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In this paper, we consider the following non-linear system involving the fractional
Laplacian

{(A)Su(w) = f(u, v), 1)

(=A)*v(z) = g(u, v),
in two different types of domains, one is bounded, and the other is an infinite
cylinder, where 0 < s < 1. We employ the direct sliding method for fractional
Laplacian, different from the conventional extension and moving planes methods, to
derive the monotonicity of solutions for (0.1) in z, variable. Meanwhile, we develop

a new iteration method for systems in the proofs. Hopefully, the iteration method
can also be applied to solve other problems.
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1. Introduction

The work concerning qualitative properties of solutions was extensively investigated
by many researchers. Fruitful results have been obtained on the existence, non-
existence, symmetry and regularity and so on. Berestycki and Nirenberg [3] obtained
the monotonicity for the unbounded positive solutions of elliptic equations in the
case of a ‘coercive’ Lipschitz graph. In [6], Berestycki et al. proved the monotonicity
and uniqueness for elliptic equations in unbounded Lipschitz domains. Angenent
[1] and Clément and Sweers [15] derived that a bounded positive solution of elliptic
equations only depends on the x,-variable in a upper half space. Chen et al. [12]
worked on the symmetry and non-existence of positive solutions of equations with
fractional Laplacian in different types of domains. For more related results, please
see [7, 10, 11, 14, 18], and the references therein.
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In this work, we investigate the following system involving the fractional
Laplacian:

(1.1)
(=A)*v(z) = g(u, v)
in a bounded domain and an unbounded domain, respectively.

From an applicable point of view, the fractional Laplacian have caught
researchers’ attention because of its non-locality and its applications in physical
sciences. So far it has been utilized to model diverse physical phenomena, such
as anomalous diffusion and quasi-geostrophic flows, turbulence and water waves,
molecular dynamics and relativistic quantum mechanics of stars (see [5, 9, 16,
22| and the references therein). It also has various applications in probability and
finance [2, 4]. In particular, the fractional Laplacian can be understood as the
infinitesimal generator of a stable Lévy diffusion process [4].

The fractional Laplacian is a non-local pseudo-differential operator, taking the
form

{(—A)SU(ZE) = f(u7 U)7

s u(z) —u(z)

(—A) U(JC) = C?L,Oc PV Ln m dZ, (12)
where s € (0, 1) and PV stands for the Cauchy principal value. This operator is
well defined for v € C§°(R™). In this space, it can also be defined equivalently in
terms of the Fourier transform

(=A)u(z) = FH(IE** Fu(€)) (@),

where F is the Fourier transform, and F~! is the inverse Fourier transform. The
fractional Laplacian can be extended to locally integrable functions with certain
growth control—the weighted L'-space:

n |u(z)]
Los={u:R"— R| o de < oo} (see [21]).

For u € Log, we define (—A)*u as a distribution:

n

(-8)u)(¢) = [ ule)(-A)o()ds, Vo e CR(RY),

To investigate the properties of solutions of equations involving the fractional Lapla-
cian, the method of moving planes and extension method [8] have been powerful
tools. In [25], the authors employed the method of moving planes in integral forms
(see [10, 11, 13] and the references therein) to study the symmetry of solutions.
However, this method needs to establish the equivalence between the differential
equations and the integral equations via Green’s functions, and it is a challenge
work. Also, this method depends heavily on some special properties of the corre-
sponding Green’s functions. So far, there are few results about the Green’s functions
in general domains. Chen et al. [12] developed a direct method of moving planes
for the fractional Laplacian. Based on the classical sliding method for Laplacian
[3], Wu and Chen [23, 24] developed the direct sliding method for the scalar equa-
tions involving the fractional Laplacian. Actually, the direct sliding method does
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not depend on the Green’s functions. In this paper, we employ the direct sliding
method [23, 24] to derive the monotonicity of solutions of system (1.1) in a general
bounded domain and an infinite cylinder.

The analogue problem to (1.1) for the fractional Laplacian has been investigated
by many authors:

{(—A)Sui(x) = filur,...,upm), c€Q, i=1,...,m,

. (13)
ui(x) =0, z € R™\ Q, i1=1,....m

In the case Q be a unit ball or half space, Mou [19] proved the symmetry and
monotonicity of positive solutions of (1.3) by the integral equation approach. When
i=1,2, fi=ub, fo=uf and Q= R7, Quaas and Xia [20] obtained the non-
existence of positive solutions of (1.3) by the method of moving planes with an
improved Aleksandrov—Bakelman—Pucci type estimate for the fractional Laplacian.

In this paper, we consider the non-linear equations involving the fractional Lapla-
cian in general domains. Due to the non-local nature of the operator, we need to
set exterior conditions in domain T,

u(@) = p(z), v(r)=y(@), zel”

In order to ensure the monotonicity of solutions, one has to impose the necessary
exterior conditions (P) on I For any three points 2! = (2/, 1), x2 (2, ac 2) and
23 = (2/, 23) with 2l <22 < 2,2’ € R* 1, and 2!, 2% € T, 2!, 22 and 23 satisfy

1

x o(x3), forz? €T,

1

(z®), for 2% € T°,
x )

, for 2% €T,

(z)

p(ah)
()
(

< <
P(xt) <p(a?) < v(a?), for 22 € T

We first study (1.1) in bounded domain G, and establish monotonicity of solutions
for (1.1) as following;:

—

THEOREM 1.1. Let u, v € Loy N CLL(G) N C(G) and (u, v) be a pair of solution for

(—A)u(z) = f(u, v), zeq,
(=A)*v(z) = g(u, v), z€G, (1.4)
uw(@) = ¢(z), v(z) =yY(z), v€G,

where G is a convex bounded domain in x,, direction, and u, v satisfy the exterior

condition (P) on G. If % 9 > 0, gg >0 forx e G, and 85, gi, gg, % are bounded

from above in G, then u and v are monotone increasing with respect to x,,-variable
in G. More precisely, for any T > 0, one has

<

(
(

w@', T+ ) >ul@ ), V(2 7+mz,), (@ z,) €G.

In the proof of theorem 1.1, employing the argument by contradiction at extreme
points, we first derive the key tool—mnarrow region principle in bounded domains.
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Combining with the sliding method, the solutions of system (1.4) are proved to
be monotonic in the bounded domain G. Next we briefly introduce the sliding
method. For any positive real number 7, by sliding downward 7 units from the
bounded domain G, we have

Gr ={x —7e, |z € G},
here e, = (0, ..., 0, 1). Denote

u () =u(x x, +7), v (2) =0,z +7T),

U™ (z) =u(x) —u(z), V7(z)=0v"(z)—v(z).

For 7 sufficiently close to the width of G in z,, direction, it is easy to see that G N G,
is a narrow region. Applying the narrow region principle in bounded domains yields
that

U'(z)>0, V(z)>0, zeGnNG,. (1.5)

Note that (1.5) provides a starting position to slide the domain G,. Then we
slide G, back upward as long as inequality (1.5) holds to its limiting position. In
fact, the domain should be slid to 7 = 0. We conclude that the solutions of (1.4)
are monotone increasing in x,, variable.

Considering the unbounded domain €2, because of the unboundedness property
for 2, the extremum points in €2 cannot be attained which makes it hard to apply
the narrow region principle in unbounded domains directly. To overcome this diffi-
culty, we first take a minimization sequence approaching to the infimum, and then
make some perturbation about the sequence to attain the extremum points in some
bounded domain. Combining with the iteration method, we can deduce the narrow
region principle in unbounded domains. Then the monotonicity of solutions for (1.1)
in an unbounded domain 2 is obtained with the aid of the direct sliding method.

THEOREM 1.2. Let u, v € Lo N CLH(R™) be a pair of solution for

loc
(~A)ule) = flu,v),  zEQ
(—~A)*v(z) = g(u, v), zeQ, (1.6)
u(z) = ¢(z), v(z) =Y(x), z€Q
where @ = {z = (2, 2,) € R |0 < 2 < M}, ' = (21, T2, ..., Tn_1), and M is a

finite positive real number. u, v satisfy the exterior condition (P) on Q, and u(z’, -)
and v(z', -) are bounded with ¥’ € R"~. Suppose that % >0, % >0 for x € Q,
of of 9g 9g

and 5, 5=, 52, 52 are bounded from above in Q2. Then u(x) and v(z) are monotone

increasing in xp-variable, that is, for any T > 0,
w@', T+ ) > ul@x,), V@ T+z,), (2, 1,) € Q.

REMARK 1.3. Theorem 1.2 still holds if Q is any domain bounded in the
T ,,-direction.
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One of the interesting point about the monotonicity of solutions is that it helps
to pave the way for deriving existence, non-existence and some Sobolev inequalities,
as can be seen in [13, 14, 17] and the references therein.

This paper is organized as follows. In § 2, we establish some lemmas, such as the
narrow region principle in bounded domains and so on. In § 3 and 4, combining the
lemmas in § 2 with the sliding method, we derive the monotonicity of solutions for
(1.1) on bounded domains and unbounded domains.

2. Key tools in the sliding method

The aim of this section is to show the key tools in the sliding method. More precisely,
we investigate the narrow region principle in bounded domains and unbounded
domains so that the sliding method can be initiated.

LEMMA 2.1 Narrow region principle for system in bounded domains. Let U, V €
Log N Cl"l(E) satisfy

loc
(=AU (x) — b1 (2)U(x) — c1(2)V () 20, z€E,
(=AY V(x) = bo(2)U(z) — co(2)V(z) 20, z€E, (2.1)
U(x) >0, V(z) >0, x € B¢

where E is a bounded domain, c1(x) > 0, ba(x) >0 in E, and b;, ¢; are bounded
from above in E, i =1, 2. Then for d sufficiently small, which is the width of E in
x, direction, one has

Ux) >0, V(z)=0, zekE. (2.2)

Proof. If (2.2) is not valid, then at least one of U and V is less than zero at some
point. We may assume that there exists a point 2 € E such that

By (2.1), for d sufficiently small, we have

cU (z° ~ -
< Ud(23 ) — by (2))U(2°) — ¢, (2®)V (20)
< D)@V 23)
This implies that
V(z°) <0, (2.4)

and

(2.5)
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It follows from (2.4) that there exists some point z! € E such that

Vizt) = I%inn V(z) <O0.

Similar to (2.3), we derive that, for d sufficiently small,

0 < (—A)V(a") = ba(a!)U(a!) — e2(a)V (a")

Moreover, we get

0
2.
Combining (2.5) and (2.7) yields that
~ eV (z0)
V(%) < ————. 2.8
(@) < T, (@) (@) (28)
Thus, one has
ec
1> ——F—F—~. 2.9
d*scp (20)by (1) (2.9)
(2.9) is impossible for sufficiently small d. Therefore, (2.2) holds. O

LEMMA 2.2 Narrow region principle for system in unbounded domains. Let Dy =
{z = (2, x,) € R0 < x,, < 2} be an unbounded narrow region with some bounded
constant 1, and D_ = {x = (¢, x,) € R"|z, < 0}. IfU, V € Lgg N CLY(Dy) satisfy

loc

(=A)*U(z) — by (2)U(x) — e (z)V(x) =20, =€ Dy,
(—=A)*V(z) — bo(x)U(x) — E2(x)V(z) =0, =x€ Dy, (2.10)
U(z) >0, V(z) >0, xeD_.

Suppose that ¢, (x) > 0, by(x) > 0 in Dy, and b;, ¢ are bounded from above in Dy,
1 =1, 2. Then forl sufficiently small, we get

U(x)>0, V(z)>0, xze€Ds. (2.11)

Proof. The argument, by contradiction, is standard. Suppose (2.11) is false. Then
at least one of U(x) and V(x) are less than zero at some points belonging to D;.
Without loss of generality, we may assume that there are some points such that
the values of U at these points are less than zero. Then there exists a sequence
{x*}2° | C Dy such that

Uzh) - A= inf U (x) <0, (2.12)

with |2F| < I, where ¥ is the n-th component of x*.
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Let
1

2 _
n() = {aelt® =1 2l <y, (2.13)
0, | > 1,
taking a = e'/! such that 1(0) = max n(x) = 1.

kSet or(x) = n(z — 2*). Combining with (2.12), there exists a positive sequence
{€"}72 | such that

U(x®) — éFpp(z®) < A <0, (2.14)

where ¥ — 0 as k — oo.
Obviously, for x € R™ \ By(z*), U(z) > A and ¢y (x) = 0. Then we have

U(zh) — éfpp(z®) < U(z) — é*pr(x), for z € R™\ By(z"), (2.15)

here B)(z*) = {z € R" ||z — 2%| < I}.
Define Ui (z) = U(z) — €*pr(x). It follows from (2.15) that there exists some
point ¥ € By(z*) such that

U (z%) = rréinn Uk(z) < 0.

It is easy to see that
Uz®) < Uz,
and
Uz*) — A, as k — oo.

Applying the first inequality of (2.10) and the definition of the fractional Laplacian,
we derive

0< (~A)UEH) - h@EUE) - a eV ()
= (CAPTEH) — B PU) - ea ()Y ()
+ e (=A)pr(a") — b (@) pr(T")
< (5 B E)UE") — @)V ()
+ e (=A)pr(a") — "bu(@")pr (). (2.16)

Then for sufficiently small [ and sufficiently large k, one has

0< & U(Z%) — & (ZF)V(Z") + o(e"). (2.17)

S
This implies that
V(zF) <o0. (2.18)
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Based on (2.18), there exists a sequence {z¥}2°, C D such that

V(z*) - B= inf V(x) <0, (2.19)

Set ¢ (z) = n(z — ). Tt is easy to see that
V() — éfr(2¥) < B <0 (2.20)
and
V(%) — (%) < V(z) — Fpp(z), for x € R™\ By(2Y). (2.21)

Define Vi(z) = V(z) — ¥y (x). Tt follows that there exists some point z* €
By (z*) such that

Vi(ZF) = min Vi (z) < 0.
Similar to the proof of (2.16), by the second inequality of (2.10), we arrive at
0 < (=A)PV(2") = ba (MU (Z*) — 2 (2")V (2Y)
= (—A)*Vi(2") = ba (M) UL (Z*) — e2() Vi (27)
= ba ()i ()" + (—A) Yr(28)e" — ea(2")pr(27)e"

< (5~ BENE) - BV
— ba(Z)pr(Z")€" + (—A) Pr (Z*)e" — e (F ) (27)€". (2.22)
For sufficiently small [ and sufficiently large k, we derive
0< l%vk(zk) — by (ZF)YUL(ZF) + o(€"). (2.23)
That is
Vie(Z¥) = €120, (Z%) U (%) + (")
> C'1%by(ZF) UL (Z%) + o(e"). (2.24)
By (2.17), we have
e (Z0)V (@) < Z%Uk(ick) + o(€®). (2.25)

U (Z%) + o(eb). (2.26)
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This yields
17 (sk\= (=K c
C'bo (2 () = —. (2.27)

For sufficiently small [, (2.27) is impossible.
This completes the proof of lemma 2.2. O

3. Monotonicity of solutions in bounded domains
In this section, we will verify theorem 1.1.
The proof of theorem 1.1. Consider the following system:
x) = f(u, v), z €@,
) = g(u, v), z € G, (3.1)
u(@) = ¢(x), v(z) =Y(x), =G,

where G is a convex bounded domain in z,, direction, and we denote the width of
G in z,, direction as d.
First we introduce some basic notations. For any positive real number 7, denote

u(x) =u(@ zn, + 1), v (x)=v@ T, + 1),
Gr ={x —7e, |z € G},
here = (21, ..., Tn-1, Tn) = (@, xn), e, = (0, ..., 0, 1), and
Y, =GNG,.
Define
U (x) =u(z) —u(z), V7(z)=10"(z)—v(z).
This proof consists of two steps.

Step 1. For 0 < 7 < d sufficiently large, we want to show
U (z) >0, V'(z)>0, Vzeq,. (3.2)
By the exterior conditions (P) of u and v, it is easy to see that
U (z) >0, V'(z)>0, VreG,\2,. (3.3)
This implies that we only need to prove
U'(z) >0, V7(z)>0, V&el,. (3.4)
Applying the mean value theorem to the first equation of (3.1), we have
(=AY UT (@) = ful], U7 (@) + fulu, (V7 (2), z€G, (3.5)

where &7 is between u and v” in G, and (] is between v and v” in G.
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Similarly, we have
(A V(@) = gu(&3, vT)U" () + gu(u, 5)V7(2), z€G,

where &7 is between u and v” in G, and (3 is between v and v” in G.

(3.6)

Note that 3, is a narrow region for 0 < 7 < d sufficiently large. Applying lemma

2.1 to U™ and V7™ with
E= 27'7 by = fu(i{a ’UT)a C1 = fv(u7 C{)?
b2 = gu(ﬁga vT)a C2 = gU(u7 C;)a

we derive that (3.4) is valid. We conclude that (3.2) must hold.

Step 2. Now we decrease 7 as long as (3.2) holds to the limiting position. Define

7o =inf{7|U"(x) >0, V' (z) >0,z € £, 0 < 7 < d}.
We want to prove

7'0:0.

(3.7)

If 70 > 0, we can show that G, can be slid upward a little bit and we still have,

for some small 6 > 0 and 7 € (179 — 6, 70),

UT(x) >0, VT(J:) >0, VzxeX,.

(3.8)

This contradicts with the definition of 7. Therefore, (3.7) holds. We postpone

proving (3.8).
In fact, for 79 > 0, we can show that

U™(z) >0, V™x)>0, z¢c%.

(3.9)

Otherwise, at least one of min U™ (z) and m%n Vo (x) are equal to zero. We

T€X €S,

may assume that, there exists a point € X, such that

U™(z) = min U™ (z) = 0.

€S,
It follows from (3.5) that
(—A)*U™(z) = fo(u(z), (7 (@)V™(2).

On the other hand, by the exterior condition (P) of u, we arrive at

STTTO (= UTO_ —UTOy
(7A) U (:L') = Cn,sP~V~/n |9£—)y|”+2$()dy < 0.

Combining (3.10) and (3.11) yields
V™ (z) < 0.
This is a contradiction. Hence (3.9) is valid. It follows that

Uo(z) >0, V™(z)>0, Yre,.
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Next we can choose some closed ) C 3, such that ¥, \ Q is a narrow region.
Applying (3.12), we have

U (x) >co>0, VOxz)>c>0, Vreq. (3.13)

By the continuity of U7 and V7 in 7, we obtain, for some small § > 0 and 7 €
(TO - 57 7—0)7
U'(z) >0, V'(z)>0, VreQ. (3.14)

Applying the exterior condition (P), we have, for some small § >0 and 7 €
(7'0 - 5, 7'0),

U'(z) >0, V'(z)>0, V&eXxc. (3.15)
It follows from lemma 2.1 that for some small § > 0 and 7 € (79 — 9, 70)
U(x) >0, V'(z)>0, VzeX, \Q. (3.16)

Combining (3.14), (3.15) and (3.16), we derive that, for some small § > 0 and
7 € (10 — 6, 70),

U'(z) >0, V'(z)>0, VYreX,. (3.17)
This implies (3.8) holds. It follows that (3.7) must be true.
This completes the proof of theorem 1.1. O

4. Monotonicity of solutions in unbounded domains

In this section, we study system (1.6). For convenience, we write down (1.6) again:

(=A)*u(x) = f(u, v), x €8,
(=A)*v(z) = g(u, v), x €, (4.1)
u(z) = p(z), v(z) =Y(z), =€

where Q = {z = (2/, z,) € R"|0 <z, < M}, 2’ = (21, T2, ..., Tp_1). We will ver-

ify theorem 1.2.

Proof of theorem 1.2. First we introduce some necessary notations. For any 0 <
T <M, set

u(x) =u(@ zn + 1), v (x)=v(@ 1, +T).
Let
Q ={z—rTe, |z € Q},

which is obtained by sliding €2 downward 7 wunits in z, direction, e, =
(0,0,...,0,1).
Set

D.=QnQ,,
U'(z) =u"(x) —u(x), V7'(x)=v"(x)—v(x).

The proof consists of three steps.
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Step 1. For 0 < 7 < M sufficiently large, we want to show that

Ul(x) 20, VT(z)=0, z€,. (4.2)
Obviously,
Q- =D,U(Q,NR").
By the exterior condition (P) of u and v, we get
U'(z) 20, V7(z)>0, ze€Q,NR". (4.3)

Tt is easy to see that u™(x) and v7(z) satisfy the PDEs (4.1). Combining with
the mean value theorem, we obtain

(=AU () = ful&], vUT (@) + folu, (VT (2), €9, (4.4)

where £] is between u and " in 2, and (] is between v and v” in 2.
Similarly, we have

(=A) VT (2) = gu(&3, vIU(2) + gu(u, )V (2), €, (4.5)
where £7 is between u and " in 2, and (] is between v and v™ in .
For 7 sufficiently close to M, D, is narrow region in z,, direction. Applying the
‘narrow region principle for system on unbounded domains’ (lemma 2.2), we arrive
at

U'(z) 20, V™(z)>0, VzeD,. (4.6)

Combining (4.3) and (4.6), we derive that (4.2) must hold.

Step 2. (4.2) provides a starting point to carry out the sliding method. Now we
decrease 7 as long as (4.2) holds to the limiting position. Define

To=inf{r|U" () 20,V (x) 20,2 € D;, 0<7 < M}.
We will show that

Otherwise, suppose that 79 > 0, we can show that 2, can be slid upward a little
bit and we still have, for some small § > 0,

UT(I') 20, VT(.’ﬂ) >0, T(]—(S<T<’T(). (48)

This is a contradiction with the definition of 7. Then (4.7) holds. We delay to prove
(4.8).
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To prove (4.8), we first show that

. o . o
zérgm Um(xz) >0, xérjljffo V(z) > 0. (4.9)

If (4.9) is not true, then at least one of inf,ep, U™(x) and inf,ep, V() is
equal to zero. We may assume that

xérfljfm U™ (z) =0.

Hence, there exists a sequence {z*}2° | C D, such that

U™(z") -0, ask— oo. (4.10)
Set
1
2 _
n(z) = aell =7 gl <, (4.11)
Oa |l’| 2 T,

choosing @ = /" and r = #57 such that 7(0) = n}lzaxn(m) =1

Let ox = n(x — 2). There exists a positive sequence {e;} such that
U™ (a*) — eppr(a*) <0

with e — 0, as k — oc.
For any x € Dy, \ B.(z%), U™(x) > 0 and ¢y (z) = 0. It is easy to see that,

U™ (%) — efop () < U™ (z) — efp (), for x € D, \ B,(z"), (4.12)

where B,.(z%) = {z € R" ||z — 2% < r}.
It follows that there exists some point #* € B,.(z*) N D,, such that

U™ (&%) — eFop(aF) = min (U™ (x) — efpp(x)) < 0. (4.13)

Combining (4.10) and (4.13) yields that
U™ (2F) SU™(3%) U™ (2F) — e or () + e or(39).
Obviously, as k — oo,
U™ (&%) — 0. (4.14)
By (4.4), we derive that, for k sufficiently large,
(A (U™ — expr) (@)
= fu(€P (@), 0 (@)U (@) + fo(w(@*), @)V (F) +o(er),  (4.15)

where £7°(7%) is between u(7*) and u™(z¥), and ([°(Z*) is between v(Z*) and
v (zF).

https://doi.org/10.1017/prm.2024.10 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.10

14 R. Zhuo and Y. Li
On the other hand, employing the definition of the fractional Laplacian,

(A (U™ — erpr)(@")

e oy [ U —ae)@) - U - )
n,s . |§7k o y|n+2s

dy

R’IL
TO0 __ "’k _ T0 __
< C/ (U Ekwk)N(f ) (U2 exr) (Y) dy
Be(3k) |k — y[nt2s
TO __ ~I<7 _ TO __ ’“k}
gc/ (U™ — expr) (@) (UQ, expr)(y + 2 )dy
‘y|n+ s
_UTo y+x )
dy. (4.16)
/ Be(0) ‘y|n+28

Set ug(x) = u(z + &%), UT (z) = U™ (x + ©*). By Arzela—Ascoli theorem, we have
up(z) = uso(z), ask — oo, in R™
Hence, as k — oo,
Ui (x) = UL (z) = ul (v) —uso(x), € B(0). (4.17)

Combining (4.15), (4.16) and (4.17), we deduce that, as k — oo,

-UZ(y)
o gy > 0. (4.18)
/Bg(o) ly|t2s

Obviously, (4.18) holds unless

UX(y) =0, ye B(0). (4.19)
By (4.19), we derive
Uoo (T, T0) = Uoo (T, T + T0) = -+ = Uoo (@', 1 + MT0) (4.20)

for any m € NT.

Choosing (2/, x,) € Q, and taking m large enough such that (2/, =, + mmy) € Q°,
we apply the exterior condition on u to derive a contradiction with (4.20). Thus,
(4.9) holds.

Choosing sufficiently large K C D, such that D, \ K is narrow in z,, direction.
Combining (4.9) with the continuity of U™ and V7 in 7, we derive that, for some
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small § > 0,
U©=(x) >0, V*°z)>0, zeckK. (4.21)

Meanwhile, applying the exterior condition (P), we have
U z) >0, VO ox)>0, z€ (Dy_s)" (4.22)
Employing lemma 2.2, we derive
U %z) >0, V™ ox)>0, z€D; s\K. (4.23)
Combining (4.21) with (4.23), we obtain
U= %z) >0, V™ %z)>0, z€D_s. (4.24)

This contradicts the definition of 7y. Hence, (4.7) is valid. We conclude that u
and v are increasing in x,, variable.
This completes the proof of theorem 1.2. (]
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