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TOEPLITZ OPERATORS ON THE
BERGMAN SPACE OF THE UNIT BALL

ROBERTO RAIMONDO

We prove that if an operator A is a finite sum of finite products of Toeplitz operators
on the Bergman space of the unit ball By, then A is compact if and only if its Berezin
transform vanishes at the boundary. For n = 1 the result was obtained by Axler and
Zheng in 1997.

1. INTRODUCTION

Let B, be the open unit ball in C*. We write L?(B,,) for the Hilbert space of the
square integrable functions defined on B,,. The inner product is defined in the standard
way; this means that for any f,g € L?(B,) we define (f, g) = [5_ f(2)g(z)dv(z), where
dv(z) is the normalised volume measure on the unit ball B,.

The Hilbert space L%(B,) contains, as a closed submanifold, the space of square
integrable holomorphic functions. This space, called the Bergman space, will be denoted
with the symbol H2(B,). By a standard theorem we have that the orthogonal projection
P, from L%*(B,) to H%(B,), is a bounded linear operator. It is well known that there
exists a function K:B, x B, — C, analytic with respect to the first entry and conjugate
analytic with respect to the second entry, such that, for every f € L?(B,) and every
w € B, we have

Pfw) = [ §K(zw)dv().
The function K, called the Bergman Reproducing Kernel, can be written explicitly:

.
(1 - (z,w))"ﬂ’

where (z,w) = fj z;w;. If ¢ € L*°(B,) we can construct the so called Toeplitz op-
j=1

K(z,w) =

erator T, where, by definition, T, = PM,. The symbol M, stands for the standard
multiplication operator. Therefore we can write

(Togw = [ oo Kul2)dv(2).

n
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In this paper we shall show that if an operator S € B(HQ(B,,)) can be written as

mj -~
S = f l'i T,;,, where ujx € L®(By,) then S is compact if and only if ‘l%ml S(a) = 0,
j:l k=1 ' a|—
where, by definition, we have S(a) = (Sk,, k,). In the first section we study a family of
operators which plays a central role in our proof and we set up the basic construction.
In the second section we prove an important inequality which is a generalisation of an
inequality proven by S. Axler in the case of one complex variable. In the third section
we complete the proof of the main theorem. In the last section we show that many well
known results of this type are consequences of our result.

2. CONSTRUCTION

In this section we are going to state the main theorem. In order to do this we need
to point out some special features of B,,. Let Aut (B,) be the group of all biholomorphic
maps of B, of into B,. It is well-known that Aut(B,) is generated by the unitary
operators on C" and the involutions of the form

a— Pz~ (1 - lalz)l/zQaz
1-(z,a)

Ya(2) =

where a € B,,, P, is the orthogonal projection into subspace generated by a, and @, is
the projection into the orthogonal complement, that is, @, = 1 — P,. We remind the
reader that we have the following equation

K (6(2), 6(w)) (Jed)z(Tch)w = K (2, w)

where ¢ : B, — B, is a biholomorphism and K, as usual, is the reproducing kernel
and the symbol Jc¢ denotes the complex Jacobian of the transformation. In the fol-
lowing we shall indicate with the symbol k,, the normalised reproducing kernel, that is
ku(2) = |Kul;' Ku(2) = ||Kull;' K(2,w). A direct calculation shows that the identity

lcta(a)] =
PROPOSITION 2.1. On Bn, ko(ta(2))ka(2) = 1.

PRrROOF: Direct calculations. 1]

Ic,,(z,)l2 holds for any z,a € B, Finally, we remind the reader that

With the family of automorphisms above defined we construct a family of operators
in B(LZ(B,.)) which will play an important role in our proof. For any a € B, we define
the operator U, : H*(B,) — H?(B,) as (U,f) = f o ¥, - k,, that is, for any ¢ € B(n)
we have (U, f)¢C=f (1/)a(C )) - ko (€). In the following Propositions we state and prove the
main properties of the U,’s.

LEMMA 2.2. For any a € B,, the operator U, is a self-adjoint, idempotent isome-

try.
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PROOF: We start proving that U, is idempotent. Let f € H? then U2f = U,(U,f)
and this implies that U, f = U,(f 0 %a - ko) = (f o ¥a ©¥a) - (ka © s} - k. Then we have
Usf = f- (ks 015) - ka, therefore U2f = f. Now we prove that U, is an isometry. In fact,
if f is an element of H?(B,) then

Uat Uaf) = [ |f oalw) )lzdu(w)
= [} 17 o %e 0 vl ke (al)) [ Vrta(2) ()
= [ £ o¥ao vl jha(wa(2) |Jc¢a(zldu 2)
= [, £ o %o va(a)[ Jka (vul @) |k |
=/Bn|fo¢:owa(z| o(¥a(2)) - ko
= z)| dv(z
e

As before we have used the fact that k; 0%, - k, = 1 on B,,. Finally, we prove that U, is
a self-adjoint operator. Let f and g be elements of H?(B,), then

Uaf9) = [, UH)w)gl)dv(w)
= [ (fova)(w) - ka(w)glw)dv(w)
= [ (f oa0e)(2) - (ka0 %) ()9 (Va(2)) | Tra(2)|d(2)
= [ 1) khe 060)(2)9(a(2)) et d(2)
= [ £k 0 %) )9 (#a(2)) al2)] du(2)
= [ £@) ke 0% - ko) (@9 (a(2) ) ka(2)e(2)

= [ H&TUgYdv(2)
= (f,U.g).

0

For any A in B(H 2(B,,)) we define the operator A, as A, = U,AU,, and we denote

with the symbol A the Berezin Transform of the operator A. This function is defined by
A(2) = (Ak,, k,). Now we can state the main theorem.

THEOREM 2.3. Let A be an operator in B(H’(B,.)) which can be written as

A= Z ['[ Ty;.» where ujx € L*®(B,). Then the following are equivalent:
j=lk=1
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A is compact;

A(z) = 0 as z = 8B,;

A,1 — 0 weakly as z — 9B;;

4 ||Alll, >0 asz— 8B, foranyp>1.

W -

The proof of the stated theorem involves some technicalities. In order to make our
work clearer we use the next Section to prove some basic lemmas and we shall prove the
theorem later.

3. Basic LEMMAS
We start this section with a simple Lemma which clarifies the relationship between
the Berezin Transform and the maps {v,}.
LEMMA 3.1. IfC is a bounded operator on L*(B,) and z € C", then Coy, =C,.

Proor: Suppose that C € B(Lz(B,,)) and z,w € C". If f is in L?(B,) then we
have

(f,U:Ky) = (U.f, Ku)
= (U, f)w
= (f o ,)(w)k, (w)
= (f, k.(w) Kw(w)>

Since this equality holds for any f in L?(B,), thus we have U,K, = k (w)K,,,(w) If we
rewrite the last equation as

1Kull (U 1Kl k) = |

T—(”sz(w)”-lffw(w)),

it follows that Uk, = (llell‘1 l

( )) (k,,,(w)) Since the operator U, is unitary

we can assert that ||K,||;" I N =1.
We can write

(1) C o, (w) = C(y.(w))

(2) = (Cky, (w), ky.(w))
(3) = (CU, Ky, Uskw)
(4) = (U,CU.,ky, k)
(5) = (C.ky, ky)

(6) = Cy(w).

We observe that in (2) we only use the definition of the Berezin transform and in (3) we
use the fact that U, k, = aky,(w) Where a is a complex number of modulus 1.
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Finally, we observe that the above calculations imply that Covy, = 5’,, and we are

done. 0
LEMMA 3.2. Foreveryu € L®(B,) and for every z € B, we have U, T, U, = Ty, .

PrOOF: Since U, is an idempotent operator it is enough to prove that U, T, =
Tuoy.U:. We start computing T,U,. Let f be an element of H?(B), then we have

(LU, k) = (Tu((F 0 $2)k:) )
= (PM.((f 0wk ko)
= {(uf o wIk.). k)
= [ uo)(f o %) (mks(n)u v ().
Now we calculate U,T,op,. Let f be an element of H2(B), then we have

(UzTuow, fs kw) = (Tuow, f) Uzkw>
= (PMuD'Ifoa Uzkw)
= ((wo ) f, (kuw 0 ¥2)kz)

= [ f)(u o) (n)kw o B E: (o).

To show the equality we use the substitution 7 = ¥,(8). If we call the last integral we
have written in the above list of equalities A, then we have

A= /Bn (f 0 ¥)(B)u(B)kw (B)(k: 0 wl)(ﬂ)'(-]mbz)ﬂldu(ﬂ)
= [ (£ o 0)BuBkTBYE: o &) B)[k.(8)] dv(B)

- B(n)

= [ (£ 0%) BBk (BYE: © B ) BR: Bk (B)dv(8)

= [ (7o) BruBRBk:()dv(8)

= [ (£ o 0)(Bu(B)k. (TR (B)

Then it is clear that the claimed identity holds. 0
Before we state the next result we need to introduce a new operator. For any
f € H%(B,) we define Ugf € H*(B,) by (Urf)w = f(~w).
We remind the reader that if we denote with the symbol J.;, : B — [0, 00) the
function that acts in the following way:

(1~ fwf) dv(w)

Fittre:
1-{(z, w)'n ©

Teu(z) = /

Bn
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it is possible to prove (see [4] for details) that for ¢ < 0 and ¢t > —1 the function J., is
bounded on B,.

Now we can state and prove the next proposition. This proposition is necessary
because we are going to apply Schur’s Test (see [2]) in the next section, when we give a
complete proof of the Main Theorem.

LEMMA 3.3. Givenpe R, with0O<p—1<(n+1)"",and A€ B(Hz(B,,)) then

[, Jom AR )] 1l ) < K (e, 2) (SuplA-l, ) (Sup ato) )

and

[, JomAUsi. )] K. avta) < K(w,w) (Sup

A:wlllq) (Sgg |Ja,b(w)|"”)

where: 2(p—1)/p < € < 2/(n+1l)p , e = {(p—1)(n+1) — (n+1)ep/2 and b =
—(n + 1)ep/2 and p~! + ¢~! = 1. Moreover, with such a choice the quantity

1/p

1/p
Sup Ja,b(z)l = Sup
2€B z€B

Tip-1)(n+1)-(n-+1)ep/2,—(n+1)ep/2(2)

is finite.

PROOF: We prove the first inequality and we shall show that the second one is an
easy consequence of the first. We observe that

UrAURK, = |K,||, Ur AUk,
= ”K2”2 UrAU_;1
= || K.l UrU-.A-,1
= 1Kl U ((A-:1) 0 9o - k)
= |K.ll, ((A-:1) o w_. o R) - &
=((A_:1)o9_,0R) - K,

Then we can write the left term of the first inequality as

1l [, |((A-e) 0 9os(-u) £ dv(w)

and, of course, this is the same as || K, ||2/ |((A_,1)o¢_,( )) (—w) l||K II5 dv(w). In

the last evaluation we used the fact that ||K,,,||2 = ||[K_wll,- Now we use the substitution
w = 1_,()\) and we obtain

I, | 4= dv().

koo (v-. (V) “IKw_,(,\) [} (Jrs-)A
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Since we have the identity |(JR1/)_,)/\| = |k_,(/\)|2, then we can write the last integral as

ko[ dv()).

1.l [(A- DO [f—s (9= ) 1l

If we write ||Ky_,nll§ as || Ky_, Iz 1 Ky_.(nll3, we observe that
K (=0, =9:(0) = K ($:(1), %:()))
-2
= K\, N)|(Jcy-2)A|
= KA N[k

and if we take the square root of both sides, then we have

1Ko lla[ s (-2 O0) [Je=e O] = 1Kl s )] s (-2 00) -]

I CON) FCY

= “Kz\”z
= || Kill,-

This implies that the last integral is equal to || K|, /;I(A_zl)(/\)l 1Kl lk_,(/\)ll_sdu(/\)
and, if we use the non-normalised reproducing kernel, we obtain

1l [ (A1l 5™ o) aw ).

In other words, we have obtained

M [ JA-) ] 1K ()]~ (.

If we apply Holder’s Inequality with ¢7! +p~! = 1 and we call the last integral Z = I(z),
we have

1/p
p(l-¢)
2() < A -l ( ), 1 [P )

In order to complete the proof we need to study the integral in the right hand side. Using
the fact that we know explicitly the kernel, we have

kally
IR

In order to apply the theorem we define t = —(n + 1)pe/2. Because we need t > —1, then
we conclude that 2/(n + 1)p > €. We also want to write (n+ 1)p(l—¢)asn+1+t+c
and this gives us ¢ = (n+1)(p— 1) — pe(n +1)/2. We also want that ¢ < 0 so we
conclude that 2(p — 1)/p < €. We can summarise our condition on ¢ in the double
inequality 2(p — 1)/p < £ < 2(n+1)/p. It is clear that we can find such an ¢ if and

dv())
)(n+l)pe/2|1 _ (_z, /\)l

(n+1)p(1-¢)"

K_z(/\)]p(l—e)dy(/\) = /B.. (1 Y
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only if (p— 1) < (n+1)"" and this is possible because the only condition on p is that

2>p>1.
So far we have proved the first inequality. To prove the second inequality it is enough to
proceed as before, starting with A* and using the fact that (A*K,))(2) = (AK,)w. 0

We remark that the last lemma implies the following

COROLLARY 3.4. If D denotes the unit disk in C and dA the Lebesgue area
measure and S is a bounded operator on H?(D) then, for any o € (1,3/2) and 8 €
(2(a - 1)a‘1,2a"1), there exists a constant c,p < 0o such that, ifa* ' +a™! = 1, we
have

/ Mm(w) < c_ﬂ_z_ob;
> (1= wl)™ (1-1ef%)

/ -(—Md/i(z) < CaslISily-

for all z € D and

1— |z|2)5/2 = (1 _ |w|2)ﬂ
for allw € D.

This proposition has been proved, in the special case where a = 6/5 and 8 = 1/2,
in [1]. Finally, we prove the following

PROPOSITION 3.5. Let A be an operator in B(Hz(B,,)) which can be written

as A = Z H T, ., where u;x € L*(B,). Then, for every q € (1, 00), Sup |A1]], < oo.
j=lk=

PROOF: We can assume that A = I'IT Using Lemma 3.2 we have that A,
I'I Ty;ou, - Since Py : LI(B) — HY(B)is ; bounded operator, then there exists a constant
cq > 0 such that, for every f € LI(B), || Pfl, < ¢ I fll,- This implies that, for any f €
LI(B), ITufll, = 1 PaMufll, < cqlIMuflly < g llulle 1£1l,. Since |luo¢:]ly = |lully, we
obtain || Tyuoy, fll, < ¢ql|ullo I fll, Then we can conclude that [|A,1]|, < kijl | Turowell, <

ey 1'1 ||lullo.- Therefore we are done because our estimate is independent of z € B,. [
k=1

4. THE MAIN THEOREM AND SOME APPLICATIONS

In this section we give the complete proof of the main theorem, and we remind the
reader that the main result can be stated as follows:

THEOREM 4.1. Let A be an operator in B(H’(B,.)) which can be written as

A= Z I] T.;,, where ujx € L*®(B,). Then the following are equivalent:
Fj=1lk=1

1. A is compact;
2. A(z) = 0as z— 8By;
3. A;1—> 0 weakly as z = 0B,;
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4. ||A.1ll[, > 0asz— 0B, foranyp> 1.

PROOFS: 1. => 2. Because A is compact and k, — 0 weakly in H?(B) as z — 8B
then a standard theorem about compact operators implies that || Ak,|, = 0 as z — 0B,
and the Cauchy-Schwarz inequality implies that lg(z)l = |(Ak,, k.)| < ||Ak;||,. Therefore
we see that A(z) — 0 as z — 9B,.

2. = 3. We suppose that (2) holds and we want to show that 4,1 — 0 weakly
in L%(B) as z — 0B. We know that we can construct an orthonormal basis for H*(B,)
using just polynomials in n variables, so it is enough to show that {A,1,w®*) — O as
z —+ 0By, where a* is a multindex and w = wf; ...w3». We start by observing that
since /I(w,(w)) = A,(w) = (A,ko, k) and k,(w) = (1 - |w|2)(n+l)/2 > (Fw“)/-ya, we

. aeN®
obtain

A n a B
Al = (1) 3 Betlgms
a,BENT a

If we multiply both sides by w_"/ (1 - Ia.:lz)"+1 we obtain that

[ Ao o 3 At u?)
rB,

arta,,B
———dv(w) = w*Fow dy(w).
(1 - wP)™ wihn  Ya¥s  dBm

This implies that

A'(w,,(UJ))F _ . 2e"|+2n (Azwa’wut+a> 2lal
oyt = e 3, G

Observe that the left hand side goes to zero as |z| — 1 because the domain of integration
is bounded and the function goes to zero since (2) holds. Therefore for any fixed r € (0,1)
the left side of the equality has limit zero as |2] — 1. Now we divide the left and right
hand sides by r?**2, Then, on the right hand side, we obtain

(Azlu wa‘) + Z (Azwa’ wat+a) ,’_2|a|
’YQ QGN"\Q 70

and we can conclude that, for any fixed r € (0,1),

. =+
(A:1,w*") + Z (A w®, w® a>'r2'°| 50
70_ QEN"\Q ’YQ

as z — 0B,,. We also observe that

Z (Azwa’ wat+a)
OGN"\Q 7&

s T (Z rel 4 3° )

|la]=1 laj>n
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00
To complete the proof we need to analyse Y r2°l. To study this function we define
laj>n

Py(n) = {z1*... 22" 1 oy + ...+ a, = £} and we denote with the symbol a,(n) the cardi-

nality of P,(n). We have ||A|| ( i r2lel 4 § 7'2'“') = |4 ( i r2lal 4 %o: at(n)r”‘).
lal=1 laj>n lal=1 k>n

CramM. If Py(n) and a,(n) are defined as above then

(*) lim sup M < oo
tso0  ae(n)
PROOF: We use induction and we observe that if n=1 then a,( y=1forall £ >

so, for n=1, the claim is true. Since, fromm > 0, Py(n+1) = U P; (n)z,,+1 then it
follows that ami1(n + 1) = ani1(n) + am(n+ 1) and this implies that

ara(n+1) < aey1(n)

an+1) S am T

Therefore, using induction, we can conclude that (*) is true. Now we observe that
the Claim, together with the Ratio test, implies that there exists an R > 0 such that
Y ag(n)r?* < oo if r € [0, R). This implies that if 7 is small enough, then, for all z € B,,,
k>n

the series is less than € > 0, where ¢ is arbitrary. Therefore we have

11m I(A L, w® )l<6
28
Since € is an arbitrary positive number, the inequality implies that I(A,l,w"')l — 0 as
z — 0B, and this proves our claim.

3. = 4. We want to prove that A,1 — 0 weakly in H*(B,,) as z — 8B, implies
that ||A.1||, — 0 as 2 = 9B,. If r € (0,1), we can write

2
4.0, = [ |A:1(w)| dv(w)
2 2
= [, dv(w) + / N dv(w)
< v(Ba\rBy) 2 |l A1? + /B (w)|2d'/(w)

It is clear that we can choose r close enough to 1 in order to make the first term on
the right smaller than . In fact we have shown in Proposition 4.7 that ||A,1|| is bounded
independent of z. Now we observe that a sequence of holomorphic functions which goes
weakly to zero is going to zero in norm on compacta and this shows that the second term
on the right hand side goes to zero as z goes to the boundary and this completes our
proof. Now we assume that p € (2,00). Then we have

411}, < 4117 1A 11E)7 .

2p-p
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By our hypothesis the first term on the right hand side has limit zero as z — 9B, and
the second is bounded independent of z. Therefore, by Proposition 3.5, we conclude that
lA;1}l, — 0 as z = dB". For 1 < p < 2 we observe that [|4,1||, < ||A;1]|, and we are
done.

4. => 1. We suppose that ||4,1]|, = 0 as z = 0B, for every ¢ € (1,00) and we
want to conclude that the operator is compact. Since the operator Uy is invertible, A is
compact if and only if Ugr AUg = Ap is compact. We are going to show that Ug AUy is
compact. We observe that for any f € H2?(B,) and for any w € B, we have

(UrAUrf)w = (Ur AUx f, Ky)
= (f,UrA*'UrKy)
- /B H()UATK)()dv(2)

= [ () UrAVRE ) w)du(2)
Observe that equation (4) is a consequence of

(UrA'UrKy)(2) = (UrA*Ur Ky, K)
= (K, UrAURK)
= (UrAUrK,, K,)
= (Ur AUz K,)(w).

For any ¢ € (0,1) we define the operator Ay on H?(B,) by

(Ardgfw= [ FE)(ArKa)w)dn(z),
in other words, this integral operator has kernel
Kig(z, w) = Xip, (2)(ArK:) (w),

where the symbol X, stands for the characteristic function of the set tB, = {C eCr:
I<| < t}. We observe that the operator Ay is Hilbert-Schimdt for any ¢ € [0, 1), in fact

[, CARK ) @) K (2)] d2)aw) < 1Aml] [ (1K1 a2
dv(2)

=l4rl |
tB, (1 _ !zlz)"+ /

< 0.
To show that Ag is compact, it is enough to prove that

lim | Ar — (Ar)y| = 0.

t—1-
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We observe that the operator Ar — (Ag), is an integral operator whose kernel is given by
the function Kj1_g(z, w) = X(p\en)(2)(ArK:)(w). To estimate the norm of this operator
we use the Schur Test. We choose, as test function, the function K(z, z)s/ 2If we
choose p such that 0 < (p—1) < (n+ 1)"1, and ¢ such that p~! +¢ ! = 1, and ¢ €
(2(p -1)p 4 2(n+ 1)_1p'1) then we can apply Lemma 3.3, and if we denote the function
Xp,\tB, by the symbol G(t, -) we see that

i/p
[ |6t Ak, (w)] 1Kl dv(w) < IKIl; Sup [l4-1]l, Sup
Bn 2€Bn\tBn w€Bn

Jos(2)]

and
|1/p'

[ 6w anK @) Il dvtw) < Wull; | Sup [4Za1], Sup|Zas(w)

1
ja,b(’l.l))l /p < oo and our

If we choose a and b as in Lemma 3.3 then we obtain Sup
wEBn

hypothesis on the behaviour of I A‘_,,,l"q as w goes to 0B, implies that |A R— (AR)U]l -0
as t = 17. Therefore we have proved that Ur AUr = Apg is compact and this implies
that A is compact. 0

Observe that in the case when there is only a single operator, the main result can
be stated in a very simple form, in fact.

COROLLARY 4.2. Let f € L®(B,). Then T} is compact if and only if f(z) — 0
as z — 0B,,.

We remind the reader that for any f € L*(B,), the Hankel operator H; : H*(B,) —
H?(B,)"* is defined by H;g = (I — P)(fg), for any g € H%(B,). The next result has
been proved, in the case where the symbol is holomorphic, by Stroethoff.

COROLLARY 4.3. Let f € L*™(B,). Then the following are equivalent:

1. Hj is compact;
2. ||Hgk.|l, = 0 as z = 0By;
3. |fod.=P(fou)

The proof is the same as in the case of the disk and we refer the reader to [1] for
details. Using this result it is also possible to recover the main Theorem in [3].

2—)0asz—)6B,,.
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