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Abstract

We derive a large deviation principle for a Brownian immigration branching particle
system, where the immigration is governed by a Poisson random measure with a Lebesgue
intensity measure.
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1. Introduction

Consider a particle system in R?. Particles are initially distributed according to a Poisson
random field with intensity measure p. Each of these particles undergoes Brownian motion
until it either splits into two particles or disappears at an exponential rate. For a bounded
measurable set A C RY, let M, (A) denote the number of particles in A at time ¢. Define

My, fy= > f, feL'®).

xesupp M;

We call (M;);>0 a Brownian critical binary branching particle system; see Dawson (1993).
Consider a situation in which there are additional sources of particles from which immigration
occurs during the evolution. The immigration time and sites are determined by a Poisson
random field on [0, co) x R¢ with a Lebesgue intensity measure. After arriving, each of these
particles propagates and moves in R¢ in the same way as the other particles. Let N, denote
the empirical measure of the immigration particle system at . The process (N;);>¢ is called a
Brownian immigration branching particle system; see Li (1998).

The large and moderate deviation principles (LDPs and MDPs) for Brownian particle systems
and super-Brownian motion have been studied by several authors; see, for example, Cox and
Griffeath (1985), Deuschel and Wang (1994), Deuschel and Rosen (1998), Iscoe and Lee (1993),
Lee (1993), and Hong (2003). In particular, Deuschel and Wang (1994) studied the LDP for
the occupation time process of a Poisson system of independent Brownian particles without
branching. The LDP for the occupation time process of branching Brownian motion was
studied by Cox and Griffeath (1985). Iscoe and Lee (1993) and Lee (1993) obtained the LDPs
for occupation processes of both a Brownian branching particle system and its measure-valued
version. In Zhang (2004a), (2004b), the author studied the LDP and MDP for super-Brownian
motion with immigration, where the speed function is #!/? ford = 1, ¢/logt ford = 2, and ¢
ford > 3.
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A Brownian immigration particle system 1121

In this paper, we are interested in the LDP for the Brownian immigration branching particle
system (N;);>0. Suppose that No = 0, i.e. there are no particles at the initial time. For a
bounded integrable function f > 0, we have

l(1\7T,f)—>/ f(x)dx, T — oo.
T R4

We shall study the LDP based on this central tendency for d = 1. In this case, the speed
function is 71/2, as in the case of super-Brownian motion with immigration (see Zhang (2004a)).
However, in the present paper we obtain the complete LDP, while in Zhang (2004a) only a local
LDP (in a neighborhood of [ f(x) dx) was proved. These discussions can also be applied to
super-Brownian motion with immigration, so the results of Zhang (2004a) can be modified and
the complete LDP holds.

We introduce some notation before we state our results. If u is a Borel measurable function
on [0, co) x R?, we shall often suppress a variable and write u(¢) for the function whose value
at x is u(¢, x). If u is differentiable, we simply write du(¢)/dt for du(¢, x)/d¢, and denote by

d 2

Au(t) = Au(t, x) =) %u(l, x)

. X
i=1 1

the Laplacian of u.
Let C (Rd) denote the space of bounded continuous functions on R?. We fix a constant
p >dandlet¢p(x) :=(1+ |x|%)~P/% for x € R?. Let

Cp(R?) ;= {f € C(RY): | f(x)| < const. X ¢p,(x)}.

The nonnegative subset of C), (R9Y will be denoted by C +(Rd ). We denote by M (RY) the set
of all positive Radon measures on the Borel o-algebra of R?. Let M (Rd) C M(RY) be the
set of w such that

(i, f) :=/f(x),u(dx) < oo forall f e Cp(RY).

We endow M), (R) with the p-vague topology: a sequence {u;} C M p (R?) converges in this
topology to u € M,,(Rd) if and only if (g, f) — (u, f) forall f € C,,(Rd). Note that the
Lebesgue measure, which will always be denoted by A, belongs to M, [R4) for p > d. Let
|| - || denote the usual supremum norm on R?. For any Lebesgue square-integrable function ¢
on [0, 1] x R4, define its L2-norm by

1 12
loCs 2o, 11xRe) = </ df/ @ (t, x) dx) .
0 R4

If (X;);>0 is a Markov process with state space M, (R4), we will denote by P 1« the probability
measure such that P, (Xo = ©) = 1. Expectation with respect to P, will be denoted by E,,,
and Py and E( will be abbreviated to P and E, respectively.

Suppose that (P;)>o is the transition semigroup of Brownian motion in R4 and p(x) is its
density function: p;(x) = (Amr)~4/2 exp{—|x|2/4t}. Suppose that (M;);>¢ is the Brownian
critical binary branching particle system introduced at the beginning of the paper. For u €
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M, (Rd), let E(,) denote the conditional law of (M;);>( given that My is a Poisson random
measure with intensity ©. Then

Eu exp{—(M;, )} = exp{—(u, v(t, )}, f€Ch@RY, (1.1)
where v = v(, x) is the unique mild solution to
ag(tt) = Av@t) —v2(0), v@) =1—e7; (1.2)

see Dawson (1993). A Brownian immigration branching particle system (N;);>o is an
M, (R%)-valued Markov process with Ny = 0 and Laplace transform given by

t
Eexp{—(N,,fn:exp{—[ (ho vs, ~>>ds}, feCy®Y;
0

see Li (1998).
Suppose that f € C;(Rd) and (A, f) =1. Ford =1and T > 0, define
A(T,0) = T~ /?logEexp{6T~2(Nz, f)}. (1.3)

We will prove, for some 6 € (—o0, 6p), 8y > 0, that

1 s
A@®) = lim A(T.0) =9+/O ds/o L [V, - 6)1) dr, (1.4)

where V (-, -; 8) is the unique solution to the singular PDE
aV(s)
as
Here §¢ is the Dirac mass at 0. Moreover, limgqg, A'(@) = oo, where a prime denotes
differentiation. Let 7 (a) be the Legendre transform of A (6):

I(@)= sup [ab — A@O)], a eR.
6e(—00,0p)

Theorem 1.1. Ford =1, if U C R is open and C C R is closed, then

=AV()+V2is), 0<s<1, V() =66.

T—o00

N
lim inf T_l/zlogP{—T € U} > — inf I(a)
T acU

and

N
lim sup T2 logP{—T € C} < —inf I(a).
T—00 T aeC

2. Proofs
In this section we prove Theorem 1.1. We need several supporting lemmas.
Lemma 2.1. There exists a 8y > 0 such that, for 6 € (—o0, y),
oV (1)
ot

has a unique solution V.= V (¢, x; 0) satisfying

= AV + Vi), 0<t<1, V() =68, @2.1)

é%}) IV C - Oz o,11xr) = 00- (2.2)
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Proof. For 6 < 0, the assertation follows from Kamin and Peletier (1985, p. 205). We
discuss the case & > 0. In Zhang (2004a) (see Corollary 3.1 thereof), the author proved that
the unique solution of (2.1) exists in L2([0, 1] x R) for 6 € (0, /7 /4). Hence, it remains to
determine the boundary point 8y. For [ > 0, consider the following equation:

ow(s)
as

=Aw(s) +wi(s), s<I,  w(0)=d. (2.3)
Clearly, the solutions to (2.3) (which we denote by w = w(s, x; §p)) and (2.1) are related by
w(s, x;80) =02V (O 25,0 x; 0).
Thus, (2.3) has a unique solution in L2([0,1] x R) if I < w/16. Define
¢ = sup{z: (2.3) has a unique solution (still denoted by w(-, -; §p)) in L2([0, t] x R)}.
Therefore, ¢ > 7 /16. In the following, we prove that ¢ < co. Fix ¢ < ¢ and define
w(s, x) = /pz—s(x,y)w(s,y;éo)dy, s <t

By (2.3), we have s
ws, x: 80) = ps (x) + / Py w2 (r, - 800 (x) dr
0

and, so, with p;(x, y) = p;(x — y),
w(s, x) =p,(x)+/pt,s(x,y) dy/o Py_ [w?(r, -; 80)1(y) dr

= pi(x) + /O Car / Pr—s (6, Y) Ps—r [w? (r, -5 80)1(y) dy
= pe(x) + /OS P [w?(r,  80)1(x) dr. 2.4)
Fors <t < cand x € R, and noting the definition of ¢, we have
W(s,x) < p,(x)+/Os[47r(t—r)]_l/zdr/w2(r,x;80)dx

<p:x)+ 4=t — s)]71/2/ dr / wz(r,x; 8o) dx
0
< 00.

On the other hand, by (2.4) and the Schwarz inequality, we obtain
N
w(s, x) = pr(x) + f (Pr—r[w(r, ; 80)1(x))* dr
0

= pi(x) + f W2 (r, x) dr,
0

which implies that w(s, x) is a super solution to

aW (s, x)

. =W, x), s<t,  W(0,x)=px).
S
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(That is, w(s, x) > W(s, x) forany s < t and x € R.) Clearly,

Dpr(x)

W(S,.X) = Tpt(x)

Choose 19 = 647 and x = 16 +/log?2, meaning that %topto(x) = 1. Lets = %to. Then
w(s, x) > W(s, x) = oo, which implies that ¢ < 7y < co. Let

V(t, x:0) := 0>w(O%t, Ox: &), 0<t<1,xeR. (2.5)

Then V (¢, x; 0) is the solution of (2.1) for each 8 < 8y := 4/c. To see (2.2), note that
¢ 2
lim [V (. 0)ll 20,18 =90/ ds/w (5, v 80) dy.
0160 0
By the definition of ¢, we conclude that foc ds [ w2 (s, y; 89) dy = 0o, and obtain (2.2).
Otherwise, if
C
/ ds/wz(s, y; 8p)dy < o0
0
thenlet0 < Ac < 1. Fort € [c,c+ Ac]landn =0, 1,2, ..., define

t
Wn1(t, x5 80) = Pr—c[w(c, -5 80)](x) +/ P [; (r, - 80)1(x) dr, 2.6)

wo(t, x; 80) = Pr_c[w(c, -; 80)1(x).

Define the LZ-norm of a function g(-, -) on [c, ¢ + Ac] x R by

) c+Ac )
g7z =f dtfg (t, x) dx,
c

if this integral is finite. In analogy with (2.4), we have
c
IDO(tax) =pt(x)+/ Pf—r[wz(r7';80)](-x)drv re [C76+AC]'
0

By the C,-inequality, this implies that

c+Ac c+Ac c 2
lwol2, < 2/ dt/ptz(x)dx+2/ dt/(/ P [w3(r, -;80)](x)dr) dx
c c 0
c+Ac c+Ac c c
=2/ pzt(O)dt—i—Z/ dt/ dr/ du
c c 0 0

x // Par—r—u(y, DW(r, y; 80)w? (u, z; 8) dy dz
2 c+Ac
< \/j(a/c+Ac—«/E)+2/ [4r (2t — 20)]" Y2 dr
T c

C C
x/ dr/wz(r,y;éo)dy/ du/wz(u,z; 80) dz.
0 0
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Let A := [y ds [ w?(s, y; 80) dy < co. We then find that

_ 2 2
||U)0||i2 =< \/;(\/C-i-AC — /o) —i—\/;Az,/Ac < ki/Ac,

where k; is a constant depending only on ¢ and A. In the following, we suppose that k; > 1.
By the C,-inequality and (2.6), we similarly find that

- 2
1 0n+1172

c+Ac t 2
52||wo||§2+2/ dr/(/ Pt_r[w,%(r,-;so)](x)dr) dx
C C
c+Ac t t
< 2ky/Ac+2 / di f dr f du f / Prvru(y, DB, y: 80)D2(w, 23 80) dy dz
C C C
c+Ac t t
< 2k1‘/Ac+2f dt/ dr/ [Ar 2t —r —u)]~ Y2 du
C C C
x // w2 (r, v 80) W2 (u, z; 80) dy dz
1 c+Ac t B np 5 . t
< 2kj/Ac+ — dr | (t—r) dr | wy,(r, y; o) dy du
ﬁ c c c
x /uv,%(u,z; o) dz
L o c+Ac t Y s .
< 2kiy/Ac+ N lwnlly 2 de | (t—7) dr | w;(r,y; 80)dy
C C
1 c+Ac c+Ac
< 2k1,/Ac+T||wn||i2f dr/ (z—r)—l/zdr/a),%(r,y;ao)dy
T C r
1 c+Ac
< 2ki/Ac+ annniz/ 2/c+ Ac—rdr/u‘),%(r,y; 80) dy
s c
2 i
< 2kiy/Ac + ﬁ\/Acuwnn‘;

< ka/Ac(1 + [[wall]2). 2.7

where k> > 0 is a constant depending only on k; and c. Choose Ac, 0 < Ac < 1, such that

(k1 + Dkoo/Ac < 1/T+ Ac, and note that
lioll72 < kiv/Ac < kiy/T+ Ac.
Suppose that || W, I|i2 < k1+/T + Ac. Recalling that we have assumed k; > 1, by (2.7) we have
I @as1132 < koy/Ac[l + k(1 + Ac)]
< ka(k? + 1)y/Ac(1 + Ac)
< ka(k? + k1)v/Ac(l + Ac)

<ki/1+ Ac

< Q.
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From (2.6), we know that w,, is increasing in n. Therefore, w := lim,_  w, exists in
L2([c, ¢ + Ac] x R) and satisfies (2.3) on the interval [c, ¢ + Ac].
It is easy to check that

w(t, x;8), tel0,c],

_ 2.8)
w(t, x;80), te€lc,c+ Ac],

w(t, x; 8p) = {

is a solution to (2.3) that remains in L?([c, ¢ + Ac] x R). Let us see the uniqueness of this
solution. Suppose that w; is another solution to (2.3) in L2([¢, ¢ + Ac] x R). Then

t
w(t, x; 80) = Pr_c[w(c, -5 80)](x) +/ P [02(r, -3 80)1(x) dr, t € e, c+ Acl,

c

t
wy(t, x; 80) = Pr—c[w(c, -; 8p)](x) +/ P [03(r, -3 80)1(x) dr, t € [c,c+ Acl.

c

By using the Schwarz inequality and arguing as in (2.7), we find that

c+Ac
J :=/ dt/|a)(t,x;50)—wl(z,x;50)|2dtdx
C

c+Ac t 2
=/ drf(/ Pt_,[|w2(r,~;ao>—zb%(r,-;so)u(x)dr) dx

c+Ac
f 11125 151112, Vet be— rdr/ i (r, y; 80) — B1(r, v 80)1* dy

c

f 10172 117 2y/Bed.

Since both w and w; belong to L2([c, ¢ + Ac] x R), we can choose Ac > 0 such that

2 _
FE DIy Ae < 1.
Then we have

c+Ac
J = f dt/ l(z, x; 80) — w1 (t, x; 8)|> dx = 0.
C

c
/ dsfw2(s,y; 80)dy < o0,
0

then by (2.8) we can construct the unique solution of (2.3) in L2([0, ¢ + Ac] x R). This
contradicts the definition of ¢, and the proof is complete.

Therefore, if

Corollary 2.1. For each 6 € (—o00, 6y), there exists an a > 1 such that

aU(t)

o = AU@) +aU%1t), 0<t<1, U(0) =05, 2.9)

has a unique solution U(-, -; 0) € L*([0, 1] x R).
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Proof. Set U = aU, where U is the solution to (2.9). Then U is the solution to

aU (1)
t

=AU+ U*@1), 0<t<l, U(0) = abo. (2.10)

For each 6 € (—o0, 6p), we can choose an @ > 1 such that af € (—o0, 6y). By Lemma 2.1,
(2.10) has a unique solution U, and the assertion follows.

Lemma 2.2. Suppose that f € C;(Rd) with (A, f) = 1. Let
frx,0) = T(exp(0T ' f(T"2x)} — 1).
For 6 € (—00, 0y), the equation

aVr(t)
ot

=AVr(®) +VE@D), 0<r<1,  Vr0) = fr(-0), 2.11)

has a unique solution Vr (-, -; 0), which convergesto V (-, -; 0) in LZ([O, IIxR)asT — oo. If
we allow 0 to be a complex number such that |0| < 6y, then Vr (-, -; 0) is analytic in |0| < 6.

To prove Lemma 2.2 we need the following result.

Lemma 2.3. As T — oo,
1
/ dt /(Pz[fr(-, 0)1(x) — Op(x))* dx — 0.
0
Proof. If 6 = 0 the assertion is obvious. For 6 # 0,
1 1
/0 i / (PLFr (. )1(6) — 0 () dx = /0 di / / pae(r. ¥) fr(x. 8) fr(y. ) dx dy
1
—29/ dt/sz(x,O)fr(x,O)dx
0
1
+ 62 / p2:(0)dr. (2.12)
0
For the first term on the right-hand side of (2.12), we have
1
I o= /0 ar /f oo, ¥) fr(x, 0) fr(y, 0) dx dy
! —1/2 OT~1/2 f(w) 0T =12 f(u)
= dt pu (T (w—u))T (e —D(e — D) dwdu.
0
After simple calculation, we find that

(2.13)

e — 1] < alx], 0<x <loga, a>1,
|x], x <0.

For T > To(0, f) := (0f)*(log2)~2 we have

6T~ 2 f () < 1011 FIT~? < log2.
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Then i
121 T ™) 1) < 210f (w)].

By applying the dominated convergence theorem to /1, and recalling that (%, f) = 1, we find
that

1
I — 92/ p2(0)dt < 0.
0
Similarly, we obtain
1 1
L= 29/ dt/pz,(x,O)fT(x,e)dx - 292/ p2:(0) dr.
0 0

This completes the proof.

Proof of Lemma 2.2. For § < 0, by replacing f by —0T /2 f(T'/2.) in (1.2) and making
the change of variable V (¢) <> —V (¢), we obtain (2.11). For 0 < 0 < 6, define

_ 1
Vs, x,0) =/5fT<x—y,0>U<s,y;e>dy,

where U (-, -; 0) is the solution to (2.9). By (2.1) and the Schwarz inequality, we have
Vr(s, x,0)

S 1

= PLfr (. 0)]() +a/0 dr/ G = 3 OB U35 6)]0) dy

— P 0] + g/o ar // Fr(x = v.0)ps—r (v, DU(r, 2: 6) dy dz

= P 010 + ;—’/ ar /f Psr (W) fr (x — w — 2, OWU(r, 2: 0) dw dz
0

s 2
> Ps[fT(-,Q)](x)+g/ dr/‘ps—r(w)dw(/ fT(x—w—Z,Q)U(V,Z;G)dZ)
0

-1
X </fT(x—w—z,9)dz>

K 2
> Py (- 0)]() + 912/ dr/ps_mw) dw(/ Frix—w—2,0)UG e>dz)
0

— PLfr (. 01 + /O Car / Py [V2(r, -, 0)]dr.

In the fifth step, we have used (2.13), which yields

-1

-1
(/ frx —w—z, 9)dz) (T /(exp{er—1/2f(T1/2(x —w—z2)}—1 dz>

-1
> <a9T1/2 f F(TV(x —w—2)) dz)
= (a®)™!

when T is sufficiently large.
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Thus, V7 isa super solution of (2.11), i.e.
Vs, x;60) = Vr(s, x;0)

for any (s, x) € [0, 1] x R. By standard results on differential equations, we conclude that
(2.11) has a unique solution Vr for 8 € (0, 6p).

In the following we discuss the limit of V7. By (2.11) and (2.1) we have, for 0 < ¢ < 1,
&
1(T) ::/ dt/|VT(t,x;9)—V(t,x;9)|2dx
0
&
<2 /O at [ B e 01 - 0p, 00 d

e t 2
+2/ dt/(/ P [IVE(r) — Vz(r)|](x)dr> dx
0 0

=: 211(T) + 2L(T), (2.14)

where

I (T) =/0 dt/(Pz[fT(x,Q)] —0pi(x)*dx — 0

according to Lemma 2.3. By the Schwarz inequality, in analogy with (2.7) we have

e t 2
12(T)=/ dt/(/ P,_r[|VT2(r)—Vz(r)|](x)dr> dx
0 0
& t t
=/ dt/ dS/ dr// Par—s—r (X, MIVT () = V()P (x)
0 0 0

x [Vr(s) + V(5)|*(y) dx dy
< (4m)~1/2 /08 dr /Ot dr/|VT(r,x) — V(r, x)|? dx
. /O’@z —s = 2as (V60 + V26 ay
< (47:)1/2/08 dt/()t(t—r)l/zdr/ \Vr(r, x) = V(r, x)|>dx
X fot ds/(Vi(s,y)Jer(s,y))dy-

For any x € R, using (2.13) we obtain

1 1 1
E/IfT(x—yﬁ)ldy: E/Ifr(x—yﬁ)ldx: gflfr(z,G)IdZ =M(@®, f)
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forT > Tp, where M (6, f) > Oisaconstantdepending only on 8 and f. Then, by the Schwarz
inequality, we have

L
/ /VT(s,x)dxds
0
1 1 2
2/ ds/(g/fT(x—y,Q)U(S,y; 9)dy) dx
0
1 1
=5 A dS/ dX(/IfT(x—y,G)IUz(s,y:9)dy></IfT(x—y)Idy>

M@, 1
%/0 dsfU2<s,y;9)dy/|fr<x—y,6>|dx

1
§M2(0,f)/ ds/Uz(s,y;e)dy
0

< Q.

By Lemma 2.1, we have

1
/ ds/ Vz(s, y;0)dy < oo.
0

By combining these results, for 0 < ¢ < 1 we find that
& t
L(T) < c/ dt/ (t—r)*‘/zdrfWT(r,x) —V(r,x)*dx

0 0
& &

< c/ dr/ (t—r)*l/zdz/m(r,x)— V(r, x)|>dx
0 r
&

< c/ 2(8—r)1/2drf \Vr(r, x) — V(r, x)|* dx
0

&
52c51/2/ dr/|vT(r,x)—V(r,x)|2dx
0

=2Ce'21(T),
where C > 0 is a constant. Recalling (2.14), we have

I(T) <2I)(T) + 4Ce' 2 1(T).

172

By choosing an ¢ > 0 such that 4Ce'/~ < 1, we see that

I(T) <2(1 —4Ce'»~'1(T) - 0

as T — oo. Now consider dividing [0, 1] into intervals [0, €], [, 2¢], . ... By similar methods
we can prove that

2¢e
f dr/(VT(r,x) —V(r,x))?dx — 0, n=0,1,2,.... (2.15)
&

In fact, for ¢ € [g, 2¢] we have

t
Vr(t,x;0) = Pi_e[Vr (e, - 0)](x) +/ P [V7(r, - 0)]dr,

t
Vit,x;0) = P_¢[V(e, s 0)](x) +/ P [V3(r, 1 0)]dr.
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In analogy with (2.14), define

2¢e
I’(T):/ dt/lVT(t,x;Q)—V(t,x;9)|2dx.
e

AsT — oo,
2¢
uwwzf m[@%Wﬂﬂﬁmﬂ—ﬂﬁW@ﬁW@WW
2¢
5/ m/UHWO—&%Mﬂ—VU—wﬁHMVM

2¢e
= / dtf(VT(t —&,50)x)—=V(t—¢,- 9)()c))2 dx
= 1L(T)

— 0.

The remainder of the proof of (2.15) is analogous to our previous discussions on I (T'). Clearly
there are no more than |[1/e| + 1 such intervals of the form [ne, (n + 1)¢], where |-] is the
least-integer function. Therefore we arrive at

1
/ dr /(VT(V,X) —V(r,x))?dx — 0.
0
Now let us see the analyticity of Vr(z, x;6). For each T > 0, define {v ,n € N}

recursively by

w1, x;0) =0,

, 2.16
v$+”g,ne)::aLﬁwuenuo+:£ Pl (s, 3 )1 () ds. o

By induction, for each real number 6 € (0, 6p), we obtain 0 < v(")(t x;0) < Vr(t, x; 0) for
all n, ¢, and x, and v(T") is increasing in n. By applying the monotone convergence theorem to
(2.16), for each 6 € (0, 6y) we find that

v(T")(t,x; 0) — Vr(t,x;0) asn — oo.

Now allow 6 to be a complex number. Again by induction, it is easy to see that, forn € N,
(")(t x; 6) is analytic in || < 6y and

sup [0 (1, x;0) < Vr(r,x; 10, 16] < 6.
n

Thus, { )(t x;60), n € N} is a normal family of analytic functions on the disc |6 < 8o,
and U(T (t x;0) — Vr(t, x; 0) for 0 in the real interval (0, 6p). Therefore, by Conway (1978,
p. 151, Theorem 2.1) and Vitali’s theorem (see Conway (1978, p. 154)), the sequence

i, x;6), n € N}

converges to an analytic function Vr (¢, x; 6) on the disc |0| < 6p.
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Corollary 2.2. Suppose that A(0) is defined by (1.4). As T — o0, we have

1 K
AB) =06+ / dsf (A, [V(r, 9)]2) dr, (2.17)
0 0

and limg ¢, A (0) = oo.

Proof. For6 <0, by (1.3) and (1.1) we have
T
A(T,0) = T2 logEexp{(Nr, 0T /2 f)} = T’1/2/ dr/ﬁ(r,x;er‘/z)dx,
0

where 3(-, -; 6T ~1/2) is the solution to

Ao (1)

- — AU+ 52(1), O0<t<1, w(O)=e T 2F 1.

By changing variables according to » = uT and x = T'/2y, we obtain

A(T,0) 2/
0

for & < 0, where fr is as given in Lemma 2.2 and V7 (-, -; 6) is the solution to (2.11). Now
allow 0 to be a complex variable. For |6| < 6, the analyticity of fr(x,6) and Vr(z, x; 0)
implies that

1 1 s
(A, Vr(u,-;0))du = (A, fr(-,0)) +/ ds/ A, [Vr(r, 0)]2)dr (2.18)
0 0

1 K
I(T, ) == (?»,fr(-,G))-ir/ ds/ (o [V, 5 0)P) dr
0 0

is an analytic function on the disc |#| < 6y. For a fixed f and T, denote the law of (N,
T~1Y2 f) by wr. Then Eexp{(N7, 0T~/ f)} is the Laplace transform of the probability law
wr on [0, 00). By Widder (1941, p. 57, Theorem 5a), E exp{(N7, 0T ~'/2 f)} and, thus, A(T, )
are analytic in the half-plane {#: 6 = o + it, 0 < 0}. For each real number 6 < 0, we then
have

A(T,0) =T(T,0).
Therefore, by the uniqueness of analytic extension, A(7T, #) can be uniquely extended to the
real line-segment [0, 8y), upon which it coincides with I' (7T, ). Thus, (2.18) holds for the real
number 6, —oo < 6 < 0y. Let T — oo. Then, noting the two formulae below (2.13), we have

(A, fr(-,0)) — 0, and by applying Lemma 2.2 we recover (2.17). By (2.5), for 6 € (0, 6p) we
have

1 s
A0) =9+94[ ds/ dr/wz(ezr, 0x; 80) dx
0 0

92 K
=9+9‘1/ ds/ dr/wZ(r,y; do) dy,
0 0
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and, so,

02 K 0?2
AN@B) =1- 972/0 ds/0 dr/wz(r, y; 80)dy + 2/0 dr / w2(r, y; 8) dy
62 62 62
1-— 972/ ds/ dr / wz(r, v; 80)dy + 2/ dr/wz(r, y; 80) dy
0 0 0

62
=1+/ drfwz(r,y; 80)dy
0

=1+ ||V(, S 9)”%2([&1]“}@)-

v

Thus, the second assertion follows from Lemma 2.1, and the proof is complete.

Proof of Theorem 1.1. This is immediate from Corollary 2.2 and the Gértner—Ellis theorem
(see Dembo and Zeitouni (1998)).
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