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Base change and Grothendieck duality for
Cohen—Macaulay maps

Pramathanath Sastry

ABSTRACT

Let f: X — Y be a Cohen-Macaulay map of finite type between Noetherian schemes,
and g : Y/ — Y a map, with Y’ Noetherian. Let f’ : X’ — Y’ be the base change of f
under g and ¢’ : X’ — X the base change of g under f. We show that there is a canonical
1somorphlsm Hf J wf ~ wy, where wy and wy are the relative dualizing sheaves. The
map 0g is easily described when f is proper, and has a more subtle description when f is
not. If f is smooth we show that 9{; corresponds to the canonical identification ¢’ *Q; = Q?,
of differential forms, where r is the relative dimension of f. This work is closely related
to B. Conrad’s work on base change. However, our approach to the problems and our
viewpoint are very different from Conrad’s: dualizing complexes and their Cousin versions,
residual complexes, do not appear in this paper.

1. Introduction

Our approach to Grothendieck duality is the approach of Deligne and Verdier [Del66, Ver69] with
important elaborations by Alonso et al.. [AJL99]. In particular, we do not use residual complexes
or dualizing complexes, which are crucial ingredients in the approach laid out in Hartshorne’s
voluminous book [Har66]. We will be examining the behavior of relative duality for a Cohen—
Macaulay map f : X — Y of Noetherian schemes. Our intent is to show that the main result of
Conrad’s recent book [Con00] on Grothendieck duality concerning base change for relative dualizing
sheaves and traces for Cohen—-Macaulay maps (see [Con00, pp. 172-173, Theorem 3.6.5]) can be
established without recourse to dualizing or residual complexes.

Our approach is the ‘soft” approach, with emphasis being placed on functorial aspects (i.e. on how
‘upper shriek’ behaves and what it does, rather than its precise description via residual complexes).
In the case where the map f : X — Y is smooth, our techniques also establish the commutativity
of diagram (1.1.3) of [Con00], one of the main motivations for Conrad’s book.

A word about our philosophy. We have already pointed out our functorial bent. In other words
we would like to believe that there is so much information built into the abstract definitions of
the various objects associated with duality theory, that explicit information can be elicited with
minimum computations. For a practitioner of such a philosophy the hard work is in finding the
intricate web of relationships between the abstractly defined objects (e.g. the pseudofunctoriality
of (-), and compatibility with (Zariski, étale, smooth, flat) localizations). Lipman’s notes [Lip03]
give an indication of the effort involved in getting the setup right. While the effort involved can be
(and is) considerable, it often results in conceptual clarifications. At the concrete level, computations
do occur in duality theory. In such instances we give primacy to residues rather than residual
complexes and in general, we believe, this can always be done. In sharp contrast, Conrad uses
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P. SASTRY

residual complexes. If one shows that residues (rather than traces) behave well with respect to base
change of Cohen—Macaulay maps, then local duality gives the rest. We leave it to the reader to
judge if our approach results in conceptual clarifications.

From our point of view, the general base change theorem for Cohen—Macaulay maps is a careful
functorial upgrading of the following easy base change formula

Homy (B, A) @4 A" = Hom 4/ (B', A'), (1.1)

where A — B is a finite, flat map of Noetherian rings, A’ is an A-algebra and B’ = B @4 A'.
This upgrading requires establishing local duality and setting up the right functorial machinery.
Note that formula (1.1) says that the relative dualizing sheaf for a finite flat map of Noetherian
schemes f: X — Y (i.e. a proper Cohen—Macaulay map of relative dimension 0) behaves well with
respect to base change and so does trace (‘evaluation at 1’). Conrad informs me that the above
formula is also the key to his approach.

We have included a number of appendices giving (hopefully) something of a coherent survey of
facts scattered in the literature regarding base change for direct images with support and for local
cohomology. We have only included those facts which are needed for this paper. Appendices are
labeled by the upper case letters in the English alphabet, and so one has to look at Appendix A for
(say) Proposition A.1.3.

In a short while we will give a quick summary of the Deligne—Verdier (DV) approach to duality.
The classic references are [Del66] and [Ver69]. Deligne’s and Verdier’s results apply to (finite-type,
separated) maps between Noetherian schemes of finite Krull dimension. This is generalized to
arbitrary Noetherian schemes by Alonso, Jeremias and Lipman in [AJL99]. In fact, their results
are far more general than we need in this paper. They work with Noetherian formal schemes. Since
our interest is not restricted to schemes with finite Krull dimension, we will appeal to [AJL99]
for our results (and make a respectful bow towards [Del66] and [Ver69] by also giving appropri-
ate references to the analogous results there). The key results in the DV approach to duality are:
(a) the existence of a right adjoint to the (derived) direct image functor for a proper map — the
twisted inverse image functor in Verdier’s terminology [Del66, pp. 416-417], [Ver69, pp. 393-394,
Theorem 1], [AJL99, p. 5, Theorem 1] and [Lip99, p. 120, Corollary (4.3)]; (b) compatibility of
this twisted inverse image functor with flat base change [Ver69, pp. 394-395, Theorem 2], [AJL99,
pp. 89, Theorem 3J; and as a consequence (c) the localness of the twisted inverse image functor
[Ver69, p. 395, Corollary 1], [AJL99, p. 88, Proposition 8.3.1]. We should point out that Neeman
has an intriguingly different approach to the above results (see [Ne96]).

1.1 Notation and terminology

Schemes will mean Noetherian schemes. For any scheme Z, Z,. (respectively Z.) will denote the
category of quasi-coherent Oz-modules (respectively coherent Oz-modules). The category whose
objects are complexes of Oz-modules whose cohomologies are quasi-coherent and vanish in suffi-
ciently negative degrees and whose morphisms are homotopy equivalence classes of maps of
complexes will be denoted K(;Q(Z). The corresponding derived category (obtained by formally
inverting quasi-isomorphisms) will be denoted D[J{C(Z ). The resulting localization functor will be
denoted

Qz: K;.(Z) — DL(2).

Recall that an injective object of Zy. is an injective object in the category of Oz-modules (since Z
is Noetherian), and hence is flasque. By an injective sheaf on Z we will always mean an injective
object in Zq.. Higher direct images (with or without supports) of maps of schemes h : Z — W
will, unless otherwise stated, be thought of as functors on Zy.. In view of the previous comment,
and the existence of enough injectives in Zg, it is simply the restriction of the usual higher direct
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images to Zyc. In particular, a statement of the form R’h, = 0 means that it is zero when applied
to objects in Zg. (though perhaps not zero when applied to an arbitrary sheaf of abelian groups).

1.2 Sign conventions for complexes

We follow the following (standard) sign conventions. These differ somewhat from the (non-standard)
conventions in [Har66]. If A® and B® are complexes in an abelian category A which admits infinite
direct sums and a tensor product ®, then the following hold.

i) Hom®(A®, B®) is the complex whose nth graded piece is
Hom"(A®, B*) = Homg, (A®, B®[n]),
where Homyg, denotes graded maps of degree zero. The differential follows the rule
d"f =dpof — (=1)"feda
= (=1)""(foda — dppmjof).-
ii) A®* ® B*® is the complex whose nth piece is
(A* ® B®)" = ®pez AP @ B"P
and the differential is
d"AP@B"P=d" @1+ (-1)Pody "
iii) We have an isomorphism
0, A*fi] © B*[j] = (4° ® B*)fi + jl,
which is ‘multiplication by (=1)P7> on APt @ B, Note that 6;; = 6;o[j]obpj, but 0;; =
(—1)"6;[i]ob;0. See [Lip03, p. 20, (1.5.4)] for the reason for introducing 6;;.
iv) We use the standard identification, the one without the intervention of signs (cf. [Con00, p. 7,

(1.3.1)]), of H'(A®[r]) with H**"(A®). This identification is functorial in A®. In other words we
have an identity of functors

HY(()[r]) = H™(:). (1.2)

The identity (1.2) is robust under translations. In other words, the two identifications of

Hi(A®[r][s]) with HTTT$(A®) (i.e. by either using (1.2) twice or by using A°[r][s] = A°[r + 5]
and then applying (1.2)) agree.

Now suppose R is a (commutative) ring. If P is a finitely generated projective module, we

identify P with its double dual in the standard way. Let P°® be a complex of finitely generated
projective modules over R. Then we check (using the conventions above) the following.

1) the complex P® = Hom$% (Hom®%(P*, R), R) has as its differentials the negatives of the differen-
tials of P*. There is an isomorphism of complexes P®* — P* given by multiplication by (—1)"
at degree n.

2) If Q® is the complex obtained from Hom%(P®, R) by changing all the differentials to their
negatives, then

P* = Homy(Q°*, R).
3) If M* is a complex of R-modules, the natural isomorphism of R-modules
MP @ Hompg(P*, R) — Hompg(P*, MP)
gives (without auxiliary signs) an isomorphism of complexes
M® ®r Hom%(P°®, R) — Hom%(P*, M*®),
provided M® or P*® is bounded. Note the order in which the tensor product is taken.
731

https://doi.org/10.1112/50010437X03000654 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X03000654

P. SASTRY

We end this subsection with a discussion concerning translates and derived functors. A clarifi-
cation becomes necessary in view of the convention adopted by Conrad in [Con00, p. 151, (3.4.13)].
One of our aims is to establish (1.4), which on first glance seems obvious, but which needs explica-
tion. If A is an abelian category with enough injectives, F' : A — B a covariant left exact functor (B
another abelian category) and A is an object in A, then (1.2) allows us to make an identification

H'(RF(A[r])) = R F(A) (1.3)

in the following way: choose an injective resolution I® of A (in degrees >0), and use the induced
injective resolution I*[m] of A[m] to compute derived functors of A[m| for any m. Then, as in
[Con00, p. 8, (1.3.4)], we have

HY(RF(A[r])) = H((FI®[r]) = HT(FI*) = R""F(A).
Now suppose we have a map in the derived category of complexes in B,
f: RF(A[r]) — BJ0]

for some object B in B. Let s be any integer. We claim that under the identification (1.3) we have
the following equality of maps (with source R"F(A) and target B):

H™*(fls]) = H°(f). (1.4)

The claim is proved as follows. There exists a complex C'® in B which, though not necessary for
what follows, may be taken to be bounded below, and maps of complexes g : C* — B[0] and
u: C* — F(I*)[r], with u a quasi-isomorphism, such that in the derived category of complexes
in B we have (with localization functors suppressed) f = gou™'. It follows that f[s] = g[s]ou[s] .
By (1.2) we have

H™(gls])oH " (u[s)) ™" = H(g)oH®(u) ™",

giving (1.4). Note that the robustness of (1.2) under translation reconciles any ambiguity in the
interpretation of (1.4) (see the comment immediately following (1.2)).

In the special case of I' = f, where f : X — Y is a smooth proper map of relative dimension
r,and A = /\’”OXQ}< Iy (the relative canonical sheaf), (1.3) differs from the convention adopted by

Conrad in [Con00, p. 151, (3.4.13)] by a sign (if ¢ = 0, the sign is (—1)").

1.3 Summary of the DV approach

Here is the promised summary of the key points of the DV approach. Let f : X — Y be a separated
finite type map of schemes. One ‘constructs’ a functor f : D(;FC(Y) — D(;rC(X ) in two steps. If f is
proper, then f' is defined as the right adjoint to Rf, : D{.(X) — D{.(Y)) (which is shown to exist).
If f is not proper, then we pick a compactification f: X — Y of f, and f' is defined to be i*of,
where i : X < X is the natural inclusion. The local nature of f' (see Remark 1.3.1 below) ensures
that the end result is canonically independent of the compactification f. Recall that Nagata’s result
in [Nag62] ensures the existence of a compactification of f. Nagata’s proof is difficult to follow since
it does not use the language of schemes. There are proofs of Nagata’s result in the language of
schemes, such as those by Liitkebohmert [Lut93] and an old unpublished one by Deligne written up
by Conrad [Con].

The localness of ‘upper shriek’ needs, in a critical way, the results in [Ver69] and [AJL99]
concerning flat base change and the twisted inverse image functor, therefore we quickly review
this. First note that if f : X — Y is proper, then we have a natural transformation

Ty : Rff' = 1pe v (L.5)
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(the trace map) corresponding to the identity morphism f' — f'. Let

X/ L X
f/l lf
Y ——=Y
be a cartesian diagram with g flat and f proper. We have a composite map
* ~ * “T *
g* Ty Rflg™ ' 5 g RESf T g,
(See Remark B.2.2 in Appendix B for the isomorphism.) By the universal property of (f’ !, Tyr) we
get a unique map
* [
ol g f'— f'yg (1.6)
such that T oRR f*Q{; = g#Tf. The flat base change assertion in [Ver69, pp. 393-395, Theorem 2]
and [AJL99, pp. 89, Theorem 3] is that Q{; is an isomorphism.

Remark 1.3.1. Here is how the local nature of ‘upper shriek’ is proved using flat base change of

proper maps. Suppose first that we have two compactifications (i, fr : X — Y) of f and that
these compactifications can be embedded in a commutative diagram

X =X

e

X?XQ?Y

such that the square is cartesian. The last condition is satisfied, for example, when 21 : X — X3 is
scheme theoretically dense. Indeed, if this is so, the natural map X — h~!(X) is scheme theoretically

dense, and being proper (for the composite X — h~1(X) M, X is the identity map, which is proper)
is an isomorphism, proving that the square in (1.7) is cartesian in this case. Next, since fi ~ ' fé
(we are using the isomorphism Rf;, ~ Rfs,h. and the adjointness of ‘upper shriek’ and ‘derived
lower star’), by flat base change we have

| ~ I pl ~ ! | |
nfi —uhify — 1xify = if.
One checks from the definitions that this isomorphism has another description which is more useful

at times. Let 7} : Rh, fl! — f2! be the map that arises from the isomorphism fl! ~ h' f2! and Tj,.
Then the above isomorphism can be described by

* i/
1 25Ty,

* pl * ! * gl
11 f1 = RS — 15 fs. (1.8)
This latter description is used in the proof of Proposition 3.1.1 and in Proposition 4.2.1.

We have assumed that f; and fo are related by a commutative diagram of the type (1.7) with
X = h71(X). The general case can be reduced to this by finding a third compactification (13 : X <
X3, f3: X3 — Y) of f such that for k = 1,2 we have a cartesian square of Y-schemes

X i>X?,
H lhk (1.9)

and then using the isomorphisms 2§ f} ~ 2% f to get 1} f5 ~ ] f{. Such a compactification can be
found by setting X3 equal to the scheme theoretic closure of the diagonal embedding X — X7 xy X5
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(and setting 13, h1, he and f3 equal to the obvious maps). Note that, with this choice of X3, X is
scheme theoretically dense in X3 and hence (1.9) is cartesian for k = 1,2. It can be checked that
the resulting isomorphism 25 f2! — f1! is independent of the auxiliary data (i3, h1, he, f3).

If pij = 25 f;» — o} fi! is the isomorphism described above for two compactifications (1;, f;) and
(25, f;) of f, then it is easy to see that:

a) pi; is compatible with open immersions into X;

b) for three compactifications, we have p;joujr = fik-

We should point out that in a different context (but with the same formalism) this has been worked
out by Lipman in [Lip84, p. 46, Lemma (4.6)].

We can, in light of the above discussion, talk about f' even if f is not proper (though separated-
ness is necessary). Moreover if g : Y — Z is another separated finite type map, then we have an
isomorphism

(9f) = f'd (1.10)
arising, when f and g are proper, as the isomorphism adjoint to the isomorphism Rg.oRf, —
R(gf)«, and defined in general by compactifying and then restricting. One sees that (1.10) is
independent of compactifications of f and g by considering diagrams as in [Del66, p. 413] (the order
of f and g is reversed there), especially the second diagram (from which a south-west pointing
arrow from X to Y is missing). We leave the details to the reader. In conceptual terms we are
talking about the pseudofunctoriality of (-)' which, roughly speaking, refers to the associativity of
the isomorphism (1.10).

Remark 1.3.2. The p;; above are compatible with flat base change. More precisely, let g : Y/ — Y
be a flat map and (-)’ = (-) Xy Y. Then the compatibility statement being made is that the diagram
(with (i,7) = (1,2) and Lg* = g*, Lg"" = ¢'* etc.)

1% % gl 1% ko pl ~ 1% o1l ok
g ufs=—=159'2/5 >15f'99

g’*uml lﬂlm (1.11)

1% % gl VA
g S

o~ |
1191 /1 > prfﬁg*

commutes, where the horizontal isomorphisms are 22@5’“, k =1,2. By (1.6) and the ‘associativity’
of (1.10) we only need to check that diagram (1.11) commutes when f; dominates fo, i.e. there
is a map h : X1 — Xo such that (a) faoh = f1 and h™1(12(X)) = 21(X) (see Remark 1.3.1). In
this situation, one checks that (1.11) commutes by verifying @Z oz’l*@g‘é = ¢/"O and, after making
the identifications f{ = h'f} and = h’!fé, that h”@fo@é’2 = @gl (i.e. (1.6) is compatible with
(1.10)). These identities are proved in the appendices, the first in Remark B.2.4 and the second
by the commutativity of the diagram (B.3). In view of the above discussion it makes sense to talk
about G)g g — ! g* for a separated finite type map f: X — Y and a flat map g even when f
is not proper.

1.4 The problem

To explain the problem we will first consider a simpler situation, in which we have more hypotheses
than we really need. Following [Con00], first consider a proper map f : X — Y which is Cohen—
Macaulay of relative dimension r. The condition in italics means that:

a) f is flat (of finite type) and

b) the non-empty fibers of f are Cohen—-Macaulay of pure dimension 7.
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It is well known that in this situation, for i # —r, H*(f'Oy) = 0 and hence f'Oy — welr],
where wy = H~"(f'Oy) [Lip79, p. 39, Lemma 1(i)]. Note that w; is coherent on X. It is further
proved in [Lip79] that w; is flat over Y. It should be pointed out that the statement in [Lip79] is
for r = 2, but the proof works for arbitrary r.

Let
Oy
/:/ ‘R fuwy — Oy
f f

be induced by the trace map T : Rf.f 'Oy — Oy (we remind the reader of our convention (1.3)).
The pair (wy, [ 1) induces a functorial isomorphism Homo, (F,wy) — Homo, (R" fuwy, Oy) for
F € Xqc, and hence (wy, [ f) is unique up to unique isomorphism. Next suppose that f is embedded
in the cartesian square as follows.

/

X/ g%X
f’l lf
Y =Y

Since R" f.(-) commutes with arbitrary base change (see Proposition B.1.2), we see that the natural
map ¢*R" fuws — R" flg""wy is an isomorphism. We therefore have a map

g#/ tRflg"wp — Oy
f
defined by the composite

~ 9" Jy
R flg"wp =5 g" R fuwy — g" Oy = Oy,
The universal property of (wyr, [ f’) (note that f’ is also Cohen-Macaulay of relative dimension r)
immediately gives us a (unique) map

05 1 wp — wp
such that ff/ Oeri(e.g) = g# ff

Remark 1.4.1. If g is flat and G)f; Ay S—— f’!g* is the isomorphism defined in (1.6) (see
Remark 1.3.2), then one checks easily that H""(@ﬁ(@y)) = 05.

Roughly speaking, Conrad’s main results are as follows:
i) «9{; is an isomorphism.
ii) If f is smooth, so that (via Verdier’s identification [Ver69, p. 397, Theorem 3]) wy = QF,

T

wpr = Q’]},, then 05 is the canonical identification of differential forms ¢'*Q b= Q’]},. Here Q’]}
and Q;, are the respective relative Kahler r-forms on X and X’.

Our main task in the proper case is to prove results i and ii based on our functorial foundations.
The above rough description involves some loss of the general flavor of [Con00]. Conrad begins
with an explicit local description of w; and wy in terms of &xt sheaves. A little more precisely,
if X is a closed subscheme of a smooth Y-scheme p : P — Y (locally on X such an embedding
is possible), then wy can be identified with @y := &L‘t%P (OX,Q;M), where d is the codimension
of X in P (see § 8.1). A similar description applies to wy in terms of P’ = P xy Y’. One has
then, for these explicit versions of the dualizing sheaves, an explicit isomorphism (see (8.9) in § 8.1)
VgD — Op obtained naturally on Ext sheaves (see [Con00, pp. 164-165, Theorem 3.6.1]) and
which is shown to be independent of the local factorization of f into a closed immersion followed by
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a smooth map. Conrad also has in place canonical traces for R” fywy and R" f’,wy. (See the proof
of [Con00, p. 173, Corollary 3.6.6].) He shows that his map 1 is compatible with the canonical
traces. In other words, the explicit isomorphism 1 he obtains is what we have called 95 . (He calls
it fBf4.) In contrast, our definition of 9{; is global (a priori it requires f to be proper), and by
definition is compatible with traces. We have to show that it is an isomorphism (and in the smooth
case is a specific isomorphism.)

Remark 1.4.2. We have quoted Lemma 1, p. 39 of [Lip79] for a proof of the fact that the relative
dualizing complex is concentrated in one degree, and the corresponding homology is flat over the
base. The same lemma also asserts that the wy is well behaved with respect to base change, but
this assertion is not completely proved there. The proof given in [Lip79] shows that there are local
isomorphisms between ¢’ *wf and wy, but it is not clear that these isomorphisms patch. This will
follow from Theorem 2.3.6. (See question d raised in § 1.5 below.)

1.5 The problem refined

Coming back to our formulation of the problem, a natural question is how necessary is the hypothesis
of properness for our result? Note that the very definition of 95 needs f to be proper. Suppose we

drop the properness assumption of f. Then f can (at least locally) be compactified by X Ty
whose fibers are of dimension at most r (see § 2.2). These compactifications need not be Cohen—
Macaulay, but if we set wyp = H™"(f 'Oy), we have a functorial isomorphism Homoey (F,wf) =
Homo, (R" f.F,Oy) for F € X, whence an ‘integral’ ff— : R fawy — Oy. Arguing as before, we
get a map 05 1 §*wy — wp, where f': X" — Y is the base change of f under g, and g : X' — X the
base change of g under f. The map 05 need not be an isomorphism (see [HS93, p. 773, Remark 3.4]),

but (in light of Conrad’s local and explicit results) we ask the following:

a) Is 95 = Hg\X’ 1 g*wy — wy an isomorphism?

o

Is 95 independent of the compactification of f?

If f is smooth, is 05 the canonical identification of differential forms?

¢}

)
)
)
)

o,

Given a factorization of f as a closed immersion followed by a smooth map, and if the answer
to questions a and b is ‘yes’, is there an explicit description of 05 along the lines of Conrad’s
map”?

e) Finally, is it possible to make explicit the trace map R" f*Q’]} — Oy associated to Verdier’s
isomorphism when f is smooth and proper?

These then are the problems. In this paper, we answer the first four questions affirmatively with-
out recourse to dualizing complexes, and remaining faithful to the DV viewpoint. As for question e,
we plan to address it in a later paper using the results of this paper together with the explicit
computations made by Lipman in the proof of his ‘residue theorem for projective space’ [Lip84,

p. 75, Proposition (8.5)]. Using ¢ we note that if {U, ELR Y} is an open cover of X . ¥ such that
each f, has an r-compactification (see § 2.2 below for the precise definition of r-compactification),
the various «95‘1 patch together on X’ to give a global isomorphism 05 D gwy = wyr, which is
independent of the cover {U,}. On the smooth locus of f, this isomorphism will be shown to be the
canonical identification of differential forms. We state our results precisely in Theorems 2.3.3, 2.3.5
and 2.3.6.

Our techniques are such that we do not need dualizing complexes or their Cousin versions —
residual complexes. In later work we hope to use the DV approach to rework the theory of residues
of Kunz, Hiibl and Lipman [Hub89, HK90a, HK90b, Lip84, Lip87].
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2. The main results

2.1 Verdier’s isomorphism

Let f: X — Y be a smooth separated map of finite type. Theorem 3 (p. 397) of [Ver69] gives an
isomorphism

f'Oy = Q] (2.1)
for f smooth. We give Verdier’s proof in § 7.1. The theorem depends only upon his flat base change
theorem [Ver69, Theorem 2]. In [Ver69] the flat base change is only proved for schemes of finite Krull
dimension. Fortunately, recent results of Lipman [Lip99, p. 120, Corollary (4.3)] yield the flat base
change theorem (and even more), and hence (2.1), without the dimension hypotheses. One checks
easily from the proof of [Ver69, Theorem 2] that the isomorphism (2.1) localizes well over open sets
in X. This has implications when f is just smooth and of finite type (not necessarily separated).

2.2 Equidimensional maps

In order to define «95 for a Cohen—Macaulay map f that is not proper, it becomes necessary to
consider local compactifications of f by maps whose fiber dimensions never exceed the relative
dimension of f (see § 2.3). It is possible to get such local compactifications because f is equi-
dimensional. We now recall the notion of an equidimensional map as discussed in [GD64, 13.3] (see
[GD64, (13.3.2)]). We restrict ourselves to finite type maps and retain our Noetherian hypothesis
(though the notion of an equidimensional map is defined in greater generality in [GD64]). A finite
type scheme map f : X — Y is said to be equidimensional if f takes each maximal point of X (i.e.
a generic point of an irreducible component of X) to a maximal point of Y, and if there exists an
integer r such that every component of every non-empty fiber of f has dimension r. Such an r is
called the relative dimension of f. We often abbreviate ‘ f is equidimensional of relative dimension r’
to ‘f is equidimensional of dimension r’. A Cohen—Macaulay map of relative dimension r (or any
finite type flat map whose fibers have pure dimension r) is clearly equidimensional. Equidimen-
sionality need not be preserved under base change (unless f is flat). One could lose the dominance
property, i.e. we could lose the property that generic points map to generic points. For example,
set X equal to an affine plane over a field, and set Y equal to the union of this plane with a line
L meeting the plane in one point. Let f : X — Y be the inclusion map. Make the base change
g: L —Y (g = inclusion map), and note that equidimensionality is lost. In order to have a notion
which is compatible with base change, we make the following definition.

DEFINITION 2.2.1. Let r be a non-negative integer and f : X — Y a finite type map. The map
f is r-proper if it is proper and its fibers have dimension at most r. An r-compactification of f
is a compactification f : X — Y which is r-proper. The map f is r-compactifiable if it has an
r-compactification, and f is locally r-compactifiable if X can be covered by open sets each of which
is r-compactifiable.

Note that the property of being r-proper (respectively r-compactifiable, respectively locally
r-compactifiable) is preserved under base change.

Coming back to equidimensional maps, an equidimensional map f : X — Y of relative dimension
r is locally r-compactifiable. In greater detail, f : X — Y is equidimensional of dimension r if and
only if X can be covered by open sets U, such that the induced maps f, : U, — Y factor as
U, e, Py 5 Y where h, is equidimensional of dimension 0 (in particular quasi-finite) and =
is the usual projection (cf. [GD64, Proposition (13.3.1)]). By Zariski’s Main Theorem, we have
a compactification U, e, Py of hy such that he is finite. The resulting map f, = mohg is an r-
compactification of f,. In fact f, can be made equidimensional of dimension 7, but its base changes
need not be equidimensional of dimension r.
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2.3 Kleiman’s functor fK

Suppose a Cohen—Macaulay map f has an r-compactification f. To construct a comparison map
05 for appropriate g we extend the relative dualizing sheaf for f to the compactification. There are
many ways of doing this, but we choose a method involving the r-dualizing functors of Kleiman.
The r-compactness of f and our choice of the extension of w ¢ allow us to define a comparison map
05 associated with this extension. The map 05 is then obtained by restricting. In greater detail,
for a locally r-compactifiable map consider the variant f&r = H="(f !) 1 Yy — Xge of Kleiman’s
r-dualizing functor (see [Kle80] for the definition of an r-dualizing functor). If the integer r is clear
from the context, and in most cases it will be, we will write f& for f&r.

Note. Since we are not assuming separatedness now, f' does not make sense. However, its —rth
cohomology does make sense. To begin with, X can be covered by open subschemes on which f' is
defined. Over triple intersections, these objects formally satisfy cocycle rules. But that is not enough
to glue them together as objects in D(J{C(X ) (the reason why Hartshorne upgrades his constructions
to Cousin complexes). However, the —rth cohomology does glue together since we are now in the
category of sheaves! This is the slick way of understanding [HS93, p. 760, Corollary 1.7].

Remark 2.3.1. In view of the remarks made towards the end of § 2.1, it is clear that if f is smooth
and not necessarily separated, we have an isomorphism

K ~
foy = . (2.2)
If f is r-proper we claim that f¥ is isomorphic to Kleiman’s r-dualizing functor. To see this,
first note that under our hypotheses R*f, = 0 for s > r, and from this one can (using descending

induction on k) deduce that H=*(f'G) = 0 for k > r, G € Yy C D{.(Y). Therefore we have a
bifunctorial isomorphism (from the adjoint relationship between f' and Rf,)

HOII]OX (fa ng) — HOH]OY (er*f7g)

for F € Xy and G € Y. The adjoint relationship between fX and R"f, means that f¥ is an
r-dualizing functor (by definition). Note that this adjoint relationship immediately gives rise to
an QOy-linear integral

g
/ ‘R f.f5¢ —¢G.
f

The pair (f5G, ffg) is unique up to unique isomorphism.

Note that (-)X is local (in the same sense that (-)' is local, see Remark 1.3.1). In fact the local
property of ()X is defined via the local property of (-)'. If 1 : U — X is a open immersion, and
fu : U — Y the map induced by the f: X — Y as above, then

B = Bu(f) 32*fK ;’f[[f (2.3)
will denote the resulting functorial isomorphism.

Remark 2.3.2. Let G € Y, and let f be as above. Suppose f proper. Since the complex f'G has
no cohomology below degree —r, we have a natural map rg : fXG[r] — f'G in D(;FC(X ). Since

RFf.(f5G[r]) = 0 for k > 0, we get a map Kg Rf.f5G[r] — HY(Rf.(f5G)[r]) = R"f.f5G (see
(1.3)). One checks easily that

G
Ty(G)oRfi(kg) :/f oG-

Set wy = fEOy. For f proper, if no confusion arises, we will write [ s for fj?y The pair (wy, [ /)
738

https://doi.org/10.1112/50010437X03000654 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X03000654

BASE CHANGE FOR COHEN—MACAULAY MAPS
is called a dualizing pair for f. Now consider the cartesian diagram
X/ gﬁ X
f’l lf (2.4)
Y ——=Y

/%

with (proper) f as above. The canonical map ¢*R" f, — R" f.¢'" is an isomorphism (see Proposi-

tion B.1.2). Hence, as in the Cohen—Macaulay case, we have a map
g#/f : R’"fig’*wf — Oy
induced by ¢* [ P2 As before we have a map
95 1 wp — wyr (2.5)
Our main theorem is as follows.

THEOREM 2.3.3. Let

Y ——=>Y

be a commutative diagram of schemes such that
e f is Cohen—Macaulay of relative dimension r;
e 1 IS an open immersion;
e f is r-proper;
e the inner square, the outer trapezium, and the trapezium bordered by ¢, V', 1 and g are all
cartesian.
Then the following hold.
a) The map «9{;\){’ : g’*wf — wyr is independent of the r-compactification f of f. Call the map «9{;.
b) 95 is an isomorphism.
c) If f is smooth, and we identify wy, wg respectively with Q, Q’J},, via Verdier’s isomorphism
(2.1) (or (2.2)), then 95 is the canonical identification of differential forms ¢'* Q' = QY.

Ezplanation. Part a needs slight elaboration. Suppose f] : Xj — Y, 5 = 1,2, are two

r-compactifications of f, with ¢; : X — X, the corresponding open immersion. Suppose (in an

obvious notation) 3; : wy — zj*wf], and ﬁ;- fwp — z;*wjz(, j = 1,2, are the resulting isomorphisms
J

(see (2.3)). Then part a asserts that

51_102/1*95109/*& = ﬁé_lolé*efogl*ﬁz-

Remark 2.3.4. Assume g is flat. Let @5 be as in Remark 1.3.2 (see (1.6)). One checks that 95 =
H _T(Q{; (Oy)). If f = f then we recover Remark 1.4.1. Moreover, diagram (1.11) shows that the
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map 05 | X" (which equals H~"(¢/ *@g (Oy))) is independent of the r-compactification f of f (in
the sense of the Explanation above). Since Q{; is an isomorphism, therefore so is 9{; |X’. Thus
parts a and b of Theorem 2.3.3 are true for g flat. Incidentally, if g is flat, 95 can be defined

even if the compactification f is not r-proper. Indeed the map H " (7 *Q{; (Oy)) is independent of
the compactification f in the sense of the Explanation above with Wy, and W being replaced by
J

H""(ﬁ@y) and H"”(f’lj(’)y/) respectively (cf. (1.11)). Clearly 05 so defined is an isomorphism.

Now suppose f : X — Y is Cohen—-Macaulay of relative dimension r (not necessarily separated)
and consider the base change diagram as follows.

L x
f’l lf
Y ——>Y

Since f is equidimensional of dimension r, it is locally r-compactifiable. In other words, X can be
covered by open subsets {U,} such that each map f, := f|Us : Uy, — Y has an r-compactification
fa. By part a of the previous theorem, the maps 95’;0‘ glue together to give a global Ox/-map

(95 : g'*wf — Wyr.

This map (again from part a of Theorem 2.3.3) is independent of the cover {U,}. Part b of the
theorem then implies that 05 is an isomorphism. Therefore Theorem 2.3.3 has the following, seem-
ingly more general, reformulation.

THEOREM 2.3.5. Let
X/ gﬁ X
f’l lf
Y ——=>Y
be a cartesian square of schemes, with f Cohen—Macaulay of relative dimension r. Then the following
hold.
a) There exists an isomorphism
0 g wp = wp
characterized by the property that if U C X is an open set admitting an r-compactification
over Y and 9§‘U is the map in Theorem 2.3.3, part a, then

-1 U
oflg " (U) = 0]

b) If f is smooth and wy, wy are identified with %, €2, via (2.2), then 95 is the canonical
identification of differential forms ¢'* V', = Q.

Our final result is concerned with question d raised in § 1.5. (See the discussion on Conrad’s
work at the end of § 1.4.) To that end, suppose f : X — Y is Cohen—Macaulay of relative dimension

r and f factors as X — P LY where 1 is a closed immersion and p is a smooth map of relative
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dimension r +d. Let g : Y/ — Y be a map of schemes and

XIQHX

1,
q

pl——P

b

Y ——Y
the resulting composite cartesian diagram. Let @y be the coherent Ox-module associated to the
1.0 x-module &L‘t%P (Z*Ox,Q?j/_?,) and @g the coherent Ox/-module associated to Ext%P/ (V' Ox,
Q?;,r;iy/). It is well known (adjunction) that @y and W are explicit representations of wy and wy. In
§ 8.1 we spell out these identifications. Next, there is an obvious isomorphism between ¢'*@ rand wyr.
One wants to know if this isomorphism is 9{; . In greater detail let ¢ : wy = wpand ¢t wp =0 I
be the isomorphisms described in (8.4) and (8.7) and ¢] : ¢"*@ ¢ — Wy the isomorphism (8.9). Our
third main result, to be proven in § 8, is as follows (cf. [Con00, pp. 164-165, Theorem 3.6.1]).

THEOREM 2.3.6. The following diagram commutes.

Remark 2.3.7. If d = 0 in the above theorem, then we recover part b of Theorem 2.3.5.

Remark 2.3.8. We would like flexibility in choosing dualizing pairs when proving our theorems. To
this end let f : X — Y be r-proper and consider the base change diagram (2.4). Suppose (@, [ f)

respectively (wy, ~, is another r-dualizing pair for f (respectively f’). Let 0! g 0 — Qp be
Iy g f f
the map defined in the way that 05 was defined in (2.5). Then

.8
g/ wf _>Wf/

-] T:

1% ~ ~
— W
g wf 8l I!

commutes, where the vertical isomorphisms arise from uniqueness (up to unique isomorphism) of
dualizing pairs. Indeed, if n: ©f — wy and 7' : ©p — wyp are these unique isomorphisms, then

/f, R fL(0409" 1) = /f R fL(0)o R £L(g )

=g* / oR"fi(g""n)

f
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and

oR" ! /Oéf oR" / /ORr e/ éf
Vi R *(77 g) /{, f*( ) *( g)
= ORT’; éf
/f’ (g)

f

Thus by the universal property of (wy, 1l f’)7 T],oég = 9§og’ *n. Note, in particular, that 9{; is an

isomorphism if and only if ég is.

3. Main ideas

The key idea is this: we define a residue map resz : R, f.wy — Oy for appropriate closed subschemes
Z of X. The residue map is a formal analog! of the integral J I The idea of using residues and so

working with formal schemes (in perhaps a disguised way) has many precedents and we mention
[Ver69, Lip84, HK90a, HK90b, HS93, LS92, Con00] in passing. In this paper, we will show, in a
fairly elementary way, that for special Z (we call such Z’s good) resz has a local duality property

and is well behaved with respect to base change. Recall that if Z <&, X is a closed subscheme of
X, then R f, denotes the pth right derived functor of f,I',, where 'y is the sheafified version
of ‘sections with support in Z’. The corresponding derived functor DJ.(X) — D{.(Y) is denoted

Rz f..

3.1 Residues

Let f: X — Y be a separated Cohen—Macaulay map of relative dimension r, Z <, X a closed
immersion such that h = jof : Z — Y is proper. Suppose

X—=X

N

Y

is a compactification of f (not necessarily r-proper). In D(;FC

one arising from excision)

we have a sequence of maps (the second

~ - ~ S . TF
Ry fuwylr] = Rz fu* f'Oy = Ry f.f'Oy — REf'Oy —5 Oy (3.1)

Taking the Oth cohomology of the above composite (and using (1.3)) we get the (Oy-linear) residue
map:

resyz : Ry fuwy — Oy (3.2)

PROPOSITION 3.1.1. Theresidue mapresz : R, f.wy — Oy does not depend on the compactification

(1, f) of f.

Proof. Let (1, fr : Xx — Y), k = 1,2, be two compactifications of f. By taking the closure of the
diagonal embedding of X in X7 Xy X if necessary, we may assume that we have a commutative

!This philosophy is made precise in [AJL99]. However, we will not appeal to that work for residues.
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diagram

X 2 X

BER

X?XzTY

with the square being cartesian. The proposition follows from the commutativity of

~

Rz fan* fiOy Rzf1,fiOy Rf1,flOy
P |- R
Rz fewyg[r] Rz fu2* Rh, fiOy ——= Ry fo, Rh. fiOy — Rfa, Rh. f{Oy Oy (3.3
T | P
Ry fao* f5Oy —— Ry fo, f30y Rfa, f3Oy

We point out that the triangle on the left commutes since it does so before applying the functor
Ry f. (see Remark 1.3.1, especially the isomorphism (1.8)). O

Remark 3.1.2. If (s, f: X —Y) is an r-compactification of f (so that f& : Y. — X is defined),
then with wy = FEOy we see easily that resy can be defined by the commutativity of the following
diagram.

OY er_*wf

The following result is a way of saying that residues behave well with respect to certain base
changes.

ProrosITION 3.1.3. Let

Z/LZ

"

X' —1-x

f/l lf
Y ——=Y

be a commutative diagram of cartesian squares with f a separated Cohen—Macaulay map of relative
dimension r and j : Z — X a closed immersion such that Z is proper over Y. Suppose (X <

X, X i_> Y') is a compactification of f and (X' < X1 X! iR Y') its base change by g : Y — Y.
Let g : X’ — X be the resulting projection map. Assume that one of the following conditions holds:

a) The map f is r-compact.
b) The map g is flat.
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Then the diagram

R%/ ig’*wje LN RrZ,ficle/

(A.5)T lreszl

Q*RTzf*Wf Oy

g*resy
commutes where oo = z’*Og in case a and o = 95 in case b.
Proof. Case a is dealt with as follows. Consider the diagram below.

9" Ry fawp —— g* R fuw;

| o5
(A.5) (A.5)

i} v g* [

Ry g wj——= R J'.g " wf——

Z/*egl l/ 95 ff’/
Ry, flwp RFwp

The top subrectangle commutes by Proposition A.1.1, part a. The remaining subdiagrams commute
by the definitions of g% J I3 95 , and the functoriality of the map RY, fl¢'" — R" fl.g".

Case b is proved in essentially the same way. First apply Lg* to the composite in (3.1) and use

Oy

Remark B.2.2 along with the map @{; (see (1.6) and Remark 1.3.2) to compare with the composite
analogous to (3.1) for the triple (Z', f', f'). O

We are not interested in arbitrary Z. Our interest is in ‘good’ immersions, which we define in a
moment. Recall that a sequence t = (t1,...,%,) in a ring R is said to be Koszul regular if the Koszul
homology complex built from ¢ resolves R/tR.

DEFINITION 3.1.4. Let f,Z be as at the start of § 3.1.The closed immersion 5 : Z — X is said to
be good if it satisfies the following hypotheses (cf. also [HK90a, (4.3)]):

e There is an affine open covering U = {U, = Spec A, } of Y, and for each index « there is an
affine open subscheme V,, = Spec R,, of f~1(U,) such that Z N f~1(U,) C V.

e The closed immersion ) is given in V,, by a Koszul-regular R,-sequence.

Note that since Z is proper and affine over Y, therefore h = foy: Z — Y is finite.

LeEMMA 3.1.5. Let f : X — Y be Cohen—Macaulay of relative dimension r, and j: Z — X a good
immersion with respect to f.

a) [GD64, Chapitre 0, 15.1.16] The map h = foy: Z — 'Y is flat.
b) If

X =X
f'l lf
Y’ —g> Y
is a cartesian square then 7' : Z' = ¢ 1(Z) < X' is a good immersion with respect to f".

Proof. Part a is proved in the indicated reference in [GD64] and also in [Mat86, p. 177, Corollary
to 22.5 and Theorem 22.6]. Part b follows from the discussion in [GD64, Chapitre 4, § 19.2], but the
proof is simple enough (in our situation) for us to give it again. Our definition of good immersion
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is such that we may (for proving part b) assume that Y = Spec A, Y’ = Spec A’, 7: Z — X factors
through an affine open set U = Spec R of X, and Z is defined by an ideal I of R generated by a
Koszul-regular R-sequence t = (t1,...,t,). Since R and B = R/I are flat over A, the extension of ¢
to R = R® 4 A’ is Koszul-regular (indeed the Koszul complex on t augmented by B on the right is
an exact complex of flat A modules, and hence retains its exactness on tensoring with A’ over A).
This proves that 7 : Z/ — X’ is a good immersion for f’. O

3.2 Two key propositions

For proving Theorem 2.3.3, parts a and b, the crucial ingredients are (a) local duality (Proposi-
tion 3.2.1 below) and (b) compatibility of local duality with base change (Proposition 3.2.2 below).
The proofs of these two propositions will be given later, after we show (in § 3.3) how a substantial
part of the main result, Theorem 2.3.3, is proved using these propositions.

For good immersions Z <& X with respect to a separated Cohen-Macaulay map f: X — Y
we have a version of local duality. To fix ideas we will first describe it in the ‘affine situation’,
ie. Y = SpecA, X = SpecR, Z = SpecB, and B = R/I, where I is generated by a Koszul-
regular R-sequence t1,...,t,. Let wr/q = I'(X,wys) and for any R-module N let N denote the
completion of M with respect to the ideal I of R. For a finitely generated R-module M ,set Dy (M) =
HomA(HIi(M), A). Note that Dy is a contravariant functor. Now set res; = I'(Y,resz) : Hj(wgr/a) —
A. By Remarks C.2.2 and C.4.2, res; € Dy(Wg/4). Our local duality statement is that the functor
Dy is represented by the pair (Op /A, Tes 1)- We can upgrade this to the general situation, where we no
longer assume that X, Y and Z are affine. More precisely, let j: Z — X be a good immersion with
respect to the Cohen-Macaulay map f. Let X be the formal scheme obtained by completing X along
Z,and f X — Y the resulting morphism. Let X denote the category of coherent O ¢-modules. For
any coherent sheaf F defined in an open neighborhood of Z in X, let F z denote the completion of F
along Z. Since Z — X is a good immersion for f, we can define a functor R, f; : )?c — Yy in such
a way that R f*(fz) Y f«(F) for F in X,. In greater detail suppose G € X,. Let U, = Spec A
be a member of the affine open covering U of Y required in the definition of good immersion (3.1.4).
Let V,, = Spec R C f~1(U,) be as in Definition 3.1.4 and let  C R be the ideal corresponding to
the closed subscheme Z N f~ YU,) of V,. It R is the completion of R in the I-adic topology, one
checks that ' LU,) = Spf(R) and that G| I YU,) is the sheaf corresponding to a finitely generated
R-module N (cf. [Har77, Theorem (9.7), p. 198]). The R-module HZ(N) is an A-module and one
checks that it localizes well with respect to affine open localizations of U, = Spec A. Varying U,
over the affine open cover U of Y, one checks that these modules glue and we get an Oy-module
which we denote RZf*g Note that if F € X, then R” f*(]:z) = RY f«(F). In affine terms this
corresponds to the equality Hj(N) = H’"(N) (see Remark C.2.2). Let Dy be the functor on X,

given by Dz = Homp,, (R’"Zf*(), Oy ). Making the identification R, f*(wf)z = R’ f.wy, we have the
following local duality assertion (see § 5.2).

PROPOSITION 3.2.1 (Local duality). The pair ((wf)z,resz) represents Dy.

Next suppose
X' 7, X
f/l lf
Y —=Y

is a cartesian square (f as before, Cohen—-Macaulay of relative dimension r and separated). Suppose
7:Z — X is a good immersion for f. Let 7/ : Z' — X’ and ¢” : Z/ — Z be the corresponding base

745

https://doi.org/10.1112/50010437X03000654 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X03000654

P. SASTRY

change maps. Note that by Lemma 3.1.5 7/ : Z/ — X’ is a good immersion for f’. Define
g7 resy : Ry, flg ws — Oy (3.4)
by the commutativity of the following diagram.

9" Ry fuws —= R, fig" wy

\ lg#resz
g*resy

Oy
The horizontal map is the canonical base change map defined in (A.5) in the appendix which is an
isomorphism (see Proposition B.1.3).

Our second key proposition is now given.
PROPOSITION 3.2.2. The pair ((¢"*wy)z/, g% resz) represents D .

3.3 Proof of Theorem 2.3.3, parts a and b

In this subsection we assume Propositions 3.2.1 and 3.2.2 whose proofs are given in §§ 5.2 and 6.2
respectively. We first make a few remarks whose main aim is to show that the comparison map 6
is compatible with Zariski localization on either base.

Remark 3.3.1. Consider the following diagram of cartesian squares with f r-proper.

/

XIIL)X/LX

1A

Y”T>Y’7>Y

We can show that
07, = 0] on'"0]. (3.5)
The strategy is as follows. Let 6; be the left side and 03 be the right side. Then one checks (using

the definition of the various 6’s) that [ ol 700) = [ ol /(03). One needs the commutativity
of the diagram

| |

R f" (g W) <— R’ flg"

where all arrows arise from (A.5). One can prove this in the following (inelegant) way: the map
arising from (A.5) is compatible with Zariski localization of either base, and so we may assume Y,
Y’ and Y are affine. Now use the commutative diagram (B.1). The more elegant approach is of
course to prove that the diagram

er*gfkh‘:k - Q*Rr,ﬁh;

Iy

gxh«R" f
commutes. This follows from [Lip03, pp. 112-113, Proposition (3.7.2)(iii)].
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Remark 3.3.2. Suppose

S/ s / S
Xl L> X
I lf’ fl fr (3.6)
TN
T - T

is a commutative diagram with f locally r-compactifiable and such that the inner square, outer
square, and the four trapeziums squeezed between them are all cartesian. Note that if the inner
cartesian square is given, then the rest of the diagram is completely determined by the single map
u: T — Y. If fis r-proper then from Remark 3.3.1 we easily see that the following diagram
commutes

o7 n"* 0] = 07 v/ 07 (3.7)

In fact both sides equal 0£h = 9§u,. This theme recurs in different contexts in this paper (cf. also
§ 8.2, and Remark B.2.3 and B.2.4).

Remark 3.3.3. In view of Remark 2.3.4, if g : Y' — Y is an open immersion we can set wp = g’*wf
and «9{; equal to the identity without affecting compatibilities. This coupled with Remark 3.3.2
means that for parts a and b of Theorem 2.3.3 the question is local on Y. Similarly, Remark 3.3.1
says that these questions are local on Y’ also. We may sometimes implicitly make these reductions.
In all such instances, this remark underlies these reductions.

Consider the situation in Theorem 2.3.3. We are about to prove parts a and b of the Theorem
(assuming Propositions 3.2.1 and 3.2.2). Suppose first that we have a good immersion j: Z — X
for f (a strong assumption, and in general there is no guarantee that such an immersion exists).
Let Z' = ¢~ '(Z). Using Proposition 3.1.3 and the definition of g# resy (cf. (3.4)) we have

g7 res; = resy oR}/f;(zl*Hg).

Since (g"*wy 7/, g* resz) and (wyr 27, resy/) represent the same functor (here it is being used that we
assume Propositions 3.2.1 and 3.2.2 are true), it follows that:

e with obvious notation 5;” 41, does not depend on the compactification f indeed resz, g7 resy,
and resy are all independent of f, giving the conclusion;

~F

7o . .
° 997 4 18 an isomorphism.
As a consequence, for every 2’ € Z’, we have

f £
a) ng,c, does not depend on f;

7o . .
b) 0, . is an isomorphism.

The difficulty is in finding enough good immersions in X. This is where the Cohen—Macaulay
property helps. In the flat topology on X we have a plentiful supply of good immersions, and then
faithful flat descent gives the rest. We bring the above ideas down to earth as follows.
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Let x € X be a point closed in its fiber over Y. Let

o y=f(z), k= OY,y/my>

o X; =X Xy Speck, T € X}, the closed point corresponding to = € X,
o A= (/Q\Y,y, T = Spec A,

e u: T — Y the natural map.

The map u : T'— Y induces the diagram in Remark 3.3.2 as well as a ‘compactified’ version of
that diagram

g . /5
v -Lex
I'r lf/ fl fr
TN
T’ h T

with f’, f'7, g, b/, v and ¥’ being the compactifications of f’, fro g, I, vand v induced by the
compactification f of f.

Let s € S be the point corresponding to & € Xj. Since X}, is Cohen—Macaulay, we can find an
Ox, z-sequence t...,t, € mz. There is an affine open neighborhood U = SpecR of s € S such
that the closed subscheme of U x7 Speck given by the vanishing of the ¢; is supported only on Z.
According to [Mat86, p. 177, Corollary to Theorem 22.5], we may choose U to be such that we can
lift ¢1,...,t, to an R-sequence t1,...,t,. By shrinking the affine neighborhood U of s if necessary,
we may also assume that, if Z is the closed subscheme of U defined by the t’s, then Z has only one
connected component. We claim that the map Z < S is also a closed immersion. This would follow
if Z is shown to be finite (and hence proper) over Y. Now 7' is the spectrum of a complete local ring
and the fiber of Z — T over the closed point of T" has only one point (by choice of U). Since Z has
only one connected component, it follows that Z is finite over Y (cf. [GD61a, (6.2.5) and (6.2.6)]).

Clearly Z < Sisa good immersion for fr. By Remark 3.3.2, especially (3.7), we have
610 = 67,006 (3.8)
Now ¢ *(z) = W '(s). For & € h’_lgs), let 2’ denote the corresponding point in g H(z). We

then have that the completion of 6’_*9{; at s’ € S’ is equal to the completion of 9{; at 2’ € X'.

Since u and v’ are flat, therefore o) and 95,/ are isomorphisms by the flat base change theorem
for the twisted inverse image functor (cf. [Lip99, p. 120, Corollary (4.3)] and [Ver69, pp. 394-395,
Theorem 2]). Moreover, by Remark 2.3.4, they are also independent of the compactification f. Now,

from arguments we gave earlier in this proof, for every s’ € b’ _1(8), 9}{7;, is independent of f and is

f

g,
is an isomorphism for every 2’ € ¢’ _l(m). Since z € X was an arbitrary point closed in its fiber,
therefore (as z varies) such 2’ form a collection that contains all points of X’ which are closed in

their fibers with respect to f’. Parts a and b of Theorem 2.3.3 are immediate.

an isomorphism. Equation (3.8) together with these facts imply that 6’ , is independent of f and

Remark 3.3.4. The Cohen—Macaulay hypothesis has been used in finding a good immersion Z < S
over T. We will see later that the hypothesis is also used for getting the various local duality
properties of resy, g# resy, etc.
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4. The fundamental local isomorphism; adjunction

One of the technical devices we use in this paper is the compatibility of local and global duality. In
greater detail, if Z — Y is a proper map which factors as a closed immersion Z — X followed by
a proper map X — Y, then we wish to understand duality for Z (i.e., for Z — Y') and (in essence)
all its thickenings in X in terms of duality for X — Y. For this paper the most important case is
that when Z < X is a regular immersion. Roughly speaking, § 4.1 discusses duality for a regular
immersion and § 4.2 brings in the other piece, namely, the map X — Y.

4.1 The fundamental local isomorphism
The fundamental local isomorphism (4.3) can be interpreted as giving an explicit description of
7'Ox for a closed regular immersion j : Z < X in terms of the top exterior power of the normal
bundle of Z in X. In this section we give a local description of (4.3) when X is affine and Z is given
globally by the vanishing of a Koszul-regular sequence. Let R be a ring and I an ideal of R generated
by a Koszul-regular R-sequence t = (1,...,t;). Let B = R/I, and Np/p = Ny Homp(I/1%,B) =
Homp(A; I/I?,B). For t € I, let t denote its image in I/I?. Now, Az I/I? is a free B-module of
rank one with ¢; A --- A t, a generator. Denote by
1
(t1,...,t)
the dual generator (which sends t; A --- At to 1 € B). Let K* = K*(t,R) denote the Koszul
cohomology complex on t. There is (from comments in the previous subsection), a complex of free
R-modules C°, concentrated in degrees —r to 0, such that

K*® = Hom%(C*, R).

€ Np/r (4.1)

In view of the sign conventions for Hom®, the complex C*® is not the Koszul homology complex
(concentrated in degrees —r to 0) on t, though it is canonically isomorphic to it, and as such
it resolves the R-module B. It is well known that K® resolves Np p[—r], the map K" = R —
Np/gr being the one which sends 1 to 1/(ty,...,t,). In the category D*(Modg) we thus have two
isomorphisms,
B = C",
Np/gl-r] — K*.
For M* € D*(Modg) we have functorial isomorphisms
L ~
M’@NB/R[—T] — M* ®K.
= Hom$%(C*, M*) (4.2)
— RHom%(B, M*®).
L
The resulting isomorphism between the complexes M*®@rNp,r[—7] and R Hom% (B, M*®) (obtained

by composing the above isomorphisms together) is well known to be independent of the Koszul-
regular R-sequence generating I (even though the intermediate steps do depend on t). The above

is the local aspect of a more global isomorphism which we now describe. Let Z < X bea (regular)
closed immersion, i.e. the ideal Z of Ox giving the immersion 7 is locally generated by an Ox-
sequence. Let A, denote the top wedge product of the normal bundle of the immersion j: Z — X.
Then, using [Har66, p. 74, Proposition 1.7.4], Hartshorne proves in [Har66, p. 180, Corollary I11.7.3]
that in D(;FC(X ) we have a functorial isomorphism, the fundamental local isomorphism

G* G0y 1N, [—1] = RHom (1.07,G%) (4.3)
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which, when restricted to the case considered above, gives (4.2). Our sign conventions are different
from Hartshorne’s but the proof given in [Har66] works in our situation also.

4.2 Adjunction

The principal result of this section is Proposition 4.2.1. To motivate it, consider the situation
described in the beginning of § 4 and let h and f be the maps Z — Y and X — Y. Assume Z — X
is a regular immersion. The fundamental local isomorphism (4.3) allows us to describe A' in terms
of f' and (the top exterior power of) the normal bundle to Z in X. In broad terms, in view of the
local nature of f' and the nature of the normal bundle, this description of k' does not depend on
the nature of X ‘away from Z’, but only on how it ‘looks’ near Z. However, it is not a priori clear
that the resulting trace h,h' — 1 DY) depends only on the description of X ‘around Z’, although
it is reasonable to expect this. Roughly speaking, Proposition 4.2.1 justifies this expectation. In
§ 5 we make this rough philosophy more precise by taking (essentially) all possible thickenings of
Z in X to get local duality in the special case where X — Y is Cohen-Macaulay in a (Zariski)
neighborhood of Z and Z — X is a good immersion for X — Y.

Let 3 : Z — X be a closed immersion of schemes. We recall the explicit description of dual-
ity for the map 5. Let £° be a bounded below complex of quasi-coherent, injective Ox-modules,
and J*° the injective Oz-complex satisfying 7.J°* = Homg, (7:0z,&°®). The adjoint properties of
Hom and ® give, for any bounded below complex F°, a functorial isomorphism of Oz-modules,
Homg, , (F*,T°) — Homg, (9«F*, E®). Since 5. J* is a complex of injective Ox-modules, we have

that 5'€® ~ J°, and under this identification, the trace map 7,5'€® — £ is the natural inclusion
1+J°® = Homo, (3+0z,E°) — E°.

L
Now suppose 7 : Z — X is a regular immersion. For G* € DJ (X)), set 9'G® = Ly*G*®@0,N,[—T].
In view of the fundamental local isomorphism (4.3) and our description of duality for j we have the
adjunction isomorphism:

75t (4.4)

If f: X — Y is a finite type separated map such that h = foy: Z — Y is proper, then we have
a map

77 Rhoyl — R4 f. (4.5)

arising from isomorphism (4.3) and the fact that R Homo (3+Oz, -) is a ‘subfunctor’ of R, (and
the fact that Rh, = Rf.0)«). Note also that the isomorphism (4.4) gives us

R (4.6)

We would like to explicate the map Rh,jff' — 1 DY) arising from the trace map T}, : Rhyh' —

1 DE(Y) and (4.6). To that end, let (2, f) be a compactification of the (not necessarily proper) map f.
For G* € D{.(Y') define

T(G*) : Rh.jl f'G* — G*
by the composite
T ~ = o - oo Ty
Rh.j' 'G® 7% Ry f.f'G* > Ry f.f'G° — REf'G* 5 G°.
We now come to the main point of this section.

PROPOSITION 4.2.1.

a) T} does not depend on the compactification (1, f).
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b) The composite

. T!
R % Rhgt = 1

is the trace map T},.

Proof. Part a is proved in exactly the same way in which Proposition 3.1.1 is proved. Part b follows
from part a and the fact that (4.6) is an isomorphism, or alternatively from the identity T} =
TroR f«(T},). The functors can be composed only because we have implicitly made the identification

h' = (19)' f* as in (1.10). O

5. Local duality

5.1 A perfect pairing

For this subsection, we assume f : X — Y is a separated Cohen—Macaulay map of relative dimension
r. We also assume that we are given a good immersion j: Z — X for f. Set h = foy: Z — Y.

Now by Lemma 3.1.5 h : Z — Y is flat. Since h is finite, it then follows that h is Cohen—Macaulay
of relative dimension 0. This means H Z'(h!Oy) = 0 for ¢ # 0. This gives a canonical isomorphism
KOy ~ QH(WOy)) (Q = Qz : K}.(Z) — D{.(Z) is the ‘localization’ functor). We claim, on the
other hand, that there is a natural map

Litwso,N[—r] = QUwelr] ®0, N[—r)

whose 0th cohomology is an isomorphism. This claim, in conjunction with (4.6) and the isomorphism
h'Oy ~ Q(H(h'Oy)), allows us to make the identification

WOy = Qs wylr] ®o, Nj[=1]). (5.1)

In order to prove our claim, let F* — w; be an Ox-flat resolution of wy (we may temporar-
ily have to leave the category of quasi-coherent modules). This induces a map j*F*[r] @ N,[—r] —
Jfwylr] ® N,[—r]. Since tensor product is right exact, the last map gives an isomorphism on
applying H°. Since N, is locally free, we can make the identification

QU F*lr) @0, Ml=r) = Ly'wslr) B0, Ny [-7],
giving the claim.
Now set
On = J'ws ®o, N, (5.2)
and define

/ : hywp, — Oy (5.3)
h

to be the composite
o h.«67% T/
b h(wglr] © A1)~ Oy

Here 6, _, is ‘multiplication by (—1)"" (see the definition of the map 6;; in § 1.2). The map [, is a
priori a map in DCJ{C(Y), but since the source and target are concentrated in degree 0, f ; is a map
in Y. In the definition of |, : we have implicitly used the equality Rh, = h, (h is an affine map).
The integral has another description. Taking the Oth cohomology of the map 7 (Oy )oh. 0, lr we get
a map

ry h*bcc)}h — RTZf*wf. (54)
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(Cf. also (C.11).) Then clearly
/ = TIeSyory. (5.5)
h

PROPOSITION 5.1.1. The pair (&h,f;) defined by (5.2) and (5.3) is a dualizing pair for the map
h:Z =Y.

Proof. This is a consequence of Proposition 4.2.1 and the definitions of fjh and fho . O
The following is a version of local duality

PRrOPOSITION 5.1.2. The pairing given by the composite

heg'wi @0y Ny — hu(7*ws @72 N;) = hay, i, Oz

is a perfect pairing of the Oy-modules h,j*w and h*J\/'].

Proof. From the definition of a good immersion, we may assume without loss of generality that
Y = SpecA, X = SpecR, Z = SpecB and B = R/I, where I is generated by an R-sequence
t1,...,t.. Ourintent (clearly!) is to work with rings and modules, and we use the following dictionary

Wp, — tf)B/A, [y — f]?s’/A? wy «— wpya and N, «— Np/p = N. We have to show that the
following composite arrow

o I
(B ®RrwWRr/a) ®aN — wp/a = (B®grwg/a) @5 N Stk gy}

gives a perfect pairing between the A-modules B ® g w4 and N.

Since B is flat and finite over A (i.e. B is a projective A-module), the composite (with e =
‘evaluation at 1)

Homa(B,A) ®4 B — Homa(B, A) @3 B = Homu(B, A) - A (5.6)

is a perfect pairing of the A-modules Hom 4(B, A) and B. We will relate this pairing to the pairing
stated in the proposition to reach the desired conclusion. We have a B-isomorphism

@:N;B,
1/(t1,...,tr) — 1.

By the adjoint properties of Hom and ®, we see that the B-module functor Homy4 (-, A) is represented
by the pair (Homy4 (B, A),e). But it is also represented by (5B/A,f§/,4) (for the pair (izh,f;) is
dualizing). We therefore have an isomorphism

V:wp/a=(B®rwr) ®p N — Homu(B, A)
such that eotp = fg,/A. Let
Y : BRRrwRg/A — Homu (B, A)
be the B-isomorphism induced by ¥ and . Clearly ¥ = 9 ®p ¢. We have a commutative diagram

as follows.
(B ®rwpr/a) ®a4 N — (B ®Rrwp/a) ®p N ===y, o, A
- Jow ]
Hom (B, A) ® 4 B———Homa (B, A) ® g B===Hom(B,A4) —= A
The bottom row is (5.6) which is a perfect pairing. The proposition follows. O
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5.2 Proof of Proposition 3.2.1

Note that it is enough to prove Proposition 3.2.1 when Y = Spec A, X = Spec R, Z = Spec B, B =
R/I, where I is generated by a Koszul-regular R-sequence. This is from excision, the definition of a
good immersion, and the fact that the residue map localizes well on the base (see Proposition 3.1.3,
case b). We use the notations used in § 5.1. The proof we give is the standard proof given, for
example, in [Lip84, p. 68, Theorem (7.4)].

Let resy : Hj(wrsa) — A be the A-map corresponding to the residue map resz (in other

words res; = I'(Y,resz)). By Proposition 5.1.2 we have an isomorphism (of projective systems of
R-modules)

wR/A/tawR/A AN HOII]A(NOH A)
Taking projective limits, and using the isomorphism (C.12), we get

wr/a — Homa(HJ(R), A). (5.7)

By Remark C.2.2 (or Remark C.4.2) we have H}(R) = HIZ(]%) and hence by the isomorphism (C.7)

we have, for any finitely generated R-module M ,
H}(R) @5 M = HE(M),
whence a functorial isomorphism
Hom (M, Hom (H7 (R), A)) — Homa(HF(M), A).

According to the isomorphism (5.7) (see also Remark C.4.2) this translates to a functorial isomor-
phism
Hom (M, Gg/a) — Homa(HF(M), A).

Now applying Proposition C.4.1, we see that if M = Wg/4 then the identity map on the left
corresponds to resy : Hj(wg/a) — A, i.e. (Wrya,resy) represents the functor HomA(HIﬁ(M),A) of

finitely generated R-modules M. This completes the proof of Proposition 3.2.1.

6. Base change for residues

In this section we prove Proposition 3.2.2, thereby settling parts a and b of Theorem 2.3.3 and
hence also part a of Theorem 2.3.5. However, first we need some auxiliary constructions.

6.1 Finite maps and base change

Suppose f : X — Y is a finite Cohen-Macaulay map (or, what is the same thing, a finite flat map).
Suppose further that we have a base change diagram.

XIQHX

A

Y ——=Y

LEMMA 6.1.1. The map 95 : g’*wf — wyr Is an isomorphism.

Proof. By Remark 3.3.3, without loss of generality, we may assume that ¥ = Spec A, X = Spec B,
Y’ = Spec A’ and X’ = SpecB’ (B’ = B®4 A’). In view of Remark 2.3.8, we may choose any
convenient dualizing pairs for f and f’. We have very simple descriptions of (wp JAs i) B/ ) and

(wir/ars [ / ) in this case (the notations are self-explanatory). Since Hom and ® are adjoint
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functors,

wB/A:HOHlA(B,A),
| sema—a (o pl))
B/A

have the necessary dualizing property for the map f. Similarly wp/ s can be identified with

Hom 4 (B’, A’) and [5, A0 with ‘evaluation at 1. The assertion that 05 is an isomorphism reduces
to checking that the natural map

wp/a ®a A" =Homu(B,A) ®4 A" — Homu (B@a A, A®a A') = wprjar (6.1)
is an isomorphism. This reduction is made by noting that [ B/A @4 A" maps to [ Bl /A under this map

and hence (6.1) is (the global section of) 95 . To check that the map is an isomorphism, we only
have to note that B is finite and flat over A, and hence it is a projective A-module. O

Remark 6.1.2. Tt is worth pointing out that, in this case (f finite), ¢* f« = f.¢'", and hence we have
an equality g% ff =g* ff'

6.2 Proof of Proposition 3.2.2
By Remark 3.3.3 and the definition of good immersion, we may assume that ¥ = Spec A, Y/ =
Spec A’, X = Spec R, X' = Spec R’ and Z is defined by an ideal I of R generated by a Koszul-regular
R-sequence t = (t1,...,t,). Note that since R and B = R/I are flat over A, the extension of ¢ to
R’ is a Koszul-regular R'-sequence. Let I’ = IR’ and B’ = R'/I'. Let Z' = Spec B'. For a sequence
of positive integers o = (avy,..., ), let By = R/t*R and By, = B, ®4 A'. Let N, = Np_ /g and
N/, = Np: /r- Note that Ny = N, ®4 A'.

For typographical convenience set Wy = wr/4 ®r B, and o, = wr A QR B!,. According to
Lemma 6.1.1 and (5.1) we have an isomorphism (corresponding to 9304 where h,, : Spec B, — Y is
the structural morphism)

(0o ®B, Bl) ®p; Ny = (wa ®B, Na) @B, By — @), ®p; N}, (6.2)
Since N, is a free B/ -module of rank 1, (6.2) induces an isomorphism
Wa ®B, By — Wy, (6.3)
such that
(6.2) = (6.3) ®pr N,,. (6.4)
We have a commutative diagram
(@a @B, By) @4 N — (9o ®p. Bo) ©p, Noy == (0 ®, No) @4 A’
(6.3)l: :l(6.2) lea(@l
Wy, ®ar Ny, Wy, ®pr, N, “ Al

where e, : Wo ®p, No — A and €], : &, ®p; N;, — A’ are the maps given by (5.3). By Proposi-
tion 5.1.2, the bottom row is a perfect pairing between the A’-modules @/, and N/,. It follows that
the composite

(W ®4 A') ®ar N}, — (0q ®4 A') @B N,
= (@a @B, Na) @4 A (6.5)
ca®l g/
is a perfect pairing between the A’-modules 0, ® 4 A" and N/.
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To reduce notational clutter, let w = wpr/4 and W= WR/A® A A" (not to be confused with wR//A,!)

and let (/\) denote I-adic completion (which for R modules is the same as I’ = IR'-adic completion).
If M (respectively N) is a finitely generated R (respectively R’) module, then we will make the
identifications Hj (M) = HA( ) and H},(N) = HZ (N) without comment (cf. Remarks C.2.2 and
C.4.2). As in the proof of ProE051t10n 3.2.1 in § 5.2, the perfect pairing induced by (6.5) gives,
via (C.12), an isomorphism of R’-modules

&' Homu (HJ/(R'), A)). (6.6)

Moreover, if res* : H7,(w') — A’ is the composite Hf,(w') ~ H},(R') @7 & — A’ where the first iso-
morphism is (C.7) and the second map is the contraction induced by (6 6), then (&', res*) represents
the functor Hom 4/ (H Ii/(M ), A") of finitely generated R'-modules M. The proof of Proposition 3.2.2
will be complete once we show that the following diagram

T / r /!
Hy () @4 A == H} ()
lres* (67)
AliAl

commutes. According to Proposition C.4.1, part b, we have a commutative diagram as follows.

resy ®1l

lim(w ®p No) ®4 A" ___ lim(w’ @p N,)
(C.11)l: :l(c.ll) (6.8)
r / T /
Hy (@) 80 A — = H}()

We check, from the definition of res*, that (6.8) implies the commutativity of (6.7). This concludes
the proof of Proposition 3.2.2.

Remark 6.2.1. At this point we have proved completely parts a and b of Theorem 2.3.3 and hence also
part a of Theorem 2.3.5 (see § 3.3). Consequently, the assertion in Remark 3.3.2 remains true even
if f is not proper (or even separated), but under the added hypothesis that f is Cohen—Macaulay.
This is seen by locally compactifying f in an r-proper (and possibly non-Cohen—Macaulay) way.

We prove two more results about the map 05 . The first result, that is to say Proposition 6.2.2, is
a routine extension of Proposition 3.1.3 which we use a few times in this paper. The second result
(Proposition 6.2.3) is a way of saying that the map (6.3) is I'(X’, 95) ®@p Bl,. It is used in the proof
of part ¢ of Theorem 2.3.3.

For the rest of the section, let

Z/LZ

x =X (6.9)

f’l lf

Y ——Y
be a commutative diagram of cartesian squares with f a separated Cohen—Macaulay map of relative
dimension r and j: Z — X a closed immersion such that Z is proper over Y.

PROPOSITION 6.2.2. Suppose that one of the following conditions is satisfied:

a) the map f is r-compactifiable;
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b) the map g is flat;
c¢) the map j is a good immersion for f.

Then the diagram

gf
Ry flg"wp = Ry flwp

(A.5)T lreszl

9 Ry fuwy O

g resy

commutes.

Proof. Conditons a and b have already been dealt with in Proposition 3.1.3. Condition ¢ will involve
a number of base extensions of Y and therefore, before moving on to condition ¢, we lay down some
conventions and terminology which will help us keep track of the changing nature of the data
(f,9,7). All triples (p, g, W) which occur in the proof will be such that p : P — B is a separated
Cohen—Macaulay map of relative dimension r, g : B’ — B is a map of schemes and W is a closed
subscheme of P which is proper over B. We say that a triple (p,q, W) has property (R) if the
conclusion of the proposition holds for (p,q, W), i.e. if ¢* resw o(A.5) = resy oR}y,p,(04) where
W' =W xp B" and p’ is the projection P xp B’ — B’. Note that if (p|U, g, W) has property (R)
in some open neighborhood U of W in P then so does (p,q, W). We say two triples (p,q, W) and
(p',q, W') are composable if G has B as its target (say ¢ : B” — B’), p is the projection Px g B’ — B’
and W/ =W xp B’. In such a case the composite is defined as (p,q, W)o(p', 3, W') = (p, qq, W).

Now suppose that W — P is a good immersion and suppose further that the composite
(p, g, W)o(p', G, W) is defined. Let p”, ¢’ and ¢’ be respectively the projections P x5 B"” — B,
P xgp B — P, PxgB" = (P X B B,) xg B" — P xp B and let W"” = W xpg B”. Let
e @ R'ps — RPL", pg : @ R'P, — R'p".q" and pgg : (q4)*R'p. — R'p".(¢'7)* be the maps
arising from (A.5). We check using the generalized fraction description of (A.5) in Proposition C.3.1
that

Pai = Pi°q Pq- (6.10)
Moreover from the functoriality of ps we get the relation
R'p" (" 08)opg = paod” R'p.(67). (6.11)

Using (6.10) and (6.11) and the relation eg"o&*eg = ng (see (3.5)) we obtain the following two facts.
A) If (p,q, W) and (p/, ¢, W') have property (R) then so does the composite (p, g, W)o(p'q, W').
B) If (p', ¢, W’) and (p,q, W)o(p', 4, W’) have property (R) then

q*(q" resw opg) = G (vesyr oR" P (67)).
In other words (p,q, W) has (R) after applying ¢*.

Now suppose condition ¢ is met by (f,g,Z). Then ¢*R%f. — R%,fig"" is an isomorphism

(Proposition B.1.3) and hence by the definition of g res; (see (3.4)), proving the proposition is
equivalent to showing

g7 resy = resy oR%,fi(H{;). (6.12)

Suppose first that Y is the spectrum of a complete local ring A. Then by [GD61a, (6.2.5) and

(6.2.6)], Z is the disjoint union of closed subschemes, Z = [[}_; Zk, such that each Zj has a

unique closed point zj. Setting Z; = Zy xy Y’ we have R} f. = @&;_ Ry f«, Ry fi = &y Ry, fi

k
resy = @jp_qresz, and resy = @p_jresy . It is therefore enough to show that each (f,9,Zx) has
property (R). In other words it is enough to assume that Z has exactly one closed point z. We can
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always find an r-compactifiable open neighborhood of z in X, and this neighborhood necessarily
contains Z. By condition a (f|U,g,Z) has (R). It follows that (f,g,Z) has (R) when Y is the
spectrum of a complete local ring.

Since [[,cy Y’ Xy Spec Oy,y — Y is faithfully flat (the first scheme may not be Noetherian), in
order to prove (6.12) it is enough to show that for an arbitrary y € Y

u (g% resy) = " (vesz oRY, f1(67)), (6.13)

where u' is the map Y’ xy Spec @y,y — Y’ (the notation v’ is justified shortly). To that end let
T = Spec @y,y and let u : T'— Y be the natural flat base extension and consider the resulting base
change diagram (3.6). Note that the map u' in (3.6) agrees with our present usage. Let Zp — S
and Z, — S’ be the good immersions induced by Z — X. Since u is flat therefore by condition b
the triple (f,u,Z) has property (R), and since T is the spectrum of a complete local ring the
triple (fr,h, Zr) also has (R). It follows from fact A that the composite (f,u, Z)o(fr,h, Z7) has
property (R). Now (f,g,2)o(f' v, 2Z") = (f,u, Z)o(fr,h, Zr) and (f',u',Z’) has (R) (since o' is
flat). We now appeal to fact B to conclude that (6.13) is true. O

If j is a good immersion, then arguing as we did for (6.2), we get an isomorphism
779 wr @0, Ny = g5(7'ws ®0, N;) — j"wp ®0,, Ny
arising from (5.1) and Lemma 6.1.1. Since Ny is an invertible Oz-module, this induces an isomor-
phism
IENE ~ ok
] g w f — ] W fre

It is reasonable to expect this isomorphism to be 7’ *05 . This is indeed so. We state this assertion in
the following equivalent form, which is convenient for applications in § 7.

PROPOSITION 6.2.3. Let h be the composite foj and h' the composite f’oj’. Suppose 7 is a good
immersion for f. Then the following diagram commutes

W) g " wr ®o, Ny) == h.(955"ws ®0, Ny) =— g*h.(j*w; ®0, N;)
h;(f"@g@l)l lg* I
* fo’
h() wp ®0,, Ny) - Oy

where [’ and [, are as in (5.3).
Proof. Consider the following diagram.

5.4
TG ©0, N;) =22 Ry fuwp 7% 0y,

| o

5.4
RS g wy ®oZ/Nf)¥>R’U 19wy

egl leg

. 5.4
W) wp®o,,) —

The top left rectangle commutes by Proposition C.4.1, part b. The bottom left rectangle clearly
commutes. The rectangle on the right commutes by Proposition 6.2.2. According to (5.5), the top
row composes to g* fho and the bottom row composes to [, ,f,. This completes the proof. O

Tes 5/
%,f,*wlf/ —_— OY/

Remark 6.2.4. We expect Proposition 6.2.2 to be true without the conditions a, b or ¢ (provided
the basic conditions that f is separated Cohen—-Macaulay and Z is proper over Y are satisfied), but
we do not know a proof.
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7. The smooth case

We now prove part ¢ of Theorem 2.3.3. This will complete the proof of Theorems 2.3.3 and 2.3.5.
We first give a quick review of the proof of the Verdier isomorphism (2.1).

7.1 Verdier again

Suppose f : X — Y is separated and Cohen—Macaulay of relative dimension r, and 7: Z — X is
a good immersion for f, such that h = foy is an isomorphism. (This implies that f is smooth in a
neighborhood of Z.) If ¢ is the natural map Oy — h,Oz, then ¢ is an isomorphism and clearly
(Oz,¢07 1) is a dualizing pair for h. This means that the map

/ thi(j'ws ®o, N;) — Oy
h

is an isomorphism, and this induces (via h;!) an isomorphism
Jwr ®o, N; = Og. (7.1)

Now suppose f is separated and smooth, and P = X xy X with p; and ps the two projection maps
P — X and § : X — P the diagonal map. Then § is a good immersion for p; and (7.1) immediately
gives us an isomorphism

up: 0 wy, ®o N5 — Ox.
We have already shown that 0; : powyp — wyp, is an isomorphism. Plugging this into the isomorphism
uy above, and using the fact that 6*p} is the identity map on X, we get an isomorphism
vftwr Qo N5 — Ox.
Using the fact that N ' = QY, we get an isomorphism
wf — QO (7.2)

such that vy corresponds to the standard contraction % ®o N5 — Ox. The isomorphism (7.2)
is, up to a universal sign depending only on r, Verdier’s isomorphism. In Verdier’s proof [Ver69,
p. 397, Theorem 3| the steps involved are essentially identical to the steps we took, and Verdier
obtains an isomorphism

Ox = f'Oy @0, Ns[—7]. (7.3)
From here to concluding that f'Oy is isomorphic to Q;[r] is easy, but the exact isomorphism is not
clear (to the author, at any rate). Part of the problem is the choice of the isomorphisms

Ns[-r] ®@oy Q}lr] — Ox,

Qir] ®ox Ns[—r] = Ox.
Suppose we fix these via the conventions in § 1.2 (i.e. via #,, _,) and by using the standard contraction
Q}®@N5 — Ox. Even then we have choices. Do we tensor both sides of (7.3) on the right by Q7 [r], and
then use the contraction N[—r] ®Q}[r] — Ox above, or do we pick the isomorphism such that (7.3)
is compatible with (the inverse of) the above contraction Q}[r]@Ns[—r] — Ox? These, incidentally,
produce different answers. The choices made do not affect the result of part ¢ of Theorem 2.3.3. We

made our choice (7.2) with an eye on work we hope to return to in another paper on residues and
traces.
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7.2 Base change for smooth maps

Consider the situation in part ¢ of Theorem 2.3.3. Let P = X xy X and P’ = X’ xy+ X’. We then
have a commutative diagram

= X’
q" %
P2 x
Py lpl fl I

/ X —f> Y
e N
/ !
X 5 Y

in which the outer square, the inner square, and the four trapeziums squeezed between them are all
cartesian. According to Remark 6.2.1, the conclusions of Remark 3.3.2 apply in this case. Therefore
the diagram

/

l*@f Gf,
IESNE: 2 Y9 g% W
by § Wy ——=Py Wgr ——="1)

1% * /1%
A R i A e “py
g/

(7.4)

n*nf

g
commutes. Let § : X — P and ¢’ : X’ — P’ be the respective diagonal maps. Note that we have an

amalgamation of cartesian diagrams as follows.

XILX

s s

p-L-p

Ll

X —= X
g
Let N' = N and N/ = Nj. Proposition 6.2.3 gives us a commutative diagram
0" (9" wpy) @ N = ¢""(6*wp, ®N)
viaf/ l :lg/*w (7.5)

5/* (wpll ) ® Nl u:/ OX/

where uy and ugp are the maps in § 7.1. Applying ¢’ * to diagram (7.4) and using the equality
g™ = ¢’* 6%, we get a commutative diagram as follows.

wof
of 867,
I g f 1%
g wy wiyr 0 Wy,
H T&/*es} (7.6)
1% 1% ¥
0" g" wp,
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Consider the following diagram

U pr
g’*wf ®N’—>wf/ QN (5,*w;1®_/\/',f—>(9x/
g wr N’ g 0wy, QN ——=6"¢""w,, @ N (7.7)
gl*(wf ®N) — g/*(é*wm ®N) pra Ox/

The top left rectangle commutes because of (7.6). The bottom left rectangle clearly commutes. The
remaining subdiagram commutes because of (7.5). It follows that (7.7) commutes. This gives
the commutativity of

g,*cle QN :gl*(wjr ®N)

Viaegl ﬁlgl*vf

Wy ®Nl - OX’

Ufl

where vy and vy are as in § 7.1. Part ¢ of Theorem 2.3.3 is immediate once we note that the
identifications ¢"* N = N’ and ¢ *Q;} = (%, are compatible.

8. Explicit version of 0_{;

This section is concerned with Theorem 2.3.6. In § 8.1 the set-up is explained and the main ingre-
dients (i.e. p, ¢ and zp{; ) required in the statement of the theorem are defined. The remainder of
the section is taken up in proving the theorem.

8.1 Dualizing sheaves and Ext sheaves

Suppose X <, Pis a closed immersion of schemes. Let 7 be the morphism of ringed spaces (X, Ox) —
(P,2.0x), and Mod (1, Ox) the category of 1,0 x-modules. Then we have functors 7, : Mod(Ox) —
Mod(2,Ox) and 7* : Mod(1.Ox) — Mod(Ox) which are adjoint, and 7* is exact (see [Har66,

L
pp. 164-165]). Recall, and it is an elementary exercise in R Hom, ® adjointness to show this, that
we may make the following identification:

= "RHomg , (1:0x, ). (8.1)

Note that 7 is flat and hence 7* = L7*. With the identification (8.1), the trace map for ¢ (see (1.5))
can be identified with

T,: 24" = RHomp, (1.0x,-) == RHomd,(Op,-) = 15t py, (8.2)

where the arrow e is ‘evaluation at 1’, or, what is the same thing, the map induced by the natural
projection Op — 1,Ox on the first argument of the bifunctor R Hom?®.

Suppose
xC'tsp (A)

i A
Y
is a commutative diagram with 2 a closed immersion, f a Cohen—Macaulay map of relative dimension
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r and p a smooth map of relative dimension n = r + d. Write
wp = QU
and
~  ~A\ =% d ~
wr(=wf) =1"&tp, (1.0x,@p).
Suppose, for the next couple of lines, that p is separated. Since f' = 'p' (see (1.10)), we have an
isomorphism w[r] — z!dp [n]. This isomorphism is compatible with open immersions into X, and

hence we may drop the assumption that p is separated to obtain this isomorphism, which we rewrite
as

wylr] — 7" RHomg , (1.0x,@p[n]).

It follows that z!@p[n] has cohomology only in the —rth degree and hence, in D(J{C(X ), we have an
isomorphism

@ wrlr] = H_T(?*RHomZQP(Z*OX,Cup[n]))[r]

= H™"({&pln])lr] (83)

= 4 Qpln).
such that H~"(¢) is the identity map on @y (see (8.1) for the second identification). This gives a
natural isomorphism

0 wp —— Oy, (8.4)

such that the diagram

wilr]

soml w\ (8.5)

o1l == 3, ] = dplOy

commutes whenever p is separated (so that (1.10) is defined). Next, suppose g : Y/ — Y is a map
of schemes and

is the resulting base change diagram. Set

and
~ o _,* d / ~
Wy =1" &ty , (1,0x1, Wp).

As before, there are natural isomorphisms

o~ .
7 oplr] — Gyl (5.6)
and
O rwp = @ (8.7)
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such that

o [r] = (1.10) (8.8)
when p is separated.

We will describe now an explicit isomorphism
vy g oy 5 oy, (8.9)

which, after identifying wy and wp with @ and @p via ¢ and ¢’ respectively, we will show
is 95 . (We remind the reader that this is the essential content of Theorem 2.3.6.) The map zp{; is
best described locally. It will be clear that the various local isomorphisms glue. Therefore, assume
(temporarily) that p : P — Y is quasi-projective. If x € X is a point closed in its fiber f~1f(x),
then it is well known that the projective dimension of Ox , over Op,,) is d; see, for example, the
proof of Lemma 1 in [Lip79, pp. 39-40] where this is worked out for r = 2 (no changes are required
for the general case). Since X is quasi-projective, one has a resolution of 2,Ox by coherent locally
free Op-modules

0—F 4 —. .. S F 1 5 F0 50k,

where FO = Op and 7 is the natural surjection. Since all modules in the above augmented complex

are flat over Y, therefore F'® := ¢*F* L5 // O/ is a resolution of ©,Ox: by coherent locally free
Opr-modules, with F'° = Opr. Let

Q* = Homg,,(F*,@p),
Q° = Homg, , (F'*,&p).

Using the fact that @, = ¢*@p, we have a natural map ¢*Q — Q' ® for each k, and since F~* is
locally free, this map is an isomorphism. We therefore have an isomorphism of complexes

q*Q. ;} Q,..

Taking the dth cohomology of both sides, we get the isomorphism ?/{c]; . This isomorphism is inde-
pendent of the resolution F* of 2,Ox, and is compatible with Zariski localizations of X, and hence
globalizes. In other words, the map is defined even if P is not quasi-projective over Y.

Theorem 2.3.6 asks us to prove that the diagram

% g e 1% ~
g wf—=3g Wy

%i lwé’

u}f/ —I>J}f/
@

commutes. The rest of § 8 is devoted to proving this.

8.2 Transitivity for the map 1,0_3;

The title of this subsection refers to the relations (8.10) and (8.11). The former is an analog of (3.5)
and the latter an analog of (3.7). The notation (IJ? and 1[)gA is on occasion preferable to w; and zz;gf ,
especially if we wish to emphasize the dependence on the commutative triangle (A). To allow a
more flexible use of this, for any map v: Z — Y let (A,) denote the base change of the triangle (A)
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by ~v. In the situation of the theorem, suppose we have another map ¢:Y” — Y, and let

g g
X' —X'——X

1

pr——p ——Pp

1A

Y'—Y' ——Y
g g

be the resulting commutative diagram. Let f” = p"". Set &pr = Qp, pr = (I)]%,gg, 1/1557 = 1/1% and

1/;5 g ngAg . Then we check that
ngg = ”[[)g og*”lpg (810)

In greater detail, assume without loss of generality that p: P — Y is quasi-projective, and let F*,
Q°*, F'*, Q° etc. be as in § 8.1. Setting F"’* = ¢*F'* = (¢¢)*F* and Q"° = Hom?op(}"’",djpu),
the following diagram is checked to commute; the downward arrow on the right arising from the
canonical isomorphism ¢*Q® — Q’°, and the one on the left being the one analogous to the following.

()" Q* =—=q*¢*Q"*

L

Ql/' < (j* Ql.

Equation (8.10) follows on taking the dth cohomology.

Next suppose that in addition to g : Y/ — Y, we have another base extension map u : T — Y.

Consider the resulting diagram of base changes (3.6). Define wy, := @J%T“, wpr = J}J%“l, zp{j = YL,
T
1/15, = zpﬁg and ;" = zp}?“. Then, by (8.10) we get
Ikl = T o 1. (8.11)

8.3 Reduction of the problem

Since the statement of Theorem 2.3.6 is local on P, for the rest of § 8 we will assume without
loss of generality that P is quasi-projective, so that 2,Ox has a resolution of length r by locally
free Op-modules. If an intermediate result is local and does not require the hypothesis that P is
quasi-projective (e.g. (8.17)) we will point this out.

8.4 The trace map T,

Note that the natural map of complexes (the identity map in degree 0), Op[0] = F°[0] — F°,
is compatible with the natural surjection Op — 1,Ox. In other words, in DgC(P) we have a
commutative diagram (in which we avoid writing the localization functor @ p for convenience)

Opl0] =—— Op

|

F* —N>2*0X
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the horizontal arrow arising from the resolution F* — 1, Ox. It follows that if e : R Homo, (1.Op,
@p) — RHome,(Op,&,) = @ is ‘evaluation at 1’, then the diagram

Q* ———= RHomp, (1:0x,&p)

gl l (8.12)

QO [O] - @p
commutes, where Q° _&, QP [0] is the natural projection to the Oth degree. We also have a natural
surjection Q¢ — coker(Q4~! — Q%) 5 1, @ t, and this gives a map of complexes
7 Q% = nlp[—d,

which is a quasi-isomorphism since Sxt’ép (1:O0x,wp) = 0 for k # d. Note that by the definition of ¢
(see (8.3)), the diagram

. L —d
Q oniy sl
:l :lz*gé[—n] (8.13)
RHomg,, (1:0x,0p) =— Z*Z!JJP

commutes (the equality at the bottom being the identification in (8.1)). From (8.12), (8.13) and the
description of the trace 7T, in (8.2), we see that

Tyo1.p[—n] = EoQp (7). (8.14)

Ifeé:Q° — Q' = wy and 7'+ Q° — wp[—d] are the maps analogous to € and ~ (for the
diagram Ag) then we have

Ty @' [—n] = &oQp (7)1 . (8.15)

8.5 The flat base change case
Suppose g is flat. By definition of 1,[){; , the following diagram commutes in Darc (P).

* =

q*op < grQ° fw g 105 [—d] v, op[—d]
‘ lz lz;wz;[—d] (8.16)
Oy <——Q"° : V@ g [—d]

Recall that we have a unique map (in fact an isomorphism) SHE gt = : g"" such that Ty o/, 0] =
q*T;, where we are identifying 2,¢'" with ¢*12, (see (1.6)). The identities (8.14) and (8.15) together
with (8.16) give

O (@p) = @'[=nlovp] [~dlog” ¢[-n]". (8.17)
Now Remark B.2.3, together with the concluding sentences of Remark B.2.4, apply to the following
commutative diagram.

XIQHX

p—Lsp

"

Y ——=Y
764
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Diagram (B.3), together with the fact that ©5(Oy[—n]) is the identity map on @, gives us the
following commutative diagram.

64 i

rx o~ % o ,
9" <59 wrl d]?wf

2’!q*@ V0
P D
(1.10)
[—d]

If we use the relation (8.17) together with (8.5) and (8.8) we obtain, from the above commutative
diagram, Theorem 2.3.6 when ¢ is flat.

Remark 8.5.1. The relation (8.17) remains true without the quasi-projective hypothesis since the
question is local on P.

8.6 Non-flat base change

We no longer assume that g is flat. We are about to complete the proof of Theorem 2.3.6 in this
subsection. We assume, without loss of generality, that p is n-compactifiable. This assumption is
made so that we may apply Proposition 6.2.2 to the map p. We will identify w¢ with &y (respectively

wyp with @) via ¢ (respectively ¢'). We have to show that 1,[){; = 05 .

Suppose Z — X is a closed immersion which is good for f (this does not imply that the resulting
immersion of Z into P is good for p). Let resé Ry fiwp — Oy and res% : R p.@, — Oy denote the

. . —1 . . . . /
respective residues. If Z/ = ¢'~ " (Z), then in a similar manner we have residue maps resé, and res%,.

Let p: P — Y be a compactification of p (not necessarily an n-compactification). Let 7 : X «— P
be the scheme theoretic closure of X < P and let f : X — Y be the composite poz. Identifying f'
with 7'p via (1.10) we have the trace map Tj : 7, f* — p'. Similarly identifying @ ¢[—d] with z!(fup via
¢[—n], which incidentally corresponds to (1.10) by (8.5), we have a map T,(@p) : 1@f[—d] — @p.
Note that @, = p'Oy[—n] and @;[—d] = f'Oy[—n]. We have a commutative diagram as follows.

Rz f.&yp[—d] Rf.f'Oy[-n]
Rzp.awp[—d] — Rﬁ*(f*]ﬂOy [—n]) Oy [—n]
Tzl lTZ myn])
Rzp«@p Rp,.p Oy|—n]

The top horizontal arrow followed by the map Tf((’)y[—n]) is the same as the one obtained by
applying the translation functor (-)[—n| to the composite (3.1). The bottom horizontal arrow
followed by the map T3(Oy[—n]) is again (3.1)[—n], this time applied to the map p. Taking the
nth cohomology we get from the definition of residue (3.2) and from the identity (1.4), a commuta-
tive diagram

!
resy,

Ry fu(@f[=d]) == Ry f.0; —= Oy

. \

Rypi(1eif[—d]) —— Ryp.wp —— Oy
k3 resZ

(8.18)

and a similar commutative diagram for the diagram A . The equality on the top left corner is (1.3).
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Consider now the following diagram.

- - T, n -
Ry, fi(wp[—d]) Ry, pl (4wp[—d]) ——= Ryp\dy

wé’[—d}T v [—le H X
T,

2 fLg " @p[—d]) —= R plL(q 1.&f[—d]) —= R%p.q*Dp Oy

| | |

G*RY fu(@0r[—d]) — == g*R%p. (1.0 f[—d]) — g* R p.@y,

The triangle on the right commutes by (6.2.2) and this is where we use our hypothesis that P
has an n-compactification over Y. Other subrectangles clearly commute. We thus get, using the
commutativity of (8.18) (for the diagram A as well as the diagram A,) that

. -
%/ ;g’*wf —— Rerfiwf/

(A.5)T lreszl

g*RTZf*(IJf OY’

g*resy

commutes. Since the above diagram also commutes with 9{; substituted for zp{; (see Proposition 6.2.2,
case ¢), and since the arrow on the left column is an isomorphism (see Proposition B.1.3) we get
by local duality that the completion of zp{; along Z' is equal to the completion of 9{; along Z'. In

particular, for any point 2’ € Z’, 95 o = 1[)5  where (-) denotes completion with respect to the
maximal ideal (of variable local rings).

We run into an old problem (see the proof of parts a and b Theorem 2.3.3 in § 3.3), namely,
we may not have any good immersion for f in the Zariski topology, and we need plenty of them
for the above strategy to work. We get around it exactly as before. Pick a point z € X which is
closed in the fiber f~1f(x), set T equal to the spectrum of the completion of the local ring Oy, t@)
and u : T — Y the resulting map. Now use the notations of § 8.2 (and make the identifications
Wip = Wip, wp = (I)f/T). As in § 3.3, we can find a good immersion Z — S for fr such that Z is
the spectrum of a complete local ring whose only closed point corresponds to the point z € X. In
greater detail, let k be the residue field of Oy s(,), and Z € X xy Speck = S X1 Speck the point

corresponding to Z. By what we have just proved, é}{i, = 1/3,{2, for every s’ € b/ _1(3). Since u and

u’ are flat, we have 0f = zp{j and 0£T = zpi,T. We also have the identities
9£Toh,*95 = 95:07),*9:;, "L/}hToh,*”L/}5 = Qpi,,ovl*l/}g

from Remark 3.3.2 and Equation (8.11). We conclude (with 6 = v’*H{; and ¢ = v’*zp{;) that Oy = thy
for every s’ € W'~ (s). This is another way of saying that

fo_f
0, 0 =V (8.19)
for every 2/ € ¢ _l(a;). Varying x over points of X which are closed in their fiber over Y, we see
that (8.19) holds for every 2’ € X’ which is closed in its fiber over Y’. This proves Theorem 2.3.6.
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Appendix A. The base change map for higher direct images

This appendix discusses briefly the definitions and first properties of base change of higher direct
images with supports in a closed subset Z «— X for a separated quasi-compact map f: X — Y
of schemes. We do this along the lines of [GD61b, (1.4.15)] (where the support is Z = X), and
therefore we do not give elaborate proofs. In fact we use [GD61b] to establish that R, f. commutes
with flat base change (Proposition B.2.1). A general reference for all the appendices is [Gro68].
One motivating reason for these appendices is to compare two versions of the base change map for
direct image with supports. These are (a) the map (A.5) and (b) isomorphism (C.10). The first has
certain advantages largely summarized in Proposition A.1.1 whereas the second plays a crucial role
in proving the compatibility of residues with base change (Proposition 3.2.2). The comparison is
achieved in Proposition C.3.1.

A.1 Base change and direct image with supports

Since much of the paper rests on the base change map for direct image with supports, we give the
definition and first properties. Consider a cartesian square

/

ey e

I

Y ——=Y

with f separated and quasi-compact. Let Z — X be a closed subset, and Z' = ¢ _I(Z ). For every
non-negative integer i we have a map

Y fede — 9B 1 (A1)
defined as the composite
z2legl = Ryi(fog)e = Ryi(gof)x — g Ry fL,
where the two arrows arise from standard spectral sequence arguments. Taking Z = X, we get, as
a special case, a map R'f.¢'" — g.R'f".

We leave it to the reader to check, from the definitions, the following facts (all unlabeled arrows
are either canonical or arise from (A.1) (occasionally with Z = X)).

i) For each i, the diagram
ZZf*g,* - sz*gl*
9: Ry fi —= g.R'f!
comimutes.
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i) Let U =X\Z,U' = X'\Z'.Let1: U — X and ¢/ : U' — X’ be the resulting open immersions,
g" : U — U the map induced by ¢'. For each i, we have connecting homomorphisms
RN f1)u* — Ry f., RN f)™ — Ry f!

arising from the respective excision exact sequences. In greater detail, for 7 € Xy we have a
short exact sequence of complexes

0 — foolZI® — fi® — (f1)"I* — 0 (A.2)
where I® is an injective (or even flasque) resolution of F, giving the map
R7Yf1)*F — Ry f.F. (A.3)

A similar description applies for the second map. One checks that the diagram

Ri_l(fz)*Z*gl* RZZf*g/*

R (1) "

|

g*Rz‘—l (f/,ll)*,ll*

3 /
9+R%, [
comiutes.

Recall that for a map of schemes h : W' — W, we have a natural map ly,, — h.h*, making h* the
left adjoint of h.. Therefore the composite map

yfe — Ryfsg'od" — 9. Ry flg" (A4)
(with the first arrow arising from 1x, . — ¢'.¢’ *) induces the base change map
9 Ry f. — Ry fig” (A.5)

(compare with [GD61b, (1.4.15.4)]). As in [GD61b, (1.4.15)], the map (A.5) is compatible with
Zariski localizations into Y and Y.

The various results above give the following proposition.

PROPOSITION A.1.1. With the above notations the following diagrams commute (with unlabeled
arrows being either canonical or arising from (A.5)):

a)
g Ry fs —=g*Rif.

L

Ry fig” — R'flg"

, A3
G R(fo)t S U R f,

l |

RN - Ry Pl

Moreover, all these diagrams behave well with respect to Zariski localizations into Y or Y.
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Appendix B. Isomorphism theorems for the base change map

This appendix recalls statements (and proofs) concerning conditions under which (A.5) is an iso-
morphism. Most of these can be deduced easily from discussions in [GD64, § (1.4), especially
(1.4.15) and (1.4.16)]. Our approach is minimalistic, we only prove the results needed in this paper
and (reluctantly) eschew the temptation to give the most general statement we could think of. We
use the same notations (f, f/, g, ¢', Z, Z’ etc.) and hypotheses as we did in Appendix A.

B.1 Highest direct image

The result that is most critical for the definition of 95 (and perhaps the best known in the non-flat
base change situation) is Proposition B.1.2. We supply a proof because we do not assume f is
proper. This relaxation is important in the proof of Proposition B.1.3, without which we cannot
even state results concerning base change for residues along good immersions (Proposition 3.2.2).

Remark B.1.1. Our convention for the map from the Cech to the derived functor theory is this (with
notations as in the proposition above): Let C = C*(4, F) be the sheaf Cech complex associated to
(U, F), Z°, and ¢ : C — Z* the homotopy unique map lifting the identity map on F (recall, C is a
resolution of ). Then the downward arrow on the left of diagram (B.1) is HY(I'(X, ¢)). It is with
this convention that the diagram (B.1) commutes.

PROPOSITION B.1.2. If RFf, =0 = RFf! for k > r, then the base change map
g R f. — R flg"
is an isomorphism.

Proof. Since the base change map (A.5) is compatible with open immersions into Y and Y’, we
may assume that Y = Spec A and Y/ = Spec A’. According to the discussion in the proof of [GD64,
(1.4.15)] (especially towards the end), if { is a finite affine open cover of X, F a quasi-coherent
Ox-module, F' = ¢"*F, sl = ¢"' (1) (the notation being obvious), then the diagram

H{(U,F) s Al —— HI (W, F')
:l l: (B.1)
HY(X,F)®@s A — H' (X', F)
commutes, where the following hold.

e The downward arrows are the canonical maps (in this case isomorphisms, since {4 and
are affine covers on separated schemes) comparing Cech cohomology to the derived functor
cohomology (see Remark B.1.1).

e The top horizontal arrow is the natural map
HY(C*(U, F)) @4 A — H(C*(U, F) @4 A).
We are using the fact that C*(W,F') = C*(U, F) @4 A'.
e The bottom horizontal arrow is (the global sections of) our base change map (A.5).
So we are reduced to showing that
H (U F)os A — H' (W, F) (B.2)

is an isomorphism. Next, if M is an A-module, Fj; the Ox-module F ® f*M , we have, using
C* (U, Far) = C*(U, F) ®4 M, a map (functorial in M) ¢ps : H" (U, F) @4 M — H" (4, Fpr) which
specializes to (B.2) when M = A’. Now ¢ is a map of right exact functors on the category of
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A-modules, and it is an isomorphism on free A-modules. Therefore it is an isomorphism on all A-
modules. We are using the fact that tensor products and Cech cohomology commute with arbitrary
direct limits (to see that it is an isomorphism for free A-modules of arbitrary rank). O

ProrosiTION B.1.3. Suppose f : X — Y is Cohen—Macaulay of relative dimensionr, and 1 : Z <— X
a good immersion for f (see Definition 3.1.4). Then

*
9 Ry f — Ry fig'
is an isomorphism.

Proof. Again, we may assume Y = Spec A and Y/ = Spec A’. In fact, by the definition of good
immersion, we may choose A in such a way that Z has an affine open neighborhood Spec R such
that Z is given by the vanishing of a Koszul-regular R-sequence t = (t1,...,t,). By excision and
the nature of the proposition we wish to prove, we may assume that X = Spec R. If U; = Spec R;,,
then $f = {U;} is an affine open cover of X* = X \ Z. Hence H¥(X*,:) = 0 for k > r — 1.
The same argument shows that H*(X* @4 A’,-) = 0 for k£ > r — 1. By the previous proposition
G R (f1)* — RY(f7)/*¢’" is an isomorphism. Moreover, R¥f, = RFf/ =0 for k > 1. If
r > 0 then by Proposition A.1.1 we have a commutative diagram

g R g R () g By fo 0

| | |

R’”_lfig'* 5 Rr—l(flzl)*gl/*z* RTZ/ ig/* 0

with exact rows (by the right exactness ¢g*). The left and the middle downward arrows are isomor-
phisms and hence by the 3-Lemma we are done (if » > 1 we do not even need the 3-Lemma, for
then R"~!'f, = R"~!f! = 0). We leave the case r = 0 to the reader. O

B.2 Flat base change

The results of [GD61b, (1.4.15)] extend obviously to the map (A.5) for flat g. We supply a short
proof for the record (and for completeness).

ProrosiTiON B.2.1. With the notations of the last subsection, if g is flat, then the map g*RiZ —

i IBVEE) . . .
7 J.g is an isomorphism for every i.

Proof. We have two long exact sequences (arising from (A.2)), one for (f, Z) and another for (f’, Z'),
and the two are related by the commutative diagram

A g*Rk—lf* . g*Rk_l(fZ)*Z* —>g*R’}f* . g*ka* -
.. s Rk_lfigl* 5 Rk—l(flzl)*g/l*,l* 5 RI%/ igl* 5 kai 1% ..

Note that the first row is exact because ¢ is flat. The diagram is commutative by Proposition A.1.1.
By [GD61b, (1.4.15)], the downward arrows not involving Z and Z’ are isomorphisms. The conclusion
follows. O

Remark B.2.2. One implication of the above proposition is this: if ¢ is flat and F is flasque, then
g F is feol z-acyclic. Therefore (by considering injective resolutions of bounded below complexes
and using ¢* = Lg*, ¢’* = Lg’") we get an isomorphism

Ly*Ryf, = Ry f/ Ly,
770
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This can also be described (as a map and without assuming g is flat) as the one induced by the
adjoint pair (Lg*, Rg.) and the composite map

Ryf. — RzfwoRg,Lg™ — Ry(fg' )L™ = Rz (gf')sLg"™ = Rg.Ry flLg"~
(the first map coming from the adjoint pair (Lg’", Rg’.)). As in Proposition A.1.1, part a, the diagram

Lg*Ry f. — Ry fiLg"™"

| |

Lg*Rf. Rf.Lg"”
commutes.
Remark B.2.3. With g flat as before, if
w’ 7, w
h/l lh
X’ 5 X

is a second cartesian square, then we check that the diagram

R(f'h).g"" ——= g"R(fh) — g"(Rf.oRh)

Nl
~ ~

Rf'oRR.¢" —= Rf'og'*RE., —== g*(Rf.oRh,)

commutes. Details can be found in the proof of [Lip03, p. 112, Proposition (3.7.2)(ii)], especially
the diagram (3.7.2.2) on p. 115 in the proof. If f and h are proper, then we see, using the above
diagram, that

h''ey

h,!g/*f! h/!f/!g*
@Z,T (1.10)T (B.3)
"W o U e ()

g

commutes.

Remark B.2.4. Suppose we have a commutative diagram

S/ W /S
XIL>X
fr lf’ fl/ fr
TN
T h T

with the two squares and the four trapeziums squeezed between them cartesian and with the only
assumption of f being that it is proper. However, assume that g and u are flat. Remark B.2.3 above
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gives us the relation

ofron" el = ol w6/, (B.4)
Note that this and the previous remark complete the proof of the assertions made in Remark 1.3.2.
In particular, this means that for a general separated finite type map f and a flat map g, and f
a compactification of f, then G)f; |X is independent of the compactification f (see diagram (1.11))

of f. Hence @g is well defined, and one sees that the diagram (B.3) continues to commute and the
equation (B.4) continues to hold even if we drop the properness hypotheses on the various maps for
which we imposed the properness condition.

Appendix C. Generalized fractions; Koszul and Cech complexes

This appendix begins with a collection of well-known results concerning the relationship between
local cohomology, Koszul complexes and Cech complexes. The aim is to make explicit the base
change map. As before, we recount only as much as we need. Generalized fractions provide a
convenient framework for making matters explicit.

C.1 Cech complexes and local cohomology

Let R be a Noetherian ring, M an R-module I C R an ideal generated by t = (t1,...,t,), X =
SpecR, Z =SpecR/I, U =X\ Z, U; =SpecRy,, i =1,...,r,and Y = {U;}, so { is an affine open
cover of U. We have a composite map

My, 4 = C MU, M) — H™Y (YU, M) =5 H YU, M) — H(X, M), (C.1)

where the map C™~1 (4, M) — H"~1(8, M) arises from the fact that C* (s, M ) vanishes for k > r—1,
and hence is surjective. Since X is affine, the connecting map H"~1(U, M ) — Hy(X,M ) is an
isomorphism if » > 1 and surjective when r = 1. In any case, the map (C.1) is a surjective map,
and hence elements of H7, (X, M ) can be described as images of ‘fractions’ in My, ;.. The image of
m/tet . t8 € My, 4, in Hy (X, M) is denoted by the generalized fraction

m
e

(In [Lip84], this is denoted m/t*.) We refer to [Lip84, p. 60, (7.2)] for the calculus of generalized
fractions, especially the ‘change of parameters’ formula (7.2)(b). While [Lip84] deals with varieties
over a perfect field, the change of parameters formula remains valid in the present generality, with
exactly the same proof as in [Lip84].
Next, for a sequence of positive integers o = (ag, ..., @), let t* denote the sequence (¢{*, ..., t57)
and let B, = R/t“R. For an R-module M, we define (as is standard in commutative algebra)
(M) := %nﬂomR(Ba, M) = U(OA:/[tO‘) c M.

(87

Let Hi(tY, M) = H'(K*(t*, M)). The last two maps in the series of isomorphisms in (4.2) give

H(t*, M) > Ext’(Bg, M) (C.2)
giving the well-known isomorphism
lijn)lHi(to‘, M) = HY(M). (C.3)
Let K = limK*(t*, R) and K3 (M) = LimK*(t*, M). Set
Hy(M) = H'(K{ (M)).
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Now K*(t*, M) = K*(t*,R) ®r M. Since tensor product commutes with direct limits, we have
K ®@r M = K7 (M). Since cohomology commutes with taking direct limits, the isomorphism (C.3)
becomes

Hi(M) => HY(M). (C.4)

The complex K (M) is zero in degrees greater than r. Hence we have a surjective map My, 4, =
K{ (M) — H{(M). Following this with the isomorphism (C.4) we get a surjective map

My, 4, — H}(M) = Hy(X, M). (C.5)

Recall that, for i > 1, K (M) = C* (4, M). If § and d are the differentials of K} (M) and C*(4, M),
then we check that for p > 1, §? = dP~L. It follows that we have a surjective map (equality if r > 1!)

o H YU, M) — H{(M).

We check that the following diagram commutes (the sign on the downward arrow on the left was
unfortunately missed in [Lip84, p. 61, (7.2.1)]; see also [LS92, p. 115, (3.4)] where the same error is

perpetuated).
H™=Y (84, M) —> H"~Y(U, M) — Hy(X, M)
_Wl H (C.6)
Hi (M) =

This means that the image of m/t{" ---t& under (C.5) is

- m
(=1) [t‘fl, - ,t,"f’l '
The reader is urged to experiment with » = 1. We point out that in our convention if 0 — A® —
B®* — C* — 0 is a short exact sequence of complexes of abelian groups, then the connecting map
HY(C®) — H'"1(A®) sends [4] to [dp/3], where (a) 3 € B is a pre-image of v € C* and (b) dp03
is identified with an (i + 1)-cocycle in A°, since the image of dg@ in C*™! is 0. This convention
(without signs) is dictated by the proof of [Lip84, Lemma (8.6), pp. 79-81], a crucial ingredient in
the proof of the residue theorem for projective spaces [Lip84, Proposition (8.5)].

Remark C.1.1. Let ¢f : M — Hj(M) and ¢§ : M/t*M — Hj(M) be the composite maps

M = K7(8%, M) — K; (M) 2 17 ()

MM = HP(t,0M) — H{ (M) s Hf(M)

(the first arrows in each row being the canonical maps to the direct limit over «). Then in view of
diagram (C.6) we have

i) = (-1 [ 2] = e5m +£230)

C.2 Koszul complexes and local cohomology
We retain the notations of § C.1. We recall and explicate the well-known isomorphism

Hj(R) ®r M — H}(M). (C.7)

This isomorphism is crucial to local duality. For each m € M, let f,, : R — M be the R-map
r +— rm, and ¢, : H(R) — Hj(M) the R-map induced by fp,. The form ¢ (0, m) := ¢,,(0) is
R-bilinear in 0 € Hj(R) and m € M. This defines (C.7). The map (C.7) is an isomorphism since
it is a functorial map in M which is an isomorphism when M = R and since the two functors
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Hj(-) and Hj(R) ® (-) are right exact. The same process applied to the functor Hy(-) gives us an
isomorphism

H{(R)®r M — H{(M). (C.8)
The functoriality of the map (C.4) gives the commutativity of the following diagram.

C.8
Hy(R) @r M-S 1y (o)
(C.4)l: 21(0.4) (09)
H} (R) ©r M 5= Hy (M)

Note that the map (C.8) is the natural map H"(K;) g M — H"(K; @r M), we are using the
relation K§(M) = K; ®r M.

Remark C.2.1. In view of the commutative diagram (C.9), the map (C.7) is explicitly described by
s sm
ta ® m = tOt N

If R — R’ is an R-algebra, with R’ Noetherian, t' = (¢},...,t.) the image of ¢ in R’ (so that
IR’ is generated by t'), and M’ = M ®p R/, then we clearly have

K (M) ®p R = Kg(M'),
giving an isomorphism (since 7 is the highest degree of K7 (M) and K} (M'))
Hy(M) @ R’ — Hy(M'),
and this gives an isomorphism (via (C.4))
HI (M) ®p R 5 HT o (M) (C.10)

given by

m ® m® s
[t?l,...,t;}r] o L’?l,...,t’ﬁ”] ‘
Using the formulae comparing generalized fractions with different sets of generators of I in § 7 of
[Lip84], we see that (C.10) does not depend on the generators ¢ of I. We can, as we did for (C.7),
give an a priori interpretation of the map (C.10) (without using Koszul complexes). In greater
detail, for each 7’ € R’ we have a map M — M’ given by m +— m ® r’. This induces a composite
map ¢, : Hj(M) — Hj(M') — Hjp(M'). It can be checked that the map (C.10) is given by
01" — ¢ (0) for 0 € Hj (M) and r’ € R'. The crucial task is to show that for an R’-module N, the
identity Hy () = H{,(N) corresponds to the map Hj(N) — Hjp,(N) under (C.5). We give a proof
of this in a special case of interest to us, namely, the case where R is a Cohen—Macaulay algebra
over a Noetherian ring A and R = R®4 A’ for a Noetherian A-algebra A’. (See Proposition C.3.1.)

Remark C.2.2. If R is the completion of R with respect to I, then the natural map Hj(M) —
H}(M)®pg R is an isomorphism. Using (C.10) this gives us the well-known identification HZ(M) =
Hy(M) for every finitely generated R-module M.
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C.3 Explicit version

Let R, t, Z etc. be as above. For the rest of this appendix (including § C.4), let us suppose we have
a diagram of Noetherian rings

R— R/

|

A—A
with R = R®4 A’ (and the arrows compatible with this tensor product), and A — R a Cohen—
Macaulay map of relative dimension r, i.e. the corresponding map of schemes f : X = Spec R —
Spec A = Y is Cohen—Macaulay of relative dimension r. Suppose further that Z «— X is a good
immersion for f (cf. 3.1.4) and the image of ¢t in R is t' = (¢],...,t.). Set M’ = M ®pr R'. Recall
that in this situation (A.5) is an isomorphism by Proposition B.1.3.

ProrosiTioN C.3.1. The isomorphism

A5
Hy(M) op B2 H1y,, (007

m m s
g g | D5 e e |

where m € M, s € R and («q,...,q,) a sequence of positive integers. In other words, the base
change isomorphism (A.5) is locally a special case of the isomorphism (C.10), when f is separated
Cohen—Macaulay and Z is a good immersion.

is given by

Proof. This follows by putting together Proposition A.1.1, part b and diagram (B.1) (for ¢ = r and
i =r — 1, respectively) and using the fact that the map (C.1) is surjective. O

C.4 Normal bundles and local cohomology
With the situation as before, and « as usual a sequence of positive integers, let N, = Np_ /g =
Np, Homp, (Io/12,Bs), Io = t*R. Let B, = R'/t,R' = B, ®g R’ and let N/, = Np, /R'. Note
that N& =N, ®R R = Ny ®a Al

Now, for a < o (i.e. a; < o/ for i =1,...,r) we have a map N, — N, given by

1 ol

— 7 ;
GRS R —
where = o/ — a.. This makes {N,} into an inductive system. We have a commutative diagram as
follows.

M @ Ny —— M|r] @g Na[— ]mRHomR(Ba,M[ r])
| .

M ®r Na = M{r] ©p Na|—r] —22 = RT,(M[r))

Consider the bottom row. Taking the Oth cohomology, applying li_r)na and using formulae (C.2) and
(C.3) we get an isomorphism

—

lim(M ®p No) — Hj (M) = HE(M). (C.11)
Setting M = R we get
limN, = H}(R) = H¥(R). (C.12)

«
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Note that in view of Remark C.1.1 and the sign implicit in 6, _,, the composite map M ®r N, —
lim (M ®p No) — Hj(M) is (using the notation of (4.1))

1
@,

T

m &

Finally, note that we have
(M ®gr No) @r R = M’
where, as before, M/ = M Qg R'.
ProrosITION C.4.1. The following diagrams commute.

a)

s m
)T e e |

(C.13)

Qp Ny,

M @ lim N, lim(M @ N,
(C~12)l l(c,n)
M @ Hi(R) < 7(M)

h_n}l(M XRR Na) XRR R

(C.ll)l

T /
Hy(M)®r R (A.5)

Proof. Both parts follow from the explicit descriptions
fractions (Proposition C.3.1, Remark C.2.1, (C.13)).

lim(M’ @ N})

l(c.n)
Hip (M)

of the maps involved using generalized
O

Remark C.4.2. Suppose M is a finitely generated R-module, and (/3 denotes completion with respect
to the I-adic topology. We have R/t“R =: B, = ﬁ/taﬁ, I,/I2 = Aa/Iz, and M ®@gr N, = ]\7®§Na,
and these identifications are compatible with the underlying inductive systems indexed by the a.
On taking direct limits, one checks that the resulting identification

—

H} (M) = HX(M)

agrees with the one in Remark C.2.2 (use generalized fractions!).
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