of physical interest; see for instance the extensive survey papers [3, 11].

A useful approach to the unique continuation for the elliptic equations is based on
a combination of geometric and variational methods that exploits the following local
doubling properties of solutions u of the elliptic equations. The original idea goes back
to Garofala and Lin [6] who dealt with the inner unique continuation for the equation
div(AVu) = 0, and Adolfsson and Escauriaza [1, 2] who dealt with the boundary unique
continuation for harmonic functions. Suppose

(1.1) /B ( )Iu(z)|2dx<C |u(1:)|2dz

B, (zo)
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for any ball By (zg) C R" with 2o € Qand0<r <rgrisa positive number. If
By (xg) C Q2 or o € ©, (1.1) is the so called inner doubling property; and if z, € 99,
(1.1) is the so called boundary doubling property.

In this paper we shall extend all the above results, under the zero Neumann boundary
condition, to second order elliptic operators of form,

(1.2) Lu(z) = — div(A(z)Vu(z)) + b(z) - Vu(z) + V(z)u(z), z€Q,
n
k=1 &
matrix function satisfying the ellipticity condition and Lipschitz continuity, b(z) is a
singular vector-valued function, and V'(z) is a real-valued potential satisfying some Kato
type conditions.

in a connected Lipschitz domain Q, where A(z) = (ajx(z)) is a real symmetric

‘It may be worthwhile to remark that for a nonnegative solution u to the equation
Ly = 0, the doubling property (1.1) is a simple consequence of Harnack’s inequality,
see [4]. However, if v has arbitrary sign the situation is drastically different, as one has
to control the zeros of u. So the main thrust in (1.1) consists in the fact that no sign
assumption is made on u. _

There have been many results about the inner unique continuation and the boundary
unique continuation under the zero Dirichlet boundary condition and the assumption
V € K,(52), the Kato’s class, refer to [5, 7, 9, 10, 12]. In this paper, we shall study the
singular potential V which belongs to a large class Q,, the Kato-Fefferman-Phong’s class.
We shall derive the boundary unique continuation under the zero Neumann boundary
condition.

To state our results precisely, we first need to introduce Kato's class, K,(f2), and
Fefferman-Phong’s class, F;(Q).

DEFINITION 1.1: We say a measurable function V € L] (Q) belongs to Kato’s
class K,(Q) if

V)l

limo®(r;V) =0, oX(r;V =sup/ — "y,
r—0 ( ) ( ) Br(z)NQ ‘.‘I) - y{n-Z

zeRn
where B,(z) = {y eER: ly—z{ < r} isthe ballin R*. For 1<t <n/2, Ve L, (Q)is
said to be in Fefferman-Phong’s class Fy(Q) if

] C O\ M
1% = sup rr2 (——-— V(y dy) < +00.
Wie=_sue "\ B@ Jopn

We note that K, C F; and F,j, = LM2 C F, C F, for 1 € s < t < n/2; but L™2%(Q)
and K, () are incomparable for n > 3.
For 1 < t € n/2, we define the function space Q,(?) by

Q) = {V =Vi+Vs: Vi € Ku(), Vi € R(@)}
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and set

n(rize; V) = V=V1+i{/lzfeQ.(Q){gK (s XB.(zo)nVA) + ”XB,(:o)nnVZHFt}-

The assumptions on A, b and V in this paper are the following.
AssuMPTION (A). For any zy € Q, there exists a A > 1 such that for every z € ] and
£ eR",
MR < Afz)E - € < AP
There exists a constant C > 0 and a nondecreasing function f : R* — R* such that
li_i% f(r) =0 and for every z € B,(zo) N Q,

(1.3) |VA(x)| < C%—;ﬂi—n, |A(x) — A(xo)l < Cf(lz — zol);
f(|I — Zp])
(1.4) |b(:z:)| < "m

AssuMPTION (B). For any z, € Q and any sufficiently small positive number ¢, there
exists a t with 1 < t € n/2 such that

(i) VeQu), (2(z-=zo)/|z - 20|V + |z —20|VV) € Qu($), and

li_r}(l)[n(r;zo;V )+n(r Zo; (2 V+ lz — zo|VV))] <e,

where V'~ denotes the negative part of the function V.
() (Iz - 20lV")* € QuR), when 5 # 0.

AssuMPTION (C). For every 1, € ),

/‘1 Mdr < oo, /1 n(r; 2o; (2(z — zo/|T — z0])V + |z — 24| VV))
o T 0

r

dr < oco.

We would like to remark here that the above assumptions are weaker than those
required in [1, 5, 7, 10, 12]. One can see that the potential
V = [z - 2| = f(|z ~ zo]) |z — 20|

belongs to Q:(fY) and satisfies Assumption (B) above. But it does not belong to Kato’s
class and does not satisfy the assumptions in [1, 5, 7, 10, 12].

In this paper, we always denote a Carleson region for the boundary point @, @ € 952
by £&.(Q) = B.(Q) N 9N a surface ball, and by 7,(Q) = B,(Q) N . Taking a boundary
point Qo € 952, we may assume T3(Qp) C €, and write

o5 (r;:9) = 05(r; 0, 9x1300)), (73 9) = (75 0; gx73(Q0))
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for brevity.

The main results in this paper are the following doubling properties near the bound-
ary of the Lipschitz domain.

THEOREM 1.2. Let (2 be a Lipschitz domain, L be the operator in (1.2) satisfying
Assumptions (A), (B) and (C), and let u € HE (Q) be a solution to Lu = 0 in 2 whose
conormal derivative vanishes almost everywhere on £3(Qyg) for some Qo € 9Q. Suppose
that there exists a positive number ro and a point zo € B1{Qy) N$ such that A(zo) =1,
the unit matrix, and

(1.5) A(Q)Q — zo) - P(Q) =0,  for almost everywhere Q € 99 N Bayy (o),

where 7(Q) is the outward unit normal vector at @ € 0. Then

(1.6) / iu(:l:)lzda; < 2‘7(’0)/ lu(z)‘2d.’l:
Bz,-(::o)ﬁﬂ Br(zo)NN2

for all 0 < r < 1y, where C(ry) is a constant independent of zo and .

THEOREM 1.3. Suppose the same conditions as in Theorem 1.2 hold except As-
sumption (C). Then there exist absolute constants C; and C; independent of 0 < r < 7y,
and To € B1(Qo) N Q such that

2 Cy / .
1.7 dz < i
( ) Azr(zo)ﬁﬂ|U(x)| TS exp(rczi) Br(zo)nQIU(z)I z

with some small positive number ¢ = g(ry) satisfying e(r) = 0 ifr = 0.

We remark that if B, (z¢) CC (2, then the condition (1.5) is trivial, and the in-
equality (1.6) and (1.7) are the doubling properties in the interior of domain Q, from
which we can deduce the following inner unique continuation, results of Corollary 1.4
and 1.5. Also see [6, 7] where the potential

V(z) = |z — 20l f |z — o)
with Dini function f or

V(z) = V(|z - z0]) € Ka()
have been considered.

COROLLARY 1.4. Suppose Assumptions (A), (B) and (C) hold, and 2 is a con-
nected domain in R*. Then the operator L has the following strong inner unique contin-
uation property: if u € HZ (Q) is a solution to Lv = 0 and satisfies for a point z, € Q
and every m > (,

/ lu(z), dz=0(r™), r—0,
Br(to)

then u =0 in €.
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COROLLARY 1.5. Suppose Assumptions (A} and (B) hold, and ) is a connected
domain in R*. Then the operator L has the following inner unique continuation property:
ifu € HZ () is a solution to Lu = 0 and satisfies for a point zo € 2 and two positive
numbers K and ¢,

/ |u()| dz = O(exp(~K/r), 1 —0,
B, (o)

then u=01in Q.
In particular, L has the weak inner unique continuation property: if u vanishes on
an open subset )y of §2, then u = 0 in .

Another result of this paper is the following B,(do) weight property of the solution
to Lu = 0 at a Lipschitz boundary.

THEOREM 1.6. Let Q be a Lipschitz domain in R®, L be the operator in (1.2)
with coefficients satisfying Assumption (A), (B) and (C). If u € HZ, () is a solution in
to Lu = 0 whose conormal derivative vanishes almost everywhere on A3{Qy), Qo € 01,
and u vanishes on a subset S of A3(Q) where S has positive surface measure. Assume
that there exists a constant M, possibly depending on u, such that for all Q@ € A (Qo)
and 0 < 7 <1 we have

(1.8) / Iu(z:)|2 dr < M Iu(:c)l2 dz.
T2+ (Q) T:(Q)

Then there exists a constant C and ry > 0 depending on M, the Lipschitz character of
Y and n, such that for all Q € A1(Qp) and 0 <r <rp

1 ) 1/2 C
(19) (m £0(Q) |Vu| dO') < m @ |Vu|da

That is, |Vu| is a By(do) weight when restricted to A(Qo)-

From the theorems above, we shall deduce the following boundary unique continua-
tion theorem for the solution u to Lu = 0 under zero Neumann boundary condition on
C"! domains.

THEOREM 1.7. Let Q be a connected C'' domain in R®, L be the operator
in (1.2) with coefficients satisfying Assumption (A), (B) and (C). If u € H2,(Q) is a
solution in §) to Lu = 0 whose conormal derivative vanishes almost everywhere on an
open subset T of the boundary 99, and u vanishes on a subset of ' which has positive
surface measure, then u must be identically zero in Q.

REMARK 1.8. By using an approximation argument we can prove unique continuation
theorems similar to those above even for H}, -solutions.

In this paper, the letter C always denotes a positive constant which may depend
on ), n, the @, norm, and the Lipschitz character of Q, but may change at different
occurrences. By the notation h = O(f), we mean that |h{ < C|f| for a constant C.
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2. DOUBLING PROPERTIES WITH ZERO NEUMANN BOUNDARY CONDITION

The purpose of this section is to establish the doubling properties for elliptic op-
erators with singular potential, Theorems 1.2 and 1.3. We first recall some lemmas
concerning Kato’s class and Fefferman-Phong’s class which will be useful in this paper.

LEMMA 2.1. Let Q be a Lipschitz domain with o € & C R*, n > 2, and
u € HL.(Q). Then

2
(2.1) / —IU—(IA; dz < C, (/ |Vul? dz + l/ |ul2da>
Br(zo)NN [z ~ zo B, (z0)NQ T J 8B, (z0)NN

for all r, ¢ and u.

PRrROOF: This lemma is a variation of the Heisenberg’s uncertainty principle. We
can deduce it as in [7}:

2
u(z
[ e,
B, (z0)NQ |z — zo

R T
= / ( f uz(zo+w)dw>p“‘3dp
0 BN

< 1 f 'U.2(.’L')d0 _ 2 V’U.(.’E) . (J’J '; .’Eo)
(n—2)r 8B, (z0)NQ n-—2 B, (z0)N02 |z — 2o

This, by Holder inequality, implies the inequality (2.1) and the lemma. 0

u(z) dz.

LEMMA 2.2. ([5]) Let Q be a Lipschitz domain, g € Kn(Q), u € HL (), and
let B = B,(xq) for zy € Q and r > 0. Then there exists a dimensional constant C,
independent of r, zyp and u such that

(2.2) / gl lul* dz < Cno® (r; 9xBra) (/ |Vul?dz + lz/ juf? dm).
BNQ BNQ T

LEMMA 2.3. ([9]) Let Q be a Lipschitz domain, u € H} (), g € F,(Q) with
1<t < n/2, and let B = B,(zy) for zo €  and r > 0. Then there exists a dimensional
constant C = C(n,t) independent of r, Ty and u such that

1
ey [ lollufds< C||9X3nn||n</ valds+ 5 | |u|2dx).
BN BN T JBna

The two lemmas could be proved with the same arguments as in [5, 9]. In particular,
some modifications are needed for the proof of Lemma 2.2, so we shall give the line of
the proof in the appendix of the paper for completeness.

We now start the proof of Theorem 1.2 and 1.8. Without loss of generality, we. may
assume o = 0 is the origin and write B, = B,(0). Thus the condition (1.5) in Theorem
1.2 or 1.3 can be rewritten as

(2.4) AQ)Q-7(Q) =0, for almost everywhere Q € Q2 N By,,.
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We introduce the function p and vector field 5 defined as

pz) = A(z)z-z/lz?,  B(z) = A(z)z/p(z),

and from Assumption {A) we have for |z| = r,

(2.5) ATt plz) €A, | Va@)| < O(f(r)/r), p(z) =1+ 0(f(r),
(2.6) |ﬂ(.’c)| = O(r), div(Az) = n+O(f(r)), (8/0z;)Bx = bix + O(f(r)),

where the constants depend only on A and n. For u as in Theorem 1.2 or 1.3, and
0 < r < 2, we consider the following functions:

ILi(r)= / AVu-Vudz, L(r) =/ (b- Vu)udz,
B,nQ B0

(2.7) Is(r) = /B Vifdz, I6)= K+ h(r) + B(),
H(r)= /aa ” plul’do, N(r)= ;ﬁg

Since 4
H(r) = / plufPdo = / div (22 juf?) da,
8B,NN B.NQ |z|
differentiating H(r), we can get from (2.5) and (2.6) that

Az
H'(r =/ div( =(|ul*)do
(r) 8B,NN (|$|| l)

A
=/ div(—z-) |u|2d0+/ ZuVu—A—I—da
8B.nN |z| 8B.NQ |zl

= (E;—l + O(f—fj—)))H('r) + 2/ u-aido:

oB,na OV

We note that u is a solution to equation — div(AVu) + b-Vu+ Vu =0 on domain

Q, and _B_u_ =0 on 82N B,. Then by the divergence theorem,

oA
. ou
(2.8) I(r)= L,nn div(udVu)dz = -/85,nn uﬁda.
Thus we have
(2.9) H'(r) = 2I(r) + [”T_l + 0(@)] H(r).

LEMMA 2.4. Forevery 0 < r <1, there exists an absolute constant C depending
only on A, n and the Q; norms of V such that
H(r)

r

(2.10) ()] + |1s(1)] < S0 +m(r V) (=2 + 1(r).-
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Further, there exists a small number ro > 0 such that

(2.11) ILi{(r) € EE:Q + 2I(r), for all 0 < r < 2r.

PRrOOF: Using Assumption (A) and (B), one can see that the inequality (2.10) is a
simple result of Lemma 2.1, 2.2 and 2.3. Moreover,
H{(r)
-

I(r) > L(r) - C(f(r) + m(r; V) (=2 + B()).

" Thus if we take a positive number ry small enough, we obtain the inequality (2.11) for
any 0 < r < 2ry. 0

LEMMA 2.5. Foreveryr € (0,2r), H(r) > 0 unless u = 0 in B, N Q.

PROOF: Assume that H(r) = 0 for a certain r sufficiently small. Noting (2.8) we
have I(r) = 0. This and (2.11) imply I;(r) = 0, and so we obtain IVu(:z:)l = 0 for almost
everywhere z € B, N Q. Thus, H(r) = 0 implies v =0 in B, N Q.

Our next task is to find the size of frequency function N(r). From Lemma 2.5, one
can see that the function N(r) is almost everywhere, differentiable. We consider the
differentiation of the function I(r) and N(r). Our argument is based on the following
identity.

LEMMA 2.6. Forevery0<r <],

L(r) =/ AVu - Vudo
8B,NQ

(2.12) =2 /8 —1—|AVu - D|*do + [nT—Z + O(*fgl)] AVuy - Vudz

BN H BN

_2 B-Vub Vud _2 B-VuVudz,
T JB.An T JB,n0

where v is the outward unit normal vector on 8B, or 9.

PROOF: From a direct computation, we have the following Rellich-Necés identity

(2.13) div(B8AVu - Vu) — 2div(8 - VudVu) = div(f)AVu - Vu
dajx Ou Ou 8B, du Bu ou 0 du
A Tk s I_—(a'jk—")
Oz, Oz; 0xi 0z, 0z Oz ; Oz Oz 0z;
We recall that 8- ¥ = r on 8B, and 8- VuAVu - i = (r/u)|AVu - U] on 8B,. Also
we note 8- 7 =0 and AVu -7 = 0 almost everywhere on B, N 8Q. Therefore, integrating
the Rellich—Necas identity (2.13) over B, N2, we obtain Lemma 2.6. 0
LEMMA 2.7. Letfo(r) = f(r)+mo(r; (2V +BVV)") and Z(r) = N(r) +1, then
there exists an absolute constant C and a positive number ry such that

+ B

(2.14) Z'(r) 2 —C-oorﬂZ(r), for all 0 <1 < 2r.
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Proor: We introduce the following quantities

F(r)= 2/ lIAVu - 7|%do,
8B.na K

and

J(r;g)z—z/B Qﬂ'Vug-Vuda:, J(r;V)=—g B-VuVudz,
e!

T JB,nn

and therefore (2.12) can be rewritten
(2.15) Ii(r) = F( ( (T)) 5 ;
. : r)+ +O L(r)+ J(r;b) + J(r; V)
Using divergence theorem, we can get that

(2.16) J(r;V) = l/ div(8V)uldzr — l/ B - iVuldo
B0

T Ja(B.nN)
_n=240Um), oy 1 / (2V + BYV)udz — IL(r).
T T JB.n9
It’s not difficult to see that
|2V + BYV)| < 22|((22/lal)V + 219V)| € Qu().
From (2.15), (2.16) and Lemma 2.1, 2.2, 2.3 and 2.4, we obtain that

— 2I(r) + J(r;g)
L) +m(r 2V + BVV)T) (Hfr)

T

(217)  I'(r) 2 L(r)+ F(r) +

+1(r)).
Therefore, in the case b= 0, the above inequality implies

1) > Fi) + 2221 - ¢BD (ED) 4y,

By this inequality and (2.9), and the quotient rule we obtain

I(MH(r)+rI'(r)H(r) — rI(r)H'(r)
H(r)?

rF(r)H(r) = 2rI(r)* Coo(r)

H(Y :

> -8z,

Z'(r) =

(2.18) > Z(r)

with an absolute constant C > 0 independent of r € (0,2r¢), where we have used the
fact F(r)H(r) — 2I(r)? > 0 by Hélder’s inequality. Thus we have deduced the inequality
(2.14) in the case b=0.
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For the case b # 0, some more careful estimates are needed. First by the assumptions
for b we have

(2.19) |J(r;5)\ < g/;m |z ‘5\ |Vu)? dz < C@ |Vul? dz

B.nN
AFaA

<C

where the positive constant C independent of 7.
An analogous estimate as in (2.16) and Lemma 2.2, 2.3 and 2.4 give

(2.20) —I4(r) € V™ uldr
8B,0
_Po2H0U0) [ o2y,
T B0

+ ! / 2V~ + BVV )uldz + 2 / (BVu)V~ udz
T JB.n T JB.nn

<210y H8)

where we have used the Holder inequality and the assumption (|z — 3:0|V')2 € Q:(Q) for

the integral/ (BVu)V udz.
B.NQ
Now from the inequalities (2.15), (2.16), (2.19) and (2.20), we have

B(r) € ~I(1) + F(r) + 222 (1) + ()

(2.21) 4 Cf(r) + no(r;TZV + gVV) (Hir) L1 (r))
<Fir)+ (1 + 21,

and moreover,

o<,
Cf (r)

Evu| udo < c\/ /a . Vupds /8 - ib|2u2do
Ii(r)H(r)
<Y (T (\/FWH_(— J4 1)+ 2 )
Combining (2.17), (2.19), (2.22) and Lemma 2.4, we have
o) (1) HOY) _ C1O) /iy

where 8o(r) = f(r) + mo(r; (2V + BVV)7).

(2.22)

(2.23) I'ry2
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By (2.23), (2.9) and the quotient rule we obtain
I{r)H(r)+rI'(r)H(r) - rI(r)H'(r)
H(r)?

rF(r)H(r) - 2rI(r)2 Cf(r) Bo(r)
> OB 20 IO /reiae) - o2 200

(2.24) Z'(r) =

with an absolute constant C > 0 independent of r € (0, 7).
Since F(r)H(r) — 2I(r)? > 0, s0 if F(r)H(r) < 4I(r)?, then

CI0) /rymE < 0,
H(r)
and thus the desired differential inequality (2.14) holds. Otherwise, we assume F(r)H(r)

> 4I(r)?. We note that

Cf(r)
H(r)

and so the inequality (2.24) implies
rF(r)H(r) = 2rI(r)> Cf(r)rF(r) _ 00(7')

Ci(r) H(r)
FOMHD < 525 (rFn) + =1,

70> =y H) 70
> (1 — Cf(r))rF(r)H(r) — 2rI(r)? _c O(T)Z(r)
Hr)? r
> —Co°£’)2(r)
for sufficiently small r satisfying C'f(r) < 1/2, which yields the inequality (2.14). 0

LEMMA 2.8. Let L be an operator as in (1.2) satisfying Assumption (A) and (B),
and let u be a solution to Lu = 0 in @ whose conormal derivative vanishes on A3(Qy).
With the notation above, if the condition (1.5) in Theorem 1.2 or 1.3 holds for zo = 0
and small positive number rg, and if A(0) = I, then there exists an absolute constant

C > 0 such that 0 g
Z(r) exp{—C/ —ot(—t)dt}

is nondecreasing in r € (0, 2r,). Moreover,
(1) If [, (86(r)/r) dr < +0o, then N(r) < C(ro) for all T € (0,2ro),
(2) In general, for every r € (0,2r0), N(r) < (Ci(ro))/(rCro)(ro)) where
C(ro), Ci(ro) and Cy(r,) are bounded constants independent of r, and e(rg)

= max 6y(r).
0<r<2rp
PROOF: Recalling the inequality (2.14) above, we have
(2.25) Ed;log Z(r) 2 —C@, for all 0 < 7 < 21y,
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which shows that 2r
Z(r) exp{ ~-C (60()/2) dt}

is nondecreasing. Further, we integrate (2.25) between r and 74 to get

o <oofe [ Ha)

which yields the assertion. 0

This lemma and (2.9) imply Theorem 1.2 and 1.3 by a standard argument. For the
details see [2, 5, 6].

3. B, WEIGHT PROPERTY ON THE BOUNDARY

Before proving the B, weight property on the boundary, Theorem 1.6, we need to
prove several lemmas. Using Lemma 2.1, we can first deduce the following Cocciopoli
inequality ([8]).

LEMMA 3.1. Let Q) be a Lipschitz domain with Qy € 8Q) and L be an operator
as in (1.2) satisfying Assumption (A) and (B). Suppose u € H} () is a solution to
Lu = 0 whose conormal derivative vanishes almost everywhere on A3(Qg). Then there
exist constants C and 0 < rg < 1 such that for all 0 < r < ry and 7 € B;(Qo) N,

(3.1) / |Vu|?dz < gz— |u|? dz.
B, (z0)NN2 7% J By (zo)n02
PROOF: Take 0 < 7 < 1, and let ¢ € C§°(R") be a real function, ¢ = 1 on B,(zy),
supp¢ C Boy.(z0), |V¢| € C/r. Since % = 0 on By (o) N 89, ug? € H(By (o) N Q).
Thus 4
/ [AVu - V(ug?) + (BVu)ug® + Vuug?] dz = 0.
Bar(z0)NQ

By the assumptions and Hoélder’s inequality, one can see from Lemma 2.1, 2.2 and 2.3

that
/ |V (ug) |2 dz
Bz, (z0)N02
< C,\,n/ |u)?|V¢|2dz + C |bug|? dz + C V™ |ug|? dz
By, (z0)N0 Bz (zo)N2 By, (20)NO

(3.2)

< % / lu?dz + C{f(r) + mo(2r;V7)} |V (ug)|” dz

7% J Bar (zo)n02 Bar(z0)N0

Taking 0 < 79 < 1 such that C{f(r) + m(2r;V™)} < 1/2 for all r € (0,r), then
from (3.2) we can get (3.1). The lemma is proved.
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LEMMA 3.2. Let Q be a Lipschitz domain in R® with Qo € 99, and let u be
a nonconstant solution in T3(Qo) to Lu = 0 whose conormal derivative vanishes almost
everywhere on A3(Qy), where L is the operator as in (1.2} with its coefficients satisfying
Assumption (A), (B) and (C). If the doubling property (1.8) holds, then there exist
constants C and 0 < rg < 1 such that for any Q € A(Qo) and all 0 < 7 < 2ry,

1/2
(3.3) {/ |Vau|? do} < Cr'("*a)ﬂ/ |u(z)ldz.
4A,(Q) T:(Q)

Proor: Without loss of generality we may assume @ = 0 and A(0) = I, and that
2 is the set of points z = (z', ,,) in the unit cylindrical body of R such that z, > ¢(z’'),
where ¢ is a Lipschitz function in R*~! verifying ¢(0) = 0 and

|Ve(z') - Ve(0)] < o()'])

for all ' € R™!, where p is a Dini function. From the mean value theorem we get
1
(3.4) 'Vy(z') — p(z') 2 -2|z'|e(l]) 2 —5" for all |2'| < 2r,

with some small positive number ¢ and 0 < r < 1.

We take a nonnegative function ¢ € Cg°(B2,(0)) such that ¢ = 1 in B,(0) and
[V¢| < C/r for some positive constant C. Let 7o = (0,7) and v(z) = (z — zo/7)$*(z), a
vector field supported in B,.(0), then one can see |V7(z)| £ Cy/r in Ty, = B, (0)NS. So
we can see from (3.4) that v-7 2 C; on A, = B,(0) N < for some positive constants C)
and C; depending on the Lipschitz character of €2, and that - 7 > 0 on A,,. Recalling
the Rellich-Necas identity (2.13) and integrating over T, gives

/ v -7 AVu-Vudo
A?r

(3.3) = %2/ |Vu|? dz —'2/ v -Vulb- Vu+ Vu]dz
r Tar Tz,
o(1)

=—/ [Vulzd:z:—2/ v-VuVudz
T T2 Ty
1
= -0(—)/ |Vu|? dz — / v - 7 Vuldo +/ div(yV)|u|? dz.
T Tz, Doy T2
where the last equality follows from the divergence theorem. Moreover, since V € @, and

|2V + (z - 20) 9V < |2z = 20)/le = wolV + |& - 20| WV | € Qs
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we can get from Lemma 2.1, Lemma 2.3, and the Caccioppoli inequality (3.1) in Lemma
3.1 that

{(3.6) div(vV)jul* dz
Tor

= / (r¢3V +35 2020V + RGOV ) uf do
T,

= ‘Oﬂ/ \%4! |<i>u|2 dz — ;/; (2V + (z — 20)VV) ¢ |pul* dz

C

< - V| |pul® dz + = / 92Ty |z ~ :1:0|VVI |pu|? dz
T Toy Bsr(zo)NS2 !IL' - xOI

<& ( / Vup dz + + luf? dx)
T \J Bar(zo)02 ™ J Bar(zo)n02

<& lul*d

<3 u|* dz.

T5r

Using the uncertainty principle, Lemma 2.2 and 2.3 on A,,, we have
(3.7) —/ v - ?Vuldo < Cn(r; V‘)/ |Vu|*do.
Dar Doy
Now combining inequalities (1.8), (3.5), (3.6) and (3.7), we get that
- 2 c 2
(3.8) CaA [(Vul®do < = jul|® dz,
r T,./z

where the constants C; and C are independent of 7 < 2ry, rg is a sufficiently small positive
number. Now using the maximum principle, we can obtain the lemma from (3.8). 0

LEMMA 3.3. Let Q be a Lipschitz domain in R®, L be the operator in (1.2)
whose coefficients satisfy Assumption (A), (B) and (C). If Q € 8Q,0<r < 1,anduisa
solution to Lu = 0 on T5,(Q) vanishing continuously on a subset S of A,(Q) and S has
positive surface measure, and the conormal derivative of the solution u vanishes almost
everywhere on T5,(Q). Then for each € > 0 there exists a constant C(g) such that the
following holds:

/ |u| dz < C(€)r? / Vu|do +é / |u| dz.
Tr(Q) A2r(Q) TZr(Q)

PROOF: After a translation and dilation, we may assume Q = 0 and r = 1. Follow-
ing from the similar idea of {1, Lemma 3.1} we let F denote the set of Lipschitz mappings
v on R*"! verifying ¢(0) = 0 and ||Vy|| =gn-1) < m for m > 0, and £ denote the
set of all the operators L as in (1.2) whose coefficient matrix A satisfies A(0) = I and
IV Al Loon-1y < m. For each ¢ € F we denote Q(p) = {(z',2,); z» > (')}
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If Lemma 3.3 were false, we could find € > 0, a sequence {¢;} in F, {Lx} in £ with
Liw = div(AxVw) + b - Vw + Viw,

6uk

and a sequence {uy} of functions verifying that Lyur = 0 on By N Q(¢x), 5. = 0 on
v
B, N 8Q(gx), uk = 0 on Sg C By N 0 wy), 4
(3.9) / |ux|dz = 1,
BN )
and
(3.10) e/ |ug|dz + K {Vugldo < 1.
B2Qpy) B2n80(px)
For each k we let wy and fi = (fi,..., f!) denote the zero extensions to the whole

ball B, outside of domain () of ux and Vu,, respectively. Since all the above sequences
are compact in the proper topologies, we can find subsequences that we can assume are
the whole sequences such that ¢y — ¢ € F and Ay — A uniformly over compact sets,
be — b and Vi — V weakly in L*(Byj2), and wy = w, fr = f = (f',..., f") weakly in
L?*(Bs,2) and uniformly over compact sets contained in B/, \(y). From the divergence
theorem, the Poincare inequality on A; and (3.10), we find that there is a constant C
such that for all ¥ € C§°(Bss2) and 1 < j < n

l/(wkg-;—'b; + f,{‘w) dzx

/ ugpvjdo
B3/2N09% )

< Clglee /

Bj3;2na% (i)

+ I/(Akfkvw + b - feth + Viwryp) dz

(3.11) =

1
Uy — —— u da|da
SNTA S *

C
< - 0.
< 2l

Taking limits in (3.9) and (3.11), we find that the limit w satisfies the following:
w € W2(By,), w is the solution to Lw = 0 on By,

(3.12) / wldz =1,
B1nQ(yp)

and w vanishes on B; \ (). But an operator L € £ has the interior unique continuation
property; thus w = 0 on Bsj;. This contradicts (3.12) and proves the lemma. 0

PROOF OF THEOREM 1.6: Using doubling property (1.8) and choosing the € in
Lemma 3.3 sufficiently small, we can deduce that

(3.13) / |u(z)| dz < Cr"’/ [Vuldo.

TZr(Q) Ar(Q)
for all 0 < r < rg, where ry > 0 and the constant C depends only on ro. (3.13) and
Lemma 3.2 yield the By(do) property (1.9) for |Vul. 0
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4. BOUNDARY UNIQUE CONTINUATION FOR C!! DOMAIN

Our ultimate aim is to establish the unique continuation at the boundary, Theorem
1.7. We first have the following lemma by the same argument as in [1].

LEMMA 4.1. LetQ beaC"t domain L be the operator in (1.2) satisfying As-
sumptions (A), (B) and (C), and let u € H2 () be a solution to Lu = 0 in § whose
conormal derivative vanishes almost everywhere on D3(Qq) for some Qo € 9. Then
there exists a positive number ry depending on the CY! character of 2 and n, and a con-
stant M depending on n, the C'' character of ? and u, such that the doubling property
(1.8) holds for all Q € £&1(Qo) and 0 < 7 < 1¢.

PRrooOF: The proof of theorem 0.8 in [1] can be used here with some obvious modifi-
cations. After a translation we may let @ =0 € A3(Qy), we can construct a proper C!
diffeomorphism ¥ : B, (0) — B,o(O) where 7 and ry are two small positive numbers.
Defining #(z) = u o ¥(z) and ) = ¥~1(), we have that & is a solution to

T = — div(AVE) +b- Vi + Va =0,
on By, (Qo) N, where @ = {(z’,x,,);lz,, >0} and
A(z) = det JU(z)JU 4 (z) Ao ¥ (z)JT }(z)

b(z) = det JU(z)JT ! ()] 0 U(z)
V(z) = det JU(z)V o ¥(z).

Moreover, the operator Z, % and Q satisfy all the assumptions in Theorem 1.2, thus
the doubling property (1.6) with zy = 0, and then (1.8}, holds for & and as a consequence
for u, which implies the lemma. 0

PROOF OF THEOREM 1.7: Without loss of generality we may assume that
I' = A3(Qo) and

S={QeTl: uQ) =0} c £,(Q)

for some Qo € 89. We suppose u € HZ,_ () is a solution to Lu = 0 as in Theorem 1.7 and
that @ € A,(Qo) denotes a density point of the set F = {Q € N1(Qo) : Vu(Q) = 0}.
By Lemma 4.1 and Theorem 1.6, we obtain from Holder’s inequality that

L (A (Q\E)Y 2 1 T
T oo 7 < (a0 ) B T )
o(B(Q\E)\ 2 C
<( o(L,(Q)) ) o(A(Q)) /A,(Q)lvulda’

for all 0 < r < ry. This implies that there is a positive constant C such that

a(8,(Q)\ E)
o(Ar(Q))

(4.1) >C?
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for any small 7 > 0. But one can find that if 0(F) > 0 the inequality (4.1) is impossible
du

by taking  — 0. .On the other hand, since 5. = 0, o{S) > 0 implies ¢(E) > 0.
A

Therefore, we have o(S) = 0 if v # 0 in Q, and then complete the proof of Theorem

1.7. 0

5. APPENDIX

LEMMA 5.1. Let ) be a Lipschitz domain, B, = B.(z,), and assume
V e K,(Q) N L=®(Qn B,),

and V > (0. Then the following Neumann problem

Aw = V, in QN B,-,
o _

(5.1) i 0, on 90N B,,
oy 1

B NaoB
817 IQ n aBrl anB, V(y)dy7 on Q 6 L]

is solvable, where U denotes the unit outer normal vector. Moreover, the solution ¥ to
the above Neumann problem satisfies the following estimate

(5.2) 1l Lons,) < Cno™ (75 Vx5,00)

with a dimensional constant C,,.
ProoF: For g € C(8(B, NQ)) and P,Q € 8(B, N ), we define

K*g(P) = po— (P-Q) -9(P)

wn Jog.nay 1P - QI 9(@)da,

where w, denotes the measure of the unit sphere 8B, in R". By known results (see [13]),
the operator S = (—(/ + K‘)/2)—1 maps L3(8(B, N Q)) into itself. Let

(z-Q) - 7Q)

=@=1 oY
oz -QF TIQnoB

Qe€oNnBkB,,

QeNNIAB,,

then g,(Q) € L2(8(B, N 2)). We can now define the Neumann function,

- _ 1 1 _ 1 5(9:)(Q)
(5-3) Nz,y) = wn(2-n)|z-y[""? wa(2-n) /aus,nn) ly - Q|"_2dQ’

and one can see from [13] that the solution of the Neumann problem (5.1) is given by

(5.4) Y(z) = N(z,y)V(y)dy.

aNB,
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Substituting (5.3) into (5.4), one can see that because of the assumption V € K, the
terms corresponding to the addend in (5.3) have L* norm QN B, that satisfies the bound
(5.2) by the same arguments as that in [5]. 0

LEMMA 5.2. ([5]) Let Q be a Lipschitz domain, V € K,(), and u € HL(Q).
Then there exists a dimensional constant C,,, independent of B = B.(zy) and u, such
that

1
(5.3) / V] |ul® dz < Cno® (r; VXana) (/ |Vul?dx + —/ lulzdo).
BN BNQ T JaBna

PROOF: Denote o¥ (r; Vxp.nn) by o(r), and set

1
—_— | % d
IQ n aBr‘ nm;r I (y)l y’

we can see that h(r) < C(e(r)/r). From the divergence theorem and Lemma 5.1, we

h(r) =

have
/ (V| |ul? dz = / Oyuldz = h(r) / u?do — 2 uVy - Vudz
BAQ BnQ 8B BnQ
1/2 12
(5.6) < h(r) uldo + 2(/ u?|Vy|? dx) (/ |Vul? da:) .
8BnQ BNn Bag

Using the divergence theorem and Cauchy inequality, we can deduce that
[ w|Vy|idr = l/ AW dz — / [Viu*p dz
BOQ 2 Jana BnQY

1 / 20(¢?)
€z u'—=do
2 JoBnn ov

- l 2 2 o 2
(5.7) 5 [ VY@ st wlie [ Viids

< %L)/ vido + -1-[ w?|Vy|? dz
r 8BNN 2 /Bra

+2 / VY| Vul? dz + Colr) / Va2 da.
BN BN

Inequality (5.7) yields

(5.8) / 2|V ds < Co(r) [1 / wdo + / |vu12dz]
Bn} aBNnN BN

r
+ Colr) |V|u2 dz
BnQ

Now we replace (5.8) in (5.6), we can deduce (5.5) and obtain the lemma. 0

Finally, we can prove Lemma 2.2 by Lemma 5.2 and the following inequality

C
(5.9) / ufdo < & uf2dz + Cpr / Vuf dz,
8B, (z0)NN T JB, (zo)n0 Br(zo)N0

which can be deduced as (2.1) of Lemma 2.1.
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