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Abstract

In this paper we derive perturbation theorems for the LU and QR factors. Moreover,
bounds for k7 (A)/k} (A) and ky (A)/ky, (A) are given for the LU factorization of a
nonsingular matrix. By applying pivoting strategies in the LU factorization, estimates
fork (PA Q)/Ki (PAQ) and ky(PA Q)/Kb (PAQ) are also obtained.
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1. Introduction

Let A € R"™" be a nonsingular matrix, and suppose that the leading principal
submatrices of A are nonsingular. Then A has an LU factorization

A=LU, (1.1)

where the factors L and U are unit lower triangular and upper triangular matrices,
respectively; this factorization is unique (see Higham [5] for details).

Error bounds were derived by Stewart [7] for a first-order expansion of the LU
factorization of a perturbation of the identity. He further applied these results to obtain
perturbation expansions of the LU, Cholesky and QR factorizations.

Suppose that A=LYL and A+ E=(L+G)"(L+ G) are the Cholesky
factorizations of A and A + E, respectively. Sun [9] presented lower and upper bounds
for ||G||/|IL| in terms of || E||/||A||. Perturbation bounds were also given for the QR
factorization of a complex m x n matrix A of rank n. Indefinite QR factorization
is a generalization of the well-known QR factorization, where Q is a unitary matrix
with respect to the given indefinite inner product matrix J. Perturbation bounds for
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the so-called “triangular” case of the indefinite QR factorization were given by Sanja
Singer and Sasa Singer [6].

Chang et al. [3] gave new first-order perturbation bounds for Q; and R in
the QR factorization for a given real m x n matrix of rank n; these bounds are
generally sharper than the equivalent results for the R factor in [7, 9], and are more
straightforward than the sharp result in [10] for the Q; factor alone. Stewart [8]
generalized the results mentioned in [3] via a different approach. In this paper, by
applying different tools and methods from those used in [8], we derive different
perturbation results concerning the factors of LU decomposition for a given real
nonsingular n X n matrix; moreover, by a similar method, a perturbation theorem for
the QR factorization is also obtained.

Chang and Paige [2], on the other hand, studied the sensitivity of the LU
factorization; they wanted to investigate k7 (A)/k; (A) and ky (A) /[, (A), but results
on these ratios did not appear in their earlier work. In this paper we shall fill this gap,
and also analyse the ratios of k7 (PAQ)/k; (PAQ) and ky (PAQ)/k;,(PAQ).

First-order perturbation bounds are frequently used. Dopico and Molera [4]
presented expressions for terms of any order in the series expansions of the perturbed
LU and Cholesky factors. In this paper, by using the first-order terms in the Taylor
series for the LU and QR factors of the perturbed matrix A + ¢G, and applying the
so-called matrix—vector equation approach, perturbation theorems for the factors are
obtained. It is notable that the conditions and results shown in this paper differ from
those in [4].

The main purpose of this paper is to establish perturbation theorems for the LU
and QR factors and to bound the ratios k7, (A) /Ki(A) and ky (A)/ K,’J (A). Moreover,
by applying pivoting strategies in the computation, we also provide estimates for the
ratios k. (PAQ)/k; (PAQ) and ky (PAQ)/k;,(PAQ).

2. Preliminaries

Previously, the approach that was most often taken for perturbation analyses of
factorizations was what we refer to as the “matrix equation” approach. For the LU
factorization, this involves expressing the matrix equation as a matrix—vector equation
of the form .

uvec(U (0))
[slvec(L(O))

Since the leading (n — 1) x (n — 1) block of U is nonsingular, W is also nonsingular
and, from (2.1),

} — vee(G). @.1)

|:uvec(l'[ 0))

_ wel
slvec(L(O))]_W vee(G).

Partitioning W~! into two blocks, it follows that

a0 [w
woi=[j].
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Then, the condition numbers for the factors L and U, defined respectively by

AL

kr(A) = lim sup { IALYF A+ AA=(L+ AL)(U + AU), |AA|lF < e||A||F}

>0 aa LEILIF
and

i IAUF B

ky(A)=limsup —— A+ AA=(L+ AL)(U + AU), |AA|F <€|lAllFy,

=0 aa L €IUIF
are given by

IYLl20AllF IYull2llAllF
kp(A)= ——— and «ky(A)= ——F"F"—. (2.2)
ILIF U F

Let U, denote the leading (n — 1) x (n — 1) block of U. Then
" (A)= inf «;(A, D d «;,(A)= inf «},(A, D
Ky (A) DISD,,KL( , D) and «y(A) DléanKU( , D),
where

1021 AllF
ILIlF

1L~ 20l AllF

. Kk (A, D)=1(D7'0)
v s

Kk (A, D) =ky(LD™Y)

’

with U = U + (a — u,m)enenT for some « £ 0.

To simplify the notation in this paper, for any n x n matrix X = (x;;) we define the
strictly lower triangular matrix and the upper triangular matrix by
Xij ifi > j s

slt(X) = (sij), ut(X) =X —slt(X), wheres;; = {O otherwise

Therefore

[sItCX) M2 < [ X1l2,  [lut(X)ll2 < 21 X]2.

3. Perturbation theorems for the LU factors

In this section, we present the results on how L and U change as A changes, and
give perturbation theorems for the factors L and U.

THEOREM 3.1. Let A € RI*" have nonsingular leading k x k principal submatrices
for k=1,...,n—1, write its LU factorization as A = LU, and suppose that
AA € R satisfies AA =¢€G. If € is small enough so that the first n — 1 leading
principal submatrices of A + tG are nonsingular for all |t| < €, then

L'Loy+oou'=L"'Gu!, (3.1)
L0)=Lsl(L~'GU™", (3.2)
U@ =uw((L"'GUHU, (3.3)

where L + SL(0)e =L, G+ O(€) =G and U + 3U(0)e = U.

https://doi.org/10.1017/51446181108000138 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181108000138

454 C.-Y. Wu and T.-Z. Huang [4]

PROOF. From the results of [2], A + tG has the unique LU factorization
A+tG=LU@), |t]<e. (3.4)

Since L(¢) and U (¢) are continuously differentiable for |#| < € by a standard algorithm
for LU factorization, they can be expanded as

L(t)=L0O)+ LO)Y+ 0@, U@=U®O0)+UO:+0r»). (3.5)
Setting t = €, we write
LO)=L, U@©)=U, L()=L+AL, U(e)=U+ AU.
Then (3.5) can be rewritten as
L(t)=L+L0)e+ 0(?), U@ =U+ U0+ 0. (3.6)
Combining (3.4) with (3.6), it follows that

A4 €G = (L + L(0)e + 0(e))(U + U(0)e + 0(e%))
= LU + LU(0)e + L(0O)Ue + L(0O)U(0)e*> + O(€?). (3.7)

From (1.1) and (3.7), we deduce

G = LU©O) 4+ LOO)U + L0)U(0)e + O(e)

= (L + 5L(0))U(0) + L(O)U + 3U(0)€) + O(e). (3.8)
Multiplying by (L + %L(O)e)_1 on the left and by (U + %U(O)e)_1 on the right, (3.8)
becomes
(L + 3L0)e) (G + 0(e)(U + 31U 0)e)™!
=UO)U + 3U0Oe) " + (L + SLO)e) " L(0). (3.9)
Setting

L+1L0e=L G+0@=G, U+LiU0e=0U,
(3.9) can be rearranged to
L'LOoy+ U000 ' =L7'Gu".

Note that L~!L(0) is strictly lower triangular and U©O)U"is upper triangular; thus
we obtain

L'Lo)y=siL~'GU™Y, vOU'=w(l'GU™.
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Then
LO)=Lsl(L™'GU™Y, U©) =uw(L~'GUHU. O
Following a different route, Chang and Paige [2] established the equations

L'Loy+u0 U ' =L"'6Uu !,
L(0)=Lsl(L~'GU™Y,
U0 =uw((L"'cUHU,

with U=U + (a — u,m)e,,e,{ for some o #0. The above equations are clearly
analogous in form to those in Theorem 3.1.

THEOREM 3.2. Under the same conditions as in Theorem 3.1, further suppose that
ML) <1 and FIUT'U©0)]2e < 1.
Then

ILOI2 _ ¢+ 0e)

< : (3.10)
ILll2 = 1= JGea(L) + Dge
10Ol _ 21U 2L 20IGl2 + O(e) G
U2 = 1= (e2(U) + DIL 2G0T O 121U 2e
where g = | L~ 2 G 121U |2.
PROOF. From the assumptions we obtain
(L+3LOe) ' = +3L7"LO0)e)~ 'L
= (I —SL7"L(O)e + O(e*) L, (3.12)
U+30Oe "= +3u 006U
= - 307U+ 0)HU. (3.13)

It follows from (3.12) and (3.13) that
L~'éu™!
= (L + $L0)e) (G + 0@)(U + 100!
= —SL7'L(0)e + OH)L™HG + 0(e))(I — UT'U(0)e + O(e?)HU™!
=(L7'G—SL7TTLOL™'Ge + 0(e)I — sUT'U(0)e + O(e*)U ™!
=L7'6Uu™ - IL7'GUTUOU T e = JLTILO)LT'GU T e + O (o).
(3.14)
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Taking the 2-norm of (3.2) and (3.14) gives
ILO)2 < ILIIL™'GT ),
< (ILll2 + SILO)[26)(® + 31T ©) 21U " |2€
+ SIL72IIL0) 206 + O(€))
= (ILl2 + F1LO)126)(¢ + FIL T 121 L(0) [2¢p€ + O(e))
= k(DG 21U 2 + 3x2(L) | L(0)[|l2gpe
+ S1L(0)[2¢€ + O(e).

Thus we have (3.10)
On the other hand, taking the 2-norm of (3.3) and (3.14) gives

1TO) 2 < 20T LIL~'GT |,
<2(|U 12 + 31T ©O)[26) (@ + Lo 1T ) 121U l2¢ + O(e))
= 2c(U)IL7 120G ll2 + k2L 20 G2 T )20 2e
+ L 2G0T O) 121U 26 + O(e).
Thus we have (3.11). O

4. Bounds for k7 (A) /K] (A) and ky (A) /iy, (A)

Based on the definitions of k7 (A) and k7 (A) and the results in [7] on perturbation
of the LU factorization, we obtain

kL (A) < IL7 21U 2l Al P,
Ky (A) < IL7 Il 2l AllE, (4.1)

with |AA|lF <€|A|lr. Since x1(A) and ky(A) are the condition numbers for the
factors L and U, from the definitions of «; (A) and «,(A) we find that

kL(A) <kp(A), «ku(A) <ky(A).

In the section, we give bounds for the ratios 7 (A)/«} (A) and ky (A)/k[, (A).
THEOREM 4.1. Under the same conditions as in Theorem 3.1, further suppose that
ILT'GU™ e < 4

and ||AA|F < €||AllF. Then

L @ LTl LlE U
©2(LD™Y) T ke (A) T infpep, ka(LDHNU, 2’
L _ww@ _ U RNl
k(D10 ~ ky(A) T infpep, ka(D~10)

4.2)
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PROOF. From the assumptions we obtain (4.1). The results of [2] then imply that
1YLl = 10, 2 1Yoz = 1L 2. (4.3)
Combining (4.3) with (2.2) gives

1U, 1 lI211AllF 1L~ 2l Al
KL(A)_”IL—”, KU(A)ZW. (4.4)

From the definitions of «; (A) and «y, (A), we have

K’L(A)Skz(LD_l)w, Kb(A)SKz(D_IU)W- (4.5)
ILIlF IUlF
Then, by combining (4.4) and (4.5),
kL(A) _ (UL 1A /IL]F) 1
<L (A) " (LD~ DU, I AT/ L) k(LD
ku(A) _ (L7 21 AlR)/IU I F) 1

ky(A) T e (DTTOYL AN/ F)  ka(D710)
From (4.1) and the definitions of «; (A) and «,(A), we conclude that
kL (A) - IL~ 20U 2l All
k1 (A) T infpep, Kz(LD_l)((HUn_,]l||2||A||F)/||L||F)

_ LT RIL U
infpep, kKa(LD-HIIU Y 1I2”

ku(d) _ 1L~ 121U~ 20Al -
ky(A) ™ infpep, (DAL 21 AIR/1UIF)
10U~ 120U )¢

= — . O
infDeDn K2(D71U)

Based on the results of Theorem 3.1, we can also obtain bounds for k7 (A)/k} (A)
and «y (A)/k;;(A). However, here they become «j (A)/K/E(A) and kg (A)/Kb (A),
respectively, where

L+1ie=L, G+0()=G and U+Li00e=0

In the future, we would like to investigate these quantities; but we omit the analysis
from this paper.

It is well known that standard algorithms for LU factorization without pivoting
are not numerically stable. Therefore, it is possible that the application of pivoting
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strategies in the computation will cause ||U, 1||2/ IL||F to become larger. We
cannot, however, say whether the condition number «7 (PAQ) is larger or smaller
than «7,(A). Moreover, upon applying partial pivoting (with Q = I), we cannot tell
whether k(P A) is larger or smaller than xy(A). Nevertheless, using complete
pivoting strategies in the computation can lead to significant improvements in
ky(PAQ) and ky(A). Thus it is necessary that the bounds on KL(PAQ)/K’L(PA )
and KU(PAQ)/K;](PAQ) are further studied; we provide some details in the
next theorem.

THEOREM 4.2. If the same conditions hold as in Theorem 4.1, then
6 _ kL (PAQ) _ L7 U I Ll
V2nn+ D@ +6n—1) ~ «; (PAQ) ~ U1l

1 _ku(PAQ)
U~ Ullr,
@) =k pag IV RIVIF

where P and Q are permutation matrices.

(4.6)

PROOF. With no loss of generality, we apply partial pivoting strategies (with Q = I))
in the computation. By [5, Lemma 8.6], we have |/;;| < 1 and |(L_1),-j| <2i=i=1 for
all i > j. Thus

2n(n+ 14" +6n —1)

k2(L) <kp(L) < ; . 4.7)
Setting D = I and combining (4.4) and (4.5) with (4.7), we obtain
kL(PAQ) _ 6

ki (PAQ) ~/2n(n + D@ +6n —1)
Then, from (4.4),

U, 12lAl /
TLle S <«kL(PAQ) <k (PAQ). (4.8)
From (4.1) and (4.8), it follows that
€L(PAQ) _ L~ 120U 2l Al _ L7 I2IU )Ll
K (PAQ) ~ ((”U_l]||2||A||F)/||L||F) 10,1112

On the other hand, (4.4) and (4.5) together give

ky(PAQ) - 1
Kk (PAQ) ~ ip(U)’

Then, from (4.4),

IL~ 20 AllF

<ky(PAQ) <y (PAQ). (4.9)
Ul F
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Finally, from (4.1) and (4.9), it follows that

O

PA L7 YU Y201 A
KE]( Q)S l 71||2|| 211 Al 7 U U
ky(PAQ) — ((IL~HR2ANIR)/IIU N F)

5. Perturbation theorem for the Q R factors

It is well known that A 4+ ¢tG has a unique QR factorization with IA=Y1211G |l2€
< 1 [9]. In this section, we present results on how Q and R change as A changes, and
prove a perturbation theorem for the QR factors.

THEOREM 5.1. Let A € R"*" be nonsingular, and let AA € R"™" satisfy AA =€G
and

1A= 1201Gll2e < 1.
Suppose that
OO e <1 and JIRT'RO)e| < 1.
Then

1ROz _ G2+ 1+ VDGIGIRIA™" 2 € + k2(ANIAO) 1 + O(€)

IRz~ Al = (1 + V22 (AIAO) | F € ’
IGI21A7 2 + V2GIG 2 AT E € + AT 12 k2 (A [ AO) | 7 + O(e)
1= V20N A~ 2 AO) | F € '

A

1002 <

PROOF. From the assumptions, we deduce from [9] that
A(t) = Q(H)R(1), (5.1

where Q(t)7 Q(t) = I and R(¢) is an upper triangular matrix with positive diagonal
elements. Since Q(¢) and R(¢) are continuously differentiable for |¢| < € by a standard
algorithm for QR factorization, it follows that

01 = 0(0) + OO)t + 0(?), R(t)=R(0)+ R0t + O(), (5.2)

where Q(0) = Q, R(O)=R, Q(e) =0+ AQ and R(e) = R+ AR. Setting t =€
and combining (5.1) with (5.2), we obtain

A+€G = (Q+ 00)e + 0€>))(R + R(0)e + O(e?))
= OR + QR(0)e + O(0)Re + Q(0)R(0)e2 + O ().

Then

G = QR(0) + Q)R + Q(0)R(0)e + O(e)
= (Q + 10(0e)R(0) + O(0)(R + FR(0)¢) + O(e).
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By setting 0=0+ %Q(O)e, R=R+ %R(O)e and G = G + O(¢), we can write
G = QR(0) + Q(0)R, (5.3)
and hence
RO)=0"'G- 07 'Q(OR
= (0" — 10" 0(0)0"e + 0(e*)(G + 0(e))
— (@ — 10" 000" e + 0(€*))0(0)(R + LR(0)e)

=0"G - 10"0(000"Ge — Q" Q)R — 0" Q(0)R(0)e + O(e).

Taking the 2-norm gives

IRO)l2 < [IGll2 + 210 2Gll2€ + 1O 2[R |2
+ IO 121 R(0) 26 + O(e). (54)

Rearranging (5.4) yields

IG1l2 + (511G ll2¢ + [ RIIDIQO)]|2 + O(e)

IRO)]l2 < : (5.5)
? 1= 1100 2¢
From [9, Theorem 1.5], we obtain
) ) A0
10Oz < 10OF < (1 +VEia(4)) ||§4|)|BF‘ (5.6)

Combining (5.5) with (5.6) and using || R||2 = ||A||2, we find that

1ROz _ 1Gll2 + (1 + V2)GIIGl2ll A" ll2€ + k2(ADIA©) | F + O (€)
IRz~ [All2 = (1 4+ ~/2)/2)k2(A) [ A0)]| e '

On the other hand, we have from (5.3) that

00)=GR™'— QRO)R™!
= (G +O0@) R = JRT'ROR e + 0(e?))
—(Q+ 3006 RO)R™ = IRTTROOR e + O(¢?))

=GR~ LGRT'ROR'e — QROR™' — LO(O)RO)R™ e + O(e).

Taking the 2-norm and rearranging yields
IGI2IR~ 2 + GIGI2 R 3e + IR IRO) 2 + O(e)
1= 3RO |2l R |2 '

1002 < (5.7)

Similarly,
IRO)l2 < [RO)|F < V2i2(A)[AO)]| ¢ (5.8)
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from [9, Theorem 1.5]. Combining (5.7) with (5.8) and using |R™ || = [|A™ |2, we
then obtain

100)]l2
_IGI0A™ 2 + V2GIGIRIAT 26 + 1A k2 (A IAO) | + O(e) .
- 1 — (V2/2)i2(A) A= 2 | A0) || e '
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