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Let there be given n(>l) distinct sets of points 
P. = ( P . „ » . . . , P . h with n. > 1, for i = 1, . . . , n. If 

i i l in . l — 
i 

joining each pair of points not in the same set is a line 
oriented towards one, and only one, point of the pair the 
resulting configuration will be called an n-par t i te tournament. 
If the line joining P. . and P„ -is oriented towards the la t ter 

lj k-# 
point we shall indicate this by P . . -* P, -, and similarly if the 

ij k-£ 
orientation is in the opposite sense. 

By the score of P . is meant the number, v. , of points 

P » such that P . . -* P . and by the score sequence of an 

n-par t i te tournament is meant the sets of scores 
V = (v . . . . , v ), i = 1, . . • , n. With no loss of generality 

i i l in, 
i 

we may assume that v . , < v.„ < . . . < v. for all i. The 7 i l - i2 - - in. 
i 

object of this note is to give necessary and sufficient 
conditions for n sets of integers to be the score sequence 
of an n-par t i te tournament. 

These a re contained in 

THEOREM 1. n(>l) sets of integers V. = (v. , . . . 9 v. ), 
— i i l in . 

i 

where v. '< v . _ < . . . < v. and n. > 1 for i = 1, . . • , n form 
i l — i2 — — i n . i — 

i 

the score sequence of an n-par t i te tournament if, and only if, 
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n n. n-1 n 
l 

(1) 2 2 v = 2 2 n n , and 
ij i J 

i=l j=l i=l. j=i+l 

n k n - 1 n 
i 

(2) 2 2 v . > S 2 k. k. 

i=4 j=i i=l j=i+l 

for a l l s e t s of i n t e g e r s k. , i = 1, « . . , n , w h e r e 0 < k. < n. , 
i — i — l 

but not a l l k. = n . . 
i l 

It i s e a s i l y s e e n tha t (1) and (2) i m p l y tha t 
n 

0 < v . < ( 2 n } - n. , for a l l i and j involved . 
~ 1 J ~ s=l S X 

Tha t the cond i t ions a r e n e c e s s a r y i s obvious s ince 
( i ) s imply r e q u i r e s tha t the sum of the s c o r e s be equa l to the 
n u m b e r of o r i e n t e d l i n e s in the conf igu ra t ion , and (2) s t a t e s 
tha t the s u m of the s c o r e s of the po in t s in any p r o p e r subse t 
of a l l the po in t s m u s t be at l e a s t a s l a r g e a s the n u m b e r of 
o r i e n t e d l i ne s jo in ing po in t s wi th in t h i s subse t . 

Be fo re p r o c e e d i n g to the suff ic iency p a r t it w i l l be 
conven ien t to s t a te a few p r e l i m i n a r y r e s u l t s . 

If the po in t s of an n - p a r t i t e t o u r n a m e n t can be 
s e p a r a t e d into two m u t u a l l y e x c l u s i v e and e x h a u s t i v e c l a s s e s 
A and B such tha t each l ine which j o i n s a point in A to a 
point in B i s o r i e n t e d t o w a r d s the l a t t e r point then the 
conf igura t ion wi l l be sa id to be r e d u c i b l e . To avoid m a k i n g 
e x c e p t i o n s l a t e r the t r i v i a l 1 -pa r t i t e t o u r n a m e n t wi l l be 
c o n s i d e r e d r e d u c i b l e , excep t when n = 1. An n - p a r t i t e 

t o u r n a m e n t i s i r r e d u c i b l e if i t i s not r e d u c i b l e . 

LEMMA 1. An n - p a r t i t e t o u r n a m e n t i s i r r e d u c i b l e if, 
and only if, i t s s c o r e s e q u e n c e s a t i s f i e s condi t ion (2) wi th 
s t r i c t inequa l i ty holding t h r o u g h o u t . 
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This follows immediately from the definitions of the 
t e r m s involved. 

An n-part i te tournament is defined as being strongly 
connected if, and only if, for each ordered pair of distinct 
points, P . . and P, ., there is a path from P . . to P, „, i . e . 

ij k / ij k-/ 
a sequence of distinct points whose first element is P . . , 

whose last element is P , and such that from each point 

in the sequence issues a line oriented toward its successor 
in the sequence. 

The following statement is s imilar to a theorem 
published by Roy [3] but the argument is somewhat different. 

LEMMA 2. An n-part i te tournament is strongly 
connected if, and only if, it is i r reducible . 

Necessity is obvious and if it is not strongly connected 
there are two points, P . . and P„ a9 such that if B is the set 

ij k-£ 
of all points which are reachable from P. . by some path, then 

P . i s in A, the set of points not in B. Moreover, any line 

which joins a point in A to a point in B must be oriented 
towards the la t ter point, which implies reducibility by 
definition., 

Straightforward considerations a re sufficient to establish 

LEMMA 3. Given sets of integers V., i = 1, . . . , n, 
i 

satisfying the conditions of Theorem i , for which there exist 
integers h , 0 < h < n., for i = 1, • . . . , n with not all h. = n., 

i — i — i i l 

such that equality holds in (2) when k. = h.. Then the sets 
i i 

V.1 = (v. . . . . , v., ) and the sets V." = (v., t - b . , . . . , v. - b . ) , 
i i l l h . i lh . - f i i in . i 

i i l 
n 

where b = ( S h ) - h., satisfy the conditions of Theorem i 
i s i 

s=l 
with n replaced by h. and n. - h., respectively, for i = 1, . . . , n. 

i i i i 
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Hence if t h e r e e x i s t two n - p a r t i t e t o u r n a m e n t s whose 

s c o r e s e q u e n c e s a r e the V.1 ' s and V. , !» s, r e s p e c t i v e l y , then 

combin ing t h e m in a r a t h e r obvious fashion y i e l d s an n - p a r t i t e 

t o u r n a m e n t whose s c o r e sequence c o n s i s t s of the o r i g i n a l s e t s 

V , i = 1, . . . , n . The i n t e r p r e t a t i o n i s c l e a r w h e n e v e r any 
i 

h = 0 o r n . . 
i i 

T h e p r o o f of t h e s u f f i c i e n c y p a r t of T h e o r e m 1 n o w 

p r o c e e d s b y m u l t i p l e i n d u c t i o n , f i r s t o v e r t h e n u m b e r of 

s e t s of p o i n t s i n v o l v e d . 

T h e c a s e n = 1 i s t r i v i a l , s o w e n o w a s s u m e t h e t h e o r e m 

h a s b e e n e s t a b l i s h e d f o r u p t o n - 1 s e t s of p o i n t s , f o r s o m e 

n > 1 . 

S u p p o s e w e h a v e n s e t s , V , , of i n t e g e r s , s a t i s f y i n g t h e 

c o n d i t i o n s of T h e o r e m 1 i n w h i c h v , = . . . = v = 0 . T h e n 
n l n n 

n 
b y o u r i n d u c t i o n h y p o t h e s i s a n d L e m m a 3 , w i t h h = . • . = h = 0 , 

1 n - 1 
a n d h = n , w e m a y a s s e r t t h e e x i s t e n c e of a n n - p a r t i t e 

n 
t o u r n a m e n t w h o s e s c o r e s e q u e n c e c o n s i s t s of t h e V . f s . 

F o r t h e s e c o n d i n d u c t i o n a s s u m e t h e r e q u i r e d r e s u l t h a s 

b e e n p r o v e d f o r a l l c a s e s w h e r e 0 < v < t - 1 a n d c o n s i d e r 
— n n — 

n 
n s e t s , V . , of i n t e g e r s , s a t i s f y i n g t h e c o n d i t i o n s of T h e o r e m 1 

w i t h v = t w i t h s t r i c t i n e q u a l i t y h o l d i n g t h r o u g h o u t i n ( 2 ) . 
nn 

n 

O u r t h i r d i n d u c t i o n i s n o w u p o n ~&>, t h e n u m b e r of s c o r e s 

in V e q u a l t o t . 
n 

If - / = 1 w e m o d i f y t h e g i v e n s e t s , V . , b y s u b t r a c t i n g o n e 

f r o m v , w h i c h i s > 1 b y h y p o t h e s i s , a n d a d d i n g o n e t o , s a y , 
rm —- ° ' 

n 
t h e s m a l l e s t v . . , w h e r e i < n , i n s u c h a w a y a s t o l e a v e a l l t h e 

n u m b e r s in e a c h s e t s t i l l a r r a n g e d in n o n - d e c r e a s i n g o r d e r . 

T h a t i s , if s a y , ( v . . , v , . v , . ) = ( 0 , 0 , 1 ) , t h e o n e w o u l d n o t 
11 12 13 
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be added to v but to v . This change does not effect the 
11 1Z 

total sum of the numbers , so (1) is still satisfied. Also any 
of the sums in (2) a re decreased by at most one but as we had 
s t r ic t inequality holding throughout originally, by assumption, 
we see that the modified sets of numbers satisfy (2). 

The maximum score in V is now t - 1, so by our 
n 

induction hypothesis, for the second induction, there exists 
an n-par t i te tournament whose score sequence is the set 
obtained by modifying the V.* s. We now need to change this 

n-par t i te tournament to one whose score sequence consists 
of the unmodified V.1 s. 

i 

Let P . . be the point whose score was increased by one. 

Two cases now present themselves in the n-par t i te tournament 
whose score sequence consists of the modified set of V ' s. 

i 
If P . -*» P then by simply reversing the orientation of the 

ij nn 
n 

line joining P. , and P we obtain a configuration whose 
IJ nn 

n 
score sequence is the original set of V.1 s. When, however, 
P -* P . . another approach is required, 

nn ij 

If the n-par t i te tournament assured us by the induction 
hypothesis is reducible then P must be in the set labelled 

nn 
n 

B in the definition of reducibility. This follows from Lemma 1 
and the fact that any part ia l sum of the modified set of V.1 s 

giving equality in (2) must have included the score of P . P . . 
n 

must also be in B since P -*• P . . . But this is impossible 
nn ij 

n 
using Lemma 1 again, since any part ia l sum, in (2), of the 
modified set of V f s which included the scores of both P . . and 

i i j 
P was unchanged from what it was originally; hence s t r ic t 

nn 
n 

inequality would hold and the only al ternat ive, under our 
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assumptions, is that if P -* P . . then the configuration is 
nn ij 

n 
irreducible* 

By Lemma 2 there exists a path from P to P 
ij nn 

n 
The only effect upon the scores caused by revers ing the 
orientation of all the lines in this path will be to decrease 
P , ' s by one and to increase P ! s by one. 

IJ nn 
n 

So in ei ther case we have produced an n-par t i te 
tournament whose score sequence consists of the original 
set of V f s. 

i 
We next drop the assumption that s t r ic t inequality held 

throughout in (2). What has already been shown along with 
application of Lemma 3, repeated if necessa ry , completes 
the proof for the case 

Now assume the asser t ion has been demonstrated for 
v = t and u p t o - ^ = r - l > l . Again we consider sets of 

nn — 
n 

numbers V,, i = 1, . . . , n, in which the last r elements of V 
l n 

a re equal to t, and which satisfy the conditions of Theorem 1 
with s t r ic t inequality holding throughout in (2). The same 
scheme, only this time reducing V , by one, suffices 

nn - (r-1) 
n 

to complete the proof of the third induction. 

But this completes also the proof of the induction on the 
maximum number in the nth set of numbers , which demonstra tes 
that the theorem is valid for n sets of numbers , which completes 
the argument for the proof of the original statement, by 
induction. 

COROLLARY i . A set of integers u, < u < . . . < u 
1 — 2 — — n 

is the score sequence of an ordinary round-robin tournament if, 
and only if, 

k k 
(3) 2 u. >̂  ( ) for k=l, 2, . . . . n with equality holding when k=n. 

i=l X 
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This was first proved by Landau [2], without using the 
concept of irreducibili ty, and follows immediately from 
Theorem 1 upon setting n = n = * . . = n = 1. 

1 2 n 

Gale [ l ] and Ryser [4] have given necessary and sufficient 
conditions for the existence of a mat r ix of 0* s and l1 s with 
prescr ibed row and column sums. It can be shown that the 
following statement is equivalent to their theorem. 

COROLLARY 2. There exists an m x n ma t r ix of 01 s 
and l f s with row sums r . , where r , < r_ < . . • < r and 

l 1 — 2 — — m 
column sums c., where c, > c^ > . . . > c if, and only if, 

j 1 - 2 - — n 

k ^ 
(4) S r. + S (m « c.) > k - / , 

i= l * j = l J " 

for k = 0, . . . , n and Mo. . . . . n, with equality holding when 
k = m and ^ = n. 

The proof of this involves applying Theorem 1 to a s se r t 
the equivalence of the hypothesis and the existence of a 
biparti te tournament with score sequence V = (*\, . . . , r ) 

1 1 m 
and V^ = (m -c . . . . , m - c ) and constructing the required 

2 1 n 
m x n matr ix , M = II a , [I , where a . is 1, or 0, according 

a s P . , - P 0 . or P - P . 
l i 2j 2j l i 
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