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The baryonic spectrum of multiflavor QC D,
in the strong coupling limit

We are now going to compute the baryonic spectrum of QC'Ds, for which as
it turns out the bosonic formulation is very convenient. The mesonic spectrum
was found earlier, using large N with quark fields as variables in Chapter 10,
as well as using currents as building blocks in Section 11.3. For the baryon
spectrum, however, the large IV limit, in terms of fermionic fields, is not the
natural framework to use since in such a picture the baryon is a bound state of
a large number N of constituents. Instead, it will be shown in this chapter that
the bosonized version of QC D, in the strong coupling limit provides an effective
description of the baryons.! We will start by deriving the effective action at
the strong coupling limit. It will be argued that for the purpose of extracting
the low-lying baryons, one can in fact use the product scheme instead of the
U(N. x N.) scheme, with the former being more suitable for our purposes. Once
the effective action is written down we will search for soliton solutions that carry
a baryon number. It will be shown that for a static configuration the effective
action reduces to a sum of sine-Gordon actions. Using the knowledge acquired
on solitons, in Chapter 5, it will be easy to write down the classical baryonic
configuration. We will then semi-classically quantize these solitons. This problem
will be mapped into a quantum mechanical model on a C'P™"s =1 manifold.
The energy and charges of the quantized soliton can be derived and thus the
spectrum of the baryons is determined. We then analyze the quark flavor content
of the baryons and discuss multi-baryon states. Finally, we include meson-baryon
scattering, this time also for the case of any coupling.

13.1 The strong coupling limit

It turns out that the mass term plays an essential role in the determination of
classical soliton solutions in 141 space-time dimensions. It is therefore required
to switch on this term before deducing the low energy effective action. As was
explained in Chapter 6, we know how to do this rigorously only in the scheme
of U(Np N¢). It will turn out, however, that the product scheme can be used for
the low mass states in the strong coupling limit.

I The spectrum of baryons of two-dimensional QCD extracted in the strong coupling limit was
derived in [75].
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238 The baryonic spectrum of multiflavor QC Dy in the strong coupling limit

Our starting point is the last equation of Chapter 9. In the strong coupling limit
Lo, 00, the fields in /& which contribute to H will become infinitely heavy. The

my
sector gl C % however, will not acquire mass from the gauge interaction

term. Since we are interested only in the light particles we can, in the strong
coupling limit, ignore the heavy fields, if we first normal order the heavy fields

at the mass scale o = e”\ﬁgxf' . Using the relation, for a given operator O,

~\ A
(ﬁ) N;O = N, 0, (13.1)
m

to perform the change in the scale of normal ordering, and then substituting
hi = o, we get for the low energy effective action,

Se[u] = S[g] + S[I] + /dzxﬁ,,,qé@"gb
+ emyg filN; /d zTr(e VR “Gl+e Wfﬁ"’ﬂgw. (13.2)

We can now replace the two mass scales m, and i by a single scale, by normal
ordering at a certain m so the final form of the effective action becomes,

i 1
Sett [u] = S[g] + S + 5 /d%auqsaw
2 /T an i —an
—s—?\;—cNm/de’I‘r(e_Z\/WNF¢§l+e+'\/“"<f“"F¢ngT), (13.3)

with m given by,
Ao ﬁ
/N
m = [Nccmq (%) ] , (13.4)
T

~ 2
here A¢, the dimension of h, is (N

No(NeT e For the [ =1 sector, defining g =

gefi\/X"éi{"F °c U(Ny) one gets the effective action,
Serlg'] = NoSlg' ]+ m* Ny, /d%TrF (g +g7). (13.5)

Thus, the low energy effective action in the [ = 1 sector coincides with the result
of the “naive” approach of the product scheme.
In the strong coupling limit e, /m, — oo the low energy effective action reads,?

Slg) = NeSlg] +m?N,, / d2a(Trg + Trg), (13.6)

with g in U(Nr). Note that the analog of our strong coupling to the case of 3+1
space-time, would be that of light current quarks compared to the QCD scale

Agep.

2 From here on we omit the prime from g’ so we denote g € U(Np).
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13.2 Classical soliton solutions

We now look for static solutions of the classical action. For a static field config-
uration, the WZ term does not contribute. One way to see this is by noting that
the variation of the WZ term can be written as,

W2 [ a3 (09)(039), (13.7)

and for g that has only spatial dependence dW Z = 0. Without loss of generality
we may take, for the lowest energy, a diagonal g(z),

g(x) = (e‘Vf{f‘”,...,e"‘V%”“'F). (13.8)

For this ansatz and with a redefinition of the constant term, the action density

reduces to,
dep; 9 4m
/dxz [ ( ) —2m (cos N—Ccpi - 1)1 . (13.9)

This is a sum of decoupled standard sine-Gordon actions for each ;. The
well-known solutions of the associated equations of motion are,

4N TR
() =4/ ﬂc arctyg {e( Ve >} , (13.10)

with the corresponding classical energy,

2N,
E =d4my =S, i=1,...,Np. (13.11)
s
Clearly the minimum energy configuration for this class is when only one of the
®; is nonzero, for example,

go(z) = Diag (1, 1,... ,ein”c‘w(‘T)) (13.12)

Conserved charges, corresponding to the vector current, can be computed using
the definition,

QY g(x)] = %/ daTr(JyTH), (13.13)

where 274 are the SU(Np) generators and the U(1) baryon number is generated
by the unit matrix. This follows from J, = JfT 4 and in the fermionic basis
77&7/1 2 TAi/}
In particular, for eqn. (13.10), we get charges different from zero only for Qg
and @y corresponding to baryon number and “hypercharge”, respectively,

2(Np — 1)

N, 13.14
NF C ( )

o o 1
QB :Noa QY :_5

https://doi.org/10.1017/9781009401654.014 Published online by Cambridge University Press


https://doi.org/10.1017/9781009401654.014

240 The baryonic spectrum of multiflavor QC Dy in the strong coupling limit

these charges are determined solely by the boundary values of ¢(x), which are,

\/?7;90(00) =om, /%g@(—oo) =0. (13.15)

Under a general Uy (Nr) global transformation go(x) — go(z) = Ago(z)A™!
the energy of the soliton is obviously unchanged, but charges other than Q5 and
Qy will be turned on. Let us introduce a parametrization of A that will be useful

later,
21
Ayj :
A= : . (13.16)
Z(Np—1)
Yi Y—(Np—l) ZNp
Now,
i Iz,
Go=1+ (e e 1)z, (13.17)

N
Foz

where (z)ap = 2425, and from unitarity » " z,2; = 1. The charges with g, ()

are,

(@) = %NcTr(TAz). (13.18)

Only the baryon number is unchanged. The discussion of the possible U(Ng)
representations cannot be done yet, since we are dealing so far with a classical
system. We will return to the question of possible representations after quantizing
the system.

13.3 Semi-classical quantization and the baryons

The next step in the semi-classical analysis is to consider configurations of the
form,

gz, t) = A(t)go(x) A7 (t), A(t) € U(Np), (13.19)

and to derive the effective action for A(t).> Quantization of this action cor-
responds to doing the functional integral over g(x,t) of the above form. The
effective action for A(t) is derived by substituting g(z,t) = A(t)go(z)A™1(¢) in
the original action. Here we use the following property of the WZ action,

S[AgB™'] = S [AB7] + 8 [g,4,] . (13.20)

3 The semi-classical quantization makes use of the Polyakov-Wiegmann formula [179].
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18.8 Semi-classical quantization and the baryons 241

where S[g] is the WZW action and S[g,A] is given by (9.25), respectively, with
the gauge field A, given as,

iAy = A1, A, iA_=B7'9_B; A BeU(Ny). (13.21)
Using the above formula for A = B, noting that S(1) = 0, and taking A = A(t),
A
0. A=0_A=", 13.22
+ \/§ ( )
we get,
. - . N, . L
3 [AMg.(0)47 (0] - Slae] = 52 [ Pt {[47 A g4 A g}
Nc 2 =1 AN( T

+%/d :cTr{(A A)(goalgo)}. (13.23)

This action is invariant under global U(Nf) transformations A — U A, where
U € G = U(Ny). This corresponds to the invariance of the original action under
g — UgU~1. On top of this it is also invariant under the local changes A(t) —
A(t)V(t), where V(t) € H= SU(Np — 1) x Ug(1) x Uy (1), with the last two
U (1) factors corresponding to baryon number and hypercharge, respectively. This
subgroup H of G is nothing but the invariance group of go(x). In terms of g,(x)
and A(t) the charges associated with the global U(Ng) symmetry, eqn. (13.13),
have the form,

N .
08 = 2872 /der {TBA ((gl@lgo — godigt) + [go, [A*IA,giH) A*I} .
(13.24)
The effective action, eqn. (13.23), is an action for the coordinates describing the
coset space,

= SU(Ny)/SU(Np — 1) x Uy (1) = CP". (13.25)
To see this explicitly we define the Lie algebra valued variables ¢4 through

AYA =i T4¢*. In terms of these variables (13.23) takes the form (the part
that depends on ¢*),

2Ny —1)
1 CAN2 Q(NF_l) Y
= _N - -
s, /dt 57 ; (4*)* = Ne N ¢
1 Nc [ 47 \/5 Nc 3
_ e 1 2 o)de = Y2 (232, 13.26
537 = 3 | (1= o[ feda = 22 (13.26)

The sum is over those ¢ which correspond to the G/H generators and ¢V
is associated with the hypercharge generator. Although the ¢* seem to be a
“natural” choice of variables for the action (13.23), which depends only on the
combination A~'A, they are not a convenient choice of variables. The reason for
that is the explicit dependence of the charges (13.24) on A~!(t) and A(t) as well
as on A"VA(t).
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242 The baryonic spectrum of multiflavor QC Dy in the strong coupling limit

Instead we found that a convenient parametrization is that of (13.16). One
can rewrite the action (13.23), as well as the charges (13.24), in terms of the

z1,...,2N, variables, which however are subject to the constraint Zgil Zazh = 1.
Thus,

S [A(t)go A~ (8)] = Slge] = Slza (t), 0(@)], (13.27)
where,

S[za(t), p(x)] = & [d®2{(1 = cos / ¥=¢)[2: 2a
—(252,)(#529)] — z‘\/fv::ap’z; ) (13.28)

We can do the integral over x and rewrite (13.28) as,
1 v oo Nk Nc . .
Slza (1)] = oYY dt[Zr 2, — (zwzy)(zﬂzﬁ)] —ig dt(z2 20 — 22 20), (13.29)

where 1/M is defined in eqn. (13.26). The first term in (13.29) is the usual
CPWr—1) quantum mechanical action, while the second term is a modification
due to the WZ term.

Similarly we express the U(Ng) charges in terms of the z variables, using
eqn. (13.24),

1

)
Q(Jzﬁ = NCZQZ; + =

2M
Of course the symmetries of S[z] are the global U(Ng) group under which,

[2a25(25 2y — 272y) + 2025 — 252a].  (13.30)

Zo — 20 = Uapzs, U € U(Np), (13.31)
and a local U(1) subgroup of H under which,
Za = 2, =Wz, (13.32)

As a consequence of the gauge invariance one can rewrite the action in a covariant
form,

1
Slea] = 537 / dtTr(Dz) Dz + iNg / dtTrztz, (13.33)

where,
(D2)a = Za + 2a(2525). (13.34)

Constructing Noether charges of the U(N) global invariance of (13.31) out of
the action (13.33 leads to expressions identical with (13.30)). Note that in eqn.
(13.34) we can view 2525 = ia(t) as a composite U(1) gauge potential.

Now let us count the degrees of freedom. The local U(1) symmetry allows
us to take one of the zs to be real, and the constraint ) z,z: =1 removes
one more degree of freedom, so altogether we are left with 2Ny — 2 = 2(Np — 1)
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18.8 Semi-classical quantization and the baryons 243

physical degrees of freedom. This is exactly the dimension of the coset space
SU(Np)

SU(Nw —1)F><U(1)

of 4(Ng — 1). Naively, however, we have a phase space of 4N dimensions and,

therefore, we expect four constraints.

. The corresponding phase space should have a real dimension

There are several methods of quantizing systems with constraints. Here we
choose to eliminate the redundancy in the z variables and then invoke the canon-
ical quantization procedure.*

But before following these lines let us briefly describe another method, through
the use of Dirac’s brackets. We outline the classical case. The quantum case is
obtained by replacing { , } with i, ].

The first step in this prescription is to add to the Lagrangian a term of
the form A(}, zo2, — 1), in which case the conjugate momentum 7, of the
Lagrange multiplier vanishes. By requiring that this condition be preserved in
time one gets the secondary constraint ®; = (3 2,25 — 1) = 0. Further impos-
ing &, = {®, H}p = 0, where { } p denotes a Poisson bracket, one finds another
second-class constraint @5 = I1 - z 4+ 2z - IIT. In addition there is a first-class con-
straint ®3 = I1- z — 2 - TIT, which corresponds to the local U(1) invariance of the
model. Fixing this symmetry one gets an additional constraint ®,. For instance
one can choose the unitary gauge ®4 = zn, — 2}, . The next step is to compute
the constraint matrix {<I>Z-,<I>j} p = ¢;j. In the constrained theory, the brack-
ets between F' and G are replaced by the Dirac brackets of those operators,
given by

{F.G}p ={F,G}p —{F, ®:}r(c;;' ) {®;, G}p, (13.35)

ij
operator relations it is easy to see that zy,,1ly, and their complex conjugates

where ¢! is the inverse of the constraint matrix. Imposing the constraints as
can be eliminated. The brackets for the rest of the fields coincide with the results
we derive below, when eliminating the constraints explicitly.

We now describe in some detail the quantization of the system using uncon-
strained variables. We want to choose a set of new variables so that the constraint
SN 2425 = 1is automatically fulfilled. There is a standard choice of such vari-
ables, namely (fori=1,...,Np — 1),

k; . k eix
2 = T, Zi = T ZNy = —F/——=
VIt X Vitx MTUTix
Np—l
X= > kk. (13.36)

i=1
The k;, kf and x are 2Ny — 1 real variables with no constraints on them. The
phase space will now have dimension 2(2Np — 1) and we still have two extra

4 The quantization of the system including its constraint was done in [75]. For an alternative
procedure of quantization in the presence of constraints see [181].
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constraints. After some straightforward algebra we can write,
Slk, k™, x] = /dtL(kyk*,x)
i 1 ...+  Ng Eki— k'K
Lk, K, X) = grphihisky =i 1+ X

1 X i kiki—k'ki N
. 2 1 1 .
2M(1+X)2X TX {2M 1+X) 1+X}’ (13.37)

+

where,

hi; = - .
714X (14 X)2

(13.38)

The local U(1) transformations of the z variables transcribe into the transfor-
mations,

ox = €(t), Ok; =ie(t)k;, Ok = —ie(t)k], (13.39)

and 0L = —Nc¢é just as in terms of the z variables. This local U(1) symmetry
can be made manifest by defining the covariant derivatives,

Dk; = k; —ixk; Dk} = k! +ixk;. (13.40)

The Lagrangian can then be recast in a manifestly gauge-invariant form,
Nc kfDk; — (DE})k;

L(k,k* @) = 5o Dk hy Dy — i+ Ty + Ney.  (13.41)

Although one can now fix the gauge, for instance x = 0, we will continue to work
with (13.41). The conjugate momenta are given by,

oL 1 Ne Kk
m*ak 2MDk hji = 21+ X
8L Nc  k;
= — —hij DEk; —
i 8l~:* 2M J iy 2 1+ X
8L

T ox 2M 1+ X'

Since h;j; is invertible we can solve for Dk}, Dk; in term of the phase space

variables, L
* Nc 7 -1
N¢ Kk
_ —1 * - INC 7
where,
hiyt = (L4 X) (8 + kik). (13.44)
Also,
= i(ki'm — miki) + Ne, (13.45)
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giving the constraint equation,
Y =m, —i(kin] —mk;) — Nc = 0. (13.46)
The canonical Hamiltonian is given by,

H. :7T7;I.€7;+7r;‘l;:;‘+7rx)'(—L

. Nk ~1 . Nk
=2M |\m +i——-"—| h; |7 — i
{”’ Ty XJ [”f 21+ X)
+X[my — ik — miki) — Ncl, (13.47)
and this can be further simplified to,
H. = 20(1 4 X) [mn] + (k) (77
Nc . 1 N2X .
—27(7'[,']{17; — T ki) + Zm:| —|—X1/J. (13.48)

Here H, is obtained explicitly in terms of the canonical variables k;, &, m;, 7).
The xv term indicates that x also behaves as a Lagrange multiplier since, fol-
lowing the Dirac procedure, we should define,

Hy = H, + \t), (13.49)

where A is a priori an arbitrary function of . We could absorb the y in A.

Quantization of this Hamiltonian is now essentially straightforward. Let us
first consider the symmetry generators @), 3, which in terms of the new canonical
variables take the form,

Qij = i(kiﬂj — W:‘/CJ*)

[ Nck;
Qine = [ o i +kiﬂj’fj)]
Qnp,i =€ [T +i(m; + ki k; )} =W Ny
Qne Ny = No —i(mik; — w7 k]). (13.50)

We will now show that the Hr can be expressed in terms of the second Casimir
operator of the SU(Ny) group.

The second U(Ny) Casimir operator is related to charge matrix elements Qo3
as,

1
QaQ" = 5Qus Q- (13.51)
A straightforward substitution gives,
1 * X 7,%
§QaﬂQﬂa = (1 + X)[ﬂ'i i+ 7Tik‘z‘7Tj kj

N 1 X
—iTC(Wz‘ki — 7 k})] +§N(2: <1+§> : (13.52)
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Therefore, the Hamiltonian is,

N2

Hp = 2M [QAQA — 20] + A(t)eh. (13.53)

Denoting the SU(Ny) second Casimir operator by Cy, and using Q4 Q% = Cy +
s (Qp)? we get (also applying the constraint 1 = 0),

Np —1)

Hr =2M |C —N27( . 13.54

T [ R T } (13.54)

The fact that Hr is, up to a constant, the second Casimir operator, is another

way to show that the charges ), s are conserved. These conserved charges will

generate symmetry transformations via,

Oki = i[Tr(eQ), k], ki = i[Tr(eQ), k7]
dx = i[Tr(eQ), x], (13.55)

and similar equations for the momenta 7;, 7}, 7, . Here ¢;; = %eA T{} is the matrix
of parameters. The transformation laws are derived using the constraint equation
1 = 0 after performing the commutator calculations. Notice that Q;; and @y ny
are linear in coordinates and momenta and therefore the SU(Np — 1) x Uy (1)
transformations they generate are linear. The Qy, ; and @Q; n, charges, on the
other hand, have cubic terms as well (quadratic in coordinates), so that the coset-
space transformations of %
property of CP™ models. Substitution of Q,s in eqn (13.55) gives,

are non-linear. This is a well-known

(SkZ = i[Ejiki(Sjl + eiXEiNF (5” — e_iXGNFikik‘l — €Ny Ny k[}, (1356)

where we use [k, 7] = i.

Inversely, starting with these transformation laws it is easy to verify the invari-
ance of the action. The standard Noether procedure then gives the charges Q.3
in terms of the coordinates and velocities, which (not suprisingly) coincide with
those given in eqn. (13.50). One could also deduce these transformation laws by
making the change of variables z,, 2% — k;, k', x in (13.30) directly.

One can verify that,

[, Q%] =if*PCQC, (13.57)
where fAB¢ are the structure constants of the U(Np) group.

Do we have further restrictions on the physical states? We shall see now that
in fact we do have. Remember that our Lagrangian (13.41) includes an auxiliary
gauge field A, = x and thus has to obey the associated Gauss law,

oL 0L

0A, Oy
Since , is a linear combination of )p and @)y, and the first is constrained to
be Qp = Nc, the Qy is restricted as well. More specifically, Qy = Qy , with,

mt, = No —i(mik; — 77 k?) = 0. (13.58)

~ 1 2

QY = 5 m]vc- (13.59)
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13.4 The baryonic spectrum

The masses of the baryons (13.11) and (13.54), and the two constraints on the
multiplets of the physical states, namely Qp = N¢ and that the multiplets con-

tain Qy = Qy = % WNC’ are the main results of the last section. All

states of the multiplet with Qy # Qy will be generated from the state Qy = Qy
by SU(Nr) transformations as in (13.19). Using the above constraints we can
investigate now what possible representations will appear in the low energy
baryon sector. Considering states with quarks only (no anti-quarks), the require-
ment of Qp = N¢ implies that only representations described by Young tableaux
with N¢ boxes appear. The extra constraint Qy = Qy implies that all No quarks
are from SU(Np — 1), not involving the Npth. These are automatically obeyed
in the totally symmetric representation of N¢ boxes. In fact, this is the only
representation possible for flavor space, since the states have to be constructed
out of the components of one complex vector z as H X' with 7 n; = Ne.
See also more detailed discussion in the next section. For another way of deriving
this result see Section 13.7.

Thus for N¢ =3, Np =3 we get only 10 of SU(3). This is understandable,
since there is no physical spin in two dimensions.

What about the masses of the baryons? The total mass of a baryons is given
by the sum of (13.11) and (13.54), namely,

E = 4m1/ +m\ﬂ/ 02 NC ) (13.60)

For large N¢, the classical term behaves like N¢, while the quantum correction
like 1. This will be worked out in Section 13.7.

That the total mass goes like N¢ for large N¢, and that the quantum fluctu-
ations are Nc of the classical result, is in accord with general considerations.

13.5 Quark flavor content of the baryons

A measure of the quark content of a given flavor ¢; in a baryon state |B) is given
by®

(@:9i)p = /dx (9ii) —/dx (gii)o (13.61)
- /da:z;‘zi < {erW“ - 1} >B (13.62)
— const. (2] 2i) .- (13.63)

In order to make contact with the real world, we take here No = 3 and Ny = 3,
getting the baryons in the 10 representation of flavor. Similarly, for SUr (2) there

5 Quark solitons as constituents of hadrons were discussed in [86]. Following that, the flavor
content of the baryons was discussed in [97].
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is only the isospin % representation. This is what we would expect from naive
quark model considerations. The total wave function must be antisymmetric.
Baryon is a color singlet, so the wave function is antisymmetric in color and
it must be symmetric in all other degrees of freedom. There is no spin, so the
baryon must be in a totally symmetric representation of the flavor group, a 10
for three flavors. Therefore, strictly speaking there is no state analogous to the
proton. On the other hand, there is a state which is the analog of the A", namely
the charge 1 state in the 10 representation, 2% z,.

The 10 is the lowest baryon multiplet in QCD,. In the following we shall be
dealing with the relative weight of a given flavor in some baryon state. Thus,
(qq) p will henceforth stand for the ratio,

(qq)
<ﬂu +dd i §s>B ' (13.64)

For A" ~ 272z we obtain

J@@a)aP@a)EGay
(35)p = =5, (13.65)

/M%ﬂ@%ﬂ@%ﬂ@%ﬂ*

as well as,
_ 1
(u) 5. = 3 (ddy,. = . (13.66)

In evaluating the integral in the numerator in eqn. (13.65) we have used |z3|> =
1 — |z1|> — |22/%, which follows from the unitarity of the matrix A in (13.19).
Similarly, for A** ~ 2} we have,

2 1 1

<ﬂu>A++ = 3’ <Jd>A\ P 6 <§S>A++ - 6

(13.67)
In the constituent quark picture A™* contains just three u quarks. Both the
d-quark and the s-quark content of the AT come only from virtual quark
pairs. Therefore in the SU (3)-symmetric case (5s),,. = (dd) and (Ss) . =
(88) A+ + » as expected.

From eqn. (13.67) one can also read the results for Q= ~ 23, by replacing
u < s. In the general case of Np flavors and N¢ colors, one obtains,

1
_]\fc+]\71r7

A++

(@@)sea) (13.68)
where (§q)sea refers to the non-valence quarks in the baryon B. Moreover, one can
also compute flavor content of valence quarks. Consider a baryon B containing
k quarks of flavor v. The v-flavor content of such a baryon is,

k+1

U = — 1 .
<UU>B NC +NF ( 369)
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This implies an “equipartition” for valence and sea, each with a content of
1/(N¢ + Np). Tt also follows that the total sea content of Ny flavors is,

N N
_ F
sea = 5 13.70

which goes to zero for fixed Ngp and N¢ — oo, as expected.
It is interesting to compare these results with the Skyrme model in 341 dimen-
sions. For the proton,

N 2 — \3+1 11 L 7
3+1 _ 4 _ 341 _ [
(), =, (dd), =55 (85, =35 (13.71)
and for the A,
)il = L eyt = 2 (13.72)
A 24’ @ 12

The qualitative picture is similar, although the ss content in the non-strange
baryons is lower in 1 + 1 dimensions. One may speculate that in 1 + 1 dimensions
the effects of loops are smaller than in 3 + 1 dimensions, since the theory is super-
renormalizable and there are only longitudinal gluons. In the SUF (3)-symmetric
limit the strange quark content of baryons with zero net strangeness is significant,
albeit smaller than that of either of the other two flavors. The situation obviously
is reversed for Q.

In the real world the current mass of the strange quark is much larger than
the current masses of u and d quarks. It is natural to expect that this will
have the effect of decreasing the strange quark content from its value in the
SUr(3) symmetry limit. We do not know the exact extent of this effect, but
it is likely that the strange content decreases by a factor which is less than
two. This estimate is based on both explicit model calculations and what we
know from PCAC, namely that the analogous quark bilinear expectation val-
ues in the vacuum are not dramatically different from their SU(3) symmetric
values,

05< 1380 (13.73)
(Tu),

13.6 Multibaryons

Let us now explore the possibility of having multi-baryons states.® The pro-
cedure follows similar lines to that of the baryonic spectrum, namely, we look
for classical solution of the equation of motions with baryon number kN¢, and
then we semiclassically quantize this. The ansatz for the classical solution of the

6 Multibaryonic states were studied in [102] and [103].
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low-lying k-baryon state is taken now to be,
(Ny —k)

go(k) = b . (13.74)

For the semi-classical quantization we generalize the parametrization given in
(13.16) to,

where ¢ represents the rows (1, ..., Np) and « the columns (Np —k + 1,..., Np).
The effective action in its covariant form (13.33) becomes,

1
Slza] = 57 / dtTr(Dz) Dz 4 iNg / dtTrzlz, (13.76)
where now, instead of (13.34),
(Dz2)ia = Zia + zi,g(z';ﬁzja)eDz. (13.77)
Using the same steps as those which led to (13.54) one finds now the
Hamiltonian,
N2
H =2M |Cy(Np) — ﬁk(NF — k)| + kE., (13.78)
F

with E. the classical contribution for one baryon, the first term in (13.60).

13.7 States, wave functions and binding energies

It was shown in [102] that the allowed k-baryon states contain (kN¢) boxes in
the Young tableaux representation of the flavour group SU(N). Let us recall
that this result followed from the constraint implied by the local invariance,

— e z,. (13.79)

Ziow
Performing a variation corresponding to this invariance we find that the action
S changes by

AS = (kNc) / S dt. (13.80)

This means that the N, number is equal to (kN¢). Thus for any wave function,
written as a polynomial in z and z*, the number of zs minus the number of z*s
must equal (kN ). Note that for £ = 1 the transformation (13.79) represents also
the N flavor number. Thus (13.80) entails that the representation contains a
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state with N¢ boxes of the Ny flavor, and therefore must be the totally symmetric
representation.

Now, the effective action (13.76) is invariant under a larger group of local
transformations. In fact, we have extra (k? — 1) generators, which correspond to
SU (k) under which (13.76) is locally invariant. This can be exhibited by defining
“local gauge potentials”,

A,@a(t) = _(ZTZ)[}(“ (1381)
so that,
Dz = 2+ z A (13.82)

Under the local gauge transformation corresponding to A(t), A transforms as,

A(t) — e Ae™™ 4 (9e™)e ™, (13.83)
which implies,
(D2)ia — (D2)ig(e™™)sa, (13.84)

and so AS = 0. If we perform the U(1) transformation (13.79) we obtain a con-
tribution (13.80) from the Wess—Zumino term, which implies N, = (kN¢). But
due to the larger local symmetry we have more restrictions; they imply that the
allowed states have to be singlets under the above mentioned SU (k) symmetry.
This is analogous to the confinement property of QCD, which tells that, due to
the non-abelian gauge invariance, the physical states have to be color singlets.
Here we have an analogous singlet structure of the SU(k) in the flavor space.
Taking a wave function that has zs only (analogous to quarks only for QCD), it
must be of the form,

N¢

Vi (z) = H(Gal...akzilal---Zikak>7 (13.85)

i=1

for a given set of 1 <y, ..7; < Np.
The most general state will then be of the form,

b(z,2%) = ] Eazia)" ], (13.86)
(i}

and the products are over given sets of indices.
Using the explicit formula from [103], we obtain the mass of the state repre-
sented by (13.85),

E[yr] = Mk(Ny — k)N¢ + kE,. (13.87)
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To obtain binding energies, consider our k-baryon as built from constituents
k., such that k = > k,. Then,

Blklk,] = —(MNc)[k* — 32, k?]
= —(2MNc) Y., koks. (13.88)

When all k, = 1, the sum gives us 3k(k — 1), i.e. the number of one-baryon pairs

in the k-baryon state. Note that the binding energy is always negative, thus the

k-baryon is stable. The maximal binding corresponds to the case when all k, = 1.

Note also that in the N¢ — oo limit, the binding tends to a finite value, since

then,
1
lim (2MN¢) = (Cme.)” <2NF> "t (13.89)
N¢—o0 Tt

Let us take as an example an analog of a deutron, namely a di-baryon k = 2.

Then for N¢ = 3, Ny = 2 we find that its representation is a flavor singlet (this

is the limiting case of k = Ny). The ratio of the binding to twice the baryon
mass is given by,

1
€ = —— = 0.20. (13.90)

1+ %

For k =2, N¢ = 3 and Np = 3 we find that the di-baryon is represented by, 10
and the ratio is given by,

€3 = —— = 0.23. (13.91)
For general Ny we obtain,

1 1
(Ne —1)+ 25 Np+143

€ = (13.92)

Finally, let us make the following comment. The ratio of the quantum fluctu-
ations term to the classical term, in the expression for the mass, eqn. (13.87), is
given by,

<) (13.93)

(Quantum corrections) <7'c2) Np — k
= (3 .

(Classical term)

Thus, we do not expect our approximations to hold in the region Np > (N¢ + 1).
We expect it to start for No > Np, and to be good in the region N¢ > Np.

13.8 Meson-baryon scattering

So far we have analyzed, using semiclassical quantization of the bosonized theory
in the strong coupling limit, the spectrum of the baryons and their flavor content.
Applying the same technique one can also study the scattering processes of
mesons from baryons. The idea is to introduce perturbations around the classical
soliton solutions and to compute the forward phase shifts. We start with the
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computation in the strong coupling limit [98] and then we discuss the general
case of any coupling [87].

Our starting point is the soliton solution that describes the static classical
baryon g.(x) = exp[—i®.(x)] where,

¢e()

®,(z) = ' , (13.94)

and,

¢ (x) = darctg ("), p=my/ if—ﬂ (13.95)
¢

Note that we have shifted the non-trivial phase factor to the upper left-hand
corner, whereas in (13.77) it was put in the lower right-hand one.
We introduce a fluctuation around it of the form,

g = exp {—i[Pc(x) + 6¢(x,1)]} (13.96)

1
gr e ®e@) z/ dr e @) 5 (x, t)e 1T P (@) (13.97)
0

Actually, to avoid integrals as in eqn. (13.97), which yield rather complicated
expressions for fluctuations, we will adopt a different expansion, namely,

_ —iP. () —igd)(:vﬁt)
g=¢e e ,
) . ~ 13.98
e 0el®) ie_l‘pf‘(“)égb(x, t), ( )

where we have denoted by d¢ the new variation, different from the ¢ of eqn.
(13.97), but still a fluctuation about the classical solution. Now,

%&r |:e_7;q)c(g:) (a_5¢(x,t)) evifl)c(f)}

+m? [e*i‘l’wsqs(x, £) + 8¢ (x, t)ef?@f<r>] —0. (13.99)

Obviously the two expressions coincide in the abelian case. In fact, the relation
between d¢ and ¢ is

1
S (x,t) :/ dr ™ @) gz, 1) e TP (@), (13.100)
0

Physical quantities should obviously come out to be the same for both types of
fluctuation.
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13.8.1 Abelian case

We start with the abelian fluctuation d¢ that commutes with ®.. Denote this
case by d¢ap, where the subscript “ab” stands for “abelian.”
Then the fluctuation reads

89 = —id0ap (x)e 0 (@) (13.101)
where,
0 0¢an, + 1 (cos ¢ )6an, = 0, (13.102)
and,
2
cos ¢, = [1 — —2] . (13.103)
cosh”™ pux
This equation of motion can be derived from the following effective action,
1 1
Lot = 5 (0:06m)° = 5V (@) (3¢an)’ (13.104)
2 2 2
V(z) = p° cos¢e(x) = p [1 - —2} . (13.105)
cosh” px

For a solution with an harmonic time dependence of the form,
Span (2, 1) = e " xan (2), (13.106)
the spatial part has to solve,
—w?Xab = Xap + V() Xab = 0. (13.107)

Note that asymptotically the potential approaches x — +oo, the potential
— 1%, and so asymptotically,

X2 (£00) + w? Xab (£00) = 12 Xab (£00). (13.108)

For asymptotic behavior of the form,

Xab (1)~ e (13.109)
with,
W=k 42, (13.110)

the two asymptotic solutions are,

Xab () ~ A(w) sin kx + B(w) cos kzx, (13.111)
and the S-matrix is,
Storward = %(B —iA) (13.112)
Shackward = %(B +1iA), (13.113)
for an incoming wave ¢** from x = —oo.
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L L L

1071 100 10l 102 103
k/1
Fig. 13.1. The phase shift § = 2ctg™" (k/u), eqn. (13.117), as a function of the
normalized momentum k/p, for the potential (13.105), governing the small
fluctuations around the soliton in the abelian case. The phase shift is smooth
and monotonically decreasing with momentum, indicating that no resonance
is present. Note logarithmic momentum scale.

We can now proceed to derive the scattering matrix, using the standard
procedure. The solution for = — oo contains only the transmitted wave,
’(/)(I N OO) ~ eikw.7

Tt turns out that for the particular potential (13.105) there is no reflection at
all, i.e. the wave function for x — —oo contains only the incoming wave,

Y(x — —00) ~ehr 0 = (—%) ek, (13.114)
Thus,
:lp _ ,_1 J:Z:;Z (13.115)
T = % = (13.116)
ctg %6 = S (13.117)

As shown in Fig. 13.1, § varies smoothly and decreases monotonically from § = 7
at k =0to d =0 at k = oo, indicating that there is no resonance.

The no-reflection potential we found is a special case of a well-known class of
reflectionless in quantum mechanics.

7 We take the convention where the scattering phase is taken to be zero at  — oo and is
therefore extracted from the wave function at z — —oo.
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13.8.2 The non-abelian case

We got a no-reflection potential in the previous section, in the case of one flavor.
We want to examine now the non-abelian case.
Following eqn. (13.99), we get,

0é¢—i(0,®.) (6_5¢)+i(8_5¢) (9, D) + [5¢e i00(r) | oi®e(@) g ]
(13

The equation for &Z)q;j with 4,7 # 1 is as for the free case,
006 +p*0¢;; =0,  iandj#1, (13.119)
whereas the ¢ = 1, j = 1 matrix element is as in the abelian case,
06611 + p2 (cos de(x)) 0y = 0. (13.120)

with no reflection and no resonance.
So in order to proceed beyond these results, we need to consider 5(;51 i J#1,
or 61, i # 1. As 8¢ is Hermitian, it is sufficient to discuss one of the above.
Thus we take,

0prj = e “uj(z)  j#I, (13.121)
resulting in,

w(x) — gl (x)u)(x) + [w* +wel(x) — $p® (14 e )] u;(z) =0. (13.122)

Defining,
uj = er% v, (13.123)
we find,
v + |w? +we, — 1u® (1+cosge) + 1 ((bfz)Q] vj = 0. (13.124)
Using,
L(¢l)? = 2 (1 —cos o), (13.125)
we get,
v + [w® + wel — p¥ cos g v; = 0. (13.126)
This can be rewritten as,
v —wv; + V(z)v; =0, (13.127)

where,

V(z) = _wd):: + H’Q cos . =

1
2 g2 | W0 — 1, (13.128)
coshpz ~ cosh® pa

= p
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V (/s @ Y’

Fig. 13.2. The normalized potential V (w/u; x)/u* of eqn. (13.128), for w/u =
1.01 (upper), 2 (middle) and 3 (lower).

with w = y/k2 + 2, as before. Note that the potential depends on the momen-
tum of the incoming particle, as shown in Fig. 13.2.

Next we proceed to solve numerically for the reflection and transmission coef-
ficient. It turns out that for numerical solution of the scattering problem it is
more convenient to take the coefficient of the outgoing wave at x ~ +oo to be
1, instead of the T prefactor, and integrate eqn. (13.127) backward, reading off
the T and R amplitudes from the solution at x ~ —oc.

We thus use,

vi(w) = e, T (13.129)

vj(z) = Fethr 4 Bemibr g o0,
Since the potential is symmetric, the symmetric and anti-symmetric scattering
amplitudes don’t mix, yielding two independent phase shifts g and d4, respec-
tively. This leads to,

T = L (s 4 ¢ida
: ( . . ) (13.130)
R: i(ez s _ez A).
Defining,
1
0y = 3 (55:|:5A), (13.131)
we find that,
T = €% cosd_
(13.132)

R = i’ gind_.
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1.0

0.87

0.6 |

T

0.4

0.2

0.0 . . . .
1.0 1.1 1.2 1.3 1.4 1.5

W/

il

1 2 3 4 5

W/
Fig. 13.3. Scattering by the potential eqn. (13.128) as a function of the nor-
malized energy w/u. Upper plot: transmission probability |T'|*; lower plot:

phase of T', §4 (continuous line). Also shown is the approximate result for 0+
from WKB (dot-dashed line).

Note that R/T is purely imaginary. The transmission and reflections probabilities
are,

2 _ 2
Ay
The numerical results for the transmission probability |T'|> and for the phase of
T, §, are presented in Fig. 13.3. For comparison and as an extra check we also
plot the WKB result for ¢, . Note that no resonance appears.

Note that the asymptotic value of the phase shift is 7t. This can also be obtained
from a WKB calculation, which becomes exact at infinite energies.
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13.8.3 Extension to arbitrary coupling

To analyze the system at any gauge coupling we go back to bosonized action
prior to the implementation of the strong coupling limit, which we now rewrite
in the form,

2
Sett [u] = Splu] + ecj\gf /deTr [0 (ua_uT)c]Q +m'2Nm/d2xTr (u+ul).

87
(13.134)
The strong coupling limit eliminates the second term of (13.134), for arbitrary
coupling,
es Ny 2 -1 2
-5 /d aTr [0~ (wo_uf) |7, (13.135)
where (u a,uT)c is the color part of M = ud_u', to be computed as,
M, =Try;M —1/N.Trpg .M. (13.136)

As already mentioned, this term represents the interactions, as it arises from
integrating out the gauge potentials. However, we will see that, for the physical
situation we discuss, this term does not contribute to meson-baryon scattering
for any coupling. As a result, the latter is described by the effective action S.g [],
whereas in the strong coupling limit it is described by St lg].

In a similar manner to (13.95) we take u to be of the form,

u = exp(—i®.) exp(—idP), (13.137)

corresponding to a classical soliton ®., and a small fluctuation §® around it,
representing the meson. The resulting action is then expanded to second order
in §®, yielding a linear equation of motion for @ in the soliton background. The
latter serves as an external potential in which the meson is propagating.

We start by evaluating,

M = ud_u' =
= exp(—i®P.) 0_(exp i®.) + exp(—iP.) exp(—idP) [0_ exp(idP)] exp(iP..),
(13.138)
and obtain the equations of motion for the meson field by varying with respect
to 6®. The variation of (13.135) with respect to §® is proportional to,

SM,
5(5)

M.. (13.139)

To compute its variation with respect to ®, we need only the second term M,
of M, as the first term M, is independent of §®.
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We take for the soliton a diagonal ansatz (13.94) now in the form of a u matrix
rather then a g one,

[exp(_i(bc)]aa/jj’ = 6(1(1/6]7" €Xp (_i v 47TXaj) :
a=1,...,N., (13.140)
j=1,...,N;,
so that,
{exp(—i®.)[exp(—i0®) O_ exp(id®)] exp(i®c)},; /i
= exp(—iV4mx,; ) [exp(—i0®) O— exp(idP)]aj.arj exp(iVATIX /7). (13.141)

The part of M that contributes to the effective action is its color projection
(13.136). We note that Trpg Mo = 0, and thus,

[(M2)c], . = Z exp(—iv/47ya ;) [exp(—id®) O_ exp(i6®)]aj.ar; exp(ivATxas;).
' (13.142)

The mesons P have to be diagonal in color, so,
[(M2)c], . = Z[exp(—i&b) 0— exp(i0®P) Jaj.aj0a,a’- (13.143)
J
We recall that the flavor structure of the mesons is independent of their color
indices, and restrict our attention to mesons that have no U(1) flavor part. In
this way, we may be sure that classical solutions lead to stable particles, since

their non-vanishing flavor quantum numbers put them in a different sector from
the vacuum. We then have,

> [exp(—id®) O exp(i0®) Jaj.a; =0, (13.144)
J
as shown earlier, and the effective meson-baryon action is,

Sp-pl6®] = Solu] + m? N, /d2ac (Tru+ Tr uT) , (13.145)

with « depending on §® for fixed ®, as in (13.137).

Next we would like to evaluate the potential. The equation of motion for 6P
is obtained from (13.145), by first varying with respect to w and then varying u
with respect to d®. To first order in 6@, we find,

ou = —ifexp(—i®,)]0P. (13.146)
The resulting equation of motion is then,
1
20+ [(0-w)u'] + (um? —m*ul) =0, (13.147)

where m is the diagonal mass matrix: m = d;;m; with (possibly different) entries
m; corresponding to flavors j. We note that there is the possibility of an overall
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scale ambiguity in m, since, when the masses are different, there is a question of
which normal-ordering scale to use. The resulting equation of motion for §® is,

00® —i (94 ®.) (0-6®) + i (0_6®) (0; P.)
+ % [6®p* exp(—i®.) + exp(i®.)u’ 6] = 0, (13.148)

where pu = m+/8.

As discussed before, both &, and §® are diagonal in color. Moreover, @, is
diagonal in flavor too. So, taking the aajj’ matrix element of the equation of
motion (13.148), we find,

00Da;; — (04 ®e), (0-0),, ;41 (D-5P), (04 D.),

ajj’(

1 . .
+ 5{5‘I’a]‘j’u2j/[exp(*l‘l’c)]aj/ + [exp(i®,)]ajp? j0Paj; } = 0. (13.149)

Examining the classical solutions for the quark solitons inside the baryons, we see
that, for a given color index a, there is only one flavor for which ®. is non-zero.
We can now distinguish three cases:

e The first is when an index a and indices j and j” are chosen in such a way that
both (®.),; and (®.),;s are zero. In such a case,

1
06®g;; + 5[#2]‘ + 412 1)0®a 0 = 0, (13.150)

where (®.),; = 0 and (®.),; = 0.

Thus 6P,/ is a free field with squared mass given by the average of m? and

j
m?, in this case, which we do not discuss further.
e The second case is that of j = j', with a such that (fl)c)aj is a quark soliton

inside the baryon. In this case,
00®aj; + 12 cos[(®),;16®as; = 0. (13.151)

e The third case is when j is different from j’, now with one of the ®. being a
soliton and the other vanishing. Taking (®.), ; to be the soliton, we obtain,

. 1 .
00, — 7'(8-%(1)(:)@‘7' (3—5@)@]" + 5{“2]" + N'Qj[exp(l@c)]aj}tsq)ajj/ =0,
(13.152)
where j'#j and (@), = 0.

Next we want to proceed and evaluate the meson-baryon scattering. For that
purpose we need to analyze the equations that determine the static solution
(®)q;- First one defines,

(®e)aj = VAT(XC) 0y (13.153)
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where the (x.)q; are canonical fields, whose equations of motion are,

1
ng — 4o, ZXQ - FZXW —2\/47rm? sin vidmy,; = 0.
l

¢ Bl

Note the extra factor 2 in front of the mass term, as compared with eqn. (22)

of [86], due to an error in this reference.

Choosing the boundary conditions x,;(—oc) =0, we get as constraints for

Xaj (+00), denoted hereafter simply by xq;,
1

ﬁxw =ng; Integers,
and

Z ne =n independent of a.
1

The baryon number® associated with any given flavor [ is given by,

Bl = Z Ny -
a
Combining the last two equations, we find,

B=)_ B =nN,,
1

for the total baryon number.

(13.154)

(13.155)

We now continue in a similar manner to the discussion in the strong coupling
limit, starting with the first non-trivial case (13.151) identified above. As the
soliton solutions are such that there is a unique correspondence between the

color index a and the flavour index j, we suppress a in what follows. Putting,

6(I)jj — e—vjwj f,uj (.Z‘),

with,

uj(z) — ",
we find,

Wi =k +p15,

and the equation for u;(x) is,

uj(z) + w;ituj — ,uQJ-[cos (®.);]u; = 0.

We define the potential V; for this scattering process via,

u;-/(ac) —I—w]-?uj — V}'Uj = 0,

8 In our normalization, a single quark carries one unit of baryon number.
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and find,

Vj = pi?j[cos (D.),]. (13.161)

In our normalization the outgoing wave has coefficient 1, which is more conve-
nient for numerical calculations, and the wave for x — —oo is now,

1, R, _,
u;j(z) = A etke 4 F] e ke x — —00, (13.162)

J J

in this case.
In the second non-trivial case (13.152), we put,

5<D]'j/ = efi“’-lf'tu]-j/(x), (13.163)
so that,

iy (x) = i(®e)j (@)l (@) + {w]yr + wjjr (De); (@)

1 .
S0+ 2 expi®)] g = 0. (13.164)

To eliminate the first derivative term in u, we substitute,
Ujjr = [exp (%CI)C>:| Vjjr- (13165)
J

This results in,

!

vy (@) +{wyr + wijr (Be)j () —

1
jlcos(@c)]; bvjjr + g(lﬂ- — 2 )vjj

#{ @@ - 5, (0= foost@al) b

(@0, (2) 2 sin( o), ]}y = 0, (13.166)

We note that the last three lines vanish when all the quark masses are equal, as
then the soliton is a sine-Gordon one. Thus, the scattering would then only be
elastic.

The potential of the scattering is defined here via,

v () + Wi — Vijrvg =0, (13.167)
so that,
Vijr = —wij (Rc)j (@) + 1% eos(c )]

*%(HQJ' - H2j/)
~ (U@ @ - 52,0~ feos@]) |
(), () — 2 [sin( ), (13.168)
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Taking again,

vjjr(x) — &k, (13.169)
we get,
1

wjjr = E(qu + qu,), (13.170)

and the wave for x — —o0 is,

L ke, By ik

Yy = — hv 4 ) gtk — 13.171
v () i et 4 T, e , x — —00, ( )

in this case.

To summarize we have shown that meson-baryon scattering in QCDs in the
large- N, limit is non-trivial for non-zero quark masses, and is described by two
distinct effective potentials when the quark masses are unequal. These effective
potentials are not of the sine-Gordon type found in previous cases, and we expect
the scattering amplitudes also to be non-trivial. Their calculation will require
numerical analysis.
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