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Abstract. For a lifted nontrivial additive character A’ and a multiplicative character
A of the finite field with g* elements, the “Gauss” sums X A'(tr g) over g € SU(2n, ¢?)
and ¥ A(det g)A'(tr g) over g € U(2n, q°) are considered. We show that the first sum is a
polynomial in g with coefficients involving averages of ‘“bihyperkloosterman sums” and
that the second one is a polynomial in ¢ with coefficients involving powers of the usual
twisted Kloosterman sums. As a consequence, we can determine certain “generalized
Kloosterman sums over nonsingular Hermitian matrices”, which were previously deter-
mined by J. H. Hodges only in the case that one of the two arguments is zero.

1. Introduction. Let A be a nontrivial additive character of the finite field F,, A’ the

lifting of A to F,: (cf. (2.3)), x a multiplicative character of F . Then we consider the
exponential sum

> A(trg), (1.1)
geSU(Zn.qz)
where SU(2n, ¢°) is a special unitary group over F,: (cf. (2.8)) and trg is the trace of g.
Also, we consider

> x(detg)r'(trg), (1.2)
geUQng?)
where U(2n,q*) is a unitary group over F, (cf. (2.4) and (2.6)) and detg is the
determinant of g.

The purpose of this paper is to find explicit expressions for the sums (1.1) and (1.2).
We will show that (1.1) is a polynomial in ¢ with coefficients involving the averages (over
F;) of certain bihyperkloosterman sums over F,: (cf. (4.18) and (4.20)). On the other
hand, (1.2) is a polynomial in g with coefficients involving powers of twisted Kloosterman
sums.

In [2], Hodges expressed certain exponential sums in terms of what we call the
“generalized Kloosterman sum over nonsingular Hermitian matrices” K,.,,,..(A, B),
where A, B are t X t Hermitian matrices over F,: (cf. (7.1)). Some of its general properties
were investigated in [2], and, for A or B zero, it was evaluated in [1]. However, they have
never been explicitly computed for both A and B nonzero. From a corollary to the main
theorem in {2] and Theorem 6.1, we will able to find an explicit expression for
K term2(@*C™", C), where C is a nonsingular Hermitian matrix over F,: of size 2n and
O0#aceF,

Similar sums for other classical groups over a finite field have been considered
([3]-[7]) and the results for these sums will appear in various places.

t Supported in part by Seoul Women's University 1996.

Glasgow Math. J. 40 (1998) 79-95.

https://doi.org/10.1017/50017089500032377 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500032377

80 DAE SAN KIM

THEOREM A. The sum 2, csuangny)' (trg) in (1.1) equals

g 2{2/2 q"“”[ ] ﬂ(q’+( 1))

q% j=
[n—=2r+2/2)

X E qZI z BK;1—2r+I—21(A,;1;(_1)I_la;];(_1)I—Ia_|:q2)
I=1 aecF¥

x3 ﬁ (g% = 1)

{n=122]) . n 2r+1
+ 3 geme "] T+ o)

r=0 q? j=1
[ =2r+1/2])
X Y g D BK,op-a(A31;(=1) '8 1;(=1) 2707 17
I=1 aeFF

-1 )
<3 [T @ -1},

where BK,(A';—;—;—;—:q°) is the bihyperkloosterman sum over ¥, defined in (4.20),
0 e F,: is a fixed nonzero element with trg ¢ 6 =0, and the first and second unspecified
sums are respectively over all integers j, -+ -, j;_, satisfying 2l =1 <j,_ | <j, ,<---=j| =
n —2r + 1 and over the same set of integers satisfying 2l — 1 <j,_ | =j,_,<---=j,=n~-2r.

THEOREM B. The sum Z, . yan. ox(detg)A'(trg) in (1.2) equals

3 x| [T+ -1

r=0 g?j=1
{n—r+2/2]

X Z quK(/\ xq i, 1 1: qZ)n r+2— 212 H (qZJ ,—4u __ l),

where K(X', x?"";1,1:9°) is the usual twisted Kloosterman sum defined in (4.5), and the
innermost sum is over all integers j,---,j,-, satisfying 2l —1=j. =j_,=---=j| =
n—r+1.

Theorem C. Let 0#a € F,. Then, for any nonsingular Hermitian matrix over F . of
size 2n, the following Kloosterman sum over nonsingular Hermitian matrices (cf. (7.1)) is
independent of C, and

Klvlerrn.Zn(aZC—l> C) = 2 )‘,(tr g)$
gelU(2n.g?)
so that it equals the expression in Theorem B above with y trivial, ' = A, (cf. (2.2) and

(2.3)).

The above Theorem A, B and C are respectively stated as Theorem 5.2, Theorem 6.1
and Theorem 7.1.

2. Preliminaries. In this section, we will fix some notations that will be used
throughout this paper, describe some basic groups and mention the g-binomial theorem.
Let F, and F,: denote respectively the finite field with g elements, g =p“(p any
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prime, d a positive integer), and the quadratic extension of F,, and let 7:F_:— F . be the
Frobenius automorphism of F,. given by

a’=a’. (2.1)

Note that, for a € F,

p— T P T
trg w0 =a+a’, Npﬂ/p‘la =aa’.

Let A be an additive character of F,. Then A = A, for a unique a < F,, where, for
aeF,

Aoa) = exp{% (aa + (aa) +...+ (aa)”"_')} : (2.2)

It is nontrivial if @ # 0. For such a A, A" denotes the additive character A lifted to F,.. Thus
/\’ =Aec trpqz/l:q. (23)

Note that A" is nontrivial if A is. Likewise, for a multiplicative character ¢ of F_, the lifting
of that to F. is denoted by ¢'. So ' = ¢ ° Ng s,

Here tr A and det A denote respectively the trace and determinant of A for a square
matrix A, *B ='(8;) for any matrix B =(B;) over F,. (cf. (2.1)), where the “t” indicates
the transpose. We will say that B is Hermitian if *B = B.

GL(n, q) is the group of all nonsingular n X n matrices with entries in F,. Then

U(2n,q%) =1{g e GL(2n, 4% | *gJg = J}, (2.4)
where
0 1,,]
J= . 25
Lo @3
We write g € U(2n, g°) as
_ [A B]
8= c DI’
where A, B, C, D are of size n. Then (2.4) is given by

u@n,q%

A B
={[C D]eGL(Zn,qZ)|*AC+*CA=0,*AD+*CB=],,,*BD+*DB=O}

A
= {[ g] e GL(2n,q%) | A*B + B*A =0, A*D + B*C = 1,, C*D + D*C = 0}.

C
(2.6)
P(2n, ¢*) is the maximal parabolic subgroup of U(2n, ¢*) defined by
A 0 1 B AeGLOLgY. B is of
P(2n, ¢* ={[ o ][ ! ] } (2.7)
( ! ) O *A : O 1/1 nXnover Fwith*B+8=0
SU@n,q*) ={g € U(2n,q*) | detg = 1}, (2.8)

which is a subgroup of index ¢ + 1 in U(2n, ¢%).
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For integers n, r with 0 =< r <n, we define the g-binomial coefficients as

n r—1 . »
"] =TT @ =g (29)
rdyg j=o
The order of the group GL(n, q) is denoted by
n—1 n
g(g)=11 @ ~-g)=4q? H| (¢ - 1). (2.10)
j=0 =
Then we have:
gn(q) r(n—r)l:n]
————=q , (2.11)
8:-(9)8q) rl,

for integers n, r with0=r=n.
For x an indeterminate, n a nonnegative integer,

(x:9),=(1-x)(1-xq)...(1-xq"™"). (2.12)
Then the g-binomial theorem says
3 ["] et = ). 1)
r=o LT q

[v] denotes the greatest integer <y, for a real number y.

3. Bruhat decomposition. In this section, we will discuss the Bruhat decomposition
of U(2n,q* with respect to the maximal parabolic subgroup P(2n,q?%) of U(2n,q?)
(cf. (2.7)).

This decomposition (in fact, its slight variants (3.8) and Cor. 3.3) will play a decisive
role in deriving Theorem 5.2 and Theorem 6.1. The next theorem about the decomposi-
tion can be proved by slightly modifying the corresponding proof in [7]. So we will not
provide a proof for that. We demonstrate, as a simple application of this decomposition,
that it yields the well-known formula for the order of the group U(2n, g*) when combined
with the g-binomial theorem.

THeoReM 3.1. (a) There is a one-to-one correspondence
P(2n,q\U(2n,q* — GL(n,g*)\A
given by

A B] — GL(n,¢?[C D],

P(2n,q2)[c D

where
A={[C D]|C, D nXn matrices over Fp, rank|[C D])=n, C*D + D*C =0}.

(b) For given [C D) eA, there exists a unique r (0<r=n), ge GL(n,q?,
p € P(2n,q*) such that

1, 0 0 0]

8l¢ D]p:[o 001,

(c)
UQ2n,q*) = U Po,P,
r=0
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where P = P(2n, g% and

0 0 1, 0
1o 1., 0 o0 , 3.1)
o, = ’ 0 0 0 e U(2n, g°).
0 0 0 1,-,
Put
0 =0(n,q*) ={g € P2n,q") | detg =1}
A 0 L, B , }
= d X % + — .
{[0 *A"][O 1"”AEGL(n,q), etAeF;,*B+B=0y, (3.2)

0" =07 (2n,4%)=1{g € P(2n,q%) | detg = -1}

p e

Then Q(2n, ¢%) is a subgroup of index ¢ + 1 in P(2n, ¢*) and

A € GL(n,q), trg x (det A) = 0,*B + B = o} . (33)

U@2n, % =[] Po.0Q. (3.4)

r=(}
Write, for each r (0=r=n),
A, =A(qg>)={p e P(2n,q%) | o,po;" € P(2n,q")}, (3.5)
B,=B,(q*) ={p € Q(2n,q%) | o,po;"' € P(2n,4%)}. (3.6)

Then B, is a subgroup of A, of index g + 1.

Expressing U(2n,q*) as a disjoint union of right cosets of P(2n,¢?), the Bruhat
decomposition in (¢) of Theorem 3.1 and the decomposition in (3.4) can be rewritten as
follows.

COROLLARY 3.2.

U@2n, q?) = Uo Pa(A\P), 3.7)

U@2n,q?) = L([) Po.(B.\Q), (3.8)

where P = P(2n,q%), and a,, Q, A,, B, are respectively as in (3.1), (3.2), (3.5), (3.6).

Observing that det o, = (—1)", we get from (3.8) the following decomposition for
sU@2n, q¢*).

CoROLLARY 3.3.

SU@n.q*) = 11 Qu,(B\Q)

reven

U(“ jig Q‘cr,.(B,.\Q)),

rodd

where Q™ = Q~(2n, q?) is as in (3.3).

https://doi.org/10.1017/50017089500032377 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500032377

84 DAE SAN KIM
Write p € P(2n, q°) as

A 0 1, B
= " 3.9
P [o *A"][O 1] (39)
with
A:[A” A12:|, *A—n__.[EH EIZ]’ B=[ Bn BIZ],
Azn Azz E2I Ezz _*BIZ Bzz (3.10)

B|]+*B”=0, Bzz+*822:0.

Here Ay, A\», Ay, and A,, are respectively of sizes rXr, rX(n—r), (n—r)Xr, and
(n —r) X (n —r), and similarly for *A™", B.

Then, by multiplying out, we see that o,po;"' e P(2n,q?) if and only if A\,B,, —
AL*B,=0,A,,=0, E;;=0ifand only if A, =0, B,; =0. Hence

4:a")I = 8.(a7)8n-Aa%a" g™ > ™", (3.11)
where g,,(q°) is as in (2.10). Also,
1P2n, 4*) = 2.(4°)9"" (3.12)
From (2.11), (3.11) and (3.12), we get
.l n
AdgnPeng=a"] (.13)
(Iz

This will be used later in Section 5 and 6. Also, from (2.10), (3.12) and (3.13),

- n . n N "
Pen, PP 1ALG =g TT @ - 1| "] o G.19)
j=1 q2
From (3.7),
[UQn, g% =, IP(2n, > 1A, (g2 (3.15)
r=0

Applying the g-binomial theorem (2.12) with x = —¢ and with ¢° instead of ¢, and from
(3.14) and (3.15), we get the following theorem. We note here that the result in Theorem
3.4 and Proposition 3.5 were mentioned in [1].

THEOREM 3.4.

2n

|U(2n, q%) = ¥ g (¢’ - (~1Y). (3.16)

Proof.

. n ) n n ,
U@n, %)= g™ H(qu—l)E[ ] 9"
j=1 r=o0 L7 q?
=9"""(=q;q7 [1 (47 - 1)
j=1

2n

=q® U. (¢’ = (-1))).
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ProrosiTion 3.5. For each positive integer r, let h, denote the number of all rXr
nonsingular Hermitian matrices over F .. Then

h=a®T1 @+ (-17) 317

4. Certain Kloosterman sums. For a nontrivial additive character A of F,, ¢ a
multiplicative character of F,, ¢t Xt matrices A, B over F,, we define the “twisted”
Kloosterman sum K¢, (A, ¥; A, B) for GL(t,q) as

KorugoA 03 A, B):= Y, (detg)A(tr(Ag + Bg™). (4.1)

geGL(tq)

Further, if A=al,, B =01,(a, b € F,) are scalar matrices, then (4.1) will be simply written
as

KerogA, ¥, a,b):= 2 P(detg)r(atrg +b trg_l)‘ (4.2)

geGl(lq)

Also, we define the Kloosterman sum Ky, ,(A; A, b) for SL(t,q) as

Ksam(M A, BY:= D A(tr(Ag + Bg™")). (4.3)

geSL(t.q)

Again, if A=aql,, B=>bl, (a, b € F,) are scalar matrices, then (4.3) is written simply as

Keuap(hia,b)i= 2 Matrg+btrg™). (4.4)
geSl(g)
For i trivial, an explicit expression for (4.2) was obtained in [3]. Also, (4.2) becomes
trivial unless both a and b are not zero, as we note in the following.

REMARKS. (1) If a =b =0, then K, )(A, ¥;0,0) = g.(q) (cf. (2.10)) for ¢ trivial and
Kérug(A, ¢;0,0) =0 for ¢ nontrivial.

(2) If exactly one of a, b is zero, say a#0, b=0, then it is
(@)™ Dyecirig Y(det g)A(tr g) and equals y(a) ' PG (¢, A)', where G (4, A) is the usual
Gauss sum G(,A) = 2, ¢ ¥(@)A(@). For this, see [6].

(3) Fort=1, (4.2) is the usual twisted Kloosterman sum which is denoted by

K()" (//1 07173(]) = K(il.(l.(/)(A? (IJ;(I, b) = z d/(a))\(aa + ba_l)' (45)
aeFf

Assume now that ab # 0. Then, following an argument analogous to that leading up

to (4.16), we get the recursive formula (4.6) in below. For r=2, a,b € F};,

K(il.(l.q)(A’ Yia,b)= fllan(;/.(:—l.q)(’\, ¥, a,b)K(A, ¢;a,b)
+ w(_('—‘b)qz’_z(ql_l - ] )K(il.(I—Z.(/)(/\v djv a7 b)v (46)

where K(A, ¢, a,b)=K(A, ¥;a,b:q) is the usual twisted Kloosterman sum in (4.5), and
we understand that K¢ (A, $;a,b) =1
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As in [3], we can deduce, by induction on ¢, the following theorem from the recursive
formula (4.6).

THEOREM 4.1. For integers t=1, a, beF,, the wisted Kloosterman sum
Kareg (A, ¥; a, b) defined by (4.2) is

[1+2/2]

Keraag(A y;a,b) = qﬁ([—z)(lﬂ) 2 d/(—a_'b)"‘q’K(/\, g:;a,b :q)’*z‘z’
=1

x3 H (¢ —1) (@.7)

where K(A, ¥, a,b:q) is the usual twisted Kloosterman sum in (4.5) and the inner sum is
over all integers j,,...,j_\ satisfying 2l =1 <j, \=j,_,=<...<j =t+1. Here we agree
that the inner sum in (4.7) is 1 for [ = 1.

Remark. The inner sum in (4.7) is equivalently given by
-1 )
2 1@ -,
v=1

where the sum is over all integers j,,...,jJ,—, satisfying 2/ -3=<j =¢t—-1,2[-5=j,=
Ji1—=2,...,1=j,_, =j_,— 2 (with the understanding j, =1 + 1 for [ = 2).

Next, we want to determine the Kloosterman sum K, ,(A;a,b) for SL(t,q) in
(4.4). If a or b is zero, then it was treated in [6].

RemArks. (a) If a=b=0, then Kg.4)(40,0)=|SL(t,q)=(1/q7 Vg (q)=
q®Tj_; (¢" - 1).

(b) If exactly one of a,b is zero, say a#0, b=0, then Ky, (A;a,0)=
gYK,_\(X;a,... a;a:q), where, for positive integers r,a,,...,a,, b e F;, the hyper-
kloosterman sum is defined as

K.(Aay,...,a,;b:q)= z Maya, +.. . +a,a, +bay'. .. a]").

ay....a,eFf

For this, see [6].

Assume, from now on, that ab # 0. In order to determine (4.4), we need to consider a
sum which is slightly more general than that. Namely, for each « € F (and with fixed
a,b e F), we will consider

1., 0 1,., 0 -1
(@)= > A(a tr[ ' }g+btr ([ ' ]g) ), (4.8)
geSL(tg) 0 a O 44
where t = 2.

For t =1, we agree that
si(a@)y=A(aa + ba™"). (4.9)
The decomposition in (4.4) of [3] can be modified to give
SL(t,q) = Q(t -1, 1;9) [JQ(t - 1,1:q)a(C(r, g\ Q(t — 1, 15 9)), (4.10)
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where

A B
r—1,1; ={[ HA GL(t—-1,9),Bi -1)x1 F(},
o( q) 0 (detA)”’ e GL(¢ q), Bisof (t—1) over F,

.0 ={g 00 -1,1:9) | ogo™ < 00~ 1,1:9)}

and
0 0 1
g = 0 1,_2 0
-1 0 0

One can check that

ICU, N\ Q(t = 1,1;9)I=q(q'™" = 1)/(q — 1). (4.11)
Using the decomposition (4.10), s,(«) in (4.8) can be written as

> A(a tr[ll(;I Z]g +btr <[1'(;' 2]g>_]) +lc(t,g)\Q(t —1,1;q)|

geQU—1.1:q)
L., O I, O -!
X > A(atr[ ! ]go+btr([ ! ]ga’) ) (4.12)
geQUu—1.1yg) 0 [44 0 a

Here one should note that, for each g € Q(t - 1,1, q),

1l—l 0 1,_| O -!
)\(atr[ ]o’ +btr([ ]0) >
geQ(lE—l.I:q) 0 o g q 0 04 g q
W drsren([ o))
= Alat ‘go+ bt :
ge(_)(lz—l‘l:q) <a r[ O [24 787 g 0 o 959
11—[ O 11—] 0 -
= Aat +b ,
o (@ r[ 0 a]g“ “([ 0 a]g"> )

L, 077" 11, O
whereq’=[ OI ] q[ 0' a]eQ(r—l,l;q).

a

A
Writing ge Q(t—1,1;4q) as g=[

B
0 (detA)"]’ the first sum in (4.12) equals

¢™" > AMatrA+btrA™' +aa(det A)”'

AeGlLi—1l.q)

+ba"'(detA))=q'"" D Maad~'+ba”'8)

SeFy
1, 0 L, 07\
x Aav "2 Oernu(["2 Be) )
ge.\'l.(zl—l.q) 0 6 g 0 5 g
=¢'"" > Maad™'+ba”'8)s,_,(5). (4.13)
SeF;
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On the other hand, for the second sum in (4.12) we write g e Q(t—1,1;9) as

A L
= W1
E710 (detay

A=[A” A,Z} A_.z[El. Elz]’ B=[B'],
Ay Ap Ey, Exn B,
where A, |, A;, A, Ay are respectively of sizes 1 X1, 1 X (¢t —=2), ¢ —=2) X1, (t=2) X

(t — 2), similarly for A™', and B,, B, are respectively of sizes 1 X 1, (r —2) X 1.
Now, the second sum in (4.12) is

S AMatrAp+btrEp) > A(—(a+ a”'bE, det A)B,)>, A(—a~'bE,B,det A). (4.14)
A B, B,

The subsum over B, in (4.14) is nonzero if and only if £;, =0, in which case it is ¢’
A Aa] [Er.‘ 0
Ay An Exn
nonzero if and only if @ + @ 'bE, det A=a + a~'bdet Ay, =0 if and only if det A,, =
—ab~'a, in which case it is q. From these observations, we can conclude that (4.14)
equals

Further, we have { ] in that case. So the subsum over B, is

g -1 2 MatrAp+bir AR),
where the sum is over all A,, € GL(r —2,q) with det A, = —ab~'a. Thus this can be
written as
q* (g — )s,_o(—ab'a). (4.15)

From (4.11), (4.12), (4.13), and (4.15), we see that, for 1 =2,

s(a)=¢"% > Maad™'+ba"'8)s,1(8) +¢* g — 1)s,_(—ab'a), (4.16)

seFy

where, for B € F, 5,(B) is as in (4.9) and we agree that

1, ifg=1,

; = 417
so(B) {0, otherwise. (417)
This convention is natural, since, for r =2, (4.14) is
-1, if —ab™'a =1,
2 M~(a+ba™")B)= {q(q ) o (4.17)
0, otherwise.

AnB)

For positive integers r and a,,. .., a,, b, c\,...,c,, d e F;, we define BK,(A;a,,...,a,;
b;cy,...,c.;d:q), called bihyperkloosterman sum over F, as

BK.(A;ay,...,a,5b5¢,...,¢;d:q)

= > /\(E aaj+b [Taj' +2 o' +d]] aj). (4.18)
j=1 j=1 j=1 j=1

ay....a,eFy
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Also, we agree that
BKo(Asay,...,a,b5¢,...,¢;d:q)=A(b +d).
Ifa,=...=a,=a,c =...=c, =c, then the notation in (4.18) will be abbreviated to
BK,(A;ab;c;d:q)= 2, A(a Sa+b[laj'+c o' +d ][] a,.). (4.20)
a]....,a,EF,’f j=1 j=1 j=1 j=1
Now, it is elementary to see that
> Maye,ad™ + i 8)BK (A ay,. .. a,;b85cy,. .., cd8TY
seaFy
= BK,+|(/\;CI], RN/ N ba, Ciy- - ,C,+];da_]). (421)

From the recursive relation in (4.16) and using a suitable form of (4.21), the following
theorem can be proved, by induction on ¢, in exactly the same manner as in the proof of
Theorem 4.3 of [3].

THEOREM 4.2. For integers t =1, and «a,a,b e F,;, the sum
1/—1 0 11—1 0 -
s(a)= A(a tr[ ] +b tr([ ] ) )
( ) _l:eSlz,(l.q) 0 a 8 0 @ §
defined in (4.8) and (4.9) is

[r+2/2}

s(a) =g N GIBK (A aza(—ab™'Y as by b(—a” b)Y a1 g)
=1

xS E[I(qiv-“— 1), (422)

where BK,(A;a; b;c;d:q) is the bihyperkloosterman sum in (4.20), and the inner sum runs
over all integers j,...,ji-1 satisfying 20— 1=j_=j_,=...=j,=t+1 with the
convention that the inner sum in (4.22) is 1 for [ = 1.

Here we understand that

BK i <apsamy(A; asa(=ab ™ W2y by b(—a b)) a7 g)
3 {:«(a(—ab")k"'a +b(—a~"b)Y'a™"), for t =2k — 1 odd (cf. (4.19)),
~ sy((=ab™ YY), for 1 =2k even (cf. (4.17)).
Setting a = 1 in (4.22), we get the following.

CoroLLARY 4.3. For integers t=1, a, b € ¥, the Kloosterman sum Ky, (A;a,b)

for SL(t, q), defined in (4.4), is given by

[1+22]

Ksl.(:.q)()‘;a,b)=(IE(,_2)U+” 2 (IIBK:+|—2I(/\§¢7;a(_ab_l)/_l§ b; b(_a-lb)/_l:(I)

=\

-1
x 2 [ @ =,
v=|
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A

where the inner sum runs over all integers j,,. .., ji- satisfying 2l —1<j,_,<j,_,=...
j1 =t + 1. For bihyperkloosterman sums, see (4.18), (4.20) and (4.23).

5. SU(2n, q%) case. In this section, we will consider the sum in (1.1)

> AN(rg),
geSU@2n.q%)
where A’ is the nontrivial additive character A of F, lifted to F,.. As we will see, it is a
polynomial in g with coefficients involving certain averages (over F;) of bihyperklooster-
man sums (cf. (4.20}).
Using the decomposition in Corollary 3.3, the sum in (1.1) can be written as

> BAQI Y N(trgo)+ X IBAQI X N(trga,), (5.1)
0=r=n geQ O=r=n geQ”
reven r odd

where B, = B,(¢°%), Q = Q(2n,q%), @~ = Q7 (2n, q*), o, are respectively as in (3.6), (3.2),
(3.3), (3.1). For the second sum in (5.1), one should note that Q™ = Q~ for each h € Q.
Write g € Q as in (3.9) with A,*A', B as in (3.10). Recall here that detA e F..

E3
] with

M=[A” A][ By 0 ] N:[o Elz]' 52)
AZI AZZ _*BIZ 1n—r 0 E22

Thus, for any r(0<r =<n),

M
Then go, is [ .
N

> N(trgo,) =D A (tr A By, — tr Ay*By +tr Ay + tr Eyy), (5.3)

ge@
A, Ay,

]e GL(n,q°) with detA € F; and over all
AZI A22

where the sum is over all A =[

B, By

—*BIZ BZZ
For each fixed A, the subum over B in (5.3) is

matrices B = [ ] over F,. subject to conditions By, + *B,; =0, By, + *By, =0.

g Y N (tr A By D N (—tr A*By), (5.4)
By B
since the summand is independent of B,,. The sum over B, in (5.4) is nonzero if and only
if A}, =0, in which case it is g*”""". On the other hand, £, A'(tr A, B,,) #0 if and only
if A,, is Hermitian, in which case it equals q’z. To see this, we first need the following
lemma.

LeMMA 5.1. Let A’ be the nontrivial additive character A of F, lifted to F .. Let a € F .
Then

q, ifaekF,,
A'(ab ={ ! 5.5
2 (ab) 0, otherwise, (5:3)
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where the sum is over all elements b € F . with trqu,Fqb =0.

Proof. Choose a nonzero element ¢ e F,. with trg ¢, = 0. Then the sum in (5.5) is

> M(aag)= 3 Ma tre, v, aé),

aeF, aeF,

which is nonzero if and only if trg ¢ aé =0 if and only if a € F,. Moreover, in that case it
equals q.

Now, let A,, = (@;), By =(B;). The condition B,, + *B,, =0 is equivalent to
trg,yw,B: =0, for 1=i=<r,
B;+Bji=0,forl=si<j<r
Then it is not hard to see that
A'(trAy,By) = AI(E aiiBii)A’< > (a;— airj)Bij)~ (5.6)
i=1 |si<j=r

Hence, in view of Lemma 5.1 and (5.6), the sum over B, in (5.4) is nonzero if and only if
a; e F, for1=i=<rand a; =ajfor 1 =i<j=rif and only if A, is Hermitian, in which
case it is g".

So far we have shown that the sum in (5.4) is nonzero if and only if

A= [A“ A ] with A, nonsingular Hermitian. In addition, in that case it equals
21 2
q(n—r):+2r(n—r)+r2 = C]"Z'
A 0 E, E Ayl
For such an A =|: " ], [ " '2] =[ . —1]' Moreover, since A,, is Her-
Ay Ay Ey Ex 0 Axp

X

mitian, det A;, e F; and hence det A € F is equivalent to det Ay, e F};.
The sum in (5.3) is

g” D> D AN(rAp+trAR) =g TR > Nrg +trg™h,
ApAn Az
where £, is the number of r X r nonsingular Hermitian matrices over F: and the sum is
over all g € GL(n — r, q%) with det g € F\. Here we agree that &, =1 for r = 0.
Noting that |A,(¢*)\P(2n, q*)| = |B.(¢*)\Q(2n,¢?)| and from (3.13), (3.17), (5.7), the
first sum in (5.1) equals

2 rdn—r—ny| 7 d ; . , _
¢ 3 "] T+ (xS arg +rg™, 658)
O=rsn q-j=1

where g is over all elements in GL(n —r, ¢%) with det g € F};.
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On the other hand, glancing through the above argument, we see that, for any
r(0=r=n),

2 A(rgo,)

geQ”
is the same as (5.7) -except that the sum is now over all g e GL(n—r,q?) with
try,yr,(det g) = 0. Thus the second sum in (5.1) is

D q*"“""’"”['rz] [T@+ (1) x2 A (trg+trg™),

O=r=n qj=1
r odd

where the sum is over all g € GL(n —r, g%) with tre, ¢, (det g) = 0.
Replacing r in (5.8) and (5.9) respectively by 2r and 2r + 1, and from Theorem 4.2,
we get the following main result of this section.

THEOREM 5.2. Let A’ be the nontrivial additive character A of F, lifted to F .. Then the
Gauss sum over SU(2n, g?%)

2 A(rg)
gesSURn.g?)
is given by
mi—n—2 & [ P ;
S g2+ )
r=0 2r j=1
[ —2r+2/2]
X E q2/ 2 BKH—Z"FI—ZI(A,; 1» (_1)/—]0; 1; (_I)I_la_l :(12)
=1 aeFf,(
-1 ) [—1/2] n 2r+1 ) )
% 2 (q2/v—4v_1)+ 2 q(r+l)(2r+l)[ ] H (¢ + (~1Y)
v=l r=0 2r+1 q? j=1
[n=2r+172]
X 2 CIZI z BKM—Zr-ZI(/\,; 17 (_l)l_lae; 17 (_1)/—|a—|6‘1:q2)
=1 neF;I(

x>, Ivf_jl (¥~ 1)},

where the first and second unspecified sums are respectively over all integers j,, ..., j_,
satisfying 21— 1=<j,_,=ji_,=...=jy=n—2r+1 and over the same set of integers
satisfying 21 —1<j,_,<j_,<...<jsn-2r. Here BK,\'; —; -, - -:q°) is the
bihyperkloosterman sum over K. defined in (4.20), and 0 is a fixed nonxero element in F .
with trg yy, 6 = 0.

6. U(2n,q% case. Let y be a multiplicative character F,, and let A’ be the
nontrivial additive character A of F, lifted to F,.. Then we will consider the sum in (1.2)

Y x(detg)X'(trg)

¢eU@nqg?

and find an explicit expression for this.
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Using the decomposition in (3.8), the sum in (1.2) can be written as
2 IBAQIx(=1) 2 x(detg)A'(tr gor,). (6.1)
r=0 gelP

Write g € P as in (3.9) with A, *A™', B as in (3.10). Note here that, in contrast to the
SU(2n, %) case, we don’t have any restriction on A. The inner sum in (6.1) is

det A
(det A)T B

As we saw in Section 5, for each fixed A the sum over B in (6.2) is nonzero if and only if
A 0 2
A= [ " ] with A, nonsingular Hermitian. In addition, in that case it is ¢"". Also,

AZI AZZ

det A det A X .
for such an A, o) (detA:zz)” since det A, = (det A,)". Thus (6.2) equals

2 det Ay, ) |
n A, trA FirA
"1122‘21";2:21<(d tA, ) ( 22 22)

detg)’
= qnz+2r(n—r)hr 2 X(S—GL)))\'(U'g +tr g")
geGlL(n—rg? det 8

— qnz+2r(n—r)h’ z X”_'(det g)/\’(trg + trg—-l)’ (63)
geGL(n=rg?)
where h, denotes the number of r Xr nonsingular Hermitian matrices over F,. for a

positive integer r and by = 1.
So, from (6.1) and (6.3), the sum in (1.2) equals

(1'72 E |Br\Q|x(-l)rqzr(”—r)hrKGL(n—r.qz)()"7 X(I_]; 1’ 1) (64)
r=0
in the notation of the twisted Kloosterman sum defined by (4.2).
Finally, we obtain the following main theorem of this section from (3.13), (3.17),
(4.7), and (6.4). Recall here that, as we noted in Section 5, |B Q| =|A,\P|.

THeOREM 6.1. Let y be a multiplicative character of F ., and let X' be the nontrivial
additive character A of F, lifted to F,.. Then the Gauss sum over U(2n, q%)

> x(detg)A'(trg)

gel(2n.g?)

is given by

dmn- < roAr(rt+ n . j 1
(/2" 221(_1)([“ 1)[r] n(q;ﬁu(_l)})

r=0 g j=1
lrne—=r+272)

X 2 qZIK()\ X(I 1. 1 1: qZ)n —r+2-— 2/2 n (q2] —4v 1)’ (65)
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where the innermost sum is over all integers j,,...,j,_, satisfying 21 —1=<j,_, <j,_, =
=jh=n—r+1,and K(X', 77" 1, 1:q?) is the usual twisted Kloosterman sum defined
in (4.5).

Separating terms with even r and those with odd r in (6.5), we get the following
equivalent form of the above theorem.

CoROLLARY 6.2. Let y, A" be as in the above theorem. Then the Gauss sum over
U2n, q%

2 x(detg)X(trg)

gelU@ng?)

is also given by

[#/2] 2r ] )
211 —-n= z{ z q"z’“’[ ] H (' + (—1))
qzj=l
[n—2r+2/2]

1=1
X 2 qZIK()\/’ X{,_l; 1’ 1:q2)n—2r+2—212 I_[ (q2j|.—4v_ 1)
v=1

[n—=1/2] n 2r+1 ) )
rx-1) 2 gl "] T @+ )
r=0 r+1

g% j=1

[n—2r+1/2] -1
X 2 quK(A,, Xq_l; 1’ 1:q2)"_2’+]—212 1—[ (q2j\,—4v _ l)} , (66)
=1 v=]
where the first and second unspecified sums are respectively over all integers j, ..., j

satisfying 21 —1=j,_=j,_,=<...=j=n-2r+1 and over the same set of integers
satisfying 2l =1 <j,_ <j,,<...<j,=n-=2r,and K(A\', x""";1,1; 4% is as in (4.5).

REMARK. Note that Ng ¢ (detg)=1 for g e U(2n, g%). So if y is a multiplicative
character of F lifted from that of F, then y(detq) =1 for g € U(2n, ¢°).

7. Application to Hodges’ Kloosterman sum. In [2], the generalized Kloosterman
sum over nonsingular Hermitian matrices is defined as, for ¢ X ¢ Hermman matrices A,B
over F

g

K trerm A, B) = 2 Ai(tr(Ag + Bg ™)), (7.1)

where g runs over the set of all nonsingular Hermitian matrices over F: of size 1. Here A,
is as in (2.2), and one should note that, for Hermitian matrices C, D over F . of size 1,
(tr CD)" =tr*(CD)=tr *D*C =tr DC=tr CD and hence trCD € F,,.

Now, in Theorem 6 of [2] we take m=t=2n, A=B =/ in (2.5), X =al,, with
0#a € F,. Then we get the following identity

2 Az’l(tr g) = Kllerm‘Zn(az‘]_‘v ‘]) (72)

geU(Zn,(/z)

This is summarized in the following result.
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THeEOREM 7.1. For 0 a € F,, we have the identity:

Z )‘r,l(tr g) = KIIL'rln,Zn(az‘I— : 3 ‘])

geUQ@2ng?

= KIIerm.Zn(aZC—]a C)a (73)
where A, is as in (2.2) and C is any nonsingular Hermitian matrix over F: of size 2n.

Remark. (1) Here we don’t have to assume that ¢ = p“ is a power of an odd prime.
In fact, the whole discussion in [2] is valid even for p =2 if the “conjugate” of «a in F .
means «’. '

(2) The second identity in (7.3) is clear from the definition of Kloosterman sum in
(7.1).

From (7.3) and Theorem 6.1, we have the following theorem.

THEOREM 7.2. Let 07 a € F, and let C be any nonsingular Hermitian matrix over F
of size 2n. Then the following generalized Kloosterman sum over nonsingular Hermitian
matrices is the same for any such a C, and

- n2—n— < r(r n . j /
KII«rm.Zn(azc Ia C) = (]2 2 2 qi ( H)[r] l—[ (ql - (_l)j)

r=(0 ([Z j=1
frn—r+2/2]

-1
X 2 qle(A:,, 1’ 1:612);1—r+2—2/2 l—[ (q2j|,—4v__ 1)’

=1 v=1

where the innermost sum is over all integers j,...,j—, satisfying 2l —1=<j,_, <j_,=<
=h=n-r+1,and K(A}; 1, 1; ¢*) is the usual Kloosterman sum given by

K1, 1,¢)= 2 Ala+a™).

aeFR
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