ON THE SCORE SEQUENCE
OF AN N-PARTITE TOURNAMENT

J. W. Moon

(received November 21, 1961)

Let there be given n(>1) distinct sets of points
P=(P.,, ..., P, ), withn,>1, fori=1, ..., n. If
i i1 in, i—-
joining each pair of points not in the same set is a line
oriented towards one, and only one, point of the pair the
resulting configuration will be called an n-partite tournament.

If the line joining Pij and ijis oriented towards the latter

point we shall indicate this by Pij - ij, and similarly if the

orientation is in the opposite sense.

By the score of Pij is meant the number, vij' of points
P k2 such that P'j - Pk,l and by the score sequence of an

n-partite tournament is meant the sets of scores
V.=(v.,, «se, v, ), i=1, ..., n. With no loss of generahty
i i1’ in,
we may assume that v, <...<v, foralli. The
11 2— = in,
i
object of this note is to give necessary and sufficient
conditions for n sets of integers to be the score sequence
of an n-partite tournament.

These are contained in

THEOREM 1. n(>1) sets of integers Vi = (v Seea Vo ),

i

i1’

where v, eo <V, andn,> 141 fori=1, ..., nform
1— 12— - m.i i—

the score sequence of an n-partite tournament if, and only if,
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n n, n-{ n
i

(1) Z X v,,=Z Z n n , and
1 1]
i=1 = i1 j=itd
n Kk, n-1 n
i
(2) zZ Z v,> T Z k. k,
J - 1)
=1 j=t =t j=itd

for all sets of integers k, i=1, ..., n, where O<ki<ni s
1 252

but not all k, =n. .
i i

It is easily seen that (1) and (2) imply that
n
0<v,,<(Z n)-mn,, forall i and j involved.
- i s i

That the conditions are necessary is obvious since
(1) simply requires that the sum of the scores be equal to the
number of oriented lines in the configuration, and (2) states
that the sum of the scores of the points in any proper subset
of all the points must be at least as large as the number of
oriented lines joining points within this subset.

Before proceeding to the sufficiency part it will be
convenient to state a few preliminary results.

If the points of an n-partite tournament can be
separated into two mutually exclusive and exhaustive classes
A and B such that each Iline which joins a point in A to a
point in B is oriented towards the latter point then the
configuration will be said to be reducible. To avoid making
exceptions later the trivial 1-partite tournament will be
considered reducible, except when ni =1. An n-partite

tournament is irreducible if it is not reducible.

LEMMA 1. An n-partite tournament is irreducible if,
and only if, its score sequence satisfies condition (2) with
strict inequality holding throughout.
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This follows immediately from the definitions of the
terms involved.

An n-partite tournament is defined as being strongly
connected if, and only if, Ior each ordered pair of distinct
points, Pij and sz, there is a path from Pij to ij

a sequence of distinct points whose first element is P__,
J

, i.e.

whose last element is P, , and such that from each point

kZ

in the sequence issues a line oriented toward its successor
in the sequence.

The following statement is similar to a theorem
published by Roy [3] but the argument is somewhat different.

LEMMA 2. An n-partite tournament is strongly
connected if, and only if, it is irreducible.

Necessity is obvious and if it is not strongly connected
there are two points, Pij and ij, such that if B is the set

of all points which are reachable from Pij by some path, then

P, ,is in A, the set of points not in B. Moreover, any line

kZ

which joins a point in A to a point in B must be oriented
towards the latter point, which implies reducibility by
definition.

Straightforward considerations are sufficient to establish

LEMMA 3. Given sets of integers Vi, i=14, ..., n,

satisfying the conditions of Theorem {, for which there exist
integers h,, 0 < h < ni, fori=1, ..., n with not all hi = ni,
i e

such that equality holds in (2) when ki = hi. Then the sets

t - o "= - 3 ve ey -0.)
Vi (vii' R vih,) and the sets Vi (vih,-M bi vin- bx)
i i i
n
where b, =( Z hé) - hi' satisfy the conditions of Theorem {1
i
s={

with n, replaced by hi and ni - hi, respectively, for i=4, ..., n.
i
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Hence if there exist two n-partite tournaments whose
score sequences are the V.'’s and V '"'s, respectively, then
i i

combining them in a rather obvious fashion yields an n-partite
tournament whose score sequence consists of the original sets
V., i=14, ..., n. The interpretation is clear whenever any

i
h.=0orn,.

i i

The proof of the sufficiency part of Theorem 1 now

proceeds by multiple induction, first over the number of
sets of points involved.

The case n =1 is trivial, so we now assume the theorem
has been established for up ton - 1 sets of points, for some
n> 1.

Suppose we have n sets, V_, of integers, satisfying the
i

conditions of Theorem 41 in whichv A, =... =v =0. Then
ni nnn

by our induction hypothesis and Lemma 3, with h1 =...=h
and h =n, we may assert the existence of an n-partite
n

tournamesnt whose score sequence consists of the V 's.
i

For the second induction assume the required result has
been proved for all cases where 0< v <t -1 and consider
Ry
n sets, V,, of integers, satisfying the conditions of Theorem 1
with v ‘=t with strict inequality holding throughout in (2).

nn
n

Our third induction is now upon Z, the number of scores
in V egqual to t.
n

If Z=1 we modify the given sets, V_, by subtracting one
1

from Vs which is > 1 by hypothesis, and adding one to, say,
n
the smallest vij’ where i < n, in such a way as to leave all the

numbers in each set still arranged in non-decreasing order.

That i N .f F] ) ) = 3 ? ]
is, if say (v“ Vo v13) (0, 0, 1), the one would not
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be added to Vie but to Vit This change does not effect the

total sum of the numbers, so (1) is still satisfied. Also any
of the sums in (2) are decreased by at most one but as we had
strict inequality holding throughout originally, by assumption,
we see that the modified sets of numbers satisfy (2).

The maximum score in V_is now t - 1, so by our
n

induction hypothesis, for the second induction, there exists
an n-partite tournament whose score sequence is the set
obtained by modifying the Vi' s. We now need to change this

n-partite tournament to one whose score sequence consists
of the unmodified V. !s.
i

Let P_j be the point whose score was increased by one.
i

Two cases now present themselves in the n-partite tournament
whose score sequence consists of the modified set of V !s.
i

tp_ —-P then by simply reversing the orientation of the
ij on
Iine joining Pij and Prm we obtain a configuration whose
n
score sequence is the original set of Vi' s. When, however,

P — P_,  another approach is required.
nn ij

If the n-partite tournament assured us by the induction
hypothesis is reducible then Pnn must be in the set labelled
n
B in the definition of reducibility. This follows from Lemma 1
and the fact that any partial sum of the modified set of Vi' s

giving equality in (2) must have included the score of Pnn . P
n

must also be in B since Pn.n - Pij' But this is impossible

i

n
using Lemma 1 again, since any partial sum, in (2), of the

modified set of V. 's which included the scores of both Pij and
i

P was unchanged from what it was originally; hence strict
nn
n
inequality would hold and the only alternative, under our
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assumptions, is that if P - P then the configuration is
nn 1
n J
irreducible.

By Lemma 2 there exists a path from P, to P .
ij nn
The only effect upon the scores caused by reversing the
orientation of all the lines in this path will be to decrease
"P,.'s by one and to increase P ! s by one.
ij oo

So in either case we have produced an n-partite
tournament whose score sequence consists of the original
set of V !s.

i

We next drop the assumption that strict inequality held
throughout in {2). What has already been shown along with
application of LLemma 3, repeated if necessary, completes
the proof for the case £ =1.

Now assume the assertion has been demonstrated for
v =tandupto £=1r-1>1. Again we consider sets of
nn_ -
numbers Vi’ i=1, ..., n, in which the last r elements of Vn

are equal to t, and which satisfy the conditions of Theorem {
with strict inequality holding throughout in (2). The same
scheme, only this time reducing Vnnn - (r-1) by one, suffices

to complete the proof of the third induction.

But this completes also the proof of the induction on the
maximum number in the nth set of numbers, which demonstrates
that the theorem is valid for n sets of numbers, which completes
the argumsant for the proof of the original statement, by
induction.

COROLLARY 1. A set of integers u, < u, <... < u

is the score sequence of an ordinary round-robin tournament if,
and only if,

k
(3) P uiz (1;) for k=1, 2, ..., n with equality holding when k=n.
i=
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This was first proved by Landau [2], without using the
concept of irreducibility, and follows immediately from

Th 1 tti = =... = =1.
eorem 1 upon setting n, =n, n_

Gale [1] and Ryser [4] have given necessary and sufficient
conditions for the existence of a matrix of 0' s and 1's with
prescribed row and column sums. It can be shown that the
following statement is equivalent to their theorem:.

COROLLARY 2. There exists an m xn matrix of 0's

and 4!'s with row sums r,, wherer, < r_ < ... <r and
i 1—"2-— - m
column sums cJ_, where c1 > czz cee > cn if, and only if,
k £
(4) T r.+ Z(m-c)>kZ,
R S -
i=1 j=1

fork=0, ..., nand Z=0, ..., n, with equality holding when
k=m and Z=n.

The proof of this involves applying Theorem 1 to assert
the equivalence of the hypothesis and the existence of a

bipartite tournament with score sequence Vi = (ri, e, rm)
and VZ' = (m -ci, see, M - cn) and constructing the required
m x n matrix, M= || a,, | , where a_, is 1, or 0, according
1 1]
- P P.-P .
as Py Foy o By v Py
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