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Abstract. We characterize some isometric immersions of a compact Riemannian
manifold into a tube of §”(A) or CP"(A) (in fact, in some more general spaces in the real
case) around a totally geodesic S7(A) or CP?(A) respectively, with the norm of the mean
curvature of the immersion bounded from above. This bound depends on the radius of
the tube, and is related with the mean curvature of its boundary.

1. Introduction. There are some known theorems stating that a compact sub-
manifold in a space form with large mean curvature cannot be included in a small
geodesic ball. Among these, there are the results of Jorge and Xavier [7], getting
estimates for the mean curvature of complete submanifolds included in a geodesic ball,
Markvorsen [11], giving a rigidity theorem for compact hypersurfaces with bounded mean
curvature and contained in a geodesic ball, and the authors [2], giving results analogous to
those of Markvorsen, as well as some new results for Riemannian submanifolds of a
complex space form which are included in a geodesic ball. The problem of the
immersibility of a complete Riemannian manifold into a tube of the euclidean space was
considered by Hasanis and Koutroufiotis [6] and generalized by Kitagawa [8] to
immersions into tubes of Riemannian manifolds with sectional curvature bounded from
above. They got lower bounds for the supremum of the length of the mean curvature. In
the first part of this paper (Theorems 1.1 and 1.2) we consider this problem for
immersions of compact manifolds. This stronger condition gives also stronger results: we
have that if the supremum of the length of the mean curvature attains its lower bound,
then the immersion is contained in the boundary of the tube; moreover, if the
codimension is one, then the immersed manifold is a Riemannian covering of the
boundary of the tube, and the tube must be an Eschenburg’s tube (see its definition in
section 2, and [3]). For bigger codimension, and for immersions in the sphere, we also get
an splitting theorem (Corollary 1.2.1) which reduces the problem of immersions into tubes
to immersions into balls. In the second part (Theorem 1.3) we consider the problem of the
immersibility of a compact Riemannian manifold of dimension m into a tube of CP"(A)
around a totally geodesic CP?(A), and show that the supremum of the length of the mean
curvature of the immersion is bounded from below by a number which depends on the
radius of the tube, and is related with the mean curvature of the tubular hypersurface. We
show that the problem of getting immersions where the bound is attained is equivalent to
the problem of getting minimal immersions of compact manifolds of dimension
m—2q —1into a CP"~7"". In particular, geodesics in CP"~7"' correspond to immersions
of compact manifolds M of dimension 2¢ + 2 into a tube in CP"(A) around CP9(A) where
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the supremum of the length of its mean curvature attains its bound, and the universal
covering of these manifolds M is a product of a geodesic sphere in a CP?*' and R.

All the manifolds considered in this paper will be assumed to be connected. In order
to state with more precision our results we give some notation.

Given a real number A, let s, be the real function which is the solution of the problem

s"+As =0, 5(0)=0, s'(0)=1,

and let ¢,, ta, and co, be the real functions

Sa Ca
Cy =S8, taA=AC—, coA=s—.
A A
They satisty
ch= —AS,, A+ As3=1,  s4 =8 Car = €2 — As3.

Let (M,(,)) be an n-dimensional Riemannian manifold, and let P be a connected
compact totally geodesic Riemannian submanifold of M of dimension ¢ =1. Let r:M — R
be the distance to the submanifold P in M. Let us denote by 4, the gradient of r in M. If
cut(P) is the cut locus of P in M, for every point x € M — (cut(P) U P), the P-radial
sectional curvature at x is the sectional curvature of any plane of T, M containing 8,(x) (see [5]).

Given any positive real number p, the tube P, of centre P and radius p in M is the set
of those points x € M such that distance(P, x) < p- The wbular hypersurface 3P, of centre
P and radius p in M is the set of the points x € M such that distance(P, x) = p.

If p <distance(P, cut(P)), then P, is diffecomorphic, by the exponential map, to the
set of the vectors in the normal bundle AP to P (in M) of length < p, and 0P, is actually a
smooth hypersurface of M and is also the boundary of P,. This will be the situation in this
paper.

Note that if M is a manifold with boundary M and P < Int(M), then the above
definitions are still valid. In particular, when M is the Eschenburg manifold &), associated
to a vector bundle 7:€— P (see Section 2), then €, =P, and 9%, =9dP,, where P is
identified with the O-section of 7:€— P. So, we call %ﬁ‘, an Eschenburg tube. The A in %f:
reflects the fact that &} has constant P-radial sectional curvature A.

Our main results for the Riemannian case are the two following theorems and its
corollary.

THeOReM 1.1. Let P be a compact q-dimensional submanifold of a Riemannian
n-dimensional manifold M with P-radial sectional curvature bounded from above by A. Let
¥: M — M be an isometric immersion of a compact m-dimensional manifold, 1 <q<m <
n (m=2q if A=0), with mean curvature H satisfying m |H| <|(g — m)co,(p) + g ta,(p)|,
where p is a real number with 0<p <distance(P,cut(P)) and, if A>0, 0<p=<

1
/7 arecos -:—1<2—ﬂ\/7 If y(M)c P,, then

Yy(M)coP,, mH = ((g — m)co,(p) + q tay(p))d, and t1,T,Pcy, TM

for every x € M, where p is the starting point of the geodesic vy realizing the distance from P
to Y(x), t is the distance from P to y(x), and 7, is the parallel transport along vy from p to

y(0) = (x).
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Moreover, if m =n — 1, then P, is isometric to an Eschenburg tube &, (see Section 2
for its definition), s is an embedding up to a covering map, and M is isometric (up to a
Riemannian covering) to 4%,

1 .
Let us remark that the hypothesis p 5p0:=7xarccos \/z, for A >0, is necessary,
m

because for p > p, we have 9%, c &), and the mean curvature of 48} is 0.

Moreover, if m >max{q,n—q —1}, by applying Theorem 1.1 to the tube
S"79 Y N zraviy-p = S7(A) — Int(S9(A),) for p>p,, we get that if y:M—S"(A) is an
immersion such that ¢(M) < S"(A) — Int(S9(A),) and m |H| =< |(g — m)co,(p) + q ta,(p)|,
then (M) < a57(A),, that is, for p = p, the obstruction is to be contained in S"(A) —
Int(S7(A),), not in S(A),.

Any of these results, applied to the case A >0 and p = p,, proves that, form =n — 1,
the only minimal immersion in §7(A),, is the boundary of this tube, or a Riemannian
covering of it, that is, a Riemannian covering of the generalized Clifford torus. There are
many examples of minimally immersed tori in S> (cf. [12]). The above argument shows
that the only one contained in one of the “halves” of S* determined by the Clifford torus
is the Clifford torus itself.

Given any Riemannian manifold 4, we shall denote by n,: 4 — 4 its universal
covering, with the induced Riemannian metric on M. In the next Theorem, p1 and p, will
denote the projections of (P, c,(t)’gp) X $"797'(1/s,(t)*) onto the first and the second
factor, respectively.

THeOREM 1.2. Let P be a compact q-dimensional Riemannian manifold. Let €, be an
1 ji1
Eschenburg tube of radius p >0 (with p < x arccos %< XV if A>0) associated to a

trivial vector bundle €=P XR""7— P with a trivial connection D. Let M be an
m-dimensional compact Riemannian manifold, 1=q<m<n (m=2q if A=<0), and let
y:M— &, be an isometric immersion with mean curvature H satisfying m |H|<|(q -
m)co,(p) + q ta,(p)|. Then there exist a compact Riemannian manifold G of dimension
m — q, a Riemannian submersion n:M — G and a minimal isometric immersion ¢:G —
S"97Y(1/5%(p)) such that p,° = ¢ o m. Moreover M is isometric to (P, c,(p)*gp) X G.

We remark that when A >0 and P = §7(A), the tube € of Theorem 1.2 is isometric
to the tube S7(A), of radius p around S9(A) in $”(A). In this case we have the following
stronger result, a splitting theorem which, for the sphere, reduces immersions into a tube
to immersions into a ball (actually, into a sphere).

CoroLLARY 1.2.1. Let M be an m-dimensional compact Riemannian manifold, and let
Y:M—S8"(A) be an isometric immersion with mean curvature H satisfying m |H| =

VAlg - m)cot(VAp) + q tan(VAp)|, where 1<q<m<n, p being a real number with

1
O0<p= v recos % If (M) < S9(A),, then

Y(M) < a5°(3), = S(m) X S(s—ﬁm)
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and there exists a compact Riemannian manifold G of dimension m —q such that
M =S89A/cos’(VAp)) X G, and there is a minimal isometric immersion ¢:G—
§"=97Y(A[sin (VA p)) such that  =id X ¢.

Let us now consider the complex projective space CP"(A) of real dimension 2n and
constant holomorphic sectional curvature 4A, and CPY(A) c CP"(A), and let #, % and ¥
be the distributions defined by $£=4{J3,), # =71, TCP(A) (where ¢=distance
(x,CP(A))), and TCP"(A) = H. D V. D L. D (9,).

In Section 5 we shall see that the distribution #® # is integrable with leaves
isometric to 8%¢;.. (the geodesic sphere of radius p’ in CPY*!(A)), with p'=

Evn—x—p and the quotient dCPY(A)/ KD § is isometric to CP" ¢ '(A/sin® (VA p)). We

shall denote by H:aCP"()\)p—>CP"'”"‘(/\/sinz(\/Xp)) the quotient map, which is a
Riemannian submersion.
Then we shall prove

THeEOREM 1.3. Let m, n and g be integer numbers satisfying 2n >m >2q. Let M be a
compact Riemannian manifold of dimension m and let y:M — CP"(A) be an isometric
immersion with mean curvature H satisfying

m |H| <= VX|(2g + Dtan(VA p) + (2g — m)cot(VA p)|,

1 n

where p = Txarccos \ /2;?—:—11 < Vo If y(M)<= CP(A),, then
Y(M)<aCPI(A),, mH=VX((2q + Dtan(VA p) + (2 — m)cot(VA p))a,.

Moreover,

(a) if m=2n —1, M is isometric to CP(A), and  is an embedding.

(b) if m<2n-—1, then y:M—dCPI(A), is minimal and there exist a compact
manifold G of dimension m —2q — 1, a Riemannian submersion n:M — G and a minimal
isometric immersion ¢:G — CP"~97)(A/sin®(V p)) such that the diagram

M ———3CPI()),

| )

G -2 CP" 17 '(A[sin (VA p)),

is commutative.

(bl) If m=2q +1, then  is an embedding and M is isometric to BZ}!,..

(b2) If 2n=2q+4, and m=2q+2, then G=S', ¢ is a geodesic of
S%(4A/sin®(VA p)), and the universal covering M of M is isometric to the product
9B X R,

We thank K. Grove for showing us the reference [1], which is a necessary tool for our
proofs of Theorems 1.2 and part (b2) of 1.3.

2. Eschenburg’s tubes. Eschenburg’s tubes were defined in [3] as a generalization of
tubes around S?(A) in $"(A) that were appropriate to get some more general versions of
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the classical Heintze-Karcher’s comparison theorems for the quotient of the volume of a
tube by the volume of its centre. Here we shall recall the definitions and the main
properties that we shall need in our context.

Let m:€— P be a vector bundle of rank n — ¢ over a compact Riemannian manifold
P of dimension g, with a fibre metric and a metric connection D. Let &, ={v %’| [v| = p}

(with p SZ%X if A>0). A metric on &, was defined in [3] as follows: on the tangent to

the fibres &, , we take the metric dr* + s,(1)? 8s,_,.,» Where ggu-¢-1 is the standard metric of
the sphere $"777' in R"™¢ of radius 1, and on the horizontal distribution defined by the
connection D we take |X,[, = ¢,(|v]) [X 1|, where X 1, = m,,(X). Moreover we declare the
horizontal and vertical distributions to be perpendicular.

The manifold €, with this metric is the model space €. It is a Riemannian manifold
with boundary 4%, ={v e %] |v] = p}, a tubular hypersurface of radius p around P, which
is totally geodesnc in ). Moreover, the map 7:9%,— (P,c,(p)gp) is a Riemannian
submersion. In fact, for any ¢ < p, the tubular hypersurface 3P, of radius ¢ around P in &,
is precisely 0%).

For every n-dimensional Riemannian manifold M and every g-dimensional compact
totally geodesic submanifold P of M, S(r) will denote the (1, 1)-tensor field defined on
M — (P Ucut(P)) by S(r)= —V,3,, where V denotes the covariant derlvatlve in M. The
restriction of S(r) to aP, is the Weingarten map of dF,, and S(r)s, =

Let us consider the distribution % on M defined by %, = r,T;,P, where p is the
starting point of the geodesic y(t) realizing the distance from P to x, and =
distance(P,x), and 7, is the parallel transport along this geodesic. Let 7" be the
distribution given at each point x by the subspace ¥, of T,M defined by the orthogonal
decomposition T,M = %, D V. ®(3,).

Let S,(r) be the tensor field on M — (P U cut(P)) defined by

ta,(1)A if A e,
(SA(NA), =9 —co(HA if A € ¥, where t = distance(P, x), 2.1)
0 ifA=9,.

When M = €}, then R(r) = R,(r), and S(r) = Sy(r) (see 6.3 in [3] and formula (2.5) in
(10]).

The following lemma of J. H. Eschenburg will be a key step in the proof of Theorem
1.1.

LemMMA 2.1. Let M be a Riemmanian n-manifold, and P a totally geodesic compact
submanifold of dimension q. If the radial sectional curvature on P, is at most A for some

t =distance(P,cut(P)), if A=0, and t<m1n{dlstance(P cut(P)), 2\/—} if A>0,
then
S(r)Y=S,(r) for every x € P..

Moreover, if the equality holds on 3P, for some p =t, then there is a vector bundle €— P
of rank n—gq and an isomorphism of vector bundles y:NP— & such that the map
¢:P,— &) given by ¢(x) =exp o ¢ o expy'(x) is an isometry.
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3. Proof of Theorem 1.1. Given the isometric immersion @ : M — M, r o ¢ will also
be denoted by r. By d; we shall denote the vector field in M defined as the preimage by
¢, of (the component of) 3, (tangent to ¢(M)). If f:R— R is any function, we shall
denote by f(r) the function fer:M - R.

From now on, V, A and H will denote, respectively, the covariant derivative of M, the
laplacian of M and the mean curvature vector of the immersion ¢: M — M. We have

Af(r)y=—f"(r) |0} +f’(r){§:1 (S(r)e;, e;) ~ m(H, a,)}. 3.1)

This formula can be obtained by the same computations that in the case of P being a
point (see, for instance [2]). Now, from the hypothesis R(¢t) = R,(¢) and Lemma 2.1, one
gets

M) = =BT+ £ O] 2 (S, = m(H, 3} (32)

We compute the value of (S,(r)e;, ¢;) for points in 9P, N M, using (2.1), and orthonormal
bases {h,,...,h,} of ¥ and {v,.y,...,v,-} of V"

<SA(r)ei7 ei) <SA(r)<E <en h]>h + 2 (e,, Uk>vk + (en 6,)6,),

k=g+1

E<e,,h>h + "2] <e,,uA>uk+<e,,a>a> 2<e,,h Yta,(r) — "2' {e;, vi)’co(r)

k=q+1 h=q+1

q

= 2 (e, hj>2(taA(t) +co,(1)) — (E (ess hj)z + i (7% vk)2>C0A(t).

j=1 j=1 k=g+1
Then, if m>gq,

m

2 (5100 = (2 3 e ) (10,0) + c0s()

P
- Z‘ (1= {ei, 3)%)00,(1) = q(ta (1) + c0x(1)) — m co,(1) + |67 co,(2)
= (g = m)co,(r) + g tax(t) + 1971 co.(r).
By substitution of this inequality in (3.2), we get
Af(r)=(=f"(r) +co f (PN 137+ f'(r) (@ = m(H, 3,)),
where ¢ is the function defined by
¢(t) = (g — m)co,(t) + q ta,(r).

It can be easily checked that

lim ¢(r) = —

t—0
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and 5 5
, _AS,\_C,\ A 1 /\
= -m)———————+qg—==—(g—m)—=+qg—.
¢'=(q—m) 2 97 (9 )si 92

Since m > ¢, we have that A =0 implies ¢' > 0. Further, it is easy to see that

o= —2g)ci+q

which is positive if A <0 and m =2g4.
If A=0, then ¢ is negative and increasing in the interval ]0,z%(#)[, where

sica

27(P)=inf{t>0]| p(t) =0}, (z*(¢)=0 if A=0 and z+(¢)=%arccos \/g if A>0).

Finally, if A <0, then ¢ is negative and increasing if m = 2gq.
Our hypotheses imply that ¢ is negative and increasing, and that m |H| = —¢, so
that, taking a function f such that f' =s,, we have

Af(r) SsA(d) - m<H7 ar)) = S/\((b(p) - m<H5 ar))
=sx(¢(p) + m|H|)=0. (33)

Then, by the Hopf principle, we have that Af(r) =0, and all the inequalities we have
used to get (3.3) must be inequalities, which implies r = constant = p, § f} (e h)=4q, i.e.
i=1j=1

hie{e,...,en)), which means %,c TM, and mH = ¢(p)d,. Moreover, if m=n—1,
then R(r) = R,(r) and S(r) = S.(r) at every point of P,, which, by Lemma 2.1, gives the
last statement of the theorem.

4. Proof of Theorem 1.2. First, let us observe that the Eschenburg tube &
associated to a trivial vector bundle €= P XR""“ with a trivial connection D, is the
warped product Bj X, P, where ¢ is the distance to the centre of B}, the geodesic ball of

radius p in the space form K"79(A) of constant sectional curvature A. Then, for each
t €]0, p], the tubular hypersurface 9P, in this space is isometric to (P,c,(t)’gp) X

§"797'(1/s,(¢)?), and the distribution J on JP, is integrable and its leaves are isometric to
(P, c\(r)*gp). The condition ¥y, < ¢, T.M proved in Theorem 1.1 implies that every
such leaf containing a point of (M) is contained in (M). ¢ induces a distribution ¥ on
M which will also be integrable with compact leaves. These leaves are covering spaces of
(P,c\(p)’gp). Since F is a regular foliation, there exists a structure of differentiable
manifold on the space of its leaves G = M /%, and there is a commutative diagram

M—Yt 4P =08,

| I

G =M/g_¢_)sn—(/—l(

)
SA(P)Z ’
where 7 is the natural projection, we have identified 9P, with P X $"7¢ ~! via the above
isometry, and ¢ is the induced map between the quotients. Since ¢ is an immersion, so

also is ¢, and we can consider on G the metric induced from that of $"~7'(1/s,(p)?)
through ¢. Further, it is easy to see that the map M — (P,c,(p)’gr) X G, given by
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x> (p, o Y(x), m(x)) is a local isometry. In particular, 7 is a Riemannian submersion. A
straightforward computation shows that the mean curvature of (M) in 4P, vanishes.
Then, ¢ is also minimal (see Lemma 2 in [9]). Moreover, it follows from Theorem A of
(1] that M is isometric to (P, c,(p)*gr) X G.

Corollary 1.2.1 follows from the above proof. First, note that the leaves have the
form n7'(z) for z € G. Now we observe that, since in this case P=S7(A) is simply
connected, the covering maps (py° ¥)|,-1z): "' (2)— (P, ca(p)’g,) = S/(Acy(p)?) are
isometries, and hence the map M — S9(A/c,(p)*) X G defined above is bijective. In fact, it
has an inverse defined by (y,z)~ (p° ¢|1))”'(y). From the definition of the maps,
we have that, modulo this isometry, = id X ¢.

5. Proof of Theorem 1.3. In CP"(A), with CP9(A) c CP"(A), the distributions #,
J, and V" are defined by:

F=ya,, #H=1TCPI(A), (t =d(x,CPI()))),
(5.1)
TCP'(M)=H. DV D J. D,

If {hy,... hyts {Vag41,-- -5 V2,2 are local orthonormal frames of & and ¥, the
Weingarten map S5(z) of aCP7(A), satisfies

()= ta(t) id, Al

Now, if {e,, ... ,e,} is an orthonormal basis of M, we have

= —c0o,(r)id, S0, = —co4, (1),

2q 2n—2
(Si(f)ei, ;)= 2 (ei, hj>2ta)\(t) - 2 (ei, Uk>2C0A(’) — e, Jar>2004A(’)-
j=1 k=2g+1

Then,

348500 @) = 2000+ 0,0 - 3 (St kP + D (e ud)eou0)

i=1 i=1 Yj=1 k=2q+1

124

— > i, J3,Y%c04,(1) = 2q(ta, (1) + co,(1))

i=

m m

- 2 (1 - <ei’Jar>2 - <ei1 ar>2)col\(t) - 2 <ei7 .Ia,>2CO4,\(f)

=2q(ta,(r) + co.(1)) = m co,(r) + (IJ3,)"1 + 18/ )cox(r)
~1(/8,)" coa(r).
Then, from (3.1), if f'(r) =0, we get
Af(r)= =f"(n)13;F + ' (r{2q(tay(r) + co,(r)) — m co,(r) + |8/ ] cou(r)
+1(/8,)"1 (c0r(r) = cour(r)) — m(H, 8,)}
=171 (=f"(r) + f'(r)cou(r)) + £ (r)(co(r) = coa(r) 1(Ja,)'
+ f'(r){2q(ta,(r) + co,(r)) — m co,(r) — m(H, 3,)}.
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If we take the function fso that f'(r) = 5,(r), then

870 =02 13,7 45,024 — mosr) + 20 10,0 = mit, )
a2 0@ = macou () + 20 tan) = it )

=5,(r}{(2qg — m)co,(r) + (2q + Dta,(r) — m(H, 3,)}.

Since the function o defined by a(t) = (29 — m)co,(t) + (2q + 1)ta,(t) behaves like
the function ¢ in Section 3, we have

Af(r)=sa(ri(2g — m)cox(p) + (2q + Dta(p) + m |H}=<0.

Then, Af(r)=0, which implies r=p, H = a(p)d,, # < ¢, T.M, $ ¥, . T.M, and, if
m =2n — 1, then y(M) = dCP7(A),, which finishes the proof of part (a) of Theorem 1.3.
In order to prove part (b), let us recall that in CP*(A),

« "n—q— . ’ o n
dCP(A), =9CP" 7 l()\)pv, with p —27):—;)

and that if &', V", #' are the distributions on CP"(A) defined as in (5.1) but starting from
CP"~77'(A) instead of CP7(A), then

K=Y, V=% $=4 (5.2)

As we have proved above, the existence of the isometric immersion implies that
HDF <y, (TM), so that V' D ¥’ < ¢ (TM). In particular, if we consider the value of
the distribution ¥’ @ #’ at a point yy(p) of the tubular hypersurface of radius p about P,
(V'@ F'),., is the tangent space to exp,{ve N,CP""7"'(A)||v|=p'}, where p=

g+1
P’

'yN(z%), which is a geodesic (2q + 1)-sphere dB%."" and a totally geodesic submanifold

of dCP(A),. Thus, the distribution %@ ¢ defines a regular foliation & on M with totally
geodesic leaves isometric to 9B¢} .., and G = M/% s a differentiable manifold. The above
argument shows that each leave of ¥’ ® #’ contained in 9CP(A), determines a point of
CP"~47'(A). In fact, we can consider the map [1:4CPI(A),=0dCP" " 77'(A), =

T
CP"~971(A), given by yn(p)+—> YN(Z_\/T)' Now, since the derivative of the exponential

map can be expressed in terms of the Jacobi fields, it can be easily seen, from the
expressions of the Jacobi fields of CP”(A) (see [4]) that II is a Riemannian submersion up
to a constant factor s,(p)* in the metric of dCPY(A),. In this way we get a Riemannian

submersion [1:9CP?(A),—CP" ™9™ (

2> whose fibres are the leaves of ¥"® ¢’ and
sx(p)

are totally geodesic submanifolds of ACP?(A),. Let ¢ be the induced map making the
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diagram
M —*% 5 3CPI()),
n i
¢ n—qg—\ 1
G=M/F=>Cp1 =1
sx(p)
commutative, and let us consider on G the metric induced through ¢ by that of
1 .
cpra! ( ( )2). (From the definition it follows that ¢, is injective.) Then n is a
Salp

Riemannian submersion. In fact, since II is a Riemannian submersion, one has, for every
X,Y € (%@ #)* (the horizontal distribution of the submersion 7):

(¢*”*Xa d)*ﬂ'*Y) = <H*(,I*X,H*l/1*Y> = (Xa Y)

A straightforward computation shows that the mean curvature of y:M — dCP9(A)
vanishes, and then, it follows from Lemma 2 in [9] that ¢ is also minimal.

When m =2¢ + 1, at each point % @ _$ must be equal to the tangent space to y(M),
so that we must have (M) =9B2}!., M must be a geodesic sphere in CPY*'(A), and ¢ is
an embedding.

If 2n =2q + 4 and m = 2q + 2, it follows from above that y(M**?) =11"" (a geodesic

of SZ( ( )2>), which implies, Il being a Riemannian submersion, that M is a compact
Sxlp

manifold admitting two orthogonal totally geodesic foliations, one of dimension 1, the

other with leaves isometric to dBZ} ), (the fibre of IT). It follows from Theorem A in [1]
that the universal cover M of M is the Riemannian product of B! (which is simply

connected) and R, the universal cover of S'.
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