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ABSTRACT. The distribution of basal traction on a transect along Pine Island Glacier,
West Antarctica, is estimated by inverting observed surface velocities using a control
method and a simple numerical stream-flow model. This model calculates the horizontal
flow along a transect, based on the assumptions that the horizontal flow is independent of
ice depth and that the driving stresses are balanced by resistive forces at the glacier bed and
margin and by gradients in longitudinal stress. Basal traction is assumed to be linearly
related to the basal velocity. For the lateral shear traction a parameterization based on an
inversion of Glen’s flow law is used.The applicationof the control method allows us to calcu-
late the set of model parameters (e.g. the basal friction coefficient) that gives the best fit
between modelled andobserved surface velocities.The model is used to investigate the stress
regime of Pine Island Glacier, in particular to estimate the importance of basal, lateral and
longitudinal stresses relative to each other. In the flat region just behind the grounding line,
basal drag, lateral drag and the longitudinal stress gradient are the same order of magni-
tude. In the steep region up-glacier from the grounding line, the driving stresses are highest
and balanced predominantly by basal resistive stresses. Further upstream, in the trunk of
the glacier, lateral and basal drag predominate.

INTRODUCTION

Pine Island Glacier (PIG, Fig. 1) has the largest discharge of
allWest Antarctic ice streams (66 Gt a^1). Although the mass
balance of the Pine Island drainage basin is close to zero
(Vaughan and others, 2001), satellite observations show a sig-
nificant grounding-line retreat of PIG of about 1.2 km a^1

between 1992 and 1996 (Rignot, 1998), and thinning of the
grounded terminus by up to 1.6 m a^1 between 1992 and1999
(Shepherd and others, 2001). This thinning cannot be
explained by short-term variations in accumulation and is
expected to be a result of a change in the dynamics of the
glacier.Whether this change is a consequence of external for-
cing or internal feedbacks is not yet clear. An improved
understanding of the controls on the flow of PIG is needed
to assess the causes of the observed changes.

In the main trunk of PIG, driving stresses are rather low
(¹30 kPa), whereas directly behind the grounding line high
driving stresses (4100 kPa) occur (Vaughan and others,
2001). The high driving stress and a significant deepening
(approximately 500 m) of basal topography inland of the
grounding line are in contrast to the low driving stresses
(¹10 kPa) and flat base of the ice streams in the Siple Coast
area of West Antarctica. PIG does, however, have shear mar-
gins bordering slow-moving ice, which are characteristic of
other West Antarctic ice streams and suggest that resistive
forces from the margins may be an important control on the
flow. Ice-penetrating radar data suggest that the base is at the
pressure-melting point in the main trough (Vaughan and
others, 2001).

The aim of this study is to investigate the flow and stress
regime of PIG, and in particular to evaluate the role of basal

and lateral drag, and longitudinal stresses in the force
balance. A special focus is given to the determination of
the unknown basal friction field. A numerical model for
ice-stream flow is used to calculate the flow of PIG along a
flowline. The basal friction distribution is estimated by in-
verting observed surface velocities using a control method,
which is presented in detail in this study. The control
method used here is similar to that applied by MacAyeal
and others (1995) on Ice Stream E.

FLOW MODEL

The numerical flow model used in this study calculates the
horizontal flow along a flowline (x direction). It is based on
a leading-order approximation of the stress equilibrium
equations for ice-stream and shelf flow derived by MacAyeal
(1989). The main assumption is that vertical shearing of the
horizontal velocity u is negligible, which means the horizon-
tal flow is independent of the vertical coordinate z.

The high driving stresses in the main trunk behind the
grounding line (315^365km in Fig. 3c and h, shown later)
imply that here vertical shear of horizontal velocity may
become important. Using the shallow-ice approximation
(Hutter,1983), the horizontal velocity due to vertical shearing
is estimated on the basis of surface slope and ice thickness. A
temperature-dependent rate factor is used (Paterson and
Budd, 1982), and as a first approximation the vertical tem-
perature profile is assumed to increase linearly fromthe mean
surface air temperature Ts ˆ ^22³C (Giovinetto and others,
1990) to Tb ˆ 0³C at the bed. This estimated deformation
velocity is in most parts well below 3% of the observed sur-
face velocities and below 17% in the region where the high
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driving stresses occur (Fig. 3b and g, shown later). Further-
more, most of the deformation is expected to occur in the
basal layers (perhaps with enhancement due to fabric evolu-
tion) and therefore the horizontal velocity will be more-or-
less constant for most of the ice thickness. Omitting vertical
shear in our model is therefore a reasonable first approxima-
tion. The one problematic area is where the high driving
stresses occur (325^365km). However, whether we take the
velocity constant with depth or not is expected to have little
effect on the basal drag (Van der Veen and Whillans, 1989;
Whillans and others,1989).We will return to this assumption
of no vertical shear in the discussion, because a detailed
analysis would require knowledge of the lateral and basal
traction, which we do not have at this stage but which will
be available after our analysis.

In this study, only horizontal flow u along a flowline is
considered (x direction), and we assume there is no flow in
the transverse direction to the ice stream (y direction). The
force balance in a profile along the flowline is then given by

¡2
@h¼0

x

@x
¡ @h½xy

@y
‡ ½b ˆ ¡»gh

@s

@x
; …1†

where h is the ice thickness, ¼0
x is the longitudinal stress

deviator defined as the difference between the longitudinal
stress and hydrostatic pressure, ½xy is the lateral shear stress,
½b the shear traction at the bed, » the density of ice, g the
acceleration due to gravity and s the surface elevation.Thus
the driving stress ½d on the righthand side of Equation (1) is
balanced by gradients in longitudinal stress and resistive
forces at the glacier bed and at the margins. Using Glen’s
flow law (Glen, 1955) and defining an effective viscosity
¸ ˆ A¡1=n _"…1¡n†=n, where n is the flow-law exponent, A the
rate factor and _" the effective strain rate, ¼0

x canbe written as

¼0
x ˆ ¸

@u

@x
: …2†

The effective strain rate is calculated assuming no vertical
and lateral shearing of the horizontal velocity, which leaves
the longitudinal variation alone and leads to an under-
estimation of _" in places where the longitudinal strain rates
are close to zero.

The basal shear traction of the ice stream is assumed to
be linearly related to the basal velocity ub (MacAyeal,1989):

½b ˆ ­ 2ub ; …3†

where ­ 2 is the basal friction coefficient. A realistic relation-
ship between ½b and ub is likely to be non-linear, but the
details of such non-linearities are unknown (Raymond,
1996). Therefore the most simple case of a linear relation is
considered here. At the base of the ice shelf, basal traction ½b

is zero which is included in the model by setting ­ ˆ 0.
Because resistance to flow from side shear is recognized to

be important in the force budget of ice streams (Echelmeyer
and others,1994), lateral drag is included in the model using a
parameterization suggested by Van der Veen and Whillans
(1996). Integration of Equation (1) over the width of the ice
stream, assuming constant ice thickness across the channel of
half-width W, gives

¡2
@h¼0

x

@x
‡ h

W
½s ‡ ½b ˆ ¡»gh

@s

@x
; …4†

where ½s is the lateral stress. Considering lateral drag inde-
pendent of basal drag and linking the lateral shear stress to

the transverse shear strain rate with Glen’s flow law, ½s can
be expressed in terms of the width-averaged velocity ·u by

½s ˆ 5

2AW
·u

³ ´1=3

: …5†

An alternativewayof including the lateral drag is to calcu-
late the term @h½xy=@y in Equation (1) directly from the
observed two-dimensional horizontal surface velocity field,
which has been done in some additional model runs. Unless
noted differently the parameterization of Van der Veen and
Whillans (1996) is used.

Assuming no spreading at the sides and no lateral vari-
ation of u, the boundary condition at the shelf front derives
from the force balance between ice and displaced ocean
water (Paterson,1994, p.296).

Model equation and solution technique

Substituting ¼0
x, ½b and ½s into Equation (4) gives the final

Fig. 1. Horizontal surface velocities of Pine Island Glacier
derived from satellite interferometry. Contour intervals are
100 m a 1̂below 500 m a 1̂, and 500 m a 1̂above. The thick
solid lines show the two transect profiles for which the basal
topography is known and to which the model is applied.The
kilometre marks refer to the distance along the profiles used in
Figures 2^6.The dashed-dotted lines indicate the locations of
the cross-profiles shown in Figure 2. The thick dashed line
indicates the grounding line. In grey areas no velocity obser-
vations are available, because of either missing satellite data
coverage or loss of coherence.
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model equation for the width-averaged horizontal velocity
·u:

¡2
@

@x
¸h

@·u

@x

³ ´
‡ h

W

5

2AW

³ ´1=3

®·u ‡ ­ 2 ·u ˆ ¡»gh
@s

@x
:

…6†

The lateral drag (second term on lefthand side) is linearized
in ·u by defining ® ˆ ·u¡2=3. To simplify the notation below,
the width-averaged horizontal velocity is denoted by u
instead of ·u. The model equation (6) is solved numerically
using the finite-difference method and iterating for the
effective viscosity ¸ and ®. Approximating the x derivatives
by centred differences, the discretized model equation can
be written as a linear system of equations in the unknown
surface velocity uj:

Hi ˆ aijuj ¡ cj ˆ 0 i ˆ 1; . . . ; n ; …7†

where i and j denote the gridpoint number, a is a tridiagonal
n £ n matrix and is a function of ¸ and ®. For each iteration
step, this linear system of equations is solved for ui using ¸ and
® calculated from the velocities of the previous iteration step.

CONTROL METHOD

Thebasal friction coefficient ­ 2 in Equation (6) is anunknown
parameter in our numerical model for ice-stream flow. We
determine it here by inverting observed surface velocities using
a control method similar to that used by MacAyeal (1993) and
MacAyeal and others (1995). Fordetails of this method we refer
to applications in oceanography (Thacker,1988; Thacker and
Long,1988; Schlitzer,1993).

The control method is designed to find the set of unknown
model parameters p ˆ …p1; . . . ; pmp

† which when substituted
into the model equation produces the best fit between
modelled q ˆ …q1; . . . ; qmq

† and observed qd ˆ …qd
1 ; . . . ; qd

mq
†

quantities.The misfit is measured by a cost function J, which
is taken here as

J ˆ
Xmq

jˆ1

…qd
j ¡ qj†2

¼2
q

; …8†

where ¼2
q is a weighting factor (ideally taken as the observa-

tional error). Searching for the set of model parameters pi that
gives the best fit is the same as minimizing J while ensuring
that the model equations are satisfied. This is done by the
method of Lagrange multipliers (Thacker, 1988). The model
equation (6) written in the finite-difference form for each grid-
point i is given by

Hi…q; p† ˆ 0 i ˆ 1; . . . ; n : …9†

We now introduce the Lagrangian L by

L ˆ J ‡
Xn

iˆ1

¶i ¢ Hi…q; p† i ˆ 1; . . . ; n ; …10†

where ¤ ˆ …¶1; :::; ¶n† are the Lagrange multipliers. The
importance of the Lagrangian is that the minimum of the

cost function is found when the gradient of L in respect to
¶i, qj and pj vanishes:

@L

@¶i
ˆ Hi ˆ 0 i ˆ 1; . . . ; n …11†

@L

@qj
ˆ @J

@qj
‡

Xn

iˆ1

¶i
@Hi

@qj
ˆ 0 j ˆ 1; . . . ; mq …12†

@L

@pj
ˆ @J

@pj
‡

Xn

iˆ1

¶i
@Hi

@pj
ˆ 0 j ˆ 1; . . . ; mp : …13†

On differentiation with respect to ¶i, Equation (11)
recovers the model equation. Seeking for the minimum of
J is now equivalent to finding a model solution that satisfies
the model equation (9) and the adjoint model equations (12)
and (13). Equation (12) represents a system of n linear
equations in the n unknown Lagrange multipliers
¤ ˆ …¶1; . . . ; ¶n† from which ¤ can be calculated. Intro-
ducing ¤ into Equation (13) allows us to calculate the gradi-
ent of L with respect to the model parameters pj given by
rJ ˆ @L=@pj. It is down this gradient that a new improved
guess for the model parameters p is determined by applying
a descent algorithm (Polak^Ribiere method; Press and
others, 1989, p.303).

In this study, the observed surface flow field is inverted for
the basal friction coefficient ­ . Thus, the unknown model
parameters p are given by the basal friction coefficient ­ i at
each gridpoint i ˆ 1; . . . ; m and qd and q are given by the
observed and modelled horizontal surface velocities ud

i and
ui, respectively. The weighting constant ¼q is taken equal to
the observation error of the surface velocity (¼u).The control
method algorithm can be summarized as follows. First, the
model parameters ­ j are initialized by a first arbitrary guess
­ initial. The following steps are then repeated until the min-
imum of J is reached or J is reduced to a value that is consis-
tent with the error inthe measurements.The cost function J is
evaluated and rJ ˆ @L=@­ j calculated by solving the
adjoint equations (12) and (13). Using this gradient rJ and a
conjugate gradient method, a new improved set of model
parameters ­ j is determined for input to the ice-stream
model.

In our case, the discretized version of the model equa-
tion is linear in ui (Equations (6) and (7)) and the adjoint
equation (12) can be written as

¡
2…ud

j ¡ uj†
¼2

u

‡
Xn

kˆ1

¶k ¢ a¤
jk ˆ 0 j ˆ 1; . . . ; m ; …14†

where the ¤ denotes the transpose of a matrix. The matrix
ajk is already known from solving the forward model
(Equation (7)); thus the determination of the ¶i does not
need any extra effort.

OBSERVATIONS AND MODEL SETTING

Velocities and geometry

The surface velocity field for PIG is known from satellite
radar interferometry from European Remote-sensing Satel-
lite (ERS) synthetic aperture radar (SAR) data recorded
between 1994 and 1996 (Shepherd and others, 2001). There is
a gap in the coverage of the interferometric data on the right-
hand side of the main trough (Fig. 1). The surface and basal
topography is only known on two transect profiles (A and B)
from airborne radar sounding (Corr andothers, 2001;Vaughan
and others, 2001). Because the basal topography is not known
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outside of these two profiles, we decided to perform the model
calculations along the two profiles. Using a transect model
for stream flow requires that the profile is approximately
along the direction of glacier flow in the lower 200km of in-
terest. This is the case for profile A, but, because the glacier
turns slightly to the right (in the flow direction) in the fast-
flowing part, profile B comes close to the ice-stream margin,
resulting in a surface velocity depression along this profile
(Fig.1; Fig. 3g, shown later).

Model setting

The horizontal grid size ¢x equals 5 km and the flow-law
exponent is set to n ˆ 3 (Paterson,1994, p.85). Unless other-
wise specified, a rate factor A ˆ 4.9610^25 s^1Pa^3 corres-
ponding to an ice temperature of T ˆ ^10³C is used
(Paterson, 1994, p.97), and is assumed to be constant over
the whole model domain. The flow model calculates the
width- and depth-averaged velocity and stress fields for a
glacier that flows down a rectangular channel of half-width
W and thickness h, which both vary along x. Instead of
observed width-averaged velocities, we used the observed
velocities along the profiles and assumed that they are repre-
sentative for the width-averaged flow. The four velocity cross-
profiles shown in Figure 2 support this assumption.The differ-
ences between the width-averaged velocities and the velocities
at the locations of profiles A and B are in general 5§10%.

Glacier width
The width of PIG along its whole length is not well defined,
and a simplified width distribution along the transect is
estimated on the basis of the interferometrically derived
velocity field (Fig. 1). A half-width of W ˆ 20 km is chosen
for the ice shelf, W ˆ 16 km for the ice stream in the main
trunk and W ˆ 30 km further up-glacier. In the numerical
model, the choice of W …x† only affects the parameterization
of the lateral drag (Equation (6)).

Shear softening
The parameterization for lateral drag used here is based on
the assumption that ½s is independent of the basal drag and
simply linked to the transverse shear strain rate. Thus, the
resistance at the margin is expected to be overestimated. Lat-
eral drag may additionallybe reduced by softening of the ice
in the shear margins due to strain heating and intense cre-
vassing (Echelmeyer and others,1994).We account for shear
softening by introducing an optional shear softening factor
fsoft in the parameterization of the lateral drag by

½s ˆ 5

2fsoftAW
·u

³ ´1=3

: …15†

In the ice shelf ­ 2 ˆ 0 and the driving stress is balanced by
lateral drag and longitudinal stress gradients. The param-
eterization for ½s turns out to be unrealistic for the ice-shelf
region because there the calculated lateral drag partly
exceeds the driving stress. This is mainly a result of the high
flow velocities and very low driving stresses in the shelf part.
To avoid unrealistically high lateral stresses and to obtain
ice-shelf velocities of the right order of magnitude, shear
softening for the shelf ice is assumed. This study focuses on
the flow and stress regime in the ice stream, which is found
to be insensitive to the chosen softening factors and bound-
ary conditions in the ice-shelf part.

Initial guess of ­ 2

The control method requires an initial guess for the model
parameter ­ 2, which in this study is chosen generally as the
explicit solution ­ 2 of the model equation (6) neglecting the
longitudinal stress gradients. To check the sensitivity of our
final results to the initial guess, additional inversions with
constant initial ­ 2 of 2.56109 and 10.06109 Pa s m^1,
respectively, are calculated.

Data uncertainty

The error estimate for the observed surface velocity ¼u 1̂5 m
a^1 (personal communication from A. Shepherd, 2002)
includes random measurement errors and interpolation
errors. In a 30 km section of profile A, the surface velocities
are unknown (Fig.1). Based on the knownvelocity field in the
surrounding areas and along the other transect, we do not
expect any unusual changes in the velocity field, and there-
fore the velocities are linearly interpolated. To account for
the additional uncertainty in this region, a larger error of
¼u ˆ 60 m a^1 is used.

Acceptance of fit

A fit between model results and observations, and the asso-
ciated model parameters, is accepted when the cost function
J is reduced to a value Ja consistent with the measurement
error in the observations. Assuming that the observation
error is a random variable and has a Gaussian probability
distribution, our misfit J is closely related to a À2 distribution
with m¡1degrees of freedom (Menke,1989, p.32; MacAyeal
and others, 1995), where m is the number of observed
velocities on gridpoints. We accept an inversion run if J is
reduced below the bound Ja which is chosen as the level of
À2 that corresponds to a 10% probability of occurrence
(Menke, 1989). This means that a further improvement of
the fit could not be differentiated from the effect of random
measurement errors. In our case of 50 degrees of freedom,
the value of acceptance is Ja ˆ 63.17 (Mendenhall and others,

Fig. 2. Surface velocities in the cross-profiles 1^4 marked in
Figure 1. The crossings with profiles A and B are marked,
and the mean velocities over the stream width are shown as
dashed-dotted lines.
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1989).Whenever J falls below this value of 63.17, the random
error in observationcould account for a misfit greater than J
with a probability of 10%.

MODEL RESULTS

The model calculations and interpretations are focused on
the region where the flow is expected to be dominated by
basal sliding, that is, the main trunk and the grounding-line
region (200^380km).

Reference inversion

Various runs of the control algorithm were performed for
profiles A and B with different parameter assumptions. The
results of the reference inversions A and B are shown in Figure 3.
Figure 3c and h show each term of our balance equation (6)
separately. For the calculated stress regime, three different
sections can be identified along the transect for both profiles.
In the grounding-line zone and immediately behind (365^
385 km, an area often called the ice plain), the resistive stresses
from the base and the sides, and the longitudinal stress gradi-

ents are all of the same order of magnitude. In the region
behind (315^365km), the high driving stress ½d (up to
160 kPa), due to a significant increase in surface slope, is
mainly balanced by basal drag ½b. Although lateral drag
and longitudinal stress gradients reach the highest values in
this region, they are small compared to ½b. For profile B, the
high basal shear traction could be interpreted as a conse-
quence of the local velocity minimum in the profile, which is
itself due to the fact that the profile does not exactly follow the
flowline and approaches the margin closely. However, for
profile A, which follows the true direction of flow, the surface
velocity increase is monotonic towards the grounding line,
and the stress regime is very similar.

In the main trunk (200^315 km), where the surface slope is
small and smooth, the driving stress is low (10^40 kPa) and is
mainly balanced by lateral and basal drag, and longitudinal
stress gradients are rather small (Fig. 3c and h). Similar sec-
tions canbe identified for the basal friction coefficient ­ 2 (Fig.
3d and i). For profile A, there is no significant difference in the
value of ­ 2 between the steep and flat parts of the main
trough, a result which is not obvious considering the huge dif-
ferences in ½b and driving stress. For profile B, ­ 2 is slightly

Fig. 3. Profile A: (a) Surface and bed topography; (b) calculated and observed surface velocities (crosses) and estimated vertical
shear of the horizontal velocity (dots) using the shallow-ice approximation; (c) driving stress and calculated basal drag ½b, lateral
drag h=W½s and longitudinal stress gradients; (d) calculated basal friction coefficient ­ 2; and (e) difference between modelled
and observed velocities shown with the corresponding measurement error ¼u (dashed lines).The dotted line here and in the remaining
figures indicates the grounding line. Profile B: (f) as for (a); (g) as for (b); (h) as for (c); (i) as for (d); (j) as for (e).
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higher in the zone of high ½b.This might be due to the velocity
reduction where the profile comes too close to the margin.

Additional model runs

To check the sensitivity of the model inversion and parameter
assumptions, additional model runs and inversions have been
calculatedby varying the rate factor A, the width W of the ice
stream, the shear softening factor fsoft at the margins and the

initial guess for ­ 2 (Figs 4 and 5). Furthermore, inversion runs
were performed with a model which uses calculated lateral
drag determined directly from the observed two-dimensional
surface velocity field (Fig. 6). An overview of the additional
inversion runs is given inTable1. In general, the stress regime
looks very similar to the reference inversion discussed above.
Where the driving stress is low, the effect of changes in width,
rate factor A or shear softening on the stress distribution is
significant in relation to ½d. In the region of high surface
velocities (x > 200km), ­ 2 is not very sensitive to variations
in the parameters and is rather low.This indicates that a small
change in ­ 2 could affect the flow significantly.

Sensitivity to the initial choice of ­ 2

To check the influence of the initial guess for the model para-
meter ­ 2 on the final ­ 2 or on ½b, additional inversions with
a constant initial ­ 2 of 2.56109 and 10.06109 Pa s m^1, re-
spectively, are calculated (Fig. 4). The resulting ­ 2 and ½b

distributions are very similar, which suggests that the inver-
sion method used is not significantly affected by the choice
of the initial guess for ­ 2.

Inversion for ­ and the basal topography
A run in which the model is inverted for the basal topog-
raphy b (in addition to ­ ) has also been performed.The idea
is that b is not well constrained by measurements and is
therefore taken as an additionalunknown model parameter.
The observed basal topography bd is used as initial guess for
b. An additional term Jb, which measures the misfit
between observed and calculated bed elevation, is added to
the total cost function J which is now given by

J ˆ Ju ‡ Jb ˆ
Xm

iˆ1

…ud
i ¡ ui†2

¼2
u

‡
Xm

iˆ1

…bd
i ¡ bi†2

¼2
b

; …16†

where ¼b is the measurement error of the basal elevation
which is here set to 10 m. The gradient of L is then given by
rJ ˆ …@L=@­ j; @L=@bj†.

In our case, the contribution of Jb turns out to be rather
small in comparison to Ju, and the final ­ and ½b distribu-
tions are very similar to the reference inversion performed
for ­ only (Table 1). Thus, changes of b in the range of the
measurement error do not significantly affect the inverted ­ .

Lateral drag derived from the observed two-dimensional velocity field
Model runs for both profiles have been performed which use
an alternative way of including lateral drag in our ice-
stream model. Using Glen’s flow law, ½xy is approximated as

½xy ˆ 1

…2A†1=3

@u

@y

³ ´1=3

: …17†

Using this expression the lateral shear stress term
@h½xy=@y in Equation (1) can be explicitly calculated from
the observed two-dimensional surface velocity field along
the two profiles.The lateral drag calculated from the original
velocity data is rather noisy because it is found from the
second derivative of the velocity across the ice stream.
Therefore, additional model inversions were performed
using differently smoothed surface velocity fields to repre-
sent lateral drag (Table 1, Nos. 15^18.). The resulting lateral
drag and the inverted basal drag for profile A are shown in
Figure 6 andconfirm the general stress pattern found above.
The large differences of the basal drag relative to the driv-
ing stress behind the grounding line are mainly due to differ-
ences in the lateral drag.

Fig. 4. Calculated basal traction relative to the driving stress
along profile A, shown for the reference inversion (crosses), an
inversion with a constant initial ­ 2 ˆ106109 Pa s m^1 (dots)
and with a rate factor corresponding to ^20³C (triangles).The
numbers in the legend here and in Figures 5 and 6 indicate the
inversion run number fromTable 1.

Fig. 5. Calculated basal traction relative to the driving stress
along profile A, shown for the reference inversion (crosses), an
inversion with a constant half-width W ˆ 20 km (dots) and
with no lateral drag (½s ˆ0) (triangles).

Fig. 6. (a) Calculated basal traction relative to the driving
stress, and (b) lateral drag along profile A, shown for the
reference inversion (crosses) and two inversions using a lateral
drag calculated directly from the two-dimensional surface
velocity field for two differently smoothed versions.The dashed
line indicates the driving stress.
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DISCUSSION

The control method used to invert for ­ (and therefore ½b), is
based on the assumption that the flow model is correct. Our
numerical flow model is, however, an approximation and
therefore its limitations have to be taken into account. The
main trunk (200^365km) and the grounding-line region
(365^385km) of PIG are characterized by both low driving
stress andbasal traction. Here we are confident that the model
assumption of zero vertical shear is legitimate. The area
upstream of the grounding line (315^365km) is characterized
by both high driving stress (150 kPa) and basal traction.

The assumption that the velocity is constant with depth
will overestimate the importance of lateral drag and longi-
tudinal stress gradients, simply because horizontal velocity
gradients are smaller at depth if deformation is important.
This means that our calculated basal drag will be under-
estimated. Accounting for the depth variation in velocity
would increase the importance of basal drag but not signifi-
cantly alter the conclusion that the basal drag is the main
resistance to flow in this region of high driving stress.

Our a priori analysis indicated that significant vertical
shear may occur in this area (based on the driving-stress
consideration alone). Because we can now estimate all stress
components, the validity of our a priori assumption for this
area can be checked. In a similar manner to MacAyeal and
others (1995), we compare basal traction (as opposed to
driving stress) to the stress necessary to obtain the observed
surface velocity by vertical shear alone. Our results indicate
that basal traction is close to the driving stress in this area
(Fig. 3). Our previous a priori analysis (Flow model section)
is therefore supported by model results, and detailed model-
ling (full stress regime) is required for this area of PIG.

In the parameterization of Van der Veen and Whillans
(1996), the resistance from the sides is expected to be
overestimated, which is clearly indicated in the ice-shelf part
by the fact that the calculated lateral drag exceeds the driv-
ing stress. Shear softening would also reduce the resistance
from the sides. Additionally, lateral and basal drag are con-
sidered independently, which is appropriate if either lateral

or basal drag balances most of the driving stress, but may be
less realistic in regions where both are equally important.

There is no significant difference in the value of ­ 2

between the steep and flat parts of the main trough,
although ½b is very different. Accepting our assumptions
for the model and the relation at the basal boundary, the
constant value of ­ 2 could be interpreted to mean that the
slip properties at the bed^ice interface are very similar. This
suggests that the peak in basal traction ½b is a consequence
of the high driving stress in the region behind the grounding
line. The low values of ­ 2 in the grounding-line region are
consistent with a region of light grounding as suggested for
the ice plain (Corr and others, 2001).The dynamics of the ice
plain may therefore be significantly affected by a thinning
in the region of the grounding line or ice shelf, as observed
in the last few years (Shepherd and others, 2001).

CONCLUSIONS

By the use of a simple ice-stream model, a control method
has been successfully applied to determine the basal friction
distribution ½b along the transect of PIG from observed sur-
face velocities. The high driving stress up-glacier from the
grounding-line region is dominantly balanced by basal fric-
tion, which reaches values up to 150 kPa. In the main trough
further up-glacier and in the grounding-line region, lateral
drag and longitudinal stresses also become important.

The control method allowsus to invert for other unknown
or poorlyconstrained model parameters, as demonstrated for
the basal topography, or to include additional or alternative
observational constraints. The thinning rate of the surface
@s=@t can be measured by remote-sensing techniques with
high accuracy (Shepherd and others, 2001) and could easily
be included as constraint in the control algorithm by adding
the misfit between its observed and modelled value in the cost
function. However, it would also require the incorporation
and knowledge of the basal geometry across the channel.

The control method hinges on the use of a numerical
flow model. The main model assumption of no vertical
shear of the horizontal velocity is found to be doubtful in

Table1. List of the performed inversions that were accepted (J fell below63.17).The mean values (overbar) along the transect and their
standard deviations (¼) are listed for the basal drag ·½b, lateral drag h=W½s in kPa and the basal friction coefficient ·­ 2 in Pa s m^1

No. Description J ·½b ¼½b h=W½s ¼h=W½s
·­ 2 ¼­ 2

1 Reference inversion, profile A 33.2 39.4 41.9 13.5 7.5 3.2 6109 3.4 6109

2 Reference inversion, profile B 24.0 35.9 42.9 13.6 6.1 1.8 6109 1.8 6109

3 A ˆ 6.4610^24 Pa^3s^1,T ˆ 0³C 8.6 47.3 44.6 5.6 3.1 3.9 6109 3.8 6109

4 A ˆ1.6610^24 Pa^3s^1,T ˆ ^5³C 18.6 43.7 43.6 9.1 5.0 3.6 6109 3.7 6109

5 A ˆ 2.9610^25 Pa^3s^1,T ˆ ^15³C 35.0 36.9 41.5 16.1 8.9 3.1 6109 3.6 6109

6 A ˆ 9.4610^26 Pa^3s^1,T ˆ ^20³C 60.2 33.7 40.9 19.2 10.6 2.9 6109 3.5 6109

7 ­ 2
initial ˆ 2.56109 Pa s m^1 34.7 39.8 41.9 13.5 7.4 3.4 6109 3.1 6109

8 ­ 2
initial ˆ 10.06109 Pa s m^1 38.3 39.9 41.7 13.4 7.4 3.4 6109 3.2 6109

9 Shear-softening fsoft ˆ 5 28.5 45.1 43.8 7.9 4.4 3.8 6109 3.7 6109

10 Shear-softening fsoft ˆ 20 28.0 48.0 45.1 4.9 2.7 4.0 6109 3.9 6109

11 Width W ˆ 20 km 48.1 40.6 44.7 12.5 3.3 2.8 6109 2.7 6109

12 Width W ˆ 30 km 37.3 45.9 45.4 7.2 1.9 3.56109 3.3 6109

13 No lateral drag ½ s ˆ 0 23.7 53.4 48.2 0.0 ^ 4.56109 4.2 6109

14 Inversion ­ and b 35.3 39.0 36.4 10.8 7.6 6.96109 8.0 6109

15 @h½xy=@y from ud…x; y†; profile A 40.8 43.0 37.0 10.0 17.4 3.96109 4.3 6109

16 @h½xy=@y from ud…x; y†; smoothed, profile A 41.5 40.2 37.0 12.8 14.4 3.96109 4.4 6109

17 @h½xy=@y from ud…x; y†; profile B 54.3 44.8 46.0 5.9 8.4 2.66109 2.0 6109

18 @h½xy=@y from ud…x; y†; smoothed, profile B 52.5 46.1 45.4 3.7 6.0 2.76109 2.0 6109

Note: Unless otherwise indicated, the inversions were performed for profile A.
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the region of the driving-stress peak. Further, the param-
eterization of the lateral drag oversimplifies the resistance
from the sides in the main trough and in the grounding-line
region. An improved understanding of the stress regime and
dynamics of PIG therefore requires the use of a flow model
that incorporates vertical shear of the horizontal velocity
and considers the flow in both horizontal dimensions, but
this would require detailed knowledge of basal topography
outside profiles A and B.
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