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Integrability of trigonometric series |11

Masako lzumi and Shin-ichi lzumi

Ralph P. Boas, Jr, proved the following theorem: Let g be an

odd function, integrable on (0, T) and periodic with period

2m , and its Fourier series be ] b simnt . If 0 <» <1 and
b =0 forall n , then +Tg(¢) € L(0, ) if and only if the

series Z bn/nl_r converges. Philip Heywood asked whether the

conditions g(¢) ¢ L(0, ©) and bn > 0 can be replaced by

tg(t) € L(0, 7) and bn = -A/nr or not. We prove this problem

affirmatively.

1.
Our object is to prove the following

THEOREM 1. Let 0 <r <1 and let g be an odd function satisfying

the conditions:

(i) tg(t) € L(0, ©) , and

(1) bn(g) >z —¢/n’ forall n21 and a posttive constant ¢ ,
where bn(g) ig the n-th generalized sine coefficient of g .

TT -
Then I t Tg(t)dt exists, if and only if | bn(g)/nl T comverges.

+0

Received 31 March 1971. Papers I and II in this series are not
referred to in this paper.
205

https://doi.org/10.1017/50004972700047080 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700047080

206 Masako lzumi and Shin-ichi lzumi

This theorem was conjectured by Heywood [3] and is a generalization of

a theorem of Boas [1] (ef. [2]) vhere g ¢ L and bn(g) > 0 instead of

(i) and (ii), respectively. We can prove the J + )} part of Theorem 1
without the assumption (ZZ), that is,

THEOREM 1'. Let 0 <r <1 and let g be an odd function. If

sg(t) € L(0, T) and bn(g) 18 the n-th generalized sine coefficient,

U
then if I t Tg(t)dt exists, then [ bn(g)/nl_p converges.
+0
2.
We shall transform Theorems 1 and 1'. By the definition,
2 [T 2 (T sinnt
bn(g) == fo g(t)sinntdt = = fo 2tgt/2.g(¢t) Dtgt)3 dt
_2 sinnt = i
- nf £(¢) 2tgt/2 dt sn(f)

where f 1is an even function defined by
f(¢) = 2tgt/2-g(t) on (0, m)
and s;;(f) is the modified n-th partial sum of the Fourier series of f
at the origin. Using f and s;fl(f) instead of g and bn(g) , Theorems
1 and 1' can be stated in the following equivalent form.
THEOREM 2. Let 0 <r <1 and let [ be an even function such that

(i) f e L(0o, w) , and

(i) s;l(f) > -¢/n” for all n =1 and a positive constant ¢ .

T . 1-
Then I t—r_lf(t)dt exists, if and only if |} s*(f)/n T comverges.
+0
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THEOREM 2', Let 0 <r <1 and let f be an even function

7
integrable on (0, m) . Then if j t_P_lf(t)dt exists, then
+0

) s;(f)/nl—r comverges.

We can prove the following similar theorems.
THEOREM 3. Let 0 < r <1 and let f be an even function such that

(i) fer(o, m , and

(i2) sn(f) > —c/nr for all n =21 and a positive constant ¢ ,

where sn(f) 15 the n-th partial sum of the Fourier series of

f at the origin.
m

Then J t-r_lf(t)dt exists, if and only if Z sn(f)/nl—r converges.
+0

THEOREM 3'. Let 0 <r <1 and let f be an even function

m
integrable on (0, W) . Then if J t_r_lf(t)dt exists, then
+0

) sn(f)/nl-r converges.

3. Proof of the [ ~+ [ part of the theorems

3.1. We shall first prove Theorem 3. We write s, = sn(f) and

Lo o]

FflE) ~ z a _cosnt .
n=1 "

We can take ¢ = 1 , so that s, * l/nr 20 for all n =1 . Then
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(1) J" L) 4

z t'e2sint/2

cosn
= [ a, f S gt
n=1 x t *2sint/2

5 (s-s ) J —cosnt .,
el 7Y P osing/e

fe o] '" .

z s J 51n§n+l[22t dt = E sn J(n+l/2)n sint dt
n=1 g & n=1 (n+1/2)YF Vr12)e &

® int i s
n sin i
1-r jw r 9t - ) A 1-r fw SI;t de
n=1 (n+1/2) (n+1/2)x ¢ n=1 (n+1/2) (n+l/2)m ¢
where the last series on the right side is a finite constant, since

oo oo

Q0
J 51;t dt = [_ co;t] - J c;iﬁ
(n+1/2)T ¢ t dt=(n+l/2)m (nt1/2)m ¢
= o(1/nt*?)
1-r . l-r

and s, = o(n ) by the convergence of the series z sn/n .

Let € be a positive number < 1 and we write

o 8

n Im sint .. [e/z] + [1/§x] + ¥
1-r -
n=1 (n+1/2) (n+1/2)x n=1  n=[e/z]+l  n=[1l/ex]+1
=P+ @+ R .
Putting [e/x] =y , we get
8 .

P = % n — Jw 312t dt

n=1 (n+1/2) (n+1/2)x ¢

_ i1 sn _ Sn I(n+l/2)x sint dt
2T (r)sin(rn/2) ne1 (n+l/2)l_r nel (n+l/2)l_r o ¢
r
s sn+l/n (n+1/2)x sint
=4 1-r ~ 1-r = 4
n=1 (n+l/2)"" n=1 (n+1/2) 0 t
1 (n+1/2)z iy P
l-r r 2
n=1 n'(n+1/2) 0 t

S-T+U ,
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where S +tends to a constant as & * O , by the assumption, and

r
s +1/n
T<4 % z (nz)?"
1-r
n=l n
= 472" % ns, + az°r % nl T
=1 n=1
. y-1 _ n s ~ 8 _
- sz r ( z Anz r z m_ ., y2 r % m ] + A92 r
l-r 1-r
#1=1 m=1 m m=1 m
< 4e° T

and further

vsa % L (nz) = 2e .
n
n=1

Therefore, collecting the above estimations, we get

(2) 1lim sup |P—A| < A€2-r .
>0

Writing 2 = [1/ex] and using integration by parts and Abel's

transformation, we get

) 8 00 int
n sin dt

n=z+1 (n+1/2)l'r f(n+l/2)x &

2]
1]

r
Z sn+l/n fw sint dt
nez+l (n41/2)Y7 ) (mr1/2)z £

«© 00 't
- r . 1-r J Sl; dat
n=z+1 n" (n+l/2) (n+1/2)x ¢
r
) sn+l/n (cos(n+l/2)x _ J cost dt] . O(EY]
n=z+1 (n+l/2)l-r (n+1/2) =" (n+1/2)x T
1 Lo
== (Sz+lcos(z+3/2)x-2sinx/2 ) Snsinnx]
x n=z+2
r
© g +1/n
1 n r
+0{ ——J+0(e]
xl+r +1 n2

0(e") + o(e™) + 0(e") = 0(¢")
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where
o sn+l/nr
Sk=n§km+0 and Sk=0(l/kr) as k > o ,
Therefore,
(3) lim sup |R| < 4€” .
0

Finally, using the expansion of sine series,

2 s ,
(%)  @= ]} ——"—f sint gy
n=y+1 (n+l/2)l_r (n+1/2)x e’

z s (n+1/2)x .
—1‘__.[ E:Lg_t_dt.}.o(l)

n=y+l (n+1/2)77 Jo

_ % 5y T (cuX f(n+l/2)x 2k+1-r,
n=y+l (n+1/2)2T g=o (2R*L)!

t + o(1)

k_2k+2-r z
(1) o 2k+1sn + o(1)

kzo (2k+1) 1 (2k+2-1) n=g§+1 (n+1/2)

® E—2k—2+r
o( + o(1)

kzo (2k+1) 1 (2k+2-r))

=0(1l) as x>0 ,

Lo

since, putting t = [ 8 _/(m1/2
n m
m=y+1

)l—r , We have

2k+1 2 %y
sn 1l-r

3
Y (n+1/2)
n=y+l n=y+l (n+l1/2)
z
t ~t (n+1/2)
n=g+l ( n n-l)

(n+l/2)2k+2_r

2k+2-r

2-1
¢ (241/2)2K*2T L TV 4 A((ne1/2)%K72T)
2 n

n=y+l

o(l/(ex)2k+2_r] as x+ 0,

Combining (2), (3) and (4), we get
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T f(t) r
1lim sup J ” dt - A| = 4e” .
x+0 x t -2sint/2

Letting € + 0 , we get the z -+ I part of Theorem 3.

3.2. We shall prove Theorems 1 and 2. If we show that

b

oo T .
(5) ZafSlnn+12tdt=A+o(l) as x * 0
n r
n=1 x t
then, by (1),

as x >0 .

1r °° s* (n+1/2)m .
IT&Ldt;- z——'—n—l__;J &;idt+,4+o(l)
x t -2sint/2 n=1 (n+1/2) (n+1/2)x ¢

We can apply the method in §3.1 to the right side integral under the
assumption (Z%7) of Theorem 2, so we can complete the proof parallel to

§3.1.

Now, the left side series of (5) is

°Z° . f“ sin(n+1/2)¢-sin(n-1/2)¢ ;.
X

n=1 "
o T .
=2 ) s f EE-E@cosntdt
n r
n=1 x ¢t
oo 8 o« S8 .
- p sinz 2 Z I oinnx + 2 z _n d [sint/2 cosntdt
= L ) dt r
x n= n=1 x t
=2V + 2W

and
. o g* . ® q
V= _Ls1nx 2 Z -—: sinnx + __lena: 2 Z -—: sinnx ,

vhere the series of the last term converges uniformly, since it is the

termwise integrated series of the Fourier series of f and then the last

term of the right side tends to zero as & = 0 . On the other hand, putting
T 1
s*= 7 [sm/k”]/k i
n k
k=n
we have
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r
© g* © g+l /n° | LI
z n .. - n / sinnx sinnx
p SionT = 1-r r ! 1+r
n=1 n=1l n n n=ln

w ry
=- 7 SZA[-“%] +0(1) »
=1 n

and then V tends to zeroas o+ 0

Finally, putting

and using Abel's transformation,

e
1]

o Ui .
¥ 5,8 L J i-[m@] cosntdt

n=1 nr x at tp
o S T .
=2 z —ZJ %(—s—ﬂl%]sint/2sin(n+l/2)tdt + 4+ 0(1) ,
n=l n x t

which tends to a limit as x = O , since the series on the right side is

absolutely convergent. Thus we have proved the required (5).

4. Proof of the J-r Y part of the theorems’

We shall prove Theorem 1'. We can write
N bn(g) _1 m v sinnt
1> w9t ! 1-r %
n=M n 0 n=M n
m N+1/2 _, N+1/2 .
- lJ g(t)dtU sinut du + J sinut dj(u)]
w 1-r l-r
0 M-1/2 u M-1/2 u
1
= T"'(P"'Q) s
where
1 v sin2mm
Ju) == u+ [u] #2/20 2 ] BESTE
T m
m=1

Now
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T (N+1/2)t .
P = J a(&) 4 f 222
o ¢ (M-1/2)t v

J'(M—l/2)t sinv p JU/(M“l/Q) ;(t) g
= — av

0 T o/(F+1/2) £

+ J(Nﬂ‘/z)“ sinv dv rT g(t) de
(M-1/2)m T v/ (W+1/2) £
=R+ S5
and
M-1 (k+l)T M7 v/ (M=1/2)
R = [ z J dv - J dv}J dt
k=0 ‘km (M-1/2)7 v/ (W+1/2)

[(M-1/2)] ((2km (2k+1)m v/ (M-1/2)
U + J ]dv J dt + o(1)
k=1 (2k=-1)m 2k

R' + o(1l) as M, N » >,

v/(N+1/2)

Writing [(M-1)/2] =M ,

M m ((2k-1)m+v) /(M-1/2)
R’ - 2 J sinvdv{——i—l—_; J @ dt
0 ((2k-1)m+v) ((2k-1)m+v) /(W+1/2) ¢

k=1
(2km+ )/ (M-1/2)
e [ g o)
(2km+v) T (2kmev) /(NHL/2) ¢

A e
- invdv —_—
0 . k=1 \((2k-1)m+p)t "

) 1 ]J((2k—l)’ﬂ+v)/(M—l/2) §t2 g
(2km+o) 1 ((2k-1)me0) /(H41/2) T
M ((2k-1)m+v) / (M-1/2) (2km+v)/(M-1/2)
-1 - a(t)
)L P[J [ ] dt}

((2k-1)m+v}/ (W+1/2) (kmev)/(H+1/2) £

+
k=1 (2km+v)™~

=T1-T2.

We can easily see that T

L= o{(l) as M, N > o and
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1" M (kn+v)/(N+1/2)
J sinvdv{ ) ——11_;J 7 a(t) g,

T =
2 0 k=1 (2km+v) ((2k-1)m+v) / (N+1/2) £
i M N J(zkmv)/(M—l/e) (£) dt}
k=1 (2kmu) 1" ((2k-1)me0) / (M-1/2)  £F
where
T T M'+1/2 (2mo+v)/ (N+1/2)

Té = J sinvdv f _ddﬁf ﬂ%l dt

1/2 (2mw+v) (2mw-m+v)/(N+1/2) ¢

T M'+1/2 . (emo+v)/(N+1/2)
+ f sinvdy f JALJ a(t) dt

0 1/2 (2mo+v)l'” (erw-m+v)/(N+1/2) ¢

+ .
1 U2

[}
<

Writing 2mw/(N+1/2) =w' , v/(N+1/2) = v' , we have

1+r W/ (N+1/2)
U, = {+1je)” - f sin(N+1/2)v'dv’

1 2 0
) I(M'+l/2)/(1V+l/2) N fw’ﬂ), (£) o
1/2(n+1/2) (w’+v’)l"r w'+v'-'rr/(lv+§) T
1+r m/(N+1/2)
= ﬂﬂ"%-L— I sin(N+1/2)v'dv'!
0
(M'+1/2)/(F+1/2) t-v'+1/(N+1/2) )
f a-(%ldtf @ 1-r+0(l)'
n/(N+1/2) t t-v' w'+v'")

For any € > 0 , there is a & > 0 such that

e
f g(t)t-rdt <g forany 0<php<e<§;

b

then, if 7/(N+1/2) < 8 <(M'+1/2)/(N+1/2) , we get
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l4r (w/(N+1/2)
U, = Wajz) f sin(¥+1/2)v' dv'
1 2m 0
S (M'+1/2)/(0+1/2)
. U 2-(‘%)- dt + I g_(_f_')_ dt}
n/(N+1/2) ¢ 8 t
t-v'+7/ (N+1/2) '
) J - 1-r +0(1)
t-v' (w'+v")
=U; + U +0(1) ,
where
Vo< r A (wn/2)tr
vj1 =A@/ s Se € =48
and
"l < l+r _l_ ._A___ = -+ o
|Ul| = A(N+1/2) SYEN TSV o(1) as M, N .
Thus we have |Ul| < Ae which holds also for all cases of § and then
U, = o(l) as M, N >« , Now, by integration by parts,
T M'+1/2 , (2mw+v) /(N+1/2)
U2=f sinvdvj —ﬁz)?;dof gi%)'dt
0 1/2 (emo+v)= (2mo~m+v)/(N+1/2) ¢
. J" — JM "/ i) _ glemeo)/ajz) . 21,
0 1/2  (2motv)  ((2mw+v)/(N+1/2))
i J" - f” 2 jw)  glememw)/(iei/e)) | om_ o
0 172 (eroso)T ((2mo-mev)/ (wr1/2))T V4172

] 1 M
Up v U, - Uy

where, substituting the Fourier series of J(w) ,
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© u M'+1/2 | (2mw+v )/ (N+1/2)
Ut =4 Y rJ—r-z_J sinvdvf -imﬂ”—dwf gj%ldt
2 1/2 (21rw+v)2'r (2mo-m+v) /(N+1/2) ¢

r © q (M/(H¥1/2)
= A(N+1/2) z pou f sin(N+1/2)vdv
m=1 0
] J'21T(M'+l/2)/(lv+l/2) Sinm;N'*lzfrb)' . r)'ﬂ)l . e
n/(N+1/2) (w'+v') w'+o'-m/(W+1/2) 5
r ® n/(N+1/2)
= A(N+1/2)" ) p J sin(N+1/2)vdv
m=1 0
. f21r(M’+l/2)(N+l/2) (£) e Jt-v'+n/(1v+1/2) sinm(N+1/2)" o'+ o(1)
w/(N+1/2) t° t-v' (w'+v' 2T

=o0(l1) , as M, N+ o,

and, by the second mean value theorem,

T [M'+1/2] (k+1 ,
U = F17s J sinvdy ] f o), _ allensm) a2l 4, 4 o)
0 k=1 k  (2mw+v) ((emw+v)/(H+1/2))
on L [M'+1/2] 1
= d _—
¥+1/2 Io sinvav K (omro) T

Uk, ) Ik"’]g((2m+v)/m+l/2)1)ﬂ dw + o{1)
ko ((emo)/(W91/2))
= O(l) > &8s M’ W ’

where k < k' < k" < k"' < k+1 , and similerly U.'?” o(1) . Therefore

U, = o0(l) . Thus we have proved that T. = U +U o(1) . Similarly

2 2 2
Tg o{1) , and then T, =T! - T =0(1) . Thus R = o(l) . Estimation

2 2 2
of S is similar to R , and then P = o(l) .

Now, we shall estimate @ .

https://doi.org/10.1017/50004972700047080 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700047080

Trigonometric series 217

T N+l/2 . +
f g(wdt[ sinut gi(,,)

Q =
0 M-1/2 T
m N+1/2 d |sinut
= - g(t)dt I j(u)—[deu
fo M-1/2 du\, 1-r
T N+1/2
= - f tg(t)de J J(u) cif?,t du
0 M-1/2 U
T N+1/2 sinut
+ (1-r) j glt)dt f '(u)-;%—d
0 M-1/2 u="
=-4 ¢ (1-1')622 .

Using the Fourier expansion of J ,

N+l/2 . cosut 1 o 1 N+1/2 cosutsin2mmu
Je) =g L5 L M
M=1/2 m=1 M=1/2 )
-1 ezo 1 J'Nﬂ‘/z sin(2um+t )utsin(2mm-¢t )u du
2m = m M-1/2 ul—r

[}

(o)

[ L
b
1
EN|H
()
—
[ Ll
31

and then

m
f tlg(t)|dt = o(1) as Mo,
0

A
ol =5
On the other hand

1 N+1/2 iUt
Q =f g(t)dtf Jlu) 2288 g,

2 o M-1/2 2T
1/{N+1/2) N+1/2 .
- | gora [ ) SRt g
0 M-1/2 u
1/(M-1/2) 1/t N+1/2 .
+ J g(t)dtU + I ]j(u) % du
1/(N+1/2) M-1/2 1/t u
m N+1/2 .
+ I g(t)dt J Ju) % du
1/(M-1/2) M-1/2 u

V1+V2+V3+Vh'
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We have
o k 1/(N+1/2) N+1/2
_ (-1) J‘ 2k+1 I , 2k-1+r
v, = t (t)dt Jludu du
1 kZO (2k+1)1 g M-1/2
and then
1/(n+1/2) N+1/2 .
vl = | tlgte)las|[ " L g
0 M-1/2 u
® 1/(N+1/2) N+1/2
1 2k+1 . , ok-1+r
* kZl (2k+1)! Jo t lg(t)|dt JM—l/Z J(u)u du
A Jl/(IV+1/2) Y
= t|g(e)|de
mF o
(N+1/2)2k_l+r Jl/(Nﬂ/Z) | )]
+ t g t t
k=1 (2k+1)!(1v+l/2)2k
=0(l) , a8 M, N > o .
Secondly,
1/(M-1/2) 1/t .
v, = J g(t)dt J lw) Slz_izf du
1/(N+1/2) M-1/2 u
o k 1/{(M-1/2) 1/¢ _
= (—é% J t2k+lg(t)dt J J(u)qu M
k=0 L/ (w+1/2) M-1/2
and then
1/(M-1/2) © 1/(M-1/2)
A f 1 J 2-r
v.| = tlg(t)|dt + 4 e t“ | g(t)|dt
IV Mt (1 /2) lo(2)] kzl (2k+1)Y )y f (a1 /2)
=0(l) ,as M, N>,
Finally,
1/(M=1/2) N+1/2 .
vV, = J g(t)de I J(u) %%t du
3 Dy/wey2) 1/t u
1/(M-1/2)
= OU t2"'|g(t)|dt]
1/(N+1/2)
=o(1)’a3 M’N-boo,
since
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N+l/2 sinut 1 T 1 N+1/2 sin2mmu- cosut du
J j(u) 2-r du = ; Z E 2-r
1/t u m 1/t u

o[tz’” mzl ;%] = 0(£277) |

and similarly Vh is also o(1) . Thus we have proved the theorem.

The proofs of Theorems 2' and 3' are now immediate.
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