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Abstract

Let {X(s,7): s,t > 0} be a centred homogeneous Gaussian field with almost surely
continuous sample paths and correlation function r(s, ) = cov(X (s, t), X (0, 0)) such
that r(s,7) = 1 — |s|¥ — |£]*2 + o(|s|*! + |t]*2), s, t — O,with a1, a2 € (0,2], and
r(s,t) < 1for (s,t) # (0,0). In this contribution we derive an asymptotic expansion
(as u — 00) of P(SUP(sy, (u),ims(uyef0,x]x[0,y] X (s, 1) < u), where ni(una(u) =
u?/®1+2/%2 (i), which holds uniformly for (x, y) € [A, B1? with A, B two positive
constants and W the survival function of an N (0, 1) random variable. We apply our
findings to the analysis of extremes of homogeneous Gaussian fields over more complex
parameter sets and a ball of random radius. Additionally, we determine the extremal
index of the discretised random field determined by X (s, 7).
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1. Introduction

One of the seminal results in extreme value theory of Gaussian processes is the asymptotic
behaviour of the distribution of the supremum of a centred stationary Gaussian process
{X (t): t = 0} with correlation function satisfying

r(t) =cov(X (1), X(0) =1—[t|* +o(|t|*) ast — 0witha € (0, 2], (D)

over intervals of length proportional to

-1
u) = IP’( sup X (t) > u) (I +o(1));

tel0,1]

see, e.g. Leadbetter ef al. [1, Theorem 12.3.4], Arendarczyk and De¢bicki [2, Lemma 4.3], and
Tan and Hashorva [3, Lemma 3.3]. The following theorem gives a preliminary result concerning
the aforementioned asymptotics.
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Theorem 1. Let {X (¢): t > 0} be a centred stationary Gaussian process that satisfies (1), and
let0 < A < B < oo and x > 0 be arbitrary constants. If r(t)logt — r € [0,00) ast — 0o,
then

IP’( sup  X(t) < u) — E(exp(—x exp(—r + @'W))) € (0, 0c0),

1€[0,x1(u)]

as u — oo, uniformly for x € [A, B], with ' W an N (0, 1) random variable (RV).

The main goal of this paper is to derive an analogue of the above result for Gaussian random
fields; see part (i) of Theorem 2 which constitutes a two-dimensional counterpart of Theorem 1.

As an application of our findings, we investigate asymptotics of the tail of the supremum
of a homogeneous Gaussian field over parameter sets that are approximable by simple sets
(part (ii) of Theorem 2) and a ball of random radius. Additionally, we analyse the existence of
the extremal index for discrete-parameter fields associated with homogeneous Gaussian fields
with a covariance structure satisfying some regularity conditions; see Proposition 2.

2. Preliminaries

Let {X(s,7): s, > 0} be a centred homogeneous Gaussian field with almost surely (a.s.)
continuous sample paths and correlation function r (s, ) = cov(X (s, t), X (0, 0)) such that

Al: r(s,t) =1 — [s|% — [t]*2 + o(|s|* + [t]*?) as s, t — O with a1, ap € (0, 2];
A2: r(s,t) < 1 for (s, t) # (0, 0);
A3: sup( neso.q) 17 (s, 1) logd —r| — 0asd — oo with r € [0, 00),

where 4(0, d) denotes the sphere of centre (0, 0) and radius d > 0 in R? with Euclidean metric.
We distinguish two separate families of Gaussian fields:

e weakly dependent fields, satisfying A3 with r = 0,
o strongly dependent fields, satisfying A3 with r € (0, 00).

Let #, denote the Pickands’ constant (see [4]), i.e.

. E(exp(maxo<;<7 x(1)))
Hy ;= lim
T—o00 T

)

where x (1) = \/EBa/g(t) — |t]%, with {By/2(t): t > 0} being a fractional Brownian motion
with Hurst parameter %a € (0, 1]. We note in passing that #, appears for the first time in
Pickands’ theorem [4]; a correct proof of that theorem was first given by Piterbarg [5].

For an N(0, 1) RV ‘W we write ®(u) = P(W < u), V(1) = P(W > u). Recall that

2

ﬁexp(—%)(] +o0(1)) asu — oo.

Following Piterbarg [6, Theorem 7.1] we recall that for a centred stationary Gaussian field
{X (s, 1)} satisfying Al and A2, for arbitrary g, 1 € (0, 00),

V(u) =

IP( max  X(s, 1) > u) = Hy, He, ghu** u? 2 W (u)(1 + 0(1)) asu — oo.
(s,1)€[0,g1x[0,h]
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Let mi(u) — oo and m,(u) — oo be functions such that

i) = 29 hd ) = 24
VY (u) VY (u)
for some positive function aj(u), ax(u) satisfying aj(u)az(u) = (Hy Ho,u?/*u?/*2)=1,

loga; (1) = o(u?) and log a> (u) = o(u?). We note that
-1
mu) = mi(u)my(u) = IP’< max X(s,t) > u> (I1+o0(1)) asu — oo.
(s,0)€[0,1]2

By 8(0, x) we denote a ball in R2 of centre at (0, 0) and radius x.

3. Main results

The aim of this section is to prove a two-dimensional counterpart of Theorem 1. Recall
that W denotes an N (0, 1) RV. For a given Jordan-measurable set & C R? with Lebesgue
measure mes(§) > 0let &, := {(x, y): (x/m1(u), y/m>(u)) € &}. One interesting example is
&, = [0, xm1(u)] x [0, ymy(u)] for x, y positive, hence, & = [0, x] x [0, y] and mes(&) = xy.
For such &, we shall show (below) an approximation which holds uniformly on compact
intervals of (0, oo)z. If the structure of the set is not specified, then for the supremum of a
Gaussian field over some general-measurable set 7;, C R?, an e-net (£, U,) approximation
of 7;, will be assumed. Specifically, the e-net (£, U.) here means that for any ¢ > 0 there
exist two sets £, and U, which are simple sets (i.e. finite sums of disjoint rectangles of the
form [ay, b1) x [az, by)) such that

lim mes(L;) = limmes(U,) = ¢ € (0, 00) 2
el0 el0

and

_ o x ~
Lou = {(x’y)' (ml(m’ mz(u)> © °C8} CTu C Uew

_ . X y 2
= {(x,y). <—m1(u)’ —mz(u)> € ug} C R-.

Next, we formulate our main results for these two cases.

Theorem 2. Let {X(s,t): s,t > 0} be a centred homogeneous Gaussian field with covariance
function that satisfies Al, A2, and A3 with r € [0, 0o). Then,

@) foreach0 < A < B < o0,

IP’( sup X(s,t) < u) — E(exp(—xy exp(—2r + 2\/7'\47)))
(5,0)€[0,xm 1 (u)]x[0,ym2 ()]

as u — oo, uniformly for (x,y) € [A, B]*.

(ii) for T, C R2, u > O such that there exists an €-net (L, Uy) satisfying (2)

]P’( sup X(s, 1) < u) — E(exp(—cexp(=2r +24/r'W))) asu — oo.

(s,1)€Ty

The complete proof of Theorem 2 is given in Section 5.1.
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Remark 1. Following the same reasoning as given in the proof of Theorem 2, assuming that
Al1-A3 hold, foreach0 < A < B < 00, we have

P( sup X(s,t) <u)—> E(exp(—nx2 exp(—2r + 2\/7'W)))
(s5,0)eB0,x/m(u))

as u — oo, uniformly for x € [A, B]; 8(0, x) is a ball in R? of centre at (0, 0) and radius x.

4. Applications

In this section we apply our main results to the analysis of the asymptotic properties of
supremum of a Gaussian field over a random parameter set and to the analysis of the dependance
structure of homogeneous Gaussian fields.

4.1. Extremes of homogeneous Gaussian fields over a random parameter set

In this section we analyse the asymptotic properties of the tail distribution of

sup X (s, 1),
(5,1)€B(0,T)

where T is a nonnegative, independent of the X RV. The one-dimensional counterpart of this
problem was recently analysed in [2] and [3].

Proposition 1. Ler {X(s,t): s,t > 0} be a centred homogeneous Gaussian field with
covariance function that satisfies AI-A3 with r € [0, 00), and let T be an independent of
the X nonnegative RV.

() IfE(T?) < oo, then, as u — 00,
]P’( sup  X(s, 1) > u) = TB(T?) Hoyy Hou? ' u® 20 () (1 + o(1)).
(s,1)eB(0,T)
(1) If T has a regularly varying tail distribution at oo with index A € (0, 2), then, asu — 00,
]P’( sup  X(s, 1) > u> =27 KP(T > vmu))(1 + o(1)),
(5,1)€B(0,T)
where K = [~ x' " E(exp(—mx* W, + log W,))dx and W, = exp(2\/rW — 2r).
@iii) If T has a slowly varying tail distribution at oo, then, as u — 09,
IE”( sup  X(s,t) > u) =P(T > V/mu))(1 + o(1)).
(5,1)€B(0,T)

The proof of Proposition 1 is given in Section 5.2; for details on regularly varying functions
see the classical monographs [7] and [8].

4.2. Extremal indices for homogeneous Gaussian fields

Following [9], we say that 0 € (0, 1] is the extremal index of a homogeneous discrete-
parameter stationary random field {X; x: j, k =1,2,...},if

jSan , k<b,

]P)< max Xj,k =< Zn) - P(Xl,l < Zn)a,,b,,~9 — 0,

as n — oo, for each sequence (z,) C R and all sequences (a,,), (b,) C N such that a, — oo
and b, — 0o, asn — oo, and 1/C < a, /b, < C for some fixed arbitrary constant C > 0.
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The notion of extremal index 6 originated in the investigations concerning the relationship
between the dependence structure of discrete-parameter stationary sequences of RVs and their
extremal behaviour [1], [10]; see also [11]-[15]. For a given centred homogeneous Gaussian
field {X(s,): s,z > O} that satisfies A1-A3 introduce a discrete-parameter random field
{(Xjk:j, k=1,2,...}, with

ij,k = sup X(s,1).
(s,0)€lj—1,j1x[k—1,k]

In the following proposition we point out how the difference in the dependance structure between
weakly and strongly dependant Gaussian fields influences the existence of the extremal index
of the associated field {X; }.

Proposition 2. We assume that AI1-A3 hold for a centred homogeneous Gaussian field where
{X(s,t):s,t >0}

(1) Ifr = 0O then the extremal index of{gi,k: Jok=1,2,...}equalsto 1.
(i1) Ifr > 0 then {)N(j,k 1 j,k=1,2,...} does not have an extremal index.

The proof of Proposition 2 is deferred to Section 5.3.

5. Proofs

Before we prove Theorem 2, we need some auxiliary results. Lemma 1 is a two-dimensional
version of Lemma 12.2.11 of [1]. Lemma 2 combines a two-dimensional counterpart of
Lemma 12.3.1 of [1] for weakly dependent fields, and Lemma 3.1 of [3] for strongly dependent
fields. We omit the proofs of the first three lemmas, which are given in the full-length version
of this paper [17].

Lemma 1. Assume that Al and A2 hold, and q1 = q1(u) = au=* gnd g = @) =
au=?*2 for some a > 0. Then, forany x,y > 0, g, h > 0 and rectangle I = (x, y) + [0, g] x
[0, h], as u — oo,

B(X (g1 kap) < u: Ggr kaa) € 1) — B(X(s.0) < (s.1) € T) < 529 +o( : )
m@) \m@)

where p(a) — 0 asa — O.

Next, let
1, 0 < max(|s|, |f]) < 1,
PTG D= s, — — |, 1 < max(s|, e]) < T, 3
log T
(s, )] + (1 — r(s, r))lL, 0 < max(Js|, |¢]) < 1,
QT(Sat) = r OgT

—, 1 <ma ) < T.
log T < max(]s], [¢])
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Lemma 2. Let ¢ > 0 be given. Let g1 = q1(u) = au™>* and q» = qo(u) = au=>/2,

Suppose that Ty = T1(u) ~ tm1(u) and T = T>(u) ~ tmy(u) for some v > 0, as u — oo.
Then, providing that conditions Al, A2, and A3 with r € [0, 00) are fulfilled,

N1 (. kan) ( —u? > 0
— PTmax\J 415 KqG2) €XP - : g
01924 1 +max(|7(jq1, kq2)|, 07,7 q1, kq2))

as u — 00, where Tmax = max(Ty, T2) and C = {(jq1, kq2) € [=T1,T1] x [-T2, T2] —
(—e, 8)2} in the summation.

Lemma 3. Letq) = q1(u) = au™/%, q3 = q2(u) = au™%*?, and suppose that T = T (u) —
oo, as u — o0. Then, providing that conditions Al and A2 are fulfilled, there exists ¢ > 0
such that

m(u) Z [(1 —r(jq1, kq2)) ——

r
log T
9192 O<max(|jq1l,lkqz])<e o8

. . roo\
x (1 — (rGaq1, kg2) + (1 —r(jq, qu))logT) >

2
x exp(— . - )} S0
1+7r(jq1, kq2) + (1 —r(jq1, kq2))(r/log T)

asu — oQ.

5.1. Proof of Theorem 2

Proof of (i). Let {X(j'k) (s, 1)}« be independent copies of X (s, t), and let (s, 1) be such
that n(s, 1) = XK (s, 1) for (s, 1) € [j —1, j) x [k—1, k). For a fixed T we define a Gaussian
random field Y7 as follows:

1/2 , 1/2
) n(s,t)~|—<—> W for (s, 1) € [0, T,

Y, t)y:=|(1
T(s,1) < log T

a log T

where W is an N (0, 1) RV independent of n(s, ¢). Then the covariance of Y7 equals
cov(¥r (so, 10), Y1 (s0 + 5, 0 + 1))

r(s.0 + (1= r(s, t»@ when [so] = [so + s1. [f0] = [1o + 11,

= r

log T

otherwise,

for all sg, tg, s, t > 0.
Let ny := |xm(u)] and ny := [ yma(u)]. Since

IP’( sup X(s,t) < u> < IP’( sup X(s,t) < u)
(s,0)€[0,ny+1]x[0,ny+1] (s,0)€[0,xm 1 (u)]x[0,yma(u)]

§]P’< sup X(s,1) < u),
(s,)€[0,nx]x[0,ny]

we focus on the asymptotics of P(Sup s ;)e(0,1,1x[0,n,1 X (5. 1) < u), as u — oo. Lete > 0.
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Divide [0, n,] x [0, ny] into nyn, unit squares and then split them into subsets /", and I; ,, as
follows,

Il,m = [(l_ 1)+8vl] X [(m - 1)+8’m]’ I;:m = [l - l’l] X [m - lvm] _Il,m,

wherel =1,...,ny,m=1,...,n,.
Step 1. We prove that

lim ’IP’( sup X(s,1) < u) — IP’( sup X(s, 1) < u>
u—00 (5,0)€[0,n1x[0,ny] 0elU, U, tim

uniformly for (x, y) € [A, B1? with pi(¢) — 0 as e — 0. This is a consequence of the
following sequence of inequalities:

<pi(e), @

0< IE”( sup X(s,1) < u) — ]P’( sup X(s, 1) < u)

(SJ)EU;Z| U;;}:] Il,m (Svt)elosnX]X[09n}‘]

< nxnyIP< sup X(s,t) > u)

(s.0€elf,

< Bzm(u)]P’< sup X(s,t) > u)

(s.0€elf|
= (2e — e2)B%(1 + o(1)),

as u — 00, since
26 — g2
Pl sup X(s,t)>u] = (14 o0(1)),

.0elf, m(u)

as u — oo, by [6, Theorem 7.1 ].
Step 2. Leta > 0,q1 = q1(u) := au=/2 and q2 = q2(u) := au~*2/2. We show that

lim 'P(X(s, n<u@s.nel U 1,,,,1)

=1 m=1
ny ny
- IP’(X(qu, kg2) < u; ar. kqo) € ) Il,m)‘
I=1m=1
< p2(a), (5)
uniformly for (x, y) € [A, B]Z, with p2(a) — 0 as a — 0. Indeed, (5) follows from the fact
that
ny ny
0= P(X(s, n=unelJUY 11,m>
[=1m=1
Ny I’ly
- IP’(X(J'Cll, kq2) < u; Gar kg € ) U 11,m>
=1 m=1

< nyhy Illﬂax[]P’<X(jCI1,qu) <u;(jq1,kq2) € 11,m> - P( sup  X(s,1) < u)}
,m

(sst)EIl,m
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2 @) 1
=< nxny(l —é) (m(u) +0<m(u))) (6)
2 2 ( 1 >
< B“p(a) + B“m(u)o
m(u)
— B*p(a)

as u — oo, with p(a) — 0 as a — 0. Inequality (6) is due to Lemma 1.
Step 3. We show that for T = T (4) := max(Acom1(u), Ascma(u)) we have

ny

ny
‘P(X(qu,qu) <u; (g, ke) €| J U 11,m>
=1 m=1

ny

nx
- P(YT(qu, kg2) < u; (g kg2) € ) Iz,m>‘

I=1m=1

-0, (7
as u — oo, uniformly for (x, y) € [A, B]>. For sufficiently large 7 we have

| cov(X (jq1. kg2), X (j'q1. k'q2)) — cov(Y7 (jqi. kq2), Yr(j'q1, K q2))|
< pr((j — g1, (k —k)q2)

and
| cov(Y7(jq1, kg2), Yr(j'q1, K'a2))| < o1 ((j — j)q1, (k — K)g2),

for functions p7 and o7 defined by (5). Moreover, forsmalle > Oand (jq1, kq2), (j'q1, k'q2) €
U, U Iy satisfying max(|j — j'lq1, [k — k'|g2) < & we obtain
| cov(X (g1, kq2), X (j'q1, K'q2)) — cov(YT(jq1, kg2), Yr(j'q1, K'q2))|

=1 —r((j— a1, (k- k/)fh))lO; -

and
max (| cov(X (g1, kq2), X (j'q1, k'g2))|, | cov(Yr (g1, kqa), Y7 (j'q1, k'g2)|)
=cov(Y7(jq1. kq2), YT (j'q1,k'q2))

= 1 ((j = a1, (k= K)q) + (L= r((j = a1, (k —K)g2))—

logT"

Let 7 = sup{max(|r(s, t)|, o7 (s, t)); max(|s|, |t]) > . Observe that §7 < § < 1 for
sufficiently large 7. Applying [1, Theorem 4.2.1] we obtain

ny

Nx
‘ P(X(qu, kg2) < u; g kgo) € ) U Iz,m)

I=1m=1

- P<YT(J'611, kq2) < u; (jq1,kq2) € Ulz,m> ‘

I,m
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1 nyny

~ 47 qigo >

r

[(1 —r(jq1, qu))log T

NN
X (1 - <f”(jth,k612) + 1 —r(qu,qu))m> )

X ex <— uz )j|
P17 Gan kg + (A = r(qr, kqa)(r/ log T)

PRI C NS 1 3 [pT(th qu)eu2/<1+max(|r<jq.,qu>|,gT<jq1,qu)>}
4 9192

1 BZm(u)
TAdr qq

3 [(1 —r(jq. qu»@

F

.2\ 12
X (1 - (r(jm,kcn) + (1 V(Jm,k%))m> )

2
X exp(— - “ - >i|
L4+r(jq1, kq) + (1 —r(jq1, kq2))(r/logT)
) BZm(u)
q192
2

xy [m(qu, k) exp(— . )}

2 1+ max(Ir(jq1, kq2)l, or (jq1, kq2))
=11 + Dy,

+ 1(1 §2)
47

where D = {0 < max(|jqil, lkq2]) < €}, € = {(jq1,kq2) € [—ny,ny] X [—ny, ny] —
(—&. &)%), F = {0 < max(ljq1], Ikg2]) < ¢}, and § = {(jq1. kq2) € [—Bm (), Bm(u)]
[—Bma(u), Bma(u)] — (—¢, €)%} in the summations. By Lemma 3, /; tends to 0 as u — o0.
Analogously, by Lemma 2, /5 tends to 0 as u — oo. Hence, we have shown (7).

Step 4. By the definition of the random field Y7, we have

P(Yr(jq1, kq2) < u; (jqi, kg2) € | rm)

I,m

1/2 1/2
r r
P((1- n(jq1, kq2) + | ——= W <u; (jqi,kq €| |I

l,m

r 1/2 r 1/2
]P’<<1 - > sup n(iqi, kq2) + (—) W< u)
logT (q1.kq2) €U i lim logT

o0 . u— (r/log T)/?;
N / P( sup  n(jqkgo) < £ )do ). @®)
—00 (qu»qu)EUl‘m Iim (] - r/ ]og T)
Then, for any z € R,
— (r/log T)'/? -2 2 1
uz::” (r/og ) Z=u—|- \/7Z+ r+0 — asu — o0,
(1 —r/logT)l/2 u
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and, thus,
1 exp(=2r +24/rz)
mu;) m(u)

(14 0(1)).

Hence, we obtain

P( sup n(jq1, kq2) = Mz) = HP( sup X (jqu, kq2) < “z)
(Jar.kq)eUy  l1.m Im NUaLkg)el m

nxny
= ]P’( sup  X(s,1) < uz> (14 o0(1))
(s,1)€[0,1]?

1 xym(u)
= (1 - m(uz)> (1 + o(1))
= exp(—xy exp(—=2r +2/rz2))(1 +o(1)),  (9)

as u — oo, uniformly for (x, y) € [A, Asol?. Combining (4), (5), (7), (8), and (9), and passing
with ¢ — 0 and @ — 0, we conclude that the proof of (i) is complete.

Proof of (ii). Following line by line the same argument as given in the proof of part (i) of
Theorem 2, the assumption of the existence of the e-net (L., U,) implies that

IP( sup X(s,t) < u) — E(exp(—mes(L) exp(—2r + 24/r'W)))
(s.0)eLon

and

]P’( sup  X(s,f) < u) — E(exp(—mes(‘us) exp(—2r + 2\/}7”W))),
(s,1)€Ug

as u — 0o. Thus,
IP( sup X(s,1) < u) — E(exp(—cexp(—2r + 2/r'W)))
(s.ET;
as u — OQ.

5.2. Proof of Proposition 1

Since the proof of Proposition 1 is analogous to the proofs of Theorems 3.1-3.3 of [2], see
also Theorem A of [3], we focus only on the arguments for (ii).
Let 0 < A < B. We have

AVm(u)
]P’( sup  X(s,t) > u) :/ ]P’( sup  X(s,t) > u)dFT(x)
(5,0)€B(0,T) 0 (5,1)€B(0,x)

Bym(u)
+f IP’( sup  X(s,t) > u)dFT(x)
A/m () (5,0)€B(0,x)

o0

+/ IP’( sup  X(s,t) > u)dFT(x)
BJm(m) \(s,))€B(0,x)

=L+ L+
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Then, for each & > 0, due to Remark 1, for sufficiently large u, with W, = exp(2/r W — 2r),
we obtain

B
L<(+ 8)/ (1 — E(exp(—mx*W,))dFr (xy/m(u))
A

B
=1+ s)/ anIE(exp(—nxz'Wr + log ’Wr))IP’(T > x\/m(u))dx
A

— (1 +&)(1 — E(exp(—7B*W,)))P(T > By/m(u))
+ (1 +e)(1 — E(exp(—m A*W,)))P(T > Ay/m(u)).

Hence, using the fact that 7" has a regularly varying tail distribution,

6
limsup ————

B
U—00 P(T > /m(u) ) =0+ 8)27t/ xlikE(exp(_ﬂxzwr + log Wr))dx

A
— (1 +¢&)(1 —E(exp(—7 B*W,)))B~*
+ (1 +e)(1 — E(exp(—w A*W,))) A~

In an analogous way it follows that

B
gty >1W) =0 8)2”[A x VB (exp(—mx® W, + log W,))dx
- (- 8)(1 — E(exp(—nBz'W,)))B_}‘
+ (1 —&)(1 — E(exp(—m A*W,))) A"

Then, following the same argument as in the proof of Theorem 3.2 of [2], we conclude that
I+ Iz = o((T > «/m(u))) as u — oo. Now, passing with A — 0, B — oo, and ¢ — 0
yields

L =27 /Ooxl_)‘IE(exp(—anW,—i—log W))dxP(T > /m(@))(140(1)), > u — 00.
0

5.3. Proof of Proposition 2

Proof of (i). Assume that A3 is satisfied with » = 0. Then, by the definition of {f k) it
suffices to show that for the original Gaussian field {X (s, #): s, > 0},

fu)gu)
]P’( sup X(s,1) < z(u)) — IP’( sup X (s,1) < z(u)> — 0, (10)
(s,0)€[0, £ (u)]x[0,8(u)] (s,1)€[0,1]2

as u — oo, for each function z: Ry — R and all pairs of functions f, g: Ry — R, such that
f(u) — ocoand g(u) - oo,asu — oo, and 1/C < f(u)/g(u) < C for some fixed arbitrary
constant C > 0. Observe that it suffices to consider two cases: continuous z(u) /' 00, as
u — 00, and z(u) < C < oo. We focus on the first case and suppose that z(u) increases to
infinity. Then (10) is equivalent to

frang* @)
IP’( sup X(s,t) < u> —IP( sup X (s,1) < u) — 0,
(s,0€l0, f*@)]x[0,g* (w)] (s,0)€[0,1]2
as u — oo, with z~! being the inverse function for z and f*(u) = f ' w)), g*w) =

gz 'w)).
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By (i) of Theorem 2,

]P’( sup X(s, 1) < u) —e v, (1D
(s,0)€[0,x/mu)]x[0,y/m(u)]
as u — oo, uniformly for (x, y) € F(C) := {(s,1) € R_: 1/C < s/t < C}U{0,0}, for
C > 0.
Moreover, the uniform convergence
xy-m(u)
IP’( sup  X(s,1) < u) —e (12)
(s,0)€l0,17?

occurs on the set £ (C).

Let f(u) := f(z7'(w))//m@) and g(u) := g(z~'(u))/~/m(u). The fundamental obs-
ervation is that it is sufficient to prove (10) for f () and g(u) satisfying the additional assump-
tion: f_(u) — a € [0,00] and g(u) — b € [0, 00], as u — ©00.

Note that 1/C < f(u)/g(u) < C implies that 1/C < f(u)/g(u) < C. Since the
convergence in (11) is uniform, we obtain

IP( sup X(s,1) < u) = IP( sup X(s,t) < u)
(s,0)€l0, £*(w)]x[0,8* (u)] (5,0)€[0, f (u)/mu)1x[0,g () /mu)]
—ab

— e
as u — 0o. On the other hand, by (12),

FHu)g* ) Fa)g)y-m)
IP’( sup  X(s,f) < u) = IP’( sup X (s,1) < u>
(s.,t)e[O,l]2 (s,t)e[O,l]z

as u — 0o, which gives (10).

Proof of (ii). Let us consider the case where r > 0. Note that for W, = exp(2/rW — 2r)
it holds that

var(exp(—Wr)) = ]E(exp(—ZWr)) — IE(eXp(—Wr))2
2
= IP’( max }?j,k < u> — ]P’( max )?j,k < u) +o(1),
J=22lVmw) [ k=[v/mu)) Jk=[Vm(u)]

due to Theorem 2. By contradiction, assume that the extremal index exists and equals 6 € (0, 1].
Then for any sequence (z,) C R we have

2
IP’( max Xk < zn> — IP’( max Xjk < z,,)
J=12dm(zn) ] k< [Vm(zn)] Jk<vm(zn)]
N - 2m(z,)-0
= (IP’< max Xjk < zn> —IP’<X1,1 < Zn) )
J=2lm(zn) ) k<[ /m(zn))

N 2 - m(zn)-6 o
— (IP’( max X < Zn) - <P<X1,1 = Zn) ) )
jskSLVm(Zil)J
= o(1)

as n — 0o, which implies that var(exp(—W,)) = 0. Since r > 0 and W is an N(0, 1) RV we
obtain a contradiction.
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