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Universal Singular Inner Functions

Pamela Gorkin and Raymond Mortini

Abstract. We show that there exists a singular inner function S which is universal for noneuclidean

translates; that is one for which the set {S( z+zn
1+z̄nz

) : n ∈ N} is locally uniformly dense in the set of all

zero-free holomorphic functions in D bounded by one.

Almost half a century ago M. Heins [He] constructed a Blaschke product B that

has the following special property: there exists a sequence (zn) tending to the bound-
ary, ∂D, of D such that for every holomorphic function f in the unit disk D bounded

by 1 there exists a subsequence (znk
) of (zn) such that B(

z+znk

1+z̄nk
z
) tends to f locally uni-

formly in D. This Blaschke product is called a universal Blaschke product. Since that
time, interest has increased in universality in many different situations (see for exam-
ple, the paper [GE]). Universal functions play an important role in operator theory,

and in particular, in the study of cyclic vectors for certain operators. In this paper we
are interested in whether or not there is an analogous result for singular inner func-
tions. In this case, of course, every limit of noneuclidean translates of S must either
be identically zero or zero-free in D. It is the aim of this note to prove the existence

of universal singular inner functions. Thus, in this setting, a universal singular inner
function is a singular inner function S such that every zero-free holomorphic func-
tion in D and bounded by 1 can be locally uniformly approximated by noneuclidean
translates of S.

1 Approximating by Singular Inner Functions

A singular inner function is a function of the form

Sµ(z) = eiθ exp

(

−

∫

|ξ|=1

ξ + z

ξ − z
dµ(ξ)

)

,

where µ is a singular, positive Borel measure on ∂D. All measures considered here
are assumed to be finite. The singular inner function Sµ is said to be normalized, if
Sµ(0) > 0, and discrete, if µ is a discrete measure.

Though the next lemma is well known, we present a short proof of it for the sake
of completeness.

Lemma 1.1 The linear span of the set of Dirac measures {δk/n : 0 ≤ k ≤ n − 1} with

positive coefficients is weak-∗ dense in the set of all positive Borel measures on [0, 1[.
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Proof Let µ be a positive Borel measure on [0, 1[, f ∈ C([0, 1]) and ε > 0. Since
f is uniformly continuous, there exists δ > 0 such that for all x, y ∈ [0, 1] with

|x − y| < δ we have | f (x) − f (y)| < ε
µ([0,1[)

. Choose an integer n such that 1
n

< δ.

Let σ =

∑n−1
k=0 µ([ k

n
, k+1

n
[)δk/n. Then

∣

∣

∣

∫

f dµ −

∫

f dσ
∣

∣

∣
≤

∣

∣

∣

n−1
∑

k=0

∫

[ k
n
, k+1

n
[

[ f − f (k/n)] dµ
∣

∣

∣

≤

n−1
∑

k=0

ε

µ([0, 1[)

∫

[ k
n
, k+1

n
[

1 dµ = ε

Let H denote the set of all zero-free functions in the unit ball of H∞ that are

positive at the origin.

Proposition 1.2 The closure of the set of normalized singular inner functions in the

compact-open topology is the union of the constant function 0 and the set H.

Proof Since one inclusion is obvious, it remains to show that every f ∈ H ∪ {0} is
in the closure of the set of normalized singular inner functions. If f ≡ 0, then we
take fn(z) = [exp(− 1+z

1−z
)]n. If f ≡ 1, then we may choose fn(z) = [exp(− 1+z

1−z
)]1/n,

where fn(0) > 0. If f ∈ H \ {1}, then g := − log f is holomorphic in D and not
identically 0 (here log f (0) is taken to be negative). Obviously, | f | < 1 implies that
Re g > 0. By Herglotz’s theorem ([Ho], p. 40), there exists a (unique) positive Borel
measure ν on [0, 2π[ such that

g(z) =

∫

[0,2π[

eit + z

eit − z
dν(t).

By Lemma 1.1, there exist positive numbers εk,n > 0 such that the measures σn =

∑n−1
k=0 εk,nδ2πk/n converge weak-∗ to ν. Hence

gn(z) =

∫

[0,2π[

eit + z

eit − z
dσn(t)

converges locally uniformly on D to g. Thus
(

exp(−gn)
)

is a sequence of singular
inner functions converging locally uniformly to f .

As a corollary of the proof of Proposition 1.2 we obtain the following useful result.

Corollary 1.3 The set D of discrete singular inner functions of the form

eiq

n−1
∏

k=0

exp
(

−εk,n
e2πik/n + z

e2πik/n − z

)

,

where q ∈ Q , n ∈ N, εk,n ∈ Q and εk,n > 0, is a countable, locally uniformly dense

subset of the set N of all zero-free holomorphic functions in D bounded by one.
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2 Universal Singular Inner Functions

Let (an) be a sequence of points in D satisfying
∑

n(1 − |an|) < ∞, and let

B(z) =

∞
∏

n=1

ān

|an|

an − z

1 − ānz

denote the corresponding Blaschke product. Then a straightforward calculation

shows that

(1 − |an|
2)|B ′(an)| =

∏

j: j 6=n

∣

∣

∣

a j − an

1 − ā jan

∣

∣

∣
.

A sequence (zn) of distinct points in D is called thin if

lim
k→∞

∏

j: j 6=k

∣

∣

∣

z j − zk

1 − z̄ jzk

∣

∣

∣
= 1.

It is known that (zn) is thin if
1−|zn+1|
1−|zn|

→ 0 (see e.g. [GM]). These examples of thin

sequences will be useful later in this paper. Thin sequences have been the object of
much study and are sometimes referred to as “sparse” sequences in the literature (see

e.g. [H] and [GI]).
In what follows we will let La(z) =

a+z
1+āz

, a ∈ D. The Blaschke product B(z) =

∏∞
n=1

ān

|an|
an−z

1−ānz
is called thin if its zeros, (an), form a thin sequence. Note that for a

thin Blaschke product B we have

|(B ◦ Lan
) ′(0)| = (1 − |an|

2)|B ′(an)| → 1.

Proposition 2.1 Let B be a thin Blaschke product with zero sequence (an). Then there

exists a subsequence (ank
) of the zero sequence of B such that B◦Lank

converges uniformly

on compacta to a unimodular constant times the identity function.

Proof Since {B ◦ Lan
: n ∈ N} is a bounded family of analytic functions, Montel’s

theorem implies that there exists a subsequence, (ank
), of (an) and an analytic func-

tion h in the ball of H∞ such that B ◦Lank
converges to h uniformly on compacta. We

note that h(0) = 0. Furthermore, the comments preceding the proof of this propo-
sition imply that |(B ◦ Lank

) ′(0)| → 1. Thus by Schwarz’s lemma, we see that there

exists a unimodular constant eiθ such that h(z) = eiθz, as desired.

From the proposition above it follows that ( f ◦ e−iθB) ◦ Lank
converges locally

uniformly to f for any f ∈ H∞.

Our construction of universal singular inner functions will use the following ele-
mentary result. It readily follows from Lemma 1.5 in [GI] and the fact (mentioned

above) that (zn) is thin if
1−|zn+1|
1−|zn|

→ 0.

Proposition 2.2 For any sequence (zn) in D with |zn| → 1 there exists a thin Blaschke

product B whose zeros within D are contained in the set {zn : n ∈ N} and have the same

cluster points as the sequence (zn).
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We are now ready to prove the main result of this note.

Theorem 2.3 Let (zn) be a sequence in D having infinitely many nontangential cluster

points on ∂D. There exists a (discrete) singular inner function S such that

{

S
( z + zn

1 + z̄nz

)

: n ∈ N

}

is locally uniformly dense in the set N of all zero-free holomorphic functions in D bound-

ed by one.

Proof Let (λn) be a sequence of distinct nontangential cluster points of (z j ) in ∂D,

say lim j z ′j,n = λn nontangentially. Without loss of generality we may assume that λn

tends to 1 and 0 < arg λn+1 < arg λn. Let B be a thin Blaschke product with zeros
contained in the set {z ′

j,n : n, j ∈ N} such that the cluster set of the zeros of B is
precisely the set {λn : n ∈ N} ∪ {1}.

According to Corollary 1.3 there exists a countable set D = {S j : j ∈ N} of
discrete, singular inner functions that is locally uniformly dense in N. Furthermore,
for each j, there exists a subsequence of the zero sequence of B, denoted (zn(k, j))k,

that converges to λ j and satisfies

(1) (S j ◦ e−iθ j B) ◦ Lzn(k, j)
tends to S j

locally uniformly on D as k → ∞.

Since the composition of two inner functions is inner, we see that S j ◦ e−iθ j B is a
singular inner function. We write

Sµ j
= S j ◦ e−iθ j B,

where µ j is the associated positive, singular Borel measure on ∂D. Note that Sµ j
is

not necessarily normalized. The singularities of Sµ j
are determined by those of B and

by the preimages of the finite number of singularities of S j under the map e−iθ j B.
Since {λn : n ∈ N} ∪ {1} is the set of singularities of B, we can conclude that Sµ j

has
only countably many singularities, and so, Sµ j

is a discrete singular inner function.

Moreover, we will show that the measure µ j has no mass at λ j . In fact, suppose the
contrary. Then Sµ j

has nontangential limit zero at λ j . On the other hand, S j ◦ e−iθ j B

has the nonzero value S j(0) at every zero of B. Since, by our assumption, some of the
zeros of B cluster nontangentially at λ j , we get a contradiction.

The fact that µ j({λ j}) = 0 now implies that there are pairwise disjoint closed arcs
I j on ∂D centered at λ j with µ j(I j) ≤ 2− j for j ∈ N. We let ν j be the restriction of

µ j to I j . Then ν =

∑

ν j is a positive, finite, singular measure on ∂D. Let Sν be the
associated singular inner function. Write Sν as

(2)
(

∏

n6= j

Sνn

)

(Sν j
/Sµ j

)Sµ j
.

https://doi.org/10.4153/CMB-2004-003-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2004-003-0


Universal Singular Inner Functions 21

Note that for every j the functions
∏

n6= j Sνn
and Sµ j

/Sν j
are analytic and unimod-

ular on I j . Since (Lzn(k, j)
) converges locally uniformly in D to λ j , assertions (1) and

(2) now imply that there exists σ j ∈ [0, 2π[ such that

(3) lim
k

Sν ◦ Lzn(k, j)
= eiσ j S j

locally uniformly in D. We now use an interpolation result due to Eva Decker ([De],

p. 554) to obtain a (discrete) singular inner function S∗ that is analytic at every λ j

and has the prescribed radial limits e−iσ j at λ j . The function S = S∗Sν is now the
universal singular inner function we were looking for. In fact, let d be a distance
function generating local uniform convergence on the set H(D) of all holomorphic

functions in D; for example let ‖ f ‖n = max{| f (z)| : |z| ≤ 1 − 1
n
} and

d( f , g) =

∑

n

1

2n

‖ f − g‖n

1 + ‖ f − g‖n

.

Let f ∈ N and ε > 0. Choose S j ∈ D so that d(S j , f ) < ε/2. Note that due

to the analyticity of the function S∗ at each λ j , the sequence (S∗ ◦ Lzn(k, j)
)k converges

locally uniformly to S∗(λ j) = e−iσ j . Hence, by (3) and the fact that S = S∗Sν , we see
that S ◦ Lzn(k, j)

converges locally uniformly to S j . Thus we find a zero, zm, of B so that
d(S ◦ Lzm

, S j) < ε/2. Then d(S ◦ Lzm
, f ) < ε.
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