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CATEGORICAL SEMANTICS OF METRIC SPACES
AND CONTINUOUS LOGIC

SIMON CHO

Abstract.  Using the category of metric spaces as a template, we develop a metric analogue of the
categorical semantics of classical/intuitionistic logic, and show that the natural notion of predicate in this
“continuous semantics” is equivalent to the a priori separate notion of predicate in continuous logic. a logic
which is independently well-studied by model theorists and which finds various applications. We show this
equivalence by exhibiting the real interval [0, 1] in the category of metric spaces as a “continuous subobject
classifier” giving a correspondence not only between the two notions of predicate, but also between the
natural notion of quantification in the continuous semantics and the existing notion of quantification in
continuous logic.

Along the way, we formulate what it means for a given category to behave like the category of metric
spaces, and afterwards show that any such category supports the aforementioned continuous semantics.
As an application, we show that categories of presheaves of metric spaces are examples of such, and in fact
even possess continuous subobject classifiers.

§1. Introduction. In categorical semantics of classical or intuitionistic logic, if the
interpreting category is sufficiently nice then one has a subobject classifier, which is
an object Q with a monomorphism T : 1 < Q such that for every object X, there is
a natural correspondence between maps f : X — Q and monomorphismsi: 4 <— X,
obtained by pulling back T across f as below:

A—— 1

-
7 b
x50
in particular yielding a well-behaved notion of characteristic function.

Having a subobject classifier is an important part of the categorical perspective
on sets as the premier model of classical logic. Now the fact that sets are the “best”
model of this logic is something that, for example, model theorists feel “in their gut”
without having to refer to the categorical viewpoint; but this latter viewpoint has
been valuable in identifying the underlying structure that allows categories such as
(but not limited to) that of sets to interpret classical logic to various degrees, see.
for example, [7, 8, 10].
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On the other hand, continuous logic is a metric analogue of the usual logic; models
of continuous logic are metric spaces, and the equality predicate is now replaced
with a distance function. Strikingly, most model theoretic concepts have a well-
behaved continuous analogue—see [15] for a detailed reference. Due to its richness,
continuous logic is catalyzing an ongoing flurry of activity that is seeing to both the
rapid development of the subject itself [13, 14] and also applications to, for example,
operator algebras [4, 5] or proof mining [1, 3].

Just as with classical logic and the category of sets, we might ask for a category
theoretic reason that metric spaces exhibit such rich logical structure. We examine
the category of metric spaces with this question in mind; after some preliminaries in
Section 2, we identify relevant features of the category of metric spaces and use them
to develop a “categorical semantics of metric spaces” in Section 3. One fruit of this
approach is that we are able to identify a natural and general notion of “continuous
subobject”, and show that the real (unit) interval in the category of metric spaces—
the object of truth values of continuous logic—is a “continuous subobject classifier”,
in the sense that maps into the real interval naturally correspond via pullback to
continuous subobjects.

Now in continuous logic, predicates on a space X are just maps from X into the
real interval, that is, they are continuous real-valued features of (points in) the space
X. The result of Section 3 shows that using continuous subobjects of X works equally
well; indeed, maps into the real interval are exactly just the characteristic functions of
these continuous subobjects. One practical advantage of the continuous subobjects
approach is that we are able to make sense of this idea of “continuous real-valued
feature” in other categories where there might not be an obvious “object of real truth
values”. In particular, we are able to apply the machinery we develop in Section 3
without modification in Section 4 to the category of presheaves of metric spaces,
automatically making sense of the notion of “metric” and “continuous subobject”
in this more general setting. Using this we show that the category of presheaves
of metric spaces possesses a continuous subobject classifier, and therefore has a
well-behaved notion of characteristic function for continuous real-valued features
of presheaves of metric spaces.

The author is indebted to Andreas Blass for helpful discussions and suggestions.

§2. Preliminaries.

2.1. The basic model. We work in the category pMet] of diameter < 1
pseudometric spaces (metric spaces whose distances can be 0 for distinct points)
and uniformly continuous maps. A comprehensive reference for such spaces is [2].
We allow these slightly more general spaces for technical convenience, and we work
with uniformly continuous maps because they are the maps in continuous logic. (We
will simply call these metric spaces.)

Essentially all that follows works equally well for the categories pMetk (resp.
pMet]). which have the same objects as pMet} but with only Lipschitz (resp. 1-
Lipschitz) maps between them. Moreover, we may even remove the requirement
that the diameter of our spaces be bounded, as long as we take the appropriate
corresponding quantale to be (R, +.0) instead of ([0,1].+,0) (refer to Section 3
of this paper).
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Keeping in mind this flexibility in our choice of variants of metric spaces, let us
simply write pMet even though we are ostensibly working in pMet]. to emphasize
the fact that all of our analysis goes through essentially unchanged for the other
variants. That is, strictly speaking we work with the choice pMet = pMetY, but
whenever pMet] is not explicitly mentioned then it is fine to choose pMet = pMetk
or pMet = pMet] instead. In the few places where this is not the case, we will say so
explicitly.

2.2. Categorical semantics. We briefly recall some of the structure required of a
category to support an interpretation of first order logic. A standard reference is,
for example, [7].

Given an object X € C, recall that a subobject of X is an appropriate equivalence
class of monomorphisms into X. These objects form a poset category Suby, X which
can be seen as a skeleton of the full subcategory of C/X on the monomorphisms
with codomain X.

Furthermore, if C has pullbacks, then (since pullbacks preserve monomorphisms
and the equivalence relation mentioned above) any morphism f : X — Y induces
via pullback a functor /* : Suby, ¥ — Sub,, X.

On the other hand, we might ask for a well-behaved notion of image of morphisms
f:X — Y, so that any such morphism has a (necessarily unique. up to unique
isomorphism) factorization f = me where m is the “smallest” mono through which
f factors, in the sense that for any other factorization f = m'e¢’ with m’ monic, we
have a commutative diagram

where the dotted diagonal is necessarily both monic and unique. We say that C has
images when every morphism f has a factorization as above.

DErRINITION 1.

1. A category C is called regular when it has finite limits and images, and pulling
back across morphisms preserves images.

2. A regular category C is called geometric when for each X € C, Subp, X is a
small-complete lattice (i.e., has all small joins and meets) and pulling back
across any f : X — Y preserves this structure.

In the definition above we can ignore issues of size (i.e., replace “small-complete”
with “complete”) if we assume that the objects of Sub,, X form an honest set. This
is referred to as wellpoweredness in the literature, and in practice this is not an overly
stringent condition.

The importance of the above structures lies in the fact that they conveniently
describe sufficient conditions for a category to interpret first order logic, in which
“predicates of type X are interpreted as “subobjects of X”.

The problem is that subobjects tend to be poorly behaved in topologically
flavored categories like pMet; there are easy examples of X € pMet with many
inequivalent subobjects which nevertheless should represent the same subspace.
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We may circumvent this problem by passing to a variation of the “monomorphisms
are subobjects” viewpoint, by considering regular monomorphisms as subobjects.
The precise modifications required for this are well-known, but for completeness’
sake we record them below.

DEFINITION 2. A regular monomorphism in a category C is a monomorphism
which occurs as the equalizer of some parallel pair of morphisms.

In exceedingly nice categories such as Set, all monomorphisms are regular. The
facts below support the idea that regular monomorphisms give the correct notion
of subobject in pMet.

LEMMA 3.

1. The monomorphisms in pMet are precisely the maps which are injective as
functions.

2. The epimorphisms in pMet are precisely the maps which are surjective as
functions.

Proor. That injective (resp. surjective) implies monic (resp. epi) is obvious. For
the other directions, notice thatif m : 4 — X fails to be injective, then maps from the
one-point space into 4 witness the failure of m to be monic. Similarly, ife: E — B
fails to be surjective, then maps from B into the space of two points at distance 0
witness the failure of e to be epi. -

Let us call two monos m; : A — X and my : Ay — X equivalent when they are
isomorphic as objects of the slice category pMet/X. In light of the characterization
of regular monos in terms of slice categories, we see that if m; and m;, are equivalent
then m, is regular iff m; is.

ProPOSITION 4. 4 mono m: A — X in pMet is regular if and only if it is equivalent
to an isometric embedding.

Proor. To prove the left-to-right direction, we start by showing that for any

. f . . . .
parallel pair of maps X ——< Y there is an isometric embedding i: 4 — X
g

giving an equalizer to the pair f, g.

Let A C X have the set of points {x € X | f(x) = g(x)}, and let the metric on
A be the restriction of the metric on X. Clearly the inclusion i : 4 — X, which is
an isometric embedding, is an equalizer for f and g. Note that any other mono
m: A" — X occurring as an equalizer for f, g must be equivalent to i.

Now given any regular mono m which equalizes some parallel pair f, g, by the
above we can find an isometric embedding 7 also equalizing f, g, therefore showing
that m is equivalent to an isometric embedding.

For the right-to-left direction, let i : A — X be an isometric embedding, that is,
an inclusion 4 C X. Let Y be the space with two points at distance 0 from each
other, and label them a.b. Define f/ : X — Y to be f(x) = a for all x € X, and
define g: X — Y to be g(x) = a iff x € A, and g(x) = b otherwise. Clearly i must
be an equalizer for £, g, so that any mono equivalent to i must also be an equalizer
forf,g. -
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Henceforth, any time we speak of “subobject” we mean the equivalence classes
defined above of regular monomorphisms:

DEerINITION 5. Let C be a category.

1. Given X € C:

(a) Let Sub X denote the full subcategory of C/X on the regular monomor-
phisms of C with codomain X.

(b) Let Sub X denote the (necessarily posetal) category whose objects consist
of isomorphism classes of objects of Sub X, and whose morphisms are the
induced equivalence classes of morphisms in Sub X. Equivalently, Sub X
is any skeleton of Sub X. By a subobject of X we mean an object of Sub X.

2. Givenf: X — Y, wesay thati:f(X)— Y is the r-image of f when i is a regular

mono factoring /= ie such that for any other factorization f = me’ with m a

regular mono, we have a commutative diagram

We say that C has r-images when every morphism /" has a factorization as above.

As was the case with monomorphisms, it is an easy fact that regular monos are
preserved under pullback. Therefore, any f : X — Y induces a pullback functor
f*:SubY — SubX.
~ We make the following definition:

DEFINITION 6.

1. A category C is called r-regular when it satisfies the following:
(a) C has finite limits;
(b) C has r-images:;
(c) Pulling back across morphisms in C preserves r-images:;
(d) The composition of two regular monomorphisms in C is again a regular

monomorphism in C.

2. An r-regular category C is called r-geometric when for each X € C, SubX is
a small-complete lattice and pulling back across any f : X — Y preserves this
structure.

We assume that our categories are r-wellpowered, which is to say that for each
X € C the objects of Sub X form a set instead of a proper class.

As is the case with regular and geometric categories, r-regular and r-geometric
categories automatically yield the following structure:

ProposITION 7. Let C be a category.

1. If C is r-regular, the following hold.:
(a) For each f : X — Y, the pullback functor f* : SubY — SubX has a left
adjoint 3, : SubX — Sub Y. B
(b) 3,(ANf"B) =3,ANB for each A € SubX and B € SubY.
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(c) Given a commutative square

TR
ko

S
N — =

the induced square

SubY £—> SubX

LU

g ih

*

Sub”Z k—) Sub W

commutes.
2. Ifin addition C is r-geometric, then the following hold:
(a) For each f: X — Y, the pullback functor f* : SubY — SubX also has a
right adjoint Ve SubX — SubY. B
(b) For each X € C and A € Sub X, the “meet-with-A" functor AN —: SubX —
Sub X has a right adjoint A =—: SubX — SubX (“Heyting implication”)
which is contravariant in A.

ProoF. The proofs of (1a) and (1b) are essentially the same as for regular
categories, and can be found in for example, A1.3 of [7]. (Ic) follows easily by
pullback stability of r-images.

(2a) is an easy consequence of the definition of r-geometric category and the
adjoint functor theorem. The construction that gives (2b) is found in, for example,
1.7 of [6]. -

In particular, the above imply that for an r-geometric category C with X € C, finite
meets in Sub X commute with arbitrary joins.

The structures/results described in Proposition 7 above are important features
of categorical semantics of usual first order logic, as described in, for example,
[7. 8]. The point emphasized by Proposition 7 is that, just as well as geometric
categories, r-geometric categories support the interpretation of first order logic,
where we interpret predicates to be regular subobjects. Later in this paper we will
have occasion to study the adjoints given by (1a) and (2a) of Proposition 7.

2.3. Categorical semantics in pMet. The relevance for us of the preceding
exposition of r-geometric categories is that pMet is an example of such. As a point of
terminology, whenever we mention “modulus of continuity” it should be understood
that we are referring to a modulus of uniform continuity.

We first establish the following lemma:

LemMa 8. pMet has finite limits.
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PrOOF. pMet clearly has a terminal object, so it suffices to show that it has
pullbacks. Given a diagram

(1)

~N<— W

there is a set-theoretic pullback X x y B, which we take to be the set of points of a
space A. All the points of 4 are thus uniquely of the form (x,5) for x € X and b € B;
we take the distance between (x1.b;) and (x2.5,) to be max (dy (x1.x2).dp(b1.b)).
There are evident mapsi: A — X and: A — Bgivenbyi: (x,b) — xand h: (x,b) —
b. It is easily verified that this is the required pullback. #

REMARK 9. In case j in the diagram (1) is an isometric embedding, there is a
choice of pullback

Bt T
)
~N<—— W

such that i is also an isometric embedding; let the points of 4 be the same as before,
but take the distance between (x;.b;) and (x,.b>) to be dy(x1.x2) (one can check
that the resulting space is isomorphic to the one constructed above). We still have
the mapsi: 4 — X and #: 4 — B, where we can take the modulus of continuity of
h to be the same as that of f.

The below lemma shows that regular monos are closed under composition in
pMet (which is trivial to verify for pMet!, since isomorphisms are isometries there).

Lemma 10. Let [,m be composable regular monos in pMet, that is, the domain of
m and the codomain of [ are the same. Then their composition ml is again a regular
mono in pMet.

PrOOF. Proposition 4 gives us that both / and m are equivalent (in the sense

of the paragraph preceding Proposition 4) to isometric embeddings, giving us the
following commutative diagram:

A Y
. ! . X m S .
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where f', g are isomorphisms and !, m’ are isometric embeddings. We now construct
a space B, with an isomorphism g’ : 4 — B and an isometric embedding k: B — Y
which extends the previous diagram to the following commutative diagram:

B
N
A Y
: ’ > X . > -

which would then exhibit m/ as equivalent (via g’f) to an isometric embedding m'k,
therefore a regular mono.

Since I’ : A — X is an isometric embedding we may consider A4 to be a subspace of
X, with /" being the inclusion. Let B be the image of the restriction g | 4 of gto 4 C X.
Clearly, since B is a subspace of Y, there is an isometric embedding (the inclusion)
k: B — Y. Moreover the isomorphism g : X — Y restricts to an isomorphism
g’ 1 A — B. since B is the image of the restriction of g to 4. By construction we have
that g/’ = kg’. .

ProrosITION 11. pMet is an r-geometric category.

PrOOF. Since regular monos are (without loss of generality) isometric embed-
dings in pMet, r-images are just the images—in the traditional sense—of functions
between spaces. If f = ie is an r-image factorization of a map /' : X — Y, then we
must show that for any map g : Z — Y. the map g*i in the following diagram

is an r-image for g*f.

Now the proof of Lemma 8 (or the existence of an obvious forgetful functor
pMet — Set) shows that pullbacks in pMet agree with the underlying pullbacks in
Set. Therefore g*i at least has the correct underlying set. But pullbacks preserve the
property of being a regular mono, so g*i is (equivalent to) an isometric embedding.
This is enough to conclude that g*f = (g%i)(g*e) is an r-image factorization.
Moreover, Lemma 10 shows that regular monos are closed under composition.
In this way, pMet inherits the regular category structure of Set as an r-regular
category structure.

Proposition 4 gives us that for each X € pMet, Sub X is naturally isomorphic to
the powerset of the underlying set of X, so pMet automatically inherits the geometric
category structure of Set as an r-geometric category structure. B
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Henceforth when we refer to the image of a map ' : X — Y in pMet we mean
the r-image of f, which coincides with what is traditionally meant by “image of a
map”.

In the case of pMet, we have the following explicit descriptions of the adjoints to
the pullback functor referred to in Proposition 7:

Givenf: X — Y,

1. The left adjoint 3, : Sub X' — Sub Y to the pullback functor j takes 4 € SubX
to 3,4 € SubY. where 3,4 has the set of points given by the image of f.
Functonahty of 3, is immediate.

2. The right adjoint ¥, : SubX — Sub Y takes 4 € SubX to V,4 € Sub Y, where
¥ A is {y € Y | A contains all x for which f(x) =y }. Again, functoriality of
v, is immediate.

It is straightforward to verify that the above indeed give left and right adjoints

to f*.

That these constructions are the same as in the category of sets is not coincidence:
since pMet directly inherits its r-geometric structure from the geometric structure
of Set, we should expect the various logical operations that may involve (strong)
subobjects of spaces X € pMet should agree with those same operations performed
on the subobjects of the underlying sets of those spaces.

§3. Indexed subobjects as predicates of continuous logic. We continue investigating
the categorical properties of pMet, with the intermediate goal of showing that pMet
possesses a “continuous subobject classifier”, where by “continuous subobject”
we mean a real-valued predicate satisfying appropriate continuity conditions. The
motivation for our specific approach in this section is as follows.

Lawvere’s insights in [9] made concrete the idea that the notion of distance
is an immediate generalization of the equality predicate to the setting of [0, 1]-
valued logic (thinking of 0 as “true” and 1 as “false”), where, for example, the
triangle inequality is the transitivity of equality. Specifically, monoidal categories
(V. ®, unit) may be thought of as giving either truth values for the equality predicate
in appropriate corresponding logics, or values for appropriate notions of distance.
From this perspective, V-categories, that is, categories whose hom-objects are objects
of V, are “metric spaces” with distances valued in V, where the objects of the V-
category are points and the hom-objects between them are distances; equivalently,
the “degree of equality” between two objects in a V-category is given by their hom-
object. The monoidal product of V—which governs composition of hom-objects
in V-categories—thus gives the notion of composition of “distance” or “equality”.
This perspective concretely manifests as the following.

Depending on the choice of V, these V-categories are actual metric spaces
(if ¥ = R> or I; see below), where:

o distance/equality is real-valued;

o with composition given by (truncated, if V = I) addition:;

o the composition axioms for V-categories yield the triangle inequality;

or simply just sets (if V = 2; see below), where

o distance/equality is {0, 1}-valued:
o with composition given by conjunction;
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o the composition axioms for V-categories yield transitivity of equality.

The prototypical example of a monoidal category relevant to logic is (2, max, 0),
where 2 is the poset category 0 < 1, and we think of 0 as “true” and 1 as “false”
because we think of these as values for the “distance”, that is, equality predicate.
(This notational convention, while sensible from our “metric” perspective, suffers
the unfortunate side effect that 0 is the terminal object and 1 is the initial object.) As
mentioned above, 2-categories are essentially just sets, and the corresponding logic
is the usual one where equality is {0, I }-valued.

The relevant monoidal category for metric spaces and continuous logic is either
(R>0.+.0) or (I.4.0), where R is the poset category with:

o set of objects the set [0, oo];
o morphisms a < b iff ¢ < b as real numbers;

and T is the poset category with:

o set of objects the set [0,1];

o morphisms a < b iff a < b as real numbers;

o at+b=min(a+b.1).

To minimize notational clutter we will simply use + to mean -+ when it is clear
that we are working with 1. The obvious inclusion of monoidal categories 2 < I
induces a functor turning each 2-category into an I-category, which corresponds to
regarding every set as a metric space with the discrete metric.

The lesson embedded in [9] is that taking an appropriately formulated aspect of
categorical semantics of the usual {0, 1}-valued logic—which describes categories
in terms of how similar they are to the category of sets, the quintessential model of
{0, 1}-valued logic—and carefully replacing occurrences of 2 = {0, 1} with I =0, 1]
should yield an analogous aspect of categorical semantics of [0, 1]-valued logic,
which should describe categories in terms of how similar they are to the category
of metric spaces. This is the heuristic that underpins the approach we take in this
section.

In what follows, V will always denote a (complete) posetal monoidal category
with appropriate structure, two important examples of which are 2 and I; such a
category is called a quantale, whose definition we recall below. In accordance with
these main examples, for any r,s € ¥V when we say r < s we mean that r < sin V,
and moreover by irl;f r; (resp. supr;) we mean the join (resp. meet) of the r; taken in

V (but 4 < Bin Sub X still means 4 = B). The point is that the framework
we will describe applies in this more general setting; in particular everything that
follows in the rest of the paper works equally well when we replace I (i.e.. [0, 1]) with
RZO (i.e., [O, OO])

DEFINITION 12. By a quantale we mean a (small) posetal monoidal category
(V. ®,unit) which possesses all meets and joins, such that ® preserves joins. We
further require that the terminal object of V is the unit for ® (these are sometimes
called affine quantales).

3.1. Continuity from indexed subobjects. In the case of classical logic and the
category Set, a predicate on X may equivalently be considered as a subobject R €
Sub X, or a function yg: X — Q = |2|, where |2| is the underlying set {0, 1} of the
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monoidal category 2 of classical truth values, and yg(x) =0iff x € R C X. (In the
reverse direction we have that any function y : X — |2| gives a subobject R, given
by x € R, iff y(x) =0.)

Now each subobject 4 € SubX may alternatively be thought of as an object
R € [2°P,Sub X] of a special form, by setting R(0) = 4 and R(1) to be the terminal
object in Sub X, that is, the whole set X. By this trivial change in perspective, in
the classical case (with 2-valued logic) we have a correspondence between maps
X — |2| and (objects of) the full subcategory Subs X C [2°P, Sub X] on the objects
R € [2°P, Sub X] for which R(1) is terminal.

Let |I] be the real interval [0, 1], that is, the “underlying space” of the monoidal
category I, considered as an object of pMet (with the obvious metric). We will see
that by suitably extending the above perspective, we get a correspondence between
maps X — |I| in pMet and (the objects of) an appropriate full subcategory of
[I°P, Sub X].

Each X € pMet comes with a distinguished object Dy € [I°P, Sub (X x X)] which
encodes the metric; we define Dy(r) as giving all the pairs (x,y) € X x X for
which the distance dy(x,y) between x and y is < r. Here we are implicitly making
a choice of product X x Y given X, Y € pMet; we are taking X x Y to be the
space with the obvious set of points and metric given by dyy y((x1.y1). (x2.12)) =
max(dy (x1.x2).dy(y1.y2)).

Categorically, the important properties of Dy (whose straightforward proofs are
left to the reader) are as follows:

PrOPOSITION 13. For each X, Y € pMet there is a choice of product X x Y, well-
behaved in the evident sense with respect to symmetry and associativity, such that there
is a distinguished object Dy € [1°, Sub (X x X)] satisfying:

1. Dx(0) contains the diagonal:

2. The functor [1.Sub (X x X)] = [1%.Sub (X x X)] induced by the symmetry

isomorphism X x X S XxX interchanging the factors takes Dy to itself;

3. Letn;;: (X x X x X) — (X x X) denote the projection onto the i and j" factors,

respectively. Then mt;;* Dy (r) Amjx*Dx (s) < mi* Dy (r+s) for every r.s € I.

4. If r= ir}frifor som?r,ri el lhEDX(r) = /\_DX(r[);

1
5. Letiyxx : (X xYxXxY) = (XxX)andnyyy : (X xYxXxY)=(YxY)
denote the projections preserving the ordering of the factors. Then Dy y(r) =
axxx*Dx(r) Anyxy*Dy(r) for all r € 1.

Henceforth when we say “the product X x Y for some X, Y, we are referring to
this choice of product for X x Y. (For any of the variations of pMet, this choice is
just the maximum metric.)

REMARK 14. These are the beginnings of our framework, but we make an
observation that may make us uncomfortable, namely that aspects of our framework
fail to be isomorphism invariant (unless we work only in pMet!). That is, in pMet]

or pMetf we may have an isomorphism f : X =, X', but will not in general have
that f x f* Dy (r) = Dy(r) for any given r € I
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Indeed, the price we pay for translating the metric dy on each X € pMet
into categorical data Dy € [I°P,Sub (X x X)] is that we must keep track of the
actual values of the metric on X, whereas isomorphisms do not necessarily respect
the metric (again, unless we are in pMet} where isomorphisms are necessarily
isometries). This is the reason for the somewhat peculiar phrasing at the beginning
of Proposition 13 above. The upshot is that as long as we are sufficiently careful this
does not end up being a problem.

Now maps X — Y in pMet} are just set functions which have (and obey) a modulus
of continuity, which is an increasing function ¢ : [0, 1] — [0, 1] that preserves infima
and satisfies ¢(0) = 0. That is, a map f : X — Y is just a set function f between
the underlying sets such that dy (f(x).f(x")) < & (dx(x.x’)) for all pairs of points
x,x" € X, where ¢ is as above. It is important that being a modulus of continuity
is preserved under composition: if ¢; and &, are moduli of continuity, then & o¢; is
again a modulus of continuity.

More categorically, this amounts to the following. Each modulus of continuity &
as above is equivalently an endofunctor ¢ : I — I which fixes 0 and is cocontinuous
(preserves joins). Considering the endofunctor category End(I) as a monoid with
the multiplication given by composition, the set £ = E,, of all ¢ satisfying the above
gives a submonoid E C End(I). Changing our choice of E corresponds to changing
our choice of the variant of pMet we are working with, since our choice of E dictates
which moduli of continuity are allowed; see Example 16 and Lemma 17 below.

We note that this perspective generalizes to any quantale ) in place of I. We thus
formalize the discussion above as follows.

DeriNITION 15. Let V be a quantale. A functor ¢ : YV — V which preserves joins
and the monoidal unit is called a V- modulus .

A (full) subcategory E of the functor category End(V) on a set of V-moduli
containing the identity 1y, and which is closed under functor composition, that is, a
submonoid of End(V), is called a V- moduloid .

Depending on context, we consider V-moduli ¢ : V — V equivalently as functors
& : VP — VYOP: this will always be clear from context. Moreover, we refer to joins
(resp. meets) in V as minima/infima (resp. maxima/suprema) so V-moduli are
functors which preserve infima and the monoidal unit. We extend our notational
convention by saying that ¢; < & when &; < & in the functor category [V, V]. Thus
max (g, &) refers to the meet of ¢ and &, as objects of [V, V].

Important examples of quantales are the Lawvere real numbers R>o = (R>¢,+.0)
and their truncation I = (I, +.0), both of which we have seen at the beginning of
the current section. Although we continue to focus on the latter, all of our analysis
applies equally well using the former instead.

ExaMPLE 16. We may consider the following I-moduloids:

1. Let E, contain all I-moduli. This collection certainly includes 1} and is closed
under composition, so it is the maximal I-moduloid.

2. Let E; contain all the I-moduli given by “multiplication by a (finite) constant™,
that is, all ex : T — I of the form

r— min(Kr, 1)
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for a finite constant K > 1. Then ek, o ek, = ek, . so that Ey is a [-moduloid.
3. Let E| contain only 1y, so that it is the trivial [-moduloid.

In this light, we have the following alternate characterization of continuity:

LeMMmA 17.

1. (a) Foranymapf:X — Y in pMet}, there is some ¢ : 1 — T in E, such that ¢ is
a modulus of continuity for f.
(b) Amapf: X — Y inpMet} is continuous with respect to a modulus ¢ : T — 1
in E, iff for every r €1, Dx(r) <f x f*Dy(e(r)).
2. (a) Forany map f: X — Y in pMety. there is some ¢ : 1 — 1 in Ey, such that ¢
is a modulus of continuity for f.
(b) Amapf:X — Yin pMet{* is continuous with respect to a modulus ¢ : 1 — 1
in Er iff for every r €1, Dy (r) < f x f*Dy(e(r)).
3. (a) Foranymapf:X — Y inpMet]. the only object 1y : 1 — 1 of Ey is a modulus
of continuity for f.
(b) Amap f: X — Y in pMeti is continuous with respect to the only modulus
l1:1—Tin E, iff for everyr €I, Dx(r) < f x f*Dy(r).

ProoF. These follow easily from the definitions of pMet!, pMetl-, pMet! and the
I-moduloids E,, E;, and E}, as well as the statement that / : X — Y is continuous
with respect to a modulus ¢ : T — I iff for all r € I, dy(x.y) <r = dy(f(x).

1) <e(r). g

As we did with taking pMet = pMet|. we make the choice of [-moduloid E = E,
just to be precise, while keeping in mind that most of what follows works equally
well if we choose (pMet = pMet] and) E = E; or (pMet = pMet] and) E = E;
instead. Thus when we speak of E without mentioning £, specifically, or when we
speak of “an I-modulus ¢ : T — I” without specifying ¢ € E, specifically, it should
be understood that everything applies equally well for £; and E;. In the cases where
the choice of E makes a difference, we will say so explicitly.

PROPOSITION 18.  Only the formal properties—in fact. just (5)—of the metric listed
in Proposition 13 are already sufficient to imply the following properties of pMet:

1. For X L) Y 2 Z such that S and g have moduli &r and &4 respectively, we have
that gf : X — Z has modulus ;0 &7
2. Forany X. Y, ny: X x Y — X satisfies

Dyyy(r) <my xny*Dx(r)

forallr e R.

3. Each pair of maps f : X — Y, g: X — Z (with moduli ¢/ and ¢, respectively)
canonically corresponds to the obvious map (f.g) : X — (Y x Z), with modulus
E(rg) = max(sf,gg).ln thg other direction. if &y o) is a modulus for (f.g) then it is
also a modulus for both f and g.
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PRrROOF.
(1):Dx(r) < fxf"Dy(er(r)) < fx[f"gxg" Dz(egler(r))) = gf xgf"Dzleg o
er(r)).

Q)imyxny: X xYxXxY = X xXisjust myyy. We have

Dyyy(r) =nxxx " Dx(r) Anyxy*Dy(r) < nxxx*Dx(r) = ny X ix* Dy (r).

(3): Ignoring moduli, there is obviously a correspondence between pairs of maps
f:X—=Y g:X—=Zand (f.g): X — (Y x Z). Now assume that Dy (r) <
S xf*Dy(er(r)) and Dy (r) < g x g*Dz(e,(r)) for all r € R.

We want to show T

Dyx(r) < (f.8) X (f.8) " Dyxz(e(r.4(r)

where & ,) = max(e;. &). For convenience denote &/ o (r) = s.

(£.8) X (£.8) Dyz(s) = (1.8) X (£.8)" (7 y" Dy (s) Amiznz* D(s))

Wehave f =ny(f.g) andg=rn(f.g) and nyxy =y Xy (resp. nzxz =1z X 17).
so the above turns into

(1.8) X (£.8)" (7y v Dy(5) Amznz" D2(s)) = (£ xS "Dy (5)) A(g x g D2(5))

but Dy (r) < (f xf*Dy(s)) A (g x g*Dz(s)).
The same proof shows that in the other direction (i.e., given (f,g) with modulus
£(rg)). We can take g = &g = (7 ). 8

In the case that ¥ = [I| = [0, 1], with Dy corresponding to the obvious metric
, we can specify the cont1nu1ty of amap f: X — Y in terms of (the metric
on X and) indexed subobjects of X. The rest of this subsection is motivated by the
following key observation:

LEMMA 19. Let Ty € [1°°, Sub |1|] be defined by Ti(r) = [0,r], and let X € pMet.
Let m1,my : (X x X) — X denote the projection onto the first and second factors,
respectively.

Amapf: X — 1] is continuous with respect to a modulus ¢ : 1— L iff for all r,s € R,
we have that

(= M) ADx(9) < m"f Talr +2(s)).

Proor. Unpacking the left hand side, (@ WA/ (r)) A Dy (s) consists of all pairs

(x.y) € X x X such that f(x) <rand dy(x.y) < s. The right hand side is the set of
all pairs (x,y) € X x X such that f(y) <r+e(s).

Continuity of f : X — |I| with respect to a modulus ¢ : T — I obviously implies the
inequality.

Conversely, assume that the inequality holds, that is, that for all x,y € X and
r.s € I, whenever f(x) < rand dy(x,y) <s, we also have f(y) <r+e(s).

Let s € I be arbitrary, and let x, y € X be any pair of points satisfying dy (x,y) < s.
Without loss of generality, let » = f(x) < f(»). By assumption we have that r <
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f(y) < r+e(s), therefore the distance between f(x) and f(y) is bounded above by
e(s). -

3.2. Continuous subobjects. The preceding lemma suggests that the following is
the appropriate notion of “continuous subobject”.

DEerFINITION 20. Let X € pMet, and let ¢ : I — I be an I-modulus.
We call R € [I°P, Sub X] an ¢- predicate on X when:

1. Given r,r; € I such that r = infr;, R(r) = A R(r;), and;
i i
2. Foreachr,s €1,
(m1*R(r)) ADx(s) < m*R(r+¢(s)).

We denote by Sub, X the full subcategory of [I°P, Sub X] on the ¢-predicates.
Let us call R € [I°P,Sub X] a predicate on X when there exists some ¢ € E for
which R is an e-predicate.

Clearly, for & < & any &-predicate is also an &-predicate, so we have a full
inclusion Sub;, X < Sub,, X.

The point of Definition 20 above is to consider ¢-predicates on X as an intrinsic
notion of a uniformly continuous map X — |I| with modulus ¢. Now given a map f
X — Y we have that the pullback functor /™ : Sub ¥ — Sub X acts pointwise to give
a functor / : [I°P, Sub Y] — [I°P, Sub X7]. so that by definition (¥ R)(r) = /* (R(r)):
we are to think of this as precomposition by f. -

Thus if we have R € Sub; Y and a map /' : X — Y with modulus ¢, we should

hope that ]*R (where J_‘* acts on R considered as an object of [I°P, Sub X]) is an
(¢ o&y)-predicate, which we now show:

PropoOSITION 21. Given f: X — Y with modulus of continuity &, and given
R € [17,Sub Y] which is an e-predicate, we have that f*R € [I°?,Sub X] is an
(¢ ogy)-predicate.

In particular, /7* 2 [197, Sub Y] — [1°P, Sub X] descends to a functor f* : Sub, Y —
Sub ;0. ) X for which iy 1= 17* .

PrOOF. For r,r; € Rwith r =infr,. /* R(r) = Af R(r;) since f preserves meets.
i i

Foranyr,s e R,
(mf*R)) ADx(s) < (= "f* ROV) Af xS Dyler(s))

= (£ m RO AL xS Dy (er(5))
< f xS 1" Rlr+2(e/(5)))
=m*f"R(r+eoeg(s)). 4

EXAMPLE 22. 7; € [I°P, Sub|I|] as defined in Lemma 19, that is, 7;(r) = [0,r]. is a
1p-predicate.
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We give a more substantial example of predicates, namely, Dy itself is a predicate
on X foreach X € pMet} or X € pMet}. For this we must make use of a condition on
our set E of moduli (which holds in E, and E;, but not E ). The monoidal product ®
of V is inherited by the functor category [V, V] just by pointwise application, and so
we can ask that our set £ of moduli, in addition to being closed under composition,
also be closed under ®, that is, that if &1, & € E then ¢; @ &y € E; for now we stick to
V = for concreteness, so in this case ® is just +.

The reason that this condition is desirable is that for any X, we have that Dy €
[I°P, Sub (X x X)]is in general a (15 + 1y)-predicate on X x X:

ProPoOSITION 23.

1. Dy isa (11 + 1y)-predicate on X x X.
2. Let f.g: X — Y be maps with moduli ¢, & respectively. Then (f.g)*Dy is an
(¢ + &g)-predicate on X.

ProOF.
(1): We automatically have that for any r,r; € I with r = inf r;Dy (r) = )\ Dx(r;) since
! i

Dy is a metric.
‘We want to show that for all , s € I, we have

71 *Dx(r) ADyxx(s) < m* Dy (r+ (114 11)(s)) = ;* Dy (r+s+35).

In order to avoid notational confusion, let us denote by 7;; : (X x X x X x X) —
(X x X) the projection onto the i™ and j™ factors respectively. Then the above
becomes

712" Dy (r) ADyxx(s) < 134" Dy (r+s+3).
Now Dy x(s) = m13*Dx(s) Amy4*Dyx(s) by Proposition 13, so we need to show

&*DX(V) /\E*Dx(s) /\@*DX(S) < @*Dx(l’—f—S—‘rS).
But by Proposition 13 again we have

712" Dy (r) Ami 3" Dy (s) < 3" Dy (r+5)

and
723" Dx(r+5) A4 Dx(s) < 734" Dy (r+s+s)

so we are done.

(2): By (1) we at least have that (1, g)* Dy is a (max(es, &) + max(ey. &) )-predicate
on X, so it only remains to show that it admits ¢; 4 ¢, as a modulus of continuity:
we thus want

1" (f.8)" Dy(r) ADx(s) < 72" (f.8)" Dy (r+er(s) +e(s))

for all r,s € I (recall that ((f.g)* Dy) (r) is just (f.g)" (Dy(r))).
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Now we have the commutative diagrams

Xxx L0y yayxy
] i) 12 3.4
(f.g)

X ——— YxY

so the above is equivalent to showing

(1.8 x (.9 (f.8)" 72" Dy(r) ADx(s) < (f.g) x (f.g) (f.8)° 34" Dy (r+er(s) +eg(s)).

Now Dy(s) < £ xf* Dy (/(s)) and Dy (s) < g x g* Dy e,(s)). while £ x f = 7130

((f.g)x(f.g)) and g x g =mrq0((f.g) X (f.2)).
We thus have

(f.8) x (f.8) " m1 2" Dy (r) A Dx(s)
<(f.8) x(f.8) ' m2"Dy(r) A(f.g) x (f.8) "m 3" Dy (&r(s))
A(f.8) X (f.8) 724" Dy (g(s))

from which the desired conclusion follows via the same argument as for (1). -

We are ready to state the main result of this first half of the paper. The theorem
below applies equally well to any of the choices for pMet (pMet. pMetl, or pMet]} ).
but then only with the corresponding choices of E (E,. E;. or E; respectively).

THEOREM 24. There is a correspondence between maps X — |1 with modulus of
continuity ¢ € E and ¢-predicates on X € pMet:

1. Given f : X — |I| with modulus of continuity ¢ € E, Ry = f*Ty is an e-predicate
on X, that is, is an object of Sub, X, and;

2. Given R € Sub, X, the function fr : X — |1| defined by fr(x) =inf{rel|x¢€
R(r)} (where the infimum is taken in 17, that is, the usual ordering of the unit
interval) is a uniformly continuous map fr : X — |I| with the same modulus ¢.

These operations are inverse to each other, and they are moreover natural in X in the
sense that for each g : Y — X, we have Ryoe = g* Ry and forr = frog.

Proor.

(1) is immediate by Proposition 21 and the observation that 7y is a 1;-predicate.

(2): By Lemma 19 it suffices to show that R = (fz)*7. Now (fr)*Ti(r) =

f2([0.7]) = {x € X | fr(x) < r}. This last set is the set of all points x € X
such that inf{s € T| x € R(s)} <r.

Then clearly we must have that R(r) < (fz)*7z(r) in Sub, X. Now x € (fz)* Tz (r).
that is, fz(x) < r iff there is some (weakly) decreasing sequence {r;} converging to
r such that x € R(r;) for all i. By assumption we have R(r) = R(ir}fr,-) = A R(r;) so

1

x € R(r); thus we also have (fz)*7T1(r) < R(r) in Sub, X.
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To show that these operations are inverse to each other, we first show that ' = fz -
For each x € X, we have that f (x) = inf{r € I| x € Ry(r)}. But each Ry(r) =
f71([0.7]). so Ir, (x) is the infimum of all r € I such that f(x) < r, which must thus
be the original value f(x). Thus f = IR,

In the other direction, the proof of (2) above already shows that R = (fz)*7;.

Ryoq = g" Ry easily follows from the fact that g*/* = (f 0 g)*. Lastly, since

Rpp =8 R=g"(Rpp) = Rypog

(and since f — Ry is injective) we must have that fo«g = frog. 4

We will later refer to the data Q = |I| and 7y as a predicate classifier for pMet; see
Definition 34. The name “predicate classifier” (or “continuous subobject classifier”)
is justified by the observation that for any r-geometric category C (such as Set or
any presheaf category), if instead of T we take 2 and make all the obvious resulting
simplifications:

o For every X € C, define Dy € [2°P,Sub X] by setting Dy (0) to be the diagonal

(and Dy(1) is automatically terminal in Sub X);

o Define E to be the 2-moduloid {15 };
then a predicate on X is exactly just a subobject of X, so an object Q € C and
Tz € SubQ satisfying the evident analogue of the results of Theorem 24 (i.e., for 2

instead of I, and Q in place of |I]) exhibit precisely a (regular) subobject classifier
for C.

3.3. Some adjoints. The correspondence of Theorem 24 is well-behaved with
respect to the relevant logical operations; to describe what we mean by “relevant
logical operations” we must first establish some facts.

For each ¢. the property of being an e-predicate is preserved under taking limits
(meets):

PROPOSITION 25. Lete € E, and R; € Sub, X .
Then )\ R; (where the meet is taken in [1°7, Sub X ) is again an object of Sub, X .
i

Proor. Let R; € Sub, X, which we consider as objects of [I°?,Sub X], and take
their meet /\ R; in this latter category. Let r; € V such that inf r; = r. We show that
i J

</,«\Rf> = (</\ R;-)(m) |

J

Because limits are taken pointwise in functor categories, for each r € I we have that

(AR,-) 1= \(R(¥)

1
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where the meet of the right hand side is taken in SubX. By assumption, we have
that R;(r) = A(R;(r;)). Lastly, limits commute with limits, giving us
J

(A&yUZA@MD=A N\ Ri(17))

i i J

Ay A (v)1)

Now let r.s € T be arbitrary. We have that (m* ARi(r)) A Dx(s) =
i

N (1 *Ri(r) ADx(s)) < A *Ri(r+e(s)) = ma* A Ri(r+&(s)) (recall that (co)limits

i i
are taken pointwise in functor categories). -

Therefore we have that the inclusion Sub, X < [I°P, Sub X] preserves meets, and
thus has a left adjoint by any of the adjoint functor theorems. Proposition 25 also
shows that for any & < &, the inclusion Sub,, X < Sub,, X also preserves meets
(since meets in either category are computed in [I°P, Sub X]). Now any left adjoint
to an inclusion of a full subcategory into a skeletal (e.g., posetal) category must also
be a left inverse for formal reasons. We thus have the following:

COROLLARY 26.

1. Foreache € E, we have a left adjoint (and left inverse) L, : [1°°, Sub X — Sub, X
to the inclusion Sub, X < [1°7, Sub X].

2. Foreach ¢\ < &3, we have a left adjoint (and left inverse) Lﬁf :Subg, X — Sub, X
to the inclusion Sub;, X — Sub,, X.

3. These left adjoints are natural in ¢, in the following sense:
(a) Lt oL, = L,,.
(b) L2oL3 =L.

4. Lﬁf :Subg, X — Sub,, X is equal to L, : [1°°,Sub X — Sub,, X restricted along
the inclusion Sub,, X — [1°7, Sub X.

ProOOF. We only have left to prove (3) and (4).
(3) is immediate by the fact that the compositions of inclusions

Sub,, X < Sub, X < [I°P, Sub X].
Sub,, X < Sub,, X < Sub,, X

are respectively equal to the inclusions

Sub,, X' < [I°?.Sub X7].
Sub,, X < Sub,, X.

(4) follows from (3) and the fact that the left adjoints are left inverses. Denote by
s, : Sub,, X < [I°P, Sub X] the inclusion. Then L, i,, = L2 L, i,, = L. -
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REMARK 27. The proof of the adjoint functor theorem actually gives us an explicit
description of the left adjoints above. For ¢ € E, L, takes any R € [I°P,Sub X] and
returns L, R = A\{P € Sub, X' | R < P}.Inlight of Theorem 24 above, we see that this
is the category theoretic solution to the problem of finding the closest approximation
of an arbitrary real-valued function from below by a uniformly continuous function.

The significance of these left adjoints is that for each ¢ € E and each map f :
X — Y with modulus of continuity &, we have a left adjoint 3y to the pullback
S :Sub, Y — Sub,,, /) X. as well as (for certain kinds of /) a right adjoint V/: these

are the “relevant logical operations” we mentioned previously.

Note that just as pointwise application of f *:SubY — SubX yielded a functor
f* : [I°P. Sub Y] — [I°P. Sub X]. pointwise application of 3, : SubX" — SuE Y (re_sF.
V,) yields a left (resp. right) adjoint 3y : [I°, Sub X] — [I°P. Sub Y] (resp. V) to f .

PROPOSITION 28. Lete € E and f : X — Y with modulus of continuity ¢r € E. Let
S*:Sub, Y — Sub (o) ) X be as given in Proposition 21.

1. 3 :nglfl (e0z7) - Sub( (027 )y X — Sub, Y is left adjoint to f* : Sub, Y — Sub m/

2. Letf =mny: Y x X — X be the projection, so that &r = 11. Also assume that Yls
inhabited. We have that ¥y, = LV, i, : Sub, (Y x X) — Sub, X is right adjoint
to iy Sub, X — Sub, (Y x X)

where i Sub (0. X — [1°7, Sub X is the inclusion.

SOSf soaf

ProoFf. Let i, : Sub, Y < [I°P,Sub Y] denote the inclusion. The way Proposition
21 gave f* :Sub, Y — Subm,f X was to show that f i, : Sub, ¥ — [I°P, Sub X]

actually lands inside Sub (027 )X, so that j_‘*i8 = i(,,o,;f)f * for some f* : Sub, Y —
Sub(

fOf/

Then by Corollary 26 we must have that f* = L@o&.f,)f “i,. as well as
i(;;o;;f)L(z;oz;f)f g :f ;.

To show (1) we need to show

L 3fi(poq) R < P 4= R< Ligop ) i, P

forall R e Sub(eo§ /) X and P € Sub, Y. Because isogj is a full inclusion we have
R < Ligoy T iaP 4= oy R< (iCOC/.L(mf)f* iP=7 ieP> .
By composing adjoints we have that Ljf is left adjoint tof* i, so we have
isos; R <[ i, P <= L,3fiy05 R< P.
To show (2). it suffices to show that P <V, 7} Pforall P € Sub, X, and 7}V, R <
Rforall R € Sub, (Y x X).

P <V, nyP= LY, e L;7x "I follows immediately by adjointness and the fact
that L. is the identity.
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To show that 73V, R = Lgﬂ*ingVnX iR < Rfor all R € Sub, (Y x X), we first
show that L,wx"i.L.R= L,y R for all R € Sub, X.

L.7x*R < L, wy"i;L,R is immediate by adjointness, so it remains to show
L.y i,L,R < L,wx"R. By Remark 27, the left hand side is A{P | 7x"i.L.R <
i, P and P € Sub, X'}, while theright hand sideis A\{P |7y "R <i,P and P € Sub, X}.
Thus it suffices to show that any P € Sub, X for which y*R < i, P also satisfies
v i, LR < i,P.

Now 7y *R < i, P means that i,P = 7wy P’ for some P’ € [I°P,Sub X]. We also
have that (z;*7x* P'(r)) (r) ADyx x (s) < m*ny* P'(r+e(s)). Recall that Dy y(s) =
Ty y*Dy(s) Amxxx*Dx(s), and also that we commutative squares

YXXXYXxX —3 YxX

l”X xX l”)(

XxX —2—— X
fori=1,2, giving us that
(maox 7 P/ (1)) () Ay v Dy () A o™ D (s) < o “m™ P (1 +-2(s)
which is equivalent to
Ty xx” (m " P'(r) ADx(s (7TX><X P )) (1) Amxxx™Dx(s)
Ty xx " P (r+e(s)).

Now since Y is inhabited, 7y x* : Sub(X x X) — Sub (¥ x X x ¥ x X) is a full
embedding for formal reasons, so we finally get

(E*P’(r)) ADx(s) < my*P'(r+e(s)).
Moreover we have that for any r,r; € I such that r = infr;, n_X*P’(r) =
Nrx*P'(ri) =y’ \ P'(r;). Again by injectivity of 7y * : Sub X —l> Sub(Y x X) we
have that P/(r) = A P'(ry).

1
We have thus verified that P’ is an ¢-predicate on X, and therefore is of the form
i, P" for some P € Sub, X. Then i, P =7y i, P”,sothat Ty "R < i,P =7y i, P". By
injectivity of 7y ™ (since 7y * is injective). we have that R < i, P which implies that
i, L. R < i, P" by adjointness, and therefore we conclude that 7y i, L,R < Ty i, P =

i, P. ~ ~
Therefore we have that L, 7y i, L,V i, R= L,y "V, i, R < Rforall R € Sub, (¥ x
X), completing the proof. =

The “relevant logical operations” mentioned earlier refers to the adjoints 3,
(resp. V,) to the pullback 7. for the projection 7y : ¥ x X — X. A standard
paradigm in categorical semantics is that these adjoints should correspond to
“existential (resp. universal) quantification over Y” in some appropriate sense;
we show that in our case, these adjoints—which we arrived at purely formally—
correspond precisely to those quantification operations prescribed by continuous
logic, in the following sense.
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PRrOPOSITION 29. For each X,Y € pMet, and each R € Sub, (Y x X) with ny :
Y x X — X, the correspondence R — fr of Theorem 24 gives correspondences

1. 3, ReSubX»—anffR ) X — I
2. If Yis inhabited: ¥, R € Sub, X — supfr(y.—) : X — |1].
vey

Proor. (1):Recall that 3, R = LE,ZX iz R, or in other words 3, R is the smallest
e-predicate on X containing iX i, R. Denote ¢ = infffR(y,—). We will show that
ve

R, = ¢*T; must necessarily be the smallest ¢-predicate containing ixz};R, which
will imply that R, = 3., R and sofanR =fr, =

First notice that x € 3, i, R(r) iff there is some y € Y such that (y,x) € i, R(r). On

the other hand, x € o*Tr(r) iff inng(y, X) = inginf{s | (.x) € i, R(s)} <r. Clearly
ye y€

Tug iR < @ Ti(r).

For the other direction, assume x € ¢*7;(r). That is, there are sequences y; € Y
and r;;.r; € I such that (y;.x) € i,R(r;;) for all i,j and r;; is weakly decreasing and
converges to r; for each i, with r; weakly decreasing and converging to r. Now
because R is an é- predicate we must have that (y;,x) € i, R(r;) for all i. Then we
have that x € 3,,i,R(r;) for all i. Then if P is any e-predicate containing 3,

then x € P(r). Therefore ©* Ty must be the smallest ¢-predicate containing 3
Sary = Inf S (v.-).
(2): x € Yy i, R(r) iff (y,x) € i, R(r) for all y € Y. On the other hand, 1

et
sup fx(.-). so that x € y*Ti(r) iff sup fx(y.x) = sup inf{s | (v.x) € i, R(s)}
yey yey yey

Clearly V,ZXiSR < w*Tr.
In the other direction, if x € w*7;(r) then for every y € Y there is some sequence
r; which is weakly decreasing and converging to r, with (y,x) € i, R(r;) for all i.
Again because R is an ¢-predicate, we must have that (y.x) € i, R(r). Therefore
w*Ti(r) <V, iR, thus Vi, R was an ¢-predicate to begin with and is equal to
w*Ti(r), so that fy, = sug fr(y.-). =
ye

Ty and

y/:
<

§4. Presheaves of metric spaces. Thus far we have isolated features of the category
pMet giving rise to much of the structure (pertaining, e.g., to continuous logic)
present in pMet. The upshot is that we may identify the same structures in more
general categories. A natural example to consider is categories of presheaves of
metric spaces; not only do they mirror the generalization from sets to presheaves
of sets, they also find application in highly practical contexts [11, 12] pertaining to
data integration.

We will see that the material developed in this section exhibits categories of
presheaves of metric spaces as having much of the same essential structure as pMet,
to be described in a precise sense.

4.1. Setup. We first set up some general categorical machinery that will allow us
to apply our preceding analysis of the category pMet to the category of presheaves.
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Recall Definition 6 of an r-geometric category as one having suitable structure on
its subobject posets.

The below is essentially a restatement of Proposition 13 and Lemma 17 together;
we take the features of pMet that Proposition 13 and Lemma 17 guarantee and turn
them into a definition which we may ask any r-geometric category to satisfy.

DermNITION 30. Let C be an r-geometric category. and E an I-moduloid.

1. A metrization of C is a choice
o for each X, Y €C. of product X x Y € C, well-behaved in the evident sense
with respect to symmetry and associativity, and;

o for each X € C, of Dy € [I°P,Sub (X x X)] satisfying the following:

(a) Dy(0) contains the diagonal;

(b) The functor [I°P,Sub(X x X)] = [I°P.Sub(X x X)] induced by the
symmetry isomorphism X x X S XxX interchanging the factors takes
Dy to itself:

(¢) Letm;;: (X x X x X) — X denote the projection onto the i" and j" factors,
respectively. Then 7; * Dy (r) A7 * Dy (s) < m; i *Dx (r+s) forevery r.s € I

(d) Ifr= ir}fr,- for some r,r; € I, then Dy (r) = A\ Dx(r:);

() Let myxy : (XX Y xXxY) = (XxX)and nyxy: (X XY xXxY)—
(Y x Y) denote the projections preserving the ordering of the factors. Then
Dy Y(r) = nXXX*DX(r) ATy Y*Dy(r) forallr el
2. Given a metrization of C, we say that it is compatible with E when for each
morphism f/ : X — Y in C, there is some ¢ € E such that for every r € I, we have
that

Dx(r) <f xf"Dyl(e(r))

and in this case we say that f : X — Y is continuous with respect to ¢, or that f
has modulus ¢.

Recall from Example 16 the various I-moduloids E,, E; . E;. From Lemma 17 in
Section 3, we can see that

1. pMet{ has a metrization compatible with E,;

2. pMet] has a metrization compatible with Ey;

3. pMeti has a metrization compatible with Ej.

The point is that as soon as a category C has a metrization compatible with
E C End(I) as in Definition 30, we immediately get results about C that make
precise the idea that it behaves like a category of metric spaces. Specifically:

PrOPOSITION 31. Let E be an I-moduloid and C have a metrization compatible with
E. Then the following holds:

LFrxLy%za composition of morphisms in C such that f and g have moduli
&r and &g respectively, we have that gf : X — Z has modulus ego¢y.
2. Forany X.Y € C, ny : X X Y — X satisfies

Dyxy(r) <my X7mx*Dx(r)

forallr e R.
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3. Each pair of maps f : X — Y. g: X — Z (with moduli ¢ and ¢, respectively)
canonically corresponds to the obvious map (f.g) : X — (Y x Z), with modulus
&(r) = Max(er.&g).In the other direction. if ¢ o) is a modulus for (f.g) then it is
also a modulus for both fand g.

Proor. The same proof as for Proposition 18 goes through unchanged. —
We repeat the definition of an ¢-predicate, now in the general case.

DrermNITION 32, Let E be an I-moduloid and C have a metrization compatible
with E.

Let X €C, and let e : T — I be an object of E.

We call R € [I°P,Sub X] an ¢- predicate on X when:

1. Given r,r; € I such that r = infr;, R(r) = /\ R(r;), and:
! i

2. Foreachr,sel,

(m1* R()) ADx(s) < m" R(r+&(s)).

We denote by Sub, X the full subcategory of [I°P, Sub X] on the e-predicates.
Let us call R € [I°P,Sub X] a predicate on X when there exists some ¢ € E for
which R is an e-predicate.

Again as before, for ¢; < ¢, any ¢;-predicate is also an &-predicate, so we have a
full inclusion Sub,, X < Sub,, X.

g-predicates in this more general context exhibit the same nice properties as they
did in the category pMet. as we now detail below.

ProproSITION 33. Let E be an I-moduloid and C have a metrization compatible
with E.

1. Given f : X — Y a morphism in C with modulus of continuity &, and given
R € [1°P, Sub Y] which is an ¢-predicate, we have lhalf*R € [I°?,Sub X is an (e o
&r)-predicate.In particular, f* [1°P, Sub Y] — [1°P, Sub X] descends to a functor
f*:Sub, Y — Sub(goef) X for which igoéfff* :./7* .

2. Let ¢ € E, X €C, and R; € Sub, X.Then )\ R; (where the meet is taken in

1

[1°?, Sub X 1) is again an object of Sub, X .
3. Let X €C.

(a) For each ¢ € E, we have a left adjoint (and left inverse) L, : [1%, Sub X] —
Sub, X to the inclusion Sub, X — [1°7, Sub X].

(b) For each &1 < &. we have a left adjoint (and left inverse) L : Sub,, X —
Sub,, X to the inclusion Sub;; X — Sub,, X.

(c) These left adjoints are natural in ¢, in the following sense:
L L oL, = L.
. L2oL3 =L

(d) Lgf : Suby, X — Sub,, X is equal to L, : [1%,Sub X] — Sub;, X restricted
along the inclusion Subg, X — [1°7, Sub X].
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4. Lete € Eandf : X — Y amorphism in C with modulus of continuity ¢r € E. Let

f*:Sub, Y — Sub<m/) X be as given in (1) above.

(a) 3 = LSfi@osf) D Sub(eop) X — Sub, Y is left adjoint to f* : Sub, Y —
Sub(sosf) X.

(b) Let f =nx: Y x X — X be the projection, so that ¢ = 1;.We have that
Yy = L:Vrnyi; : Sub, (Y x X) — Sub, X is right adjoint to m%y : Sub, X —
Sub, (Y x X)

where i(sogf,) : Sub(wsf) X — [17,Sub X] is the inclusion.

Proor.

(1): Same proof as for Proposition 21.

(2): Same proof as for Proposition 25.

(3): Same proof as for Corollary 26.

(4): Same proof as for Proposition 28. o

Finally, for C equipped with a metrization compatible with an I-moduloid E, we
may make sense of the notion of a “continuous subobject classifier” as follows:

DEerINITION 34. Let E be an I-moduloid and C have a metrization compatible
with E.

A predicate classifier is given by an object Q € C (and its associated Dg €
[1°P. Sub (Q x Q)]) along with a Ij-predicate 7; € Sub;, Q such that:

For any R € Sub, X where ¢ € E, there is a unique f : X — Q such that R = f*7,
and moreover this f has modulus of continuity ¢.

With this definition, Theorem 24 is just the statement that pMet has a predicate
classifier.

Given that the framework laid out by Proposition 31, Definition 32, Proposition
33, and Definition 34 wholly depends on the category C having a metrization
(compatible with some E) as in Definition 30, it is appropriate to ask whether there
are any interesting examples of such categories apart from the obvious examples
pMet!, pMetk. and pMet}.

We will see over the remainder of this section that categories of presheaves of
metric spaces provide an affirmative answer to this question, and furthermore that
each such category even exhibits a predicate classifier as described in Definition 34.

4.2. The category of presheaves. For technical ease, we impose some conditions
on the kind of presheaves we consider. Recall that pMet] refers to the category of
diameter < | pseudometric spaces and 1-Lipschitz maps between them.

DerinITION 35. Let C be a small category. We call a functor F : C°P — pMet} a
metric presheaf on C, and the functor category [C°P,pMet!] the category of metric
presheaves on C, which we also denote by PSh(C).

LemMA 36. PSh(C) has finite limits.

PrROOF. pMet] has finite limits, and so we can take limits in PSh(C) pointwise.
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Now isomorphisms in pMet} are isometries, and for every parallel pair of
morphisms their equalizer can be chosen to be an isometric embedding, so we
must have that in fact every equalizer (and thus every regular monomorphism) is
an isometric embedding.

We have the following convenient description of regular monomorphisms in
PSh(C).

LemMA 37. Let F.G € PSh(C). A natural transformation u : F — G is a regular
monomorphism in PSh(C) if and only if each component u, : Fa — Ga is a regular
monomorphism in pMet} for each object a € C.

Proor. The forward direction is clear, since limits are taken pointwise in functor
categories. We show that given a natural transformation x4 : F — G such that for
every a € C the component u, : Fa — Ga is a regular mono (and thus an isometric

embedding). u is in fact an equalizer F L5 G i; H for some parallel
V/

natural transformations v,v’ : G — H (for some H).

Define the values of H € PSh(C) on each a € C to be the set of sieves on a equipped
with the indiscrete metric (every distance is 0), and for each morphism f : b — a in
C,we define Hf : Ha — Hb to be the evident pullback action on sieves. That is, given
S € Ha, Hf (S) € Hb is the sieve

Hf(S)=f*S={h:b' = b|fheS}

and Hf is clearly 1-Lipschitz since every distance is 0.

Since each component u, : Fa — Ga is an isometric embedding, we may
equivalently think of each Fu as a subspace of Ga, with u, being the inclusion.
We define v : G — H componentwise as follows. v, : Ga — Ha is the map that sends
each point x € Ga to the sieve

vo(x)={f:b—a| Gf(x) € Fb}.

Now given x € Fa C Gaand f : b — a in C, we verify that Hf ov,(x) = v, 0 Gf (x).

v»(Gf(x)) is the sieve on b consisting of all those morphisms % : &' — b such that
Gh(Gf(x)) = G(fh)(x) € Fb C Gb. But this is exactly Hf (v,(x)).sov:G— Hisa
natural transformation.

We now define v/ : G — H componentwise as follows. For each a € C and for
each x € Ga, v)(x) is the maximal sieve on a. This is easily verified to be a natural
transformation (pulling back the maximal sieve on a across f : b — a yields the
maximal sieve on b).

We take an equalizer of v and v/, callit ¢’ : F/ — G. Each component ), : F'a— Ga
is an isometric embedding, and is an equalizer of v, and v/. But this means that u,
and y/, are isometric embeddings with the same image for each « € C, since a sieve
is maximal iff it contains the identity morphism. It is easy to see that this forces F
and F’ to be naturally isomorphic, so u is an equalizer of v and v/, as desired. 4

By our previous discussion, regular monos in PSh(C) are thus natural transfor-
mations whose components are isometric embeddings. We formalize this discussion
as the following lemma:
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Lemma 38. Given a functor F : C? — pMet}, a subobject u € SubF uniquely
determines the following data:

1. For each object a € C, a subspace u(a) C Fa such that;
2. For each morphism f :a — b in C, the map Ff : Fb — Fa restricts to a map
wf) = Ff : u(b) — u(a).
Conversely, the above data uniquely determines a regular monomorphism with
codomain F, and therefore a subobject u € Sub F.

The above lemma enables us to think of subobjects of F interchangeably
with “compatible” assignments of subspaces of Fa for each a € C, that is,
natural transformations into F with each component an isometric embedding. We
henceforth reserve the right to abuse notation by speaking of subobjects of F as if
they were functors whose values on each object a € C are subspaces of Fu.

For any F € PSh(C), we know what the poset structure of Sub F is, since we know
what regular monomorphisms look like. We give a useful equivalent description in
the following lemma.

LeEMMA 39. Given u,v € SubF. we have u < v iff for all a € C. u(a) <v(a) in
Sub Fa.

Proor. The “only if” direction is clear. We show that u(a) < v(a) for alla € C
implies u < v. Having u,v € Sub F and u(a) < v(a) for all a € C gives us each arrow
of the following diagram

which we a posteriori conclude is commutative. This gives us p < v. -

PRrROPOSITION 40.

1. PSh(C) has r-images.
2. These r-images are preserved under pullback.
3. Regular monos in PSh(C) are closed under composition.

Therefore, PSh(C) is an r-regular category.

PrOOF. (1): pMet] itself has r-images, with every morphism f : X — Y in pMet]
factoring as f = ie for some epi X —*% A and a regular mono A4 —— Y
serving as the r-image.

Now given F, G € PSh(C) and ¢ : F — G, for each a € C we can factorize ¢, : Fa —
Ga as p, = e,i, for some epi Fa —“% Da and a regular mono Da —“ % Ga
serving as the r-image.

This determines the values of a hypothetical functor D : C? — pMet} on the
objects of C; we show that this extends to an honest functor D : C°P — pMet] so that
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there are natural transformations F —%= D and D > G with components
e, and i, respectively for each a € C.

We specify the values of D : C°P — pMet] on morphisms f : a — b of C by the
following diagram:

h
Fa —> Ga

\/"

av Df
—> Gb

/

where /1 and k were chosen to be a pair of parallel morphisms for which i, is an
equalizer, and we argue for the unique existence of the dotted morphism (which we
suggestively call Df) as follows.

The unique existence of Df : Db — Da is guaranteed if we show that ho Gf oi =
ko Gf oip. Since ey, is epi, it suffices to show that o Gf cipoe, = ko Gf cipoe,. But
we have that

Gf oipoey = Gf oy =p 0 Ff =i oe 0 Ff

so hoGf oipoe, =koGf oiyoepis true.
The uniqueness of Df for each f : @ — b guarantees functoriality, so therefore
we have specified the data of a functor D : C°° — pMet]. Moreover, we have that

iyoDf = Gf oip foreach f : a — b, so the components Da »“ s Ga foreachaeC
assemble into a natural transformation D »—— G
To see that the components Fa —<% Da for each a € C also assemble into

a natural transformation F —%% D . we note that by construction (and by
naturality of ¢) we have i, o e, 0 Ff =i, 0 Df oey, so that e, o Ff = Df oe,, since i, is
monic.

We have thus factored ¢ : F — G into ¢ = ie where F —— D is pointwise epi
and D —— G is pointwise an r-image (in particular a regular mono) in pMet{.
We now show that in this factorization, i is actually an r-image in PSh(C).
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For any other factorization ¢ = me’ where D’ —— G is a regular mono (and
therefore pointwise a regular mono), we have the following diagram:

D'a
AN
/ .
ea
3y
Fa D'f Ga
ia
o
Da
Ff Gf

mb\}
Gb

where we have unique existence of the dotted morphisms because i, and i, are
r-images, and where the solid morphisms all commute and the top and bottom
faces (including the dotted morphisms) individually commute. To check that the

morphisms Da 2“5 D'a for each a € C assemble into a natural transformation

D »2 3 D' . we check that wq0 Df = D'f oy, which is equivalent to m, oy, o
Df = m, o D'f oy, since m, is monic. But this last equality is true since

MqoyaoDf =iqo Dy = Gf oiy = Gf ompoyy =m0 D'f oy

The resulting natural transformation D s D’ is both a regular mono and
unique for formal reasons.

Also, for the same reasons, r-image factorizations are unique up to isomorphism
so that all r-image factorizations arise in the way described above, that is, as pointwise
r-images following pointwise epis.

(2): Let ¢ : F — G have an r-image factorization ¢ = ie, and let v : H — G be
some natural transformation. We want to show that when we pull back across  as
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in the diagram below

v'F ——

LM

_—

e

™

Wi

Q<—

H—Y

we have that y*¢ = (w*i) o (y*e) is an r-image factorization. Now pullbacks in
PSh(C) are just pointwise pullbacks in pMet!. and we know that pullbacks in pMet}
preserve r-images and epis in pMet}. Therefore for each a € C. we have that y* ¢, =
(w*i,) o (w*e,) is an r-image factorization in pMet] with y*i, a regular mono and
w*e, an epi (since all r-image factorizations in PSh(C) arise as pointwise r-image
factorizations in pMet} ).

The (second half of the) proof of (1) shows that when we factorize y*¢ = (y*i)o
(w*e) such that componentwise w* ¢, = (w*i,) o (w*e,) is an r-image factorization
in pMet] with y*i, a regular mono and y*e, an epi, then y*¢ = (y*i) o (y*e) itself
is an r-image factorization in PSh(C).

(3): Regular monos in PSh(C) are just natural transformations whose components
are isometric embeddings, and clearly these are closed under composition. —

PROPOSITION 41. PSh(C) is an r-geometric category.

Proor. Let F € PSh(C). We show that Sub F is a small-complete lattice and that
pulling back across any ¢ : G — F preserves this structure.
Given u; € SubF, we have the data u;(a) € Sub (Fa) for each a € C. We verify
that setting (/\ u;)(a) = A\(ui(a)) defines the meet of the w;: the verification that
1

1

<\/ ,u,-) (a) = \/(,u,»(a)) defines the join of the u; is entirely analogous.

Therefore given u; € SubF, we define u € SubF by u(a) = A (ui(a)). Certainly

u(a) € Sub Fa. Given a morphism f : @ — b in C, we certainly have that Ff : Fb — Fu
restricts to a map u(f) : u(b) — u(a). We thus have a subobject u € Sub F which is
the pointwise meet of the ;.

Now given any v € Sub F such that v < u;, we need to verify that v < u. We have
that v(a) < u;(a) for all @ € C. so we have that v(a) < u(a) for all a € C. By Lemma
39 we conclude that v < u.

We have shown that meets (and joins, by an analogous argument) in SubF
are pointwise meets (and pointwise joins). Pullback across ¢ : F — G is given by
pointwise pullback, which preserves pointwise meets and joins. Therefore pullbacks
preserve meets and joins in PSh(C). =

We now have all the basic structure on PSh(C) to repeat our setup from pMet} in
defining a metrization. Since each F € PSh(C) takes values in pMet!. our discussion
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following Definition 30 suggests that we should take E; = {1} C [I,I] to be our
I-moduloid.

PRrOPOSITION 42. PSh(C) has a metrization compatible with E) .

PrROOF. pMet! already has a metrization compatible with Ej. To any F.G €
PSh(C). we can make the choice of product F x G given by (F x G)a = Fa x Ga for
each a € C where the latter product is the choice of product given by the metrization
of pMet}.

Now for each F € PSh(C), we define Dr € [I°P, Sub (F x F)] as follows.

Foreachr € I°, set Dr(r) € Sub (F x F) to be the subobject of F x F which assigns
Dp,(r) to each a € C. For any morphism f : @ — b of C we have that Ff : Fb — Fa
is 1-Lipschitz, so certainly we have that Ff x Ff : (Fb x Fb) — (Fa x Fa) restricts to
Ff x Ff : Dy (r) — Dp,(r). Therefore by Lemma 38 at least each Dy (r) as we have
defined it is actually a subobject of F x F.

To see that r — Dp(r) defines a functor Dp : I°°? — Sub (F x F), we check that
whenever r < s, we also have Dp(r) < Dr(s). But if r < s we have that Dr(r)(a) <
Dy (s)(a) for each a € C, therefore by Lemma 39 we have that Dp(r) < Dp(s).

It is a straightforward verification that this construction satisfies all of the
conditions of Definition 30; the main idea is that all of the structure involved is
inherited pointwise from pMet!, and thus already satisfies the conditions, which can
also all be checked pointwise. -

We have therefore established a notion of “metric” on each F : I°° — pMet] with
attendant notions of continuity, (continuous) predicates, (continuous) quantifica-
tion, etc. As a corollary Definitions 32 and 34 make sense in PSh(C). and also the
results of Proposition 31 and 33 apply to PSh(C).

Note that since our I-moduloid E is trivial (E only contains 1y : I — I), we have
no need to specify moduli of continuity ¢; it is always just 15. Thus in our case, for
any predicate R on X we have that R is a 1j-predicate on X, that is, R € Sub;, X.
Since no confusion may result, for tidiness of notation we henceforth write Sub;, X
as Suby X.

We now show that PSh(C) in fact has a predicate classifier, in the sense of
Definition 34.

THEOREM 43. PSh(C) has a predicate classifier.

Proor. To give a predicate classifier, we must specify an object Q € PSh(C)—and
therefore also its metric Dq € [I°P, Sub (Q x Q)]—along with a specified T; € Sub; Q
such that for any R € Suby F there is a unique ¢ : F — Q such that R = ¢* 7.

Foreach a € C, denote by S, the poset of sieves on «a, partially ordered by inclusion
(sieves are just sets of morphisms) and regarded as a category. Let us define the set
|Qal to be the set of functors S': I°P — S, satisfying the following property:

For r,r; € I with irl}f r=r,

S(r) = N(S()).

i
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Now given a.b € C and f : b — a, we define |Qf| : |Qa| — |Qb| as the evident
pullback action on sieves. That is, given S € |Qa| which is thus a functor S: 1P — S,
we specify the functor |Qf|(S) : I°P — S, by

1Qf1(S)(r) =f"(S(r)) = {h:b" = b|fheS(r)}.

So far we have specified the values, at the Set level, of a hypothetical functor
Q: C — pMet]. What remains is to put a metric on |Qq| for each a € C so that the
set function |Qf | : |Qa| — |Qb| for each 1 : b — a is 1-Lipschitz with respect to these
metrics, and then to check that Q is a classifier.

We define a (set) function v, : |Qa| — [0, 1] by

v4(S) = inf{r | S(r) is the maximal sieve on a}
and a (set) function d; : |Qa| x |Qa| — [0,1] by
d,(S1.52) = [va(S1) = va(S2)|.

(Note that, by construction of |Qa|, v,(S) < riff S(r) is the maximal sieve on a.)
We now define d, : |Qal x |Qa| — [0, 1] by

d,(S1.52) :ﬁ;lp dy (1Qf1(81).19/(S2))

where the supremum is taken over all morphisms f : » — « in C with codomain a.
We claim that d, gives a metric on each |Qa|. Clearly d, is a metric for each
a € C. Reflexivity and symmetry of d, are also clear; we check the triangle inequality
for d,.
Let §1.52.83 € |Qa\ Let 6 = da(Sl,S3) = Squ;b%ad;ﬂQﬂ(Sl)’ Qfl(S3)) For
every J; <4, there is some f; : b; — a such that d, (|Qfi|(S1).Qf|(S3)) > d;. By the
triangle inequality for dj . we have that

dy, (1£]($1). 19i](S2)) + dy, (1Q£](S2). 191;(S3)) = d, (|| (S1).

This shows that d,(S1.S>) +d,(S2.83) > 6 = d,(S1.S3).

Now for each a € C, we define Qa to be the metric space whose underlying set is
|Qa| and whose metric is d,. It is easy to see that for each f : b — a, the function
|Qf | : |Qa| — |Qb] is the underlying set function of a 1-Lipschitz map Qf : Qa — Qb.
It is clear that the assignment /' — |Qf|, and therefore also /' — Qf’, is functorial.
Thus we have a functor Q : C — pMet]. Proposition 42 tells us that the “pointwise
metric” d, on each Qa gives us Dq € [I°P,Sub (Q x Q)].

We now specify T € Suby Q. We first define 7; € [I°P,SubQ]. and then show
that 7y satisfies the conditions to be a (1;-)predicate on Q. For each r € I, we
specify (a hypothetical) 7;(r) € SubQ by the assignment a ~ v,;'([0,7]) C Qa for
each a € C. Given [ : b — a. Qf : Qa — Qb takes v, ([0.r]) into v, ([0.r]) since the
pullback along f : b — a of the maximal sieve on « is the maximal sieve on b, so
we indeed have T;(r) € SubQ. Clearly 77(r) < 71(s) whenever r < s, thus we have
defined 7Ty € [1°P, SubQ].

We show that 77 as given above satisfies

Qfi|(S3)) > 9.
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1. Forr.r; € Twithinfr, =r,
1

2. Forr,sel,

(1" Ti(r)) A Dals) < ma " Ti(r+s)

thereby showing that 75 € Sub; Q.
(1): Let r,7; € I with infr; = r. For any a € C, we have that 7;(r)(a) = v, ([0.7]).

therefore the set of functors S : I°° — S, such that S(r) is the maximal sieve on a.

Clearly 7i(r)(a) = v, ([0.7]) < A\(Ti(r:)(a)). Now if S € A(Ti(r;)(a)) then S(r;)

is the maximal sieve on a for all i, and therefore v,(S) < r. Therefore we have
A(Ti(ri)(@)) < Ti(r)(a) for alla € C.

i
(2): It suffices to check this condition pointwise, where it turns into

(m1*Ti(r)(a)) A Dau(s) < m* Ti(r +s)(a)

where Dq, is just the object of [I°P, Sub (Qa x Qa)] naturally given by the metric d,
of Qa. Thus the above condition translates into

x € Ti(r)(a) and d,(x.y) < s =y € Ti(r +s)(a).

x € Ti(r)(a) means that x is a functor x : I°° — S, such that x(infr;) = A x(r;) and
! i
x(r) is the maximal sieve on a. Now

dy(x.y) < 5= sup [w(|Qf %) — v (|Qf )] < s

fib—a

so in particular, taking f to be the identity 1, : @ — a, we have v,(3) — v,(x) < s.
Therefore y(r +s) is the maximal sieve on a and y € Ty(r +s5)(a).

So far we have constructed Q € PSh(C) and 7y € Sub; Q. We now show that these
satisfy the conditions given in Definition 34 to be a predicate classifier. That is, for
any F € PSh(C) and any R € Suby F, there is a unique morphism ¢ : X — Q such
that *71 = R.

Specifically, this means the following. Any R € Sub;F is precisely the data
assigning a subspace R(r)(a) C Fa to every r € I and a € C so that:

o Foreveryr<sanda€C, R(r)(a) C R(s)(a);

o Foreveryrcl, and f: b — a, Ff : Fa — Fb restricts to a map Ff : R(r)(a) —

R(r)(b).

We need to show that there is a unique ¢ : F' — Q for which ¢*7; = R, which means
specifying the data of maps ¢, : Fa — Qa for each a € C satisfying the following
conditions:

o Foreachf :b—a, pyo Ff =Qf o,

o ForeachrelandaeC,

e, (v,'([0.1])) = R(r)(a).
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There is at least a set function ¢, for each a € C satisfying the above conditions:
for each x € Fa, we define ¢,(x) : I°° — S, to be the functor such that, for all » € I,

wa(xX)(r)={f:b—al| Ff(x) € R(r)(b)}.
Unwinding the definitions, we see that this definition of ¢, satisfies
x €@, (v,'([0.7])) <= x € R(r)(a).

since the former set is the set of points x € Fu for which the sieve {f : b — a | Ff(x) €
R(r)(b)} is the maximal one. Moreover, for any f : b — a we have that ¢, (Ff(x)) :
I°P — S, is the functor whose value at r € I is the sieve {h:b' — b | Fh(Ff(x)) =
F(fh)(x) € R(r)(d')}. But this sieve is exactly Qf (¢,(x)(r)). It is straightforward to
verify that that this is the only way to define the set functions ¢, which satisfy the
above conditions. Thus the proof will be finished once we show that this definition
of ¢, is 1-Lipschitz for each a € C.
Given x,y € Fa, we verify that d,(p,(x),¢.(y)) < dr(x.).

da(pa(x).a(y)) = Sup v (& (a(x))) = v5(Qf (0a (1))

so it suffices to show that for any /" : b — a, we have

o (Qf (@a(x))) = v (Qf (0a(¥)))] < dpalx.p).

By construction, we have that ¢, o Ff = Qf o ¢,. so the above is equivalent to

i (n (Ff (x))) = v (05 (Ff ()| < dpa(x.p).

But we claim that

v (0 (Ef (%)) = v (05 (Ef (0)))| < dp (Ef (x). Ef () = 9.

which we now prove. Without loss of generality, we can assume r, = v () (Ff(x))) <
vp(p(Ff(y))) = ry. so that the left hand side in the above is just r, — ry. By
construction, ry = inf{r | Ff(x) € R(r)(b)}. Since R is a predicate, we have that
Ff(x) € R(r,)(b). Again since R is a predicate, we must therefore have that
Ff(y) € R(ry+6)(b), so that r, < r,+4 and therefore r, —ry <. Since § < dp,(x.y)
we are done. -
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