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AN EXPLICIT HECKE’S BOUND AND EXCEPTIONS OF
EVEN UNIMODULAR QUADRATIC FORMS

Kok SEnG CHUA

We prove an explicit Hecke’s bound for the Fourier coefficients of holomorphic cusp
forms for SLy(Z) and apply it to derive effectively computable constants c¢(m) for
each dimension m, divisible by 8, for which every even integer is always represented
by every even unimodular form of m variables.

1. INTRODUCTION

Let f(z1,...,Zm) be an even unimodular positive definite quadratic form in m vari-
ables. (This implies m is a multiple of 8.) An even integer a is said to be exceptional for
f if f does not represent a for integral (z;,...,T,;). A theorem of Tartakovsky [8] imples
that a is not exceptional if it is sufficiently large. More exactly, for each dimension m
divisible by 8, there is a constant ¢(m) such that a > ¢(m) implies that a is represented by
all f of m variables. In [6], Peters initiated a method for finding explicit values for ¢(m)
and he computed some values of ¢{m) for m < 64. This was improved and extended first
to m < 72 by Odlyzko and Sloane [5] and later by Charaborty, Lai and Ramakrishnan [1]
and Lai and Ramakrishnan [3] up to m < 184 by essentially transforming Peter’sidea to
one of linear programming. However it seems to us that an explicit value of ¢(m) which
works for all m has still not been given. .

In this note we shall give one such explicit bound based on a modification of Peters’
idea. His method in [6] is based on the theory of modular forms and especially an effec-
tive Deligne’s estimate for the Fourier coefficients of eigenforms (Ramanujan-Petersson
conjecture). Peters remarked that his method would work in principle in any dimensions
but it gets laborious as soon as the dimension of the space of cusp forms grow bigger than
two. The main problem with the method is that to use an effective form of Deligne’s
estimate, one needs to first obtain a basis of eigenforms which are hard to compute. Our
first idea is to replace Deligne’s estimate by an effective Hecke’s bound which is weaker
but more general and will avoid the need to compute eigenforms. Hecke’s bound is

(1) an = O(n*/?)
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where a,, is the n-th Fourier coefficient for a cusp form of weight k. In (1) there is an
implied constant which depends on the modular form which we need to make explicit. Our
first result is an effective and explicit version of (1). Even though weak asymptotically,
it may be of some independent interest for small values of n. We have the following.

00
THEOREM 1. Let f(2) = Y anq™ € Sk, the space of holomorphic cusp forms of

n=1
weight k for SL,(Z) and let s be the dimension of S;. Then we have for eachn =1,2,3, ...
the estimate

@) Jaa] < (ck

where Cy is a constant depending only on k which may be taken as

Zlfj,k(z)

zeH

(3) Cy = 62”\//\_kSup(

and f;x(z) = Z a; x(n)q" = AV(2)Ex_12(2), A(z) being the unique cusp form of weight

12 and Ej(z) xs the normalised Eisenstein series of weight j (with Eo(z) = 1) and the
supremum is taken over the upper half plane H, and ) is the maximum eigenvalue of
(HyHT)™!, Hi being the s by s matrix given by (10) below constructed from the initial
s coefficients {a;(n)} of f;k(2).

From Theorem 1 we obtain immediately our main result.

THEOREM 2. Let f(z),...,Zm) be an even unimodular quadratic form in m = 2k
variables. Then with the notation of Theorem 1, f represents 2n provided

21r k 1'\ g 2/(k—2)
(4) n> ( < )k — 5%V Ak Sup Zlfj,k(z)lzyk) 5
(2 ) z€H j=1
where o = [ |a;|?> and a; are constants depending on f which may be bounded
i=1
uniformly above using the crude estimate |a;| < max {4j(2j + 1)%, (27rj)"/(jF(k))}
forj=1,...,s

REMARK. The a; are the coefficients of a cusp form which is the difference between the
theta series of f and the Eisenstein series of weight k (see the proof of Theorem 2 below).
We shall prove our main results (Theorem 1 and 2) in Section 2. In Section 3 we
give explicit computable bounds for the right hand side of (4) and give numerical values
c(m) for m < 192 above which an even integer is not exceptional for any even unimodular
form in m variables.
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2. Proor oF MAIN RESULTS

Let M, (respectively Si) be the space of holomorphic modular forms (respectively
cusp forms) of weight k. Let s be the dimension of Sy so that dim(M) = s+ 1. Itis
well know that

[1’“—2] k # 2 mod 12
[1'“—2]—1 k =2 mod 12

(5) s=

Since the space of cusp forms has dimension s, it is reasonable to expect that an
explicit form of (1) should take the form

(6) ' lan| € M(ay,.. ., ag)nk/?

and in order to prove an estimate of form (6), one needs a way to express every cusp form
in terms of its first s coefficients. This can be done explicitly if one chooses a standard
basis “supported on {1,...,5}” in a sense. Indeed there is always one such integral basis
as proven in Lang [4, Chapter X, Theorem 4.4] and [1, Lemma A.1].

LEMMA 2.1. There is a basis {g,k Z 9ix(n)g"* : 0 < j < sp for My such

that the coefficients g]k(n) are all integral and gjk( ) = 51, forall0 < j, n<s It

follows that any f(z) Z anq™ in My can be expressed uniquely as a linear combination
n=0

3
z) =Y a;9;,(2) and if ag, . . ., a, are integral so are all the a,. In particular the g;(z)
~
are themselves unique and have integral coeflicients. The same holds for the cusp forms
{914:- -, 95k} as a standard basis for S.
By the uniqueness of the standard basis in Lemma 2.1, we can compute explicitly

o0
their Fourier coefficients in a uniform way. Let A(z) = )  7(n)¢™ be the unique cusp

n=1
form of weight 12 and E;(2) = 1 + A; Z: 0;j-1(n)qg"™ be the normalised Eisenstein series
of weight j. Here 7(n) is the Ramanman functlon and
(2r)
¢(HTG)

and o;_1(n) is the sum of the (j — 1)th power of the divisor of n. The coefficients of
{g,x(2)} can be expressed explicitly in terms of 7(n) and o;(n) as follows. Let

(7) A; = (=1Y%(25)/ By = (-1Y =

(8) fin(2) = AI(2)By_15j(2) = Zaj,k<n)qn 0<j<s.
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The coefficients {a;x(n)} can be explicity computed to be

0 n<j
(9 ajk(n) = {1 n=J
75(n) + Ak-1z; ) Ti(t)ok-125-1(n = t) n>j

i=j

) 00
where the 7;(n) are coefficients of A7(z) = ) 7;(n)q". Note that the entries are rational.
n=j

LEMMA 2.2. Let H; be the s by s upper triangular matrix given by

1 al,k(2) . Cee e al,k(s)
1 agyk(B) cee e ag,k(s)
(10) = 1 ... as_gx(s)
1 as_1k(s)
1

where {a;x(i)} are defined explicity by (9), then we have

) 91,k(z) fr(2)
(11) o =H
9s.k(2) fs.(2)
PROOF OF LEMMA 2.2: By Lemma 2.1, we have
(12) fix(2) =Y aix(i)gin(z) for0<j<s
=0
which gives us (11) when we delete the first equation. 0

REMARK. By taking the nth coefficients in (11), we obtain an explicit formula for
{gix(n)}, <jgs I terms of {ajx(n)}. A similar formula for {gox(n)} can be obtained
from (12). We note incidentally that this gives explicit formulae for the coefficients of
the theta series gox(2) of the extremal lattice in dimension 2k.

We can now derive an estimate for our basis forms.

LEMMA 2.3. For all z € H, the upper half plane, we have

L] 8

(13) Yo loir@)’ <% D fix(2),

i=1 i=1

where )y is the maximum eigenvalue of (HyH')™! and Hy is defined as in (10).
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3
PROOF OF LEMMA 2.3: By Lemma 2.2 (11), we have Z|g,~,k(z)|2 = Q(v, ) where
i=1

Q is the positive definite quadratic form given by the symmetric matrix (HkHT)™! and
v is the vector (fix(2),..., f,'k(z))T. Clearly Q(v,7) < M7 v. 0
LEMMA 2.4: Let Ny; be the number of representations of 2i by an even quadratic
J
form, in m = 2k variables, then Y Ny; < 4j(2j + 1)k

i=1

Proor oF LEMMA 2.4: It is more convenient to use the language of lattices. We
follow an argument of Conway [2, p. 332]. Let u,v be lattice vectors in an m = 2k
dimensional lattice L with u # +v and ||u]%, |lv]|*> < 24, and suppose they belong to
the same class in L/AL. If A > 25 then 2)? < ||Aw|| = |lu —v||® = 45 - 2(u, v) < 47,
where we replace v by —'u if ncessary We must therefore have equality everywhere and

(u,v) = 0. It follows that 2 Ny; + (N2;/2m) < A* and the Lemma follows. 0

PROOF OFTHEOREM 1. By a standard argument using the invariance of ] f (z)|2y"
and the residue formula as in, for example Serre (7, Chapter VII, Theorem 5], we have

(14) lan| < 2" Mn*/?

where

(15) M = Sup(|£(2)]s*").
zEH

L
By Lemma 2.1, we have f(z) = 3" a;g;x(2), so
j=1

@I <3 las X losa () ZlaJI’AkZIf,k(Z)I

j=1
by Lemma 2.3. (2) and (3) follow immediately from (14), (15) and the last inequality.
REMARK. We note that the supremum is finite since one need only maximise over the
fundamental domain by invariance and the fact that |f (2)|y** = 0 as y — ico.

PROOF OF THEOREM 2: By a result of Hecke, the theta series of f, 67(z) =

o0
Y ¢/@ = 3 Napg™ € M, for k = m/2 where Ny, is the number of times 2n is

zeZ™ n=0

represented by f. Clearly 6;(z) = Ei(z) + h(z) where h(z) = E a,q" € S;. It follows
that

(16) Ny, = Akak_l(n) + a,.

L
So Na, cannot be zero if |aq| < Ak/20k-1(n), or using (2) if Cx, [ > |a,‘|"’/n"/2‘1 < A
j=1
(we have used the fact that (ox-1(n))/n*~' = 3 (1/d*~') > 1). This gives the sufficient
. djn
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condition

- -\ 2/(k-2)
(17) n> (C" 2j=1 1| )
Ais2

and this is just (4) on substituting the value of C} from (3) if we set o to be , [~ |a |
The upper bound for |a;| follows from (16), Lemma 2.4, and that 7=t

- 21r] ((k-1) _ (2mj)*
(18) Ag20x-1(J) = ((k)l"(k) de T S ¢(k) < JT(k)

3. EXPLICIT ESTIMATES

In order to give explicit values c¢(m) beyond which an even integer is not exceptional
for a quadratic form in m variables, we must give explicit computable bounds for the
terms ag, Ax and the supremum occuring on the right side of Theorem 2. These are given
in the three lemmas below. '

LEMMA 3.1. |a;| < max{4;(2j + 1)}, (2nj)%/jT(k)}. This has already been ob-
served in the Proof of Theorem 2.

LEMMA 3.2. Let H;' = (hy;) and ) be the maximum eigenvalue of (Hy HT)™!,
then A\, < Z [hijl?.

PROOF oF LEMMA 3.2: This follows from the general fact that for any real matrix
A(= H;' = (hy)), the maximum eigenvalue of ATA is equal to the operator norm || A]

which is trivially bounded above the Frobenius norm ||A||p = 3 3 |hi;|%. 0
t g
o
LEMMA 3.3. Let f(z 2 n%z™! and f;(z) = Y n/z™ which are convergent
n=1

for |z| < 1. then for j =1,2,.

(19)  |ATE12;(2)|y** < (\/_f( ""‘/_)) (471_]6)"/2[1_*_ (27’)k_l;iik:12>lj2—;)(e—"‘/§)]_

PROOF OF LEMMA 3.3: By invariance we only need to prove a bound for z in a
fundamental domain so we may assume y > \/§/ 2. We split the left hand side into three
parts,

| Az) P

—27y

I K2 _2”””Ek 125(2) | =IIIIII.

For I, we have |A(z)/e~2"| < Z |7(n)]|e*™®-1%. Using Delinge’s estimate that |7(n)| <
n=1

d(n)n'*/? and that |d(n)| < V3n gives the first term in the bound of (19). The bound
for II'is just calculus and the bound for III follows from

(7 (27I' JC(] - 1 J 1 —21rny (271’) —21ry
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M|cm) | m | ¢(m) | m c(m)
24| 169 80 | 25081 | 136 | 418771
32| 249 | 88 | 49688 | 144 | 619999
40 | 992 96 | 90217 | 152 | 644199
48 | 3603 | 104 | 92012 | 160 | 928589
56 | 4194 | 112 | 161847 | 176 | 1345330
64 | 10405 | 120 | 259764 | 184 | 1842966
72| 23378 | 128 | 270168 | 192 j 2470014

Table 1.

where we have used

aj_l(n) _ 1 .
= ; S <G~

An explicit (though somewhat crude) upper bound ¢(m) can now be computed for
(4) using Lemma 3.1-3.3. Explicitly, we have the right hand side of (4) bounded above
by

e d 2/(k-2)
(20) (Foa S ol 3 hol Zf}’k)

where we may replace a; by the righ hand side of Lemma 3.1, f;: by the right hand side
of (19) and the h;; computed explicitly by inverting the matrix in (10) with the entries
given explicitly by (9). .

In this way it is easy to obtain the values of c(m) as given in Table 1 above though
some care must be taken to arrange the terms so that the numbers do not grow bigger
than that representable by the computer. Not surprisingly the values are inferior to those
obtained in [2] using Deligne’s sharp estimte. However Theorem 2 now gives an explicit
¢(m) for all m. 1]
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