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On �-independence for the étale cohomology of

rigid spaces over local fields

Yoichi Mieda

Abstract

We investigate the action of the Weil group on the compactly supported �-adic étale
cohomology groups of rigid spaces over a local field. We prove that the alternating sum of
the traces of the action is an integer and is independent of � when either the rigid space
is smooth or the characteristic of the base field is equal to 0. We modify the argument of
T. Saito to prove a result on �-independence for nearby cycle cohomology, which leads to
our �-independence result for smooth rigid spaces. In the general case, we use the finiteness
theorem of Huber, which requires the restriction on the characteristic of the base field.

1. Introduction

Let K be a complete discrete valuation field with finite residue field Fq and K a separable closure
of K. We denote by Frq the geometric Frobenius element (the inverse of the qth power map)
in Gal(Fq/Fq). The Weil group WK of K is defined as the inverse image of the subgroup 〈Frq〉 ⊂
Gal(Fq/Fq) by the canonical map Gal(K/K) −→ Gal(Fq/Fq). For σ ∈WK , let n(σ) be the integer
such that the image of σ in Gal(Fq/Fq) is Frn(σ)

q . Put W+
K = {σ ∈WK | n(σ) � 0}.

Let X be a separated rigid space over K. We consider the action of WK on the compactly
supported �-adic cohomology group H i

c(X ⊗K K,Q�), where � is a prime number that does not
divide q. This cohomology group is defined by using the étale site of X (cf. [Hub96, Hub98b]). Our
main theorem is the following.

Theorem 1.1 (Theorems 7.1.6 and 7.2.3). Let X be a quasi-compact separated rigid space over K.
Assume one of the following conditions:

(i) the rigid space X is smooth over K;

(ii) the characteristic of K is equal to 0.

Then for every σ ∈W+
K , the number

2 dimX∑
i=0

(−1)i Tr(σ∗;H i
c(X⊗K K,Q�))

is an integer that is independent of �.

Note that H i
c(X⊗K K,Q�) is known to be a finite-dimensional Q�-vector space when one of the

above conditions is satisfied [Hub96, Propositions 6.1.1 and 6.2.1; Hub98a, Corollary 2.3; Hub98b,
Theorem 3.1]. In the previous paper, under the same assumption, the author proved that every
eigenvalue of the action of σ ∈W+

K on H i
c(X⊗K K,Q�) is a Weil number [Mie06, Theorems 4.2 and

5.5].
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For a scheme over K, the property in Theorem 1.1 was proven by Ochiai [Och99, Theorem 2.4].
However, it seems difficult to prove Theorem 1.1 by the same method as in [Och99], since the
induction on the dimension does not work well. In this paper, we modify the method in [SaT03],
which treats the composite action of an element of WK and a correspondence.

We sketch the outline of the paper. In § 2, we derive �-independence of the alternating sum of
the traces of the action of a correspondence from Fujiwara’s trace formula [Fuj97]. This result seems
well known, but we include its proof for completeness. In § 3, by using localized Chern characters,
we prove a lemma which is a refined version of [SaT03, Lemma 2.17]. This lemma is needed in § 5.
In § 4, we introduce partially supported cohomology and investigate its several functorial proper-
ties. In terms of partially supported cohomology, we can describe the action of a correspondence
on the compactly supported cohomology of a scheme which is not necessarily proper. The required
properties of nearby cycles and their cohomology are also included in this section. In § 5, we intro-
duce a spectral sequence converging to nearby cycle cohomology, which is a generalization of the
weight spectral sequence studied in [RZ82] and [SaT03]. By the same method as in [SaT03, §§ 2.3
and 2.4], we can prove the compatibility of the spectral sequence with the action of a correspondence.
In § 6, we prove �-independence for nearby cycle cohomology by using the result in § 5 and de Jong’s
alteration [deJ96]. The method is almost the same as that in [SaT03, § 3]. Several applications
to algebraic geometry (not to rigid geometry) are also included (Theorems 6.2.2 and 6.3.8). Finally
in § 7 we give a proof of our main result. When X is smooth over K, we can reduce our theo-
rem to the case where X is the Raynaud generic fiber of the completion of a scheme over OK with
smooth generic fiber (though the reduction does not seem so immediate in comparison with [Mie06]).
In this case we can use the result in § 6. Finally, assuming that the characteristic of K is 0, we prove
our theorem for a general X by induction on dimX. In this process, we need the finiteness theorem
of Huber [Hub98a].

Notation. Let K be a field. For a scheme X (or a rigid space) over K and an extension L of K, we
denote the base change X×SpecK SpecL by XL. For a scheme X of finite type over K, we denote the
group of k-cycles on X by Zk(X) and the kth Chow group (the group of k-cycles modulo rational
equivalences) by CHk(X). Let X be a scheme of finite type over K and Y be a closed subscheme
of X. Put d = dimX. We denote by clXY : CHd−k(Y ) −→ H2k

Y (X,Q�(k)) the cycle map defined in
[Del77, cycle], where � is a prime number distinct from the characteristic of K.

Convention on correspondences. Let K be a field and � a prime number distinct from the charac-
teristic of K. Put Λ = Q�. For schemes X and Y separated of finite type over K, a correspondence
between X and Y is a morphism γ : Γ −→ X × Y , where Γ is a scheme separated of finite type
over K. A morphism f : X −→ X can be regarded as the correspondence f × id : X −→ X × X.
Note that this convention is different from that in [SaT03], while it is the same as that in [Ill77]
and [Fuj97]. We sometimes assume that γ is a closed immersion.

Let γ : Γ −→ X × Y be a correspondence such that Y is smooth and purely d-dimensional. Put
c = dim Γ and γi = pri ◦γ. When γ1 is proper, Γ induces a homomorphism between cohomology
groups

Γ∗ : Hq
c (X,Λ)

pr∗1−−→ Hq
c (Γ,Λ)

pr2∗−−→ Hq+2d−2c
c (Y,Λ(d − c)).

More generally, for α ∈ Zk(Γ), we can define a homomorphism

α∗ : Hq
c (X,Λ) −→ Hq+2d−2k

c (Y,Λ(d− k)).
It is easy to see that the map α∗ depends only on the rational equivalence class of α. Therefore for
an element α of the Chow group CHk(Γ), we can define the map

α∗ : Hq
c (X,Λ) −→ Hq+2d−2k

c (Y,Λ(d− k)).
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2. On �-independence for schemes over finite fields

2.1 The �-independence

2.1.1 In this section we give a result on �-independence for schemes over finite fields. Though
the result seems well known for specialists, we include its proof for completeness.

Theorem 2.1.2. Let X be a separated smooth purely d-dimensional scheme of finite type over
Fq and γ : Γ −→ X × X a correspondence such that Γ is purely d-dimensional. We denote the
characteristic of Fq by p. Assume that γ1 : Γ −→ X is proper. Then the number

Tr(Γ∗;H∗
c (XFq

,Q�)) =
2d∑
i=0

(−1)i Tr(Γ∗;H i
c(XFq

,Q�))

lies in Z[1/p] and is independent of �.

Proof. Let γ(n) : Γ(n) −→ X × X be the correspondence satisfying γ(n)
1 = FrnX ◦γ1 and γ

(n)
2 = γ2,

where FrX is the qth power Frobenius morphism. Take a compactification γ : Γ −→ X × X of
γ : Γ −→ X×X and define γ(n) : Γ(n) −→ X×X in the same way. We may assume that D = X \X
is a Cartier divisor of X . Then for sufficiently large n, any connected component of Γ(n) ∩ ∆X

which meets D is (set-theoretically) contained in D (here we identify ∆X and X). This easily
follows from Fujiwara’s result on contractility [Fuj97, Propositions 5.3.5 and 5.4.1]. See also [Var05,
Theorem 2.1.3 and Lemma 2.2.3].

By this fact and Fujiwara’s trace formula [Fuj97, Propositions 5.3.4 and 5.4.1], there exists an
integer N such that for every n � N and � the equality

Tr(Γ(n)∗;H∗
c (XFq

,Q�)) = (Γ(n),∆X)X×X

holds. The right-hand side denotes the intersection number (note that Γ(n) ∩∆X is proper over Fq
for sufficiently large n by the argument above), which is an integer and is independent of �. Since
Γ(n)∗ = Γ∗ ◦ (Fr∗X)n, the number Tr(Γ∗ ◦ (Fr∗X)n;H∗

c (XFq
,Q�)) is an integer that is independent of

� for n � N .

Let α�,i,1, . . . , α�,i,mi
and λ�,i,1, . . . , λ�,i,mi

be eigenvalues of Γ∗ and Fr∗X on H i
c(XFq

,Q�) respec-
tively. By [DK73, Exposé XXI, Corollaire 5.5.3], λ�,i,k and qdλ−1

�,i,k are algebraic integers. Since Γ∗ and
Fr∗X commute with each other, the trace of Γ∗ ◦ (Fr∗X)n on H i

c(XFq
,Q�) is equal to

∑mi
k=1 α�,i,kλ

n
�,i,k

with λ�,i,1, . . . , λ�,i,mi
permuted suitably. Therefore the theorem follows from the subsequent lemma.

Lemma 2.1.3. Let p be a prime number, K a field of characteristic 0 and α1, . . . , αm, λ1, . . . , λm
elements of K such that λk 	= 0 for every k and λi 	= λj for i 	= j. Put bn =

∑m
k=1 αkλ

n
k . Assume

the following conditions.

(i) There exists an integer d0 such that λk and pd0λ−1
k are integral over Z for every k.

(ii) There exists an integer N such that bn ∈ Z for every n � N .

Then αk is algebraic over Q and bn ∈ Z[1/p] for every non-negative integer n.

Proof. We may assume that K is algebraically closed. Denote the algebraic closure of Q in K by
Q and the integral closure of Z in Q by Z. By the first condition above, λk ∈ Z[1/p]× for every k.
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Consider the matrices L, Vn ∈ GLm(K) defined by

L =



λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λm


 , Vn =




λn1 λn2 · · · λnm

λn+1
1 λn+1

2 · · · λn+1
m

...
...

. . .
...

λn+m−1
1 λn+m−1

2 · · · λn+m−1
m



.

It is easy to see that VrLs = Vr+s for every integers r, s. Define a,bn ∈ Km by

a =



α1
...
αm


 , bn =




bn
...

bn+m−1


 .

Note that bn = Vna. By the second assumption, bn ∈ Zm for n � N . Thus all the entries of
a = V −1

N bN are in Q, which is the first part of the lemma.
Put M = V −1

N (Zm). Then Lna ∈ M for n � 0. Let M0 be the Z-submodule of M generated
by {Lna}n�0, which is evidently a free Z-module of finite rank. Consider the minimal polynomial
µ(T ) = T d + a1T

d−1 + · · · + ad ∈ Q[T ] of L ∈ End(M0 ⊗ Q). Since it divides the characteristic
polynomial of L ∈ End(M0), it lies in Z[T ]. Moreover, in Q[T ], it divides the characteristic polyno-
mial

∏m
i=1(T − λi) ∈ Z[1/p][T ] of the matrix L, therefore in Z[1/p][T ] since µ(T ) is monic. Hence

in Z[1/p], ad divides λ1 · · ·λm ∈ Z[1/p]×. This implies that ad ∈ Z ∩ Z[1/p]× and we may conclude
that ad = ±pk for some integer k.

Now we will prove bn ∈ Z[1/p]m by descending induction on n. By the assumption, it holds for
n � N . Let n � d be an integer. We have Lna + a1L

n−1a + · · · + adL
n−da = 0. Multiplying by V0,

we have bn+a1bn−1 + · · ·+adbn−d = 0. Therefore the assumption bn,bn−1, . . . ,bn−d+1 ∈ Z[1/p]m

implies

bn−d = − 1
ad

(bn + a1bn−1 + · · ·+ ad−1bn−d+1) ∈ Z[1/p]m.

This completes the proof.

Remark 2.1.4. In [BE05], Bloch and Esnault gave another proof of Theorem 2.1.2 by using the
theory of relative motivic cohomology defined by Levine. They also prove the integrality of the
alternating sum of the trace in Theorem 2.1.2. They only consider the case where X has a good
compactification, but we can easily reduce the general case to their case by de Jong’s alteration
(cf. (6.1.6)).

3. Complements on cycle classes

3.1 Localized Chern characters
3.1.1 Here we briefly recall localized Chern characters. Let S be a noetherian regular scheme.

By an arithmetic S-scheme, we mean a separated scheme of finite type over S. Let � be a prime
number which is invertible in S and denote Q� by Λ.

3.1.2 Let X be a purely d-dimensional arithmetic S-scheme and i : Y ↪−→ X a closed subscheme
of X. Let E• be a bounded complex of locally free OX -module which is exact over X \ Y . With
such E•, we associate chXY (E•) ∈ CHd−•(Y )Q, called the localized Chern character [Ful98, § 18.1].
We denote the degree-k part of chXY (E•) by chXk,Y (E•) ∈ CHd−k(Y )Q. Note that in [Ful98, § 18.1],
chXY (E•) is defined as an element of CH(Y → X)Q. In the notation there, chXY (E•) ∈ CHd−•(Y )Q
here should be denoted by chXY (E•) ∩ [X].
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3.1.3 We need the following property of chXY : assume that S = SpecK where K is a field,
X is smooth over S and Y is irreducible. Let E• −→ i∗OY be a resolution of i∗OY consisting
of locally free OX -modules (such a resolution always exists since X is regular). Put d′ = dimY .
Then chXd−d′,Y (E•) = [Y ] ∈ CHd′(Y )Q. This is a corollary of the Riemann–Roch theorem [Ful98,
Theorem 18.3 (3), (5)].

3.1.4 Let the notation be the same as in paragraph 3.1.2. We can associate the cohomology
class chX�,k,Y (E•) ∈ H2k

Y (X,Λ(k)) for each k, which is also called the localized Chern character
(cf. [Ive76]).

3.1.5 We list some properties of chX�,k,Y needed later.

(i) The localized Chern character chX�,k,Y (E•) is compatible with any pull-back.
(ii) Assume that S = SpecK where K is a field and X is smooth over S. Then we have

clXY (chXk,Y (E•)) = chX�,k,Y (E•) (cf. [Ful98, Example 19.2.6]).

3.2 A lemma on cycle classes
3.2.1 Let S = SpecA be a henselian trait and � a prime number that is invertible in S. We

denote the generic (respectively special) point of S by η (respectively s). For an S-scheme X,
we denote its generic (respectively special) fiber by Xη (respectively Xs).

An arithmetic S-scheme X is said to be strictly semistable if it is Zariski locally on X, étale over
SpecA[T0, . . . , Tn]/(T0 · · · Tr − π) for a uniformizer π of A and integers n, r with 0 � r � n. Let
D1, . . . ,Dm be irreducible components of Xs. We put DI =

⋂
i∈I Di for I ⊂ {1, . . . ,m} and D(p) =∐

I⊂{1,...,m},#I=p+1DI for a non-negative integer p. We write ai : Di ↪−→ X and a(p) : D(p) −→ X
for the canonical morphisms.

Lemma 3.2.2. Let X be a strictly semistable S-scheme of purely relative dimension d and Y a
closed subscheme of X with (d− k)-dimensional generic fiber. Assume that Y is flat over S. Then
there exists a cohomology class ξ� ∈ H2k

Y (X,Q�(k)) for each prime number � which is invertible in
S satisfying the following conditions:

(i) ξ�|Xη = clXη

Yη
(Yη) ∈ H2k

Yη
(Xη ,Q�(k));

(ii) ξ�|D(p) = clD
(p)

D(p)∩Y (a(p)![Y ]) ∈ H2k
D(p)∩Y (D(p),Q�(k)).

Here we are abusing notation since D(p) is not a subscheme of X.

Proof. Take a resolution E• −→ i∗OY of i∗OY by locally free OX-modules, where i denotes the
canonical closed immersion Y ↪−→ X. Put ξ� = chX�,k,Y (E•). Then it satisfies the first condition
above by Paragraphs 3.1.3 and 3.1.5.

We will prove that the second condition holds. Since the cycle map for a scheme over a field is
compatible with the refined Gysin map, we may assume p = 0. In other words, we should prove
ξ�|Di = clDi

Di∩Y (a!
i[Y ]). Since Y is flat, Di ∩ Y ↪−→ Y is a Cartier divisor. Thus a!

i[Y ] = [Di ∩ Y ] in
CHd−k(Di∩Y ). Moreover Y and Di are Tor-independent over X and E•|Di is a resolution of ODi∩Y
by locally free ODi-modules. Therefore by Paragraphs 3.1.3 and 3.1.5, we have

ξ�|Di = chDi
�,k,Di∩Y (E•|Di) = clDi

Di∩Y (chDi
k,Di∩Y (E•|Di)) = clDi

Di∩Y (Di ∩ Y ) = clDi
Di∩Y (a!

i[Y ]).

This completes the proof.

Remark 3.2.3. We can prove that the class ξ� constructed above coincides with the refined cycle
class of Y defined by using the absolute purity theorem of Gabber (cf. [Fuj02]). In particular, we
have the canonical element ξ′� ∈ H2k

Y (X,Z�(k)) whose image in H2k
Y (X,Q�(k)) is equal to ξ�.
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Remark 3.2.4. In the same way, we can remove the denominator k! in [SaT03, Lemma 2.17].

4. Partially supported cohomology and nearby cycle cohomology

4.1 Partially supported cohomology

4.1.1 Let K be a separably closed field and � a prime number that does not divide the charac-
teristic of K. Put Λ = Q�.

4.1.2 Consider a triple (X,U1, U2) of schemes over K such that

U1 is an open subscheme of X and U2 is an open subscheme of U1. (
)

We call such a triple a 
-triple. The scheme X is often assumed to be proper over K. We denote the
canonical open immersions U1 ↪−→ X and U2 ↪−→ U1 by j1 and j12 respectively. Put j2 = j1 ◦ j12.
A morphism f : (X,U1, U2) −→ (Y, V1, V2) of 
-triples means a triple of morphisms f : X −→ Y ,
f1 : U1 −→ V1, and f2 : U2 −→ V2, which makes the following diagram commutative.

U2
��

f2
��

U1
��

f1
��

X

f

��
V2

�� V1
�� Y

Definition 4.1.3. Let (X,U1, U2) be a 
-triple and F ∈ objDb
c(U2,Λ). We define the partially

supported cohomology Hq
!∗(X,U1, U2;F) as Hq(X, j1!Rj12∗F) and Hq

∗!(X,U1, U2;F) as Hq

(X,Rj1∗j12!F). Note that if X is proper, Hq
!∗(X,U,U ;F) = Hq

c (U,F). Needless to say, Hq
∗!

(X,U1, U2;F) = Hq(U1, j12!F) is independent of X.

4.1.4 Let f : (X,U1, U2) −→ (Y, V1, V2) be a morphism of 
-triples and k1 : V1 ↪−→ X,
k12 : V2 ↪−→ V1 the canonical open immersions. Put k2 = k1 ◦ k12. Consider the diagram below.

U2
j12 ��

f2
��

U1
j1 ��

f1
��

X

f

��
V2

k12 �� V1
k1 �� Y

Assume that one of the following conditions is fulfilled.

(i) The right rectangle is cartesian.

(ii) The morphism f1 is proper.

(iii) The morphism k1 is proper.

Then we have the pull-back homomorphism

f∗ : Hq
!∗(Y, V1, V2;F) −→ Hq

!∗(X,U1, U2; f∗2F)

induced by the composite

k1!Rk12∗F adj−−→ Rf∗f∗k1!Rk12∗F b.c.−−→ Rf∗j1!f∗1Rk12∗F b.c.−−→ Rf∗j1!Rj12∗f∗2F ,
where b.c. denotes the base change map. Moreover if f is proper (for example X and Y are proper
over K), we have the push-forward homomorphism

f∗ : Hq
∗!(X,U1, U2;Rf !

2F) −→ Hq
∗!(Y, V1, V2;F)
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induced by the composite

Rf!Rj1∗j12!Rf !
2F b.c.−−→ Rf!Rj1∗Rf !

1k12!F b.c.−−→ Rf!Rf
!Rk1∗k12!F adj−−→ Rk1∗k12!F .

4.1.5 Assume that one of the following conditions is fulfilled.

(i) The left rectangle is cartesian.
(ii) The morphism f2 is proper.
(iii) The morphism k12 is proper.

Then we have f∗ : Hq
∗!(Y, V1, V2;F) −→ Hq

∗!(X,U1, U2; f∗2F) defined similarly. Moreover if f is
proper, we have f∗ : Hq

!∗(X,U1, U2;Rf !
2F) −→ Hq

!∗(Y, V1, V2;F).

4.1.6 Next we define a cup product. Let (X,U1, U2) be a 
-triple such that X is proper and
F ,G ∈ objDb

ctf(U2,Λ). By Lemma 4.1.7 below, we can define a cup product

Hp
!∗(X,U1, U2;F) ⊗Hq

∗!(X,U1, U2;G) ∪−→ Hp+q
c (U2,F

L⊗ G)
as the composite

Hp
!∗(X,U1, U2;F)⊗Hq

∗!(X,U1, U2;G) = Hp(X, j1!Rj12∗F)⊗Hq(X,Rj1∗j12!G)
−→ Hp+q(X, j1!Rj12∗F

L⊗Rj1∗j12!G)
∼= Hp+q(X, j2!(F

L⊗ G))
= Hp+q

c (U2,F
L⊗ G).

Lemma 4.1.7. Let the notation be the same as above. We have the isomorphism

j1!Rj12∗F
L⊗Rj1∗j12!G ∼= j2!(F

L⊗ G).

Proof. Denote the canonical closed immersion X \U2 ↪−→ X by i. Since j∗2(j1!Rj12∗F
L⊗Rj1∗j12!G) =

F L⊗ G, then

j2!(F
L⊗ G) −→ j1!Rj12∗F

L⊗Rj1∗j12!G −→ i∗(j1!Rj12∗F
L⊗Rj1∗j12!G) +1−−→

is a distinguished triangle. Moreover we have i∗(j1!Rj12∗F
L⊗ Rj1∗j12!G) = 0 since i∗Rj1∗j12!G = 0.

Thus j1!Rj12∗F
L⊗Rj1∗j12!G ∼= j2!(F

L⊗ G).

4.1.8 Let X, Y be proper schemes over K and U ⊂ X, V ⊂ Y open subschemes. For F ∈
objDb

ctf(U,Λ) and G ∈ objDb
ctf(V,Λ), we have the following Künneth formula:

Hq
!∗(X × Y,U × Y,U × V ;F

L

� G) = Hq
∗!(X × Y,X × V,U × V ;F

L

� G)
=

⊕
i+j=q

H i
c(U,F) ⊗Hj(V,G).

Proof. Denote the canonical open immersions U ↪−→ X and V ↪−→ Y by j and k respectively.
By the Künneth formula [AGV73, Exposé XVII, Théorème 5.4.3; Del77, Finitude, Théorème 1.9],
we have

(j × 1)!R(1× k)∗(F
L

� G) = R(1× k)∗(j × 1)!(F
L

� G) = j!F
L

�Rk∗G.
This completes the proof.
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4.1.9 For simplicity, we will write Hq
!∗(X,U1, U2) and Hq

∗!(X,U1, U2) for Hq
!∗(X,U1, U2; Λ) and

Hq
∗!(X,U1, U2; Λ) respectively. Let f : (X,U1, U2) −→ (Y, V1, V2) be a morphism of 
-triples. If the

condition in Paragraph 4.1.4 is satisfied, we have

f∗ : Hq
!∗(Y, V1, V2) −→ Hq

!∗(X,U1, U2; f∗2 Λ) = Hq
!∗(X,U1, U2).

Assume further that f is proper, V2 is smooth and U2, V2 are equidimensional. Then we have

f∗ : Hq+2d
∗! (X,U1, U2)(d) −→ Hq

∗!(X,U1, U2;Rf !
2Λ) −→ Hq

∗!(Y, V1, V2)

where d = dimU2 − dimV2.
It is easy to see that f∗ and f∗ are dual to each other and the following projection formula holds.

Proposition 4.1.10. Assume that X and Y are proper over K. For every x ∈ Hp
!∗(Y, V1, V2) and

y ∈ Hq
∗!(X,U1, U2), the equality f2∗(f∗(x) ∪ y) = x ∪ f∗(y) holds in Hp+q−2d

c (V2,Λ(−d)).

4.1.11 Next assume that the condition in Paragraph 4.1.5 is satisfied for a morphism f :
(X,U1, U2) −→ (Y, V1, V2) of 
-triples. Then we have

f∗ : Hq
∗!(Y, V1, V2) −→ Hq

∗!(X,U1, U2; f∗2 Λ) = Hq
∗!(X,U1, U2).

Assume further that f is proper, V2 is smooth and U2, V2 are equidimensional. Then we have

f∗ : Hq+2d
!∗ (X,U1, U2)(d) −→ Hq

!∗(X,U1, U2;Rf !
2Λ) −→ Hq

!∗(Y, V1, V2)

where d = dimU2 − dimV2.
It is easy to see that f∗ and f∗ are dual to each other and the following projection formula holds.

Proposition 4.1.12. Assume that X and Y are proper over K. For every x ∈ Hp
∗!(Y, V1, V2) and

y ∈ Hq
!∗(X,U1, U2), the equality f2∗(f∗(x) ∪ y) = x ∪ f∗(y) holds in Hp+q−2d

c (V2,Λ(−d)).

4.1.13 Let (X,U1, U2) be a 
-triple such that U2 is smooth and equidimensional. Let Y be a
closed subscheme of X which is purely of codimension c. Assume that Y ∩ U1 = Y ∩ U2 and put
V = Y ∩ U1. Then the diagram

V

i2
��

V

i1
��

�� Y

i
��

U2
j12 �� U1

j1 �� X

is cartesian and we have the base change map Ri!2Λ = id!Ri
!
2Λ −→ Ri!1j12!Λ. By this, we have the

morphisms Rj1∗i1∗Ri!2Λ −→ Rj1∗j12!Λ and

H2c
V (U2,Λ(c)) −→ H2c

∗! (X,U1, U2)(c).

Lemma 4.1.14. The image of clU2
V (V ) ∈ H2c

V (U2,Λ(c)) under the map above is equal to the image
of 1 ∈ H0(V,Λ) = H0

∗!(Y, V, V ) under the map i∗ : H0
∗!(Y, V, V ) −→ H2c

∗! (X,U1, U2)(c).

Proof. By the definition of i∗, we have the following commutative diagram:

H0(V,Λ)

i2∗
��

H0
∗!(Y, V, V )

i∗
��

H2c
V (U2,Λ(c)) �� H2c

∗! (X,U1, U2)(c)

where the map i2∗ is induced by the canonical map Λ −→ Ri!2Λ(c)[2c]. By [Del77, cycle,
Théorème 2.3.8(i)], we have i2∗(1) = clU2

V (V ). This completes the proof.
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4.1.15 LetX, Y be schemes proper over K and j : U ↪−→ X, j′ : V ↪−→ Y dense open subschemes
of X, Y respectively. Assume that U , V are equidimensional and V is smooth. Put c = dimU and
d = dimV . Let Γ ⊂ U×V be a purely d-dimensional closed subscheme such that Γ ↪−→ U×V pr1−−→ U
is proper and Γ the closure of Γ in X × Y . Then (X × Y,U × Y,U × V ) and Γ satisfy the condition
in Paragraph 4.1.13. By Lemma 4.1.14, we can describe the action Γ∗ of the correspondence Γ by
means of partially supported cohomology, as follows.

Proposition 4.1.16. Let the notation be the same as in Paragraph 4.1.15. Then Γ∗ : Hq
c (U,Λ) −→

Hq
c (V,Λ) coincides with the composite

Hq
c (U,Λ) = Hq

!∗(X,U,U)
pr∗1−−→ Hq

!∗(X × Y,U × Y,U × V )
∪ cl(Γ)−−−−→ Hq+2c

c (U × V )(c)
pr2∗−−→ Hq

c (V,Λ).

Here cl(Γ) denotes the image of clU×V
Γ (Γ) ∈ H2c

Γ (U × V,Λ(c)) in H2c
∗! (X × Y,U × Y,U × V )(c).

Proof. This follows immediately from Proposition 4.1.10 and Lemma 4.1.14.

4.1.17 Let f : X ′ −→ X be a proper morphism of equidimensional schemes over K and Z ⊂ X a
closed subscheme of X which is purely k-dimensional. Put Z ′ = Z ×X X ′ and d = dimX ′ − dimX.
Assume that X is smooth over K. Then the map id×f : X ′ −→ X ′×X is a regular immersion. By
applying the construction in [Ful98, ch. 6] to the cartesian diagram we have the element (id×f)![Z] ∈
CHk+d(X ′).

Z ′ ��

��

X ′ × Z

��
X ′ �� X ′ ×X

We denote it by f ![Z]. It is well known that this construction is compatible with cycle class, i.e.
f∗(clXZ (Z)) = clX

′
Z′ (f ![Z]).

Lemma 4.1.18. Let X, Y , X ′ and Y ′ be equidimensional schemes over K and f : X ′ −→ X,
g : Y ′ −→ Y be proper surjective generically finite morphisms over K. Put c = dimX = dimX ′ and
d = dimY = dimY ′. Let Γ ⊂ X × Y be a purely d-dimensional subscheme such that the composite

Γ ↪−→ X × Y
pr1−−→ X is proper. Assume that X and Y are smooth over K. Then the following

diagram is commutative.

H i
c(X

′,Λ)
((f×g)![Γ])∗ ��

f∗
��

H i
c(Y

′,Λ)

H i
c(X,Λ) Γ∗

�� H i
c(Y,Λ)

g∗
��

Proof. First note that ((f × g)![Γ])∗ makes sense since (f × g)![Γ] is supported on (f × g)−1(Γ),
which is proper over X ′. Take a compactification f : X ′ −→ X of f : X ′ −→ X and g : Y ′ −→ Y of
g : Y ′ −→ Y . Since f and g are proper, we have f−1(X) = X ′ and g−1(Y ) = Y ′. Put ξ = cl(Γ) ∈
H2c

∗! (X × Y ,X × Y ,X × Y )(c). Then cl((f × g)![Γ]) = (f × g)∗ξ.
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Consider the following diagram.

H i
c(X ′,Λ)

pr∗1 ��

f∗

��

H i
!∗(X

′ × Y ′
,X ′ × Y ′

,X ′ × Y ′)
∪(f×g)∗ξ��

(f×id)∗

��

H i+2c
c (X ′ × Y ′,Λ(c))

pr2∗ ��

(f×id)∗

��

H i
c(Y ′,Λ)

H i
c(X,Λ)

pr∗1 �� H i
!∗(X × Y

′
,X × Y ′

,X × Y ′)
∪(id×g)∗ξ�� H i+2c

c (X × Y ′,Λ(c))
pr2∗ �� H i

c(Y
′,Λ)

H i
c(X,Λ)

pr∗1 �� H i
!∗(X × Y ,X × Y ,X × Y )

∪ξ ��

(id×g)∗
��

H i+2c
c (X × Y,Λ(c))

pr2∗ ��

(id×g)∗

��

H i
c(Y,Λ)

g∗

��

By Proposition 4.1.16, the composite of the upper horizontal arrows is equal to ((f × g)![Γ])∗ and
that of the lower horizontal arrows is equal to Γ∗. The lower left rectangle, the lower middle rect-
angle, and the upper right rectangle in the diagram above are clearly commutative. The upper left
rectangle and the lower right rectangle are commutative by the Künneth formula. The upper middle
rectangle is commutative by the projection formula. This completes the proof.

4.2 Nearby cycle cohomology

4.2.1 Let S = SpecA be a strict henselian trait and denote its generic (respectively special)
point by η (respectively s). Let K be a quotient field of A and K a separable closure of K. For an
S-scheme X, we denote its special fiber, generic fiber, and geometric generic fiber by Xs, Xη, and
Xη respectively. Denote the integral closure of A in K by A and put S = SpecA. For an S-scheme
f : X −→ S, we write f : X −→ S for the base change of f from S to S. Then we have the cartesian
diagrams below.

Xs
i ��

fs

��

X

f

��

Xη
j��

fη

��
s �� S η��

Xs
i ��

fs

��

X

f
��

Xη
j��

fη

��
s �� S η��

Let � be a prime which is invertible on S and denote Λ = Q�. For F ∈ objDb
c(Xη ,Λ), we define

RψXF = i
∗
Rj∗ϕ∗F , where ϕ : Xη −→ Xη is the canonical morphism. If no confusion occurs, we

omit the subscript X of RψX .

4.2.2 First we recall some functorialities of nearby cycles. Let f : X −→ Y be a morphism
between S-schemes. We define f∗ : RψY Λ −→ Rfs∗RψXΛ as the composite of

RψY Λ −→ Rfs∗f∗sRψY Λ b.c.−−→ Rfs∗RψXf∗ηΛ = Rfs∗RψXΛ.

Assume further that Xη , Yη are equidimensional and Yη is smooth. Put d = dimXη − dimYη. Then
we define f∗ : Rfs!RψY Λ(d)[2d] −→ RψXΛ as the composite of

Rfs!RψXΛ(d)[2d] b.c.−−→ RψYRfη!Λ(d)[2d] Tr−→ RψYRfη!Rf
!
ηΛ

adj−−→ RψY Λ.

Here the map Tr is induced by Tr: Λ(d)[2d] −→ Rf !
ηΛ defined as follows. Denote the structure

morphisms Xη −→ η, Yη −→ η by ϕXη
, ϕYη

. Since Yη is smooth and equidimensional, we have
Rϕ!

Yη
Λ = Λ(dim Yη)[2 dim Yη]. Therefore the trace map relative to ϕXη induces

Λ(dimXη)[2 dimXη] −→ Rϕ!
Xη

Λ = Rf !
ηRϕ

!
Yη

Λ = Rf !
ηΛ(dimYη)[2 dim Yη],
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which again induces Λ(d)[2d] −→ Rf !
ηΛ. Note that if fη is flat, the composite Rfη!Λ(d)[2d] Tr−→

Rfη!Rf
!
ηΛ

adj−−→ Λ coincides with the usual trace map Trfη
relative to fη.

Lemma 4.2.3. Let X and Y be arithmetic S-schemes and f : X −→ Y a proper surjective generically
finite S-morphism. Denote the degree of f by n. Assume that Xη is equidimensional, Yη is smooth
and connected. Note that by these conditions dimXη and dimYη are equal. Then the composite

RψY Λ
f∗−→ Rfs∗RψXΛ

f∗−→ RψY Λ

is the multiplication by n.

Proof. Since Yη is smooth and connected, we have the homomorphism

Λ
adj−−→ Rfη∗f∗ηΛ = Rfη∗Λ

Tr−→ Rfη∗Rf !
ηΛ

adj−−→ Λ (∗)
between constant sheaves on Yη (here Tr is the map defined in Paragraph 4.2.2). By the assumption
and the generic flatness [Gro64, Théorème 6.9.1], there exists a dense open U ⊂ Y such that fη is
finite flat over U . Therefore over U the map (∗) coincides with the composite

Λ
adj−−→ Rfη∗Λ

Trfη−−−→ Λ,

which is known to be the multiplication by n. Therefore the map (∗) is also the multiplication by n.
Thus we have only to prove that the given map is equal to the composite

RψY Λ
RψY (adj)−−−−−−→ RψYRfη∗Λ

RψY (adj◦Tr)−−−−−−−−→ RψY Λ.

Now we recall some basic facts on the base change map. For a commutative diagram

Y ′ g′ ��

f ′
��

X ′

f

��
Y

g �� X

the following hold.

(a) For F ∈ objDb
c(Y,Λ), the composite

Rg∗F adj−−→ Rf∗f∗Rg∗F Rf∗(b.c.)−−−−−→ Rf∗Rg′∗f
′∗F = Rg∗Rf ′∗f

′∗F
is equal to Rg∗(adj).

(b) For F ∈ objDb
c(X,Λ), the composite

g∗F g∗(adj)−−−−→ g∗Rf∗f∗F b.c.−−→ Rf ′∗g
′∗f∗F = Rf ′∗f

′∗g∗F
is equal to adj.

Fact (a) is nothing but the definition of the base change map. Fact (b) is also easy.
Consider the following cartesian diagram.

Xs
i
′

��

fs

��

X

f
��

Xη
j
′

��

fη

��
Ys

i �� Y Yη
j��

By (b), the composite

i
∗
Rj∗Λ

adj−−→ Rfs∗f∗s i
∗
Rj∗Λ = Rfs∗i

′∗
f
∗
Rj∗Λ

b.c.←−−∼= i
∗
Rf∗f

∗
Rj∗Λ
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is equal to i∗(adj). Together with (a), we may infer that the composite

i
∗
Rj∗Λ

adj−−→ Rfs∗f∗s i
∗
Rj∗Λ = Rfs∗i

′∗
f
∗
Rj∗Λ

b.c.←−−∼= i
∗
Rf∗f

∗
Rj∗Λ

b.c.−−→ i
∗
Rf∗Rj

′
∗f

∗
ηΛ

= i
∗
Rj∗Rfη∗f

∗
ηΛ

is equal to i∗Rj∗(adj).
Now consider the following diagram.

RψY Λ

f∗

��adj ��

RψY (adj)
���������������������������� Rfs∗Rf∗sRψY Λ b.c. �� Rfs∗RψY Λ

b.c.
��

f∗

���������������������

RψYRfη∗Λ
RψY (adj◦Tr)

�� RψY Λ

We have just proved that the left triangle is commutative. The right triangle is commutative by the
definition of f∗. Our claim immediately follows from this.

4.2.4 Let X and Y be arithmetic S-schemes with equidimensional smooth generic fibers. Put
c = dimXη and d = dimYη. Let Γ ⊂ X ×S Y be a closed subscheme with purely d-dimensional
generic fiber such that Γ ↪−→ X ×S Y pr1−−→ X is proper. Denote the closed immersion Γ ↪−→ X × Y
by γ and put γi = pri ◦γ. Then we have the maps

Hq
c (Xs, RψXΛ)

γ∗1−→ Hq
c (Γs, RψΓΛ), Hq

c (Γs, RψΓΛ)
γ2∗−−→ Hq

c (Ys, RψY Λ).

We define Γ∗ : Hq
c (Xs, RψXΛ) −→ Hq

c (Ys, RψY Λ) as the composite of the maps above.

4.2.5 As in § 4.1, we can consider a 
-triple (X,U1, U2) over S. We will always assume that X,
U1, U2 are arithmetic S-schemes. For such a 
-triple, we consider the partially supported nearby
cycle cohomology Hq

!∗(Xs, U1s, U2s;RψU2Λ) and Hq
∗!(Xs, U1s, U2s;RψU2Λ). We have the same func-

torialities as in Paragraphs 4.1.9 and 4.1.11, the projection formulas, and the Künneth formula
(cf. [Ill94, Théorèmes 4.2 and 4.7]).

4.2.6 Let (X,U1, U2) be a 
-triple over S such that U2η is smooth and equidimensional. Let Y be
a closed subscheme of X such that Yη ⊂ Xη is purely of codimension c. Assume that Y ∩U1 = Y ∩U2

and put V = Y ∩ U1. Then as in Paragraph 4.1.13, we have the canonical map

H2c
Vη

(U2η,Λ(c)) −→ H2c
Vη

(U2η ,Λ(c)) −→ H2c
Vs

(U2s, RψU2Λ(c)) −→ H2c
∗! (Xs, U1s, U2s;RψU2Λ(c)).

Lemma 4.2.7. The image of clU2η

Vη
(Vη) by the map above coincides with the image of 1 ∈

H0(Vs, RψV Λ) = H0
∗!(Ys, Vs, Vs;RψV Λ) under the push-forward map

H0
∗!(Ys, Vs, Vs;RψV Λ) −→ H2c

∗! (Xs, U1s, U2s;RψU2Λ(c)).

We denote it by cl(Vη).

Proof. Consider the diagram below.

H0(Vη,Λ) ��

��

H0(Vη ,Λ) ��

��

H0(Vs, RψV Λ)

��

H0
∗!(Ys, Vs, Vs;RψV Λ)

��
H2c
Vη

(U2η ,Λ(c)) �� H2c
Vη

(U2η ,Λ(c)) �� H2c
Vs

(U2s, RψU2Λ(c)) �� H2c
∗! (Xs, U1s, U2s;RψV Λ(c))
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The two left rectangles are clearly commutative. As in the proof of Lemma 4.1.14, we can see that
the right one is commutative. Since the image of 1 ∈ H0(Vη ,Λ) under the map H0(Vη,Λ) −→
H2c
Vη

(U2η,Λ(c)) is clU2η

Vη
(Vη), the lemma follows.

Proposition 4.2.8. Let X, Y be proper arithmetic S-schemes and U ⊂ X, V ⊂ Y open subschemes
which are arithmetic S-schemes. Assume that Uη and Vη are equidimensional and smooth, and put
c = dimUη , d = dimVη. Let Γ ⊂ U ×S V be a closed subscheme with purely d-dimensional generic

fiber such that the composite Γ ↪−→ U ×S V pr1−−→ U is proper. Then Γ∗ : Hq
c (Us, RψUΛ) −→

Hq
c (Vs, RψV Λ) coincides with the composite

Hq
c (Us, RψUΛ) = Hq

!∗(Xs, Us, Us;RψUΛ)
pr∗1−−→ Hq

!∗(Xs × Ys, Us × Ys, Us × Vs;RψU×V Λ)
∪ cl(Γη)−−−−−→ Hq+2c

c (Us × Vs, RψU×V Λ(c))
pr2∗−−→ Hq

c (Vs, RψV Λ).

In particular, Γ∗ depends only on Γη (as long as Γ ↪−→ U ×S V pr1−−→ U is proper).

Proof. This follows immediately from Lemma 4.2.7 and the projection formula.

Lemma 4.2.9. Let X, Y , X ′ and Y ′ be arithmetic S-schemes with smooth equidimensional generic
fibers and f : X ′ −→ X, g : Y ′ −→ Y be proper surjective generically finite S-morphisms. Put
c = dimXη = dimX ′

η and d = dimYη = dimY ′
η . Let Γ ⊂ X ×S Y be a closed subscheme with

purely d-dimensional generic fiber such that the composite Γ ↪−→ X ×S Y pr1−−→ X is proper. As in
Paragraph 4.1.17, we have (fη× gη)![Γη] ∈ CHd((fη× gη)−1(Γη)). Take Γ′ ∈ Zd((f × g)−1(Γ)) whose
image in CHd((fη×gη)−1(Γη)) is equal to (fη×gη)![Γη]. Such Γ′ is not unique, but Γ′∗ is independent
of the choice of Γ′ by the previous proposition. Then the following diagram is commutative.

H i
c(X

′
s, RψX′Λ) Γ′∗

��

f∗
��

H i
c(Y

′
s , RψY ′Λ)

H i
c(Xs, RψXΛ) Γ∗

�� H i
c(Ys, RψY Λ)

g∗
��

Proof. As in the proof of Lemma 4.1.18, we derive the commutativity from the projection formula,
the Künneth formula, and Proposition 4.2.8.

Lemma 4.2.10. Let (X,U1, U2) be a 
-triple over S where U2η is smooth and i : Y ↪−→ X a closed
subscheme such that Yη ↪−→ Xη is purely of codimension c. Assume that Y ∩ U1 = Y ∩ U2 and

put V = Y ∩ U1. Let ξ ∈ H2c
V (U2,Λ(c)) be an element satisfying ξ|U2η = clU2η

Vη
(Vη). Then cl(Vη) ∈

H2c
∗! (Xs, U1s, U2s;RψU2Λ(c)) coincides with the image of ξ under the map

H2c
V (U2,Λ(c)) −→ H2c

Vs
(U2s,Λ(c)) −→ H2c

∗! (Xs, U1s, U2s)(c) −→ H2c
∗! (Xs, U1s, U2s;RψU2Λ(c)).

Proof. This follows from the commutative diagram below.

H2c
V (U2,Λ(c)) ��

��

H2c
Vs

(U2s,Λ(c)) ��

��

H2c
∗! (Xs, U1s, U2s; Λ(c))

��

H2c
Vη

(U2η ,Λ(c))

��
H2c
Vη

(U2η ,Λ(c)) �� H2c
Vs

(U2s, RψU2Λ(c)) �� H2c
∗! (Xs, U1s, U2s;RψU2Λ(c))

Corollary 4.2.11. Let the notation be the same as in Proposition 4.2.8. Let ξ ∈ H2c
Γ (U ×S

V,Λ(c)) be an element satisfying ξ|Uη×Vη = cl(Γη). We denote by ξ′ the image of ξ under the

405

https://doi.org/10.1112/S0010437X06002582 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X06002582


Y. Mieda

map H2c
Γ (U × V,Λ(c)) −→ H2c

Γs
(Us × Vs,Λ(c)) −→ H2c

∗! (Xs × Ys, Us × Ys, Us × Vs)(c). Then Γ∗ :
Hq
c (Us, RψUΛ) −→ Hq

c (Vs, RψV Λ) coincides with the composite

Hq
c (Us, RψUΛ) = Hq

!∗(Xs, Us, Us;RψUΛ)
pr∗1−−→ Hq

!∗(Xs × Ys, Us × Ys, Us × Vs;RψU×V Λ)
∪ξ′−−→ Hq+2c

c (Us × Vs, RψU×V Λ(c))
pr2∗−−→ Hq

c (Vs, RψV Λ).

Proof. This is clear from Proposition 4.2.8 and Lemma 4.2.10.

5. An analogue of the weight spectral sequence and its functorialities

5.1 An analogue of the weight spectral sequence
5.1.1 Let S = SpecA be a strict henselian trait as in § 4.2. Let (X,U1, U2) be a 
-triple over S

such that U2 is strictly semistable (cf. Paragraph 3.2.1) over S. We say that such a 
-triple itself
is strictly semistable. We denote the irreducible components of U2s by D′′

1 , . . . ,D
′′
m. We write Di

(respectively D′
i) for the closure of D′′

i in X (respectively U1). They form 
-triples (Di,D
′
i,D

′′
i ). We

have the following maps between 
-triples.

D′′
i

k′i ��

a′′i
��

D′
i

ki ��

a′i
��

Di

ai

��
U2s

j12 �� U1s
j1 �� Xs

For a subset I ⊂ {1, . . . ,m}, put DI =
⋂
i∈I Di, D′

I =
⋂
i∈I D

′
i, and D′′

I =
⋂
i∈I D

′′
i . For every I,

D′′
I is smooth over s. We write aI , a′I , a

′′
I , kI and k′I for the maps induced by ai, a′i, a

′′
i , ki and

k′i respectively. For an integer p, put D(p) =
∐
I⊂{1,...,m},#I=p+1DI , D′(p) =

∐
I⊂{1,...,m},#I=p+1D

′
I ,

and D′′(p) =
∐
I⊂{1,...,m},#I=p+1D

′′
I . If X is purely of relative dimension n over S, they are purely

of relative dimension n− p over s. We write a(p), a′(p), a′′(p), k(p) and k′(p) for the maps induced by
aI , a′I , a

′′
I , kI and k′I respectively. We have the following maps between 
-triples.

D′′
I

k′I ��

a′′I
��

D′
I

kI ��

a′I
��

DI

aI

��
U2s

j12 �� U1s
j1 �� Xs

D′′(p) k′(p)
��

a′′(p)

��

D′(p) k(p)
��

a′(p)

��

D(p)

a(p)

��
U2s

j12 �� U1s
j1 �� Xs

5.1.2 By [SaT03, § 2.1], we have the monodromy filtration M• on RψU2Λ. This is a filtra-
tion in the category of perverse sheaves on Xs. The filtration M• defines a quasi-filtered object
(RψU2Λ, (MsRψU2Λ/MrRψU2Λ)s�r) of the category Db

c(U2s,Λ) (see [SaM88, § 5.2.17]). Since the
functors Rj12∗ and j1! preserve distinguished triangles, we have a quasi-filtered object

(j1!Rj12∗RψU2Λ, (j1!Rj12∗(MsRψU2Λ/MrRψU2Λ))s�r)

of the category Db
c(Xs,Λ).

Theorem 5.1.3. Let the notation be the same as above. The above quasi-filtered object induces
the spectral sequence

Ep,q1 =
⊕

i�max(0,−p)
Hq−2i

!∗ (D(p+2i),D′(p+2i),D′′(p+2i))(−i) =⇒ Hp+q
!∗ (Xs, U1s, U2s;RψU2Λ).

Proof. By [SaM88, Lemme 5.2.18], we have the spectral sequence

Ep,q1 = Hp+q(Xs, j1!Rj12∗ GrM−pRψU2Λ) =⇒ Hp+q
!∗ (Xs, U1s, U2s;RψU2Λ).
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On the other hand, by [SaT03, Proposition 2.7] we have the canonical isomorphism

j1!Rj12∗
( ⊕
p−q=r

a
′′(p+q)
∗ Λ(−p)[−p− q]

)
∼=−→ j1!Rj12∗ GrMr RψU2Λ.

Since j1!Rj12∗a′′i∗Λ = j1!a
′
i∗Rk

′
i∗Λ = j1!a

′
i!Rk

′
i∗Λ = ai!ki!Rk

′
i∗Λ = ai∗ki!Rk′i∗Λ, we have the canonical

isomorphism

Hp+q(Xs, j1!Rj12∗ GrM−pRψU2Λ) ∼= Hp+q

(
Xs, j1!Rj12∗

( ⊕
i�max(0,−p)

a
′′(p+2i)
∗ Λ(−i)[−p− 2i]

))

=
⊕

i�max(0,−p)
Hq−2i(Xs, a

(p+2i)
∗ k

(p+2i)
! Rk

′(p+2i)
∗ Λ(−i))

=
⊕

i�max(0,−p)
Hq−2i

!∗ (D(p+2i),D′(p+2i),D′′(p+2i))(−i).

This completes the proof.

5.1.4 If X = U1 = U2 and X is proper over S, the spectral sequence above coincides with the
weight spectral sequence in [RZ82] up to sign (see [SaT03, p. 613]).

5.2 Functoriality: pull-back

5.2.1 Let (X,U1, U2) and (Y, V1, V2) be strictly semistable 
-triples and f a morphism between
them. Assume that the diagram is cartesian.

U1
��

��

X

��
V1

�� Y

Then we have the pull-back map

f∗ : Hq
!∗(Y, V1, V2;RψV2Λ) −→ Hq

!∗(X,U1, U2;RψU2Λ).

5.2.2 Let E′′
1 , . . . , E

′′
m′ be the irreducible components of V2s and Ei (respectively E′

i) a closure
of Ei in Y (respectively V1). As in Paragraph 5.1.1, we have the following diagram.

E′′
i

l′i ��

b′′i
��

E′
i

li ��

b′i
��

Ei

bi
��

V2s

j′12 �� V1s

j′1 �� Ys

We also define EI , E′
I , E

′′
I , E

(p), E′(p) and E′′(p) as in Paragraph 5.1.1.

Since U2 and V2 are strictly semistable, we have f∗2 (
∑m′

i=1E
′′
i ) =

∑m
i=1D

′′
i as Cartier divisors

on U2. Therefore there exists a unique map ϕ : {1, . . . ,m} −→ {1, . . . ,m′} satisfying f2(D′′
i ) ⊂ E′′

ϕ(i)

for every i ∈ {1, . . . ,m}. Renumbering the D′′
i if necessary, we may assume that ϕ is increasing.

Then we have f(Di) ⊂ Eϕ(i) and f1(D′
i) ⊂ E′

ϕ(i) for every i. Moreover the right rectangle of the
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following commutative diagram is cartesian.

D′′
i

f2
��

k′ �� D′
i

f1
��

k �� Di

f

��
E′′
ϕ(i)

l′ �� E′
ϕ(i)

l �� Eϕ(i)

5.2.3 For a non-negative integer p, we put If,p = {I ⊂ {1, . . . ,m} | #I = #ϕ(I) = p + 1}
and D

′′(p)
f =

∐
I∈If,p

D′′
I . We define D(p)

f and D
′(p)
f similarly. For I ∈ If,p, we have a morphism

of 
-triples fϕ(I)I : (DI ,D
′
I ,D

′′
I ) −→ (Eϕ(I), E

′
ϕ(I), E

′′
ϕ(I)), which is a restriction of f . Put f (p) =∐

fϕ(I)I : (D(p)
f ,D

′(p)
f ,D

′′(p)
f ) −→ (E(p), E′(p), E′′(p)). Since the right rectangle of the commutative

diagram

D
′′(p)
f

f
(p)
2

��

k′(p)
�� D

′(p)
f

f
(p)
1

��

k(p)
�� D

(p)
f

f(p)

��
E′′(p) l′(p)

�� E′(p) l(p)
�� E(p)

is cartesian, we have the pull-back map

f (p)∗ =
∑
I∈If,p

f∗ϕ(I)I : Hq
!∗(E

(p), E′(p), E′′(p)) −→ Hq
!∗(D

(p)
f ,D

′(p)
f ,D

′′(p)
f ) ↪−→ Hq

!∗(D
(p),D′(p),D′′(p)).

Proposition 5.2.4. We have a map of spectral sequences as follows.

E′p,q
1 =

⊕
i�max(0,−p)H

q−2i
!∗ (E(p+2i), E′(p+2i), E′′(p+2i))(−i) ��

⊕f(p+2i)∗
��

Hp+q
!∗ (Ys, V1s, V2s;RψV2Λ)

f∗

��
Ep,q1 =

⊕
i�max(0,−p)H

q−2i
!∗ (D(p+2i),D′(p+2i),D′′(p+2i))(−i) �� Hp+q

!∗ (Xs, U1s, U2s;RψU2Λ)

Proof. We have a morphism of quasi-filtered objects

(j′1!Rj
′
12∗RψV2Λ, (j

′
1!Rj

′
12∗(MsRψV2Λ/MrRψV2Λ))s�r)

−→ (Rfs∗f∗s j
′
1!Rj

′
12∗RψV2Λ, (Rfs∗f

∗
s j

′
1!Rj

′
12∗(MsRψV2Λ/MrRψV2Λ))s�r)

−→ (Rfs∗j1!Rj12∗f∗2sRψV2Λ, (Rfs∗j1!Rj12∗f
∗
2s(MsRψV2Λ/MrRψV2Λ))s�r).

By [SaT03, Proposition 2.11(1)], we have a morphism of quasi-filtered objects

(f∗2sRψV2Λ, f
∗
2s(MsRψV2Λ/MrRψV2Λ)s�r) −→ (RψU2Λ, (MsRψU2Λ/MrRψU2Λ)s�r),

which induces

(Rfs∗j1!Rj12∗f∗2sRψV2Λ, Rfs∗j1!Rj12∗f
∗
2s(MsRψV2Λ/MrRψV2Λ)s�r)

−→ (Rfs∗j1!Rj12∗RψU2Λ, Rfs∗j1!Rj12∗(MsRψU2Λ/MrRψU2Λ)s�r).

Therefore we have a morphism of quasi-filtered objects

(j′1!Rj
′
12∗RψV2Λ, (j

′
1!Rj

′
12∗(MsRψV2Λ/MrRψV2Λ))s�r)

−→ (Rfs∗j1!Rj12∗RψU2Λ, Rfs∗j1!Rj12∗(MsRψU2Λ/MrRψU2Λ)s�r).
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The associated morphism of spectral sequences is as follows.

E′p,q
1 = Hp+q(Ys, j′1!Rj

′
12∗ GrM−pRψV2Λ) ��

��

Hp+q
!∗ (Ys, V1s, V2s;RψV2Λ)

f∗
��

Ep,q1 = Hp+q(Xs, j1!Rj12∗ GrM−pRψU2Λ) �� Hp+q
!∗ (Xs, U1s, U2s;RψU2Λ)

On the other hand, by [SaT03, Proposition 2.11(2)], we have the following commutative diagram
for every r.

⊕
p−q=r j

′
1!Rj

′
12∗b

′′(p+q)
∗ Λ(−p)[−p− q] ∼= ��

��

j′1!Rj
′
12∗ GrMr RψV2Λ

��⊕
p−q=r Rfs∗j1!Rj12∗f

∗
2sb

′′(p+q)
∗ Λ(−p)[−p− q] ∼= ��

��

Rfs∗j1!Rj12∗f∗2s GrMr RψV2Λ

��⊕
p−q=rRfs∗j1!Rj12∗a

′′(p+q)
∗ Λ(−p)[−p− q] ∼= �� Rfs∗j1!Rj12∗ GrMr RψU2Λ

where the horizontal arrows are the canonical isomorphisms in [SaT03, Proposition 2.7]. We know
that j′1!Rj

′
12∗b

′′(p+q)
∗ Λ = b

(p+q)
∗ l!Rl

′∗Λ and Rfs∗j1!Rj12∗a
′′(p+q)
∗ Λ = Rfs∗a

(p+q)
∗ k!Rk

′∗Λ. Thus we have
the map b(p+q)∗ l!Rl

′∗Λ −→ Rfs∗a
(p+q)
∗ k!Rk

′∗Λ induced by the composite of

j′1!Rj
′
12∗b

′′(p+q)
∗ Λ −→ Rfs∗j1!Rj12∗f∗2sb

′′(p+q)
∗ Λ −→ Rfs∗j1!Rj12∗a

′′(p+q)
∗ Λ,

appearing in the above diagram. We can easily see that (by taking RΓ(Ys, ∗)) this map induces

f (p+q)∗ : Hk
∗!(E

(p+q), E′(p+q), E′′p+q) −→ Hk
∗!(D

(p+q),D′(p+q),D′′(p+q)).

The proposition immediately follows from this.

5.3 Functoriality: cup product

Proposition 5.3.1. Let (X,U1, U2) be a strictly semistable 
-triple over S and ξ ∈ Hm
∗!

(Xs, U1s, U2s)(l). Then the cup product with ξ induces a map of spectral sequences as follows.

Ep,q1 =
⊕

i�max(0,−p)H
q−2i
!∗ (D(p+2i),D′(p+2i),D′′(p+2i))(−i)

∪ξ|
D(p+2i)

��

�� Hp+q
!∗ (Xs, U1s, U2s;RψU2Λ)

∪ξ
��

Ep,q+m1 =
⊕

i�max(0,−p)H
q−2i+m
c (D′′(p+2i),Λ(−i+ l)) �� Hp+q+m

c (U2s, RψU2Λ(l))

Proof. We have a map of quasi-filtered objects

(j1!Rj12∗RψU2Λ, (j1!Rj12∗(MsRψU2Λ/MrRψU2Λ))s�r)
∪ξ−→ (j2!RψU2Λ(l)[m], (j2!(MsRψU2Λ/MrRψU2Λ)(l)[m])s�r)

and the following map of spectral sequences induced by it.

Ep,q1 = Hp+q(Xs, j1!Rj12∗ GrM−pRψU2Λ) ��

∪ξ
��

Hp+q
!∗ (Xs, U1s, U2s;RψU2Λ)

∪ξ
��

Ep,q+m1 = Hp+q+m(Xs, j2! GrM−pRψU2Λ(l)) �� Hp+q+m
c (U2s, RψU2Λ(l))
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By Lemma 5.3.2 below, the following diagram is commutative for every r.

⊕
p−q=r j1!Rj12∗a

′′(p+q)
∗ Λ(−p)[−p− q] ∼= ��

∪ξ
��

j1!Rj12∗ GrMr RψU2Λ

∪ξ
��⊕

p−q=r j2!a
′′(p+q)
∗ Λ(−p+ l)[−p− q +m]

∼= �� j2! GrMr RψU2Λ(l)[m]

On the other hand, the diagram below is obviously commutative.

j1!Rj12∗a
′′(p+q)
∗ Λ

∪ξ
��

a
(p+q)
∗ k!Rk

′∗Λ

∪ξ|
D(p+q)

��

j1!Rj12∗a
′′(p+q)
∗ Λ(l)[m] a

(p+q)
∗ (k ◦ k′)!Λ(l)[m]

This completes the proof.

Lemma 5.3.2. Let X be a scheme over a field and j : U ↪−→ X be an open subscheme. Let F
and G be objects of Db

c(U,Λ). Then for every morphism ϕ : F −→ G and every cohomology class
ξ ∈ Hm

c (X,Λ(l)) = Hom(Λ, j!Λ(l)[m]), the following diagram is commutative.

Rj∗F ϕ ��

∪ξ
��

Rj∗G
∪ξ

��
j!F(l)[m]

ϕ �� j!G(l)[m]

Proof. This follows from the diagram below, whose rectangles are easily seen to be commutative.

Rj∗F ϕ ��

id⊗ξ
��

Rj∗G
id⊗ξ

��

Rj∗F
L⊗ j!Λ(l)[m] ��

Rj∗G
L⊗ j!Λ(l)[m]

j!j
∗(Rj∗F

L⊗ j!Λ(l)[m]) ��

∼=
��

∼=
��

j!j
∗(Rj∗G

L⊗ j!Λ(l)[m])

∼=
��

∼=
��

j!(F
L⊗ Λ(l)[m]) ��

∼=
��

j!(G
L⊗ Λ(l)[m])

∼=
��

j!F(l)[m]
ϕ �� j!G(l)[m]

5.4 Functoriality: push-forward

5.4.1 Let X and Y be strictly semistable S-schemes and f : X −→ Y a morphism between
them. We assume that X (respectively Y ) be purely of relative dimension n (respectively n′). Put
d = n−n′. We denote the irreducible component of X (respectively Y ) by D1, . . . ,Dm (respectively
E1, . . . , Em′) and define D(p) (respectively E(p)) as in Paragraph 5.1.1.
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Proposition 5.4.2. We have a map of spectral sequences

Ep,q+2d
1 =

⊕
i�max(0,−p)H

q+2d−2i
c (D(p+2i),Λ(−i+ d)) ��

⊕f(p+2i)
∗

��

Hp+q+2d
c (Xs, RψXΛ(d))

f∗
��

E′p,q
1 =

⊕
i�max(0,−p)H

q−2i
c (E(p+2i),Λ(−i)) �� Hp+q

c (Ys, RψY Λ)

where f
(p)
∗ is defined as in [SaT03, § 2.3].

Proof. This follows immediately from [SaT03, Proposition 2.13].

5.5 Functoriality: action of correspondence

5.5.1 Let X and Y be strictly semistable S-schemes and X ↪−→ X, Y ↪−→ Y compactifications
over S. Assume that X (respectively Y ) is purely of relative dimension n (respectively n′). Let
D1, . . . ,Dm (respectively E1, . . . , Em′) be the irreducible components ofXs (respectively Ys). Denote
Di (respectively Ei) the closure of Di in X (respectively of Ei in Y ). Write Ii (respectively I ′i)
for the defining ideal of Di (respectively Ei). Let π : Z −→ X ×S Y be the blow-up of X ×S Y by
the ideal

∏
(i,i′)∈∆(

∏i
j=1 pr∗1 Ij +

∏i′
j′=1 pr∗2 I ′j′), where ∆ denotes the set {1, . . . ,m} × {1, . . . ,m′}.

Put Z = π−1(X × Y ). Then by [SaT03, Lemma 1.9], Z is strictly semistable over S and the
irreducible components of Zs are indexed by ∆ as {Ci,i′}(i,i′)∈∆ so that π(Ci,i′) = Di×Ei′ . For I ′′ ⊂
{1, . . . ,m}×{1, . . . ,m′}, put CI′′ =

⋂
(i,i′)∈I′′ Ci,i′ . We know that C(p) =

∐
#I′′=p+1CI′′ (see [SaT03,

Lemma 1.9]), where I ′′ runs over all totally ordered subsets of ∆ (the order of ∆ is the product
order).

For I ⊂ {1, . . . ,m} and I ′ ⊂ {1, . . . ,m′} satisfying #I = #I ′ = p + 1, denote by I ∧ I ′ ⊂ ∆
the graph of the increasing bijection I −→ I ′. Put C(p)

1 =
∐
I⊂{1,...,m},I′⊂{1,...,m′},#I=#I′=p+1CI∧I′ .

Let πI∧I′ : CI∧I′ −→ DI × EI′ be the restriction of π and π(p) : C(p)
1 −→ D(p) × E(p) the morphism

induced by πI∧I′ .

5.5.2 Let Γ ⊂ X×S Y be a closed subscheme with purely n′-dimensional generic fiber such that
the composite Γ ↪−→ X ×S Y pr1−−→ X is proper. Denote by Γ′ the closure of Γη ⊂ Xη ×Yη = Zη in Z
and put Γ′(p) ∈ CHn′−p(C(p) ∩ Γ′) the refined pull-back of Γ′ to C(p). By Lemma 3.2.2, there exists
a cohomology class ξ ∈ H2n

Γ′ (X ×S Y,Λ(n)) satisfying the following conditions:

(i) ξ|Xη×Yη = clXη×Yη(Γη);

(ii) ξ|C(p) = clC
(p)

C(p)∩Γ′(Γ′(p)).

Since Γ′ ⊂ π−1(Γ), the composite of C(p)
1 ∩ Γ′ ↪−→ C

(p)
1

π(p)−−→ D(p) × E(p) pr1−−→ D(p) is proper. Thus
Γ′(p) induces the action on cohomology (Γ′(p))∗ : Hq

c (D(p),Λ) −→ Hq
c (E(p),Λ) (we write Γ′(p) again

for the restriction of Γ′(p) to C(p)
1 ∩ Γ′).

On the other hand we have Γ′′(p) = π
(p)
∗ (Γ′(p)) ∈ CHn′−p((D(p) × E(p)) ∩ Γ). As the composite

(D(p) × E(p)) ∩ Γ ↪−→ D(p) × E(p) pr1−−→ D(p) is proper, Γ′′(p) induces the action on cohomology
(Γ′′(p))∗ : Hq

c (D(p),Λ) −→ Hq
c (E(p),Λ). By the projection formula, these two maps are equal. Now

we state the functoriality result.

Theorem 5.5.3. Let the notation be the same as above. Then we have a map of spectral sequences
as follows.
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Ep,q1 =
⊕

i�max(0,−p)H
q−2i
c (D(p+2i),Λ(−i)) ��

⊕(Γ′′(p+2i))∗
��

Hp+q
c (Xs, RψXΛ)

Γ∗

��
E′p,q

1 =
⊕

i�max(0,−p)H
q−2i
c (E(p+2i),Λ(−i)) �� Hp+q

c (Ys, RψY Λ)

Proof. This follows from Corollary 4.2.11 and Propositions 5.2.4, 5.3.1, and 5.4.2.

6. On �-independence of nearby cycle cohomology

6.1 The �-independence of nearby cycle cohomology

6.1.1 Let K be a complete discrete valuation field with finite residue field F = Fq. We denote
the ring of integers of K by OK and the characteristic of F by p. Fix a separable closure K of K
and let F be the residue field of the integral closure of OK in K, which is an algebraic closure of
F . We denote by GK (respectively GF ) the Galois group Gal(K/K) (respectively Gal(F/F )). We
denote by Frq the geometric Frobenius element (the inverse of the qth power map) in GF . The Weil
group WK of K is defined as the inverse image of the subgroup 〈Frq〉 ⊂ GF by the canonical map
GK −→ GF . For σ ∈ WK , let n(σ) be the integer such that the image of σ in GF is Frn(σ)

q . Put
W+
K = {σ ∈WK | n(σ) � 0}.
Put S = SpecOK . For an S-scheme X, we denote its special fiber, geometric special fiber, generic

fiber, geometric generic fiber by XF , XF , XK , XK respectively.

Let � be a prime number distinct from p.

6.1.2 The main result in this section is the following theorem.

Theorem 6.1.3. Let X be a flat arithmetic S-scheme with purely d-dimensional smooth generic
fiber, and Γ ⊂ X ×S X a closed subscheme with purely d-dimensional generic fiber. Assume that

the composite Γ ↪−→ X ×S X pr1−−→ X is proper. Then for any σ ∈W+
K , the number

Tr(Γ∗ ◦ σ∗;H∗
c (XF , RψQ�)) =

2d∑
i=0

(−1)i Tr(Γ∗ ◦ σ∗;H i
c(XF , RψQ�))

lies in Z[1/p] and is independent of �.

6.1.4 First we treat the case whereX is strictly semistable over S. We need a slight generalization
of the above theorem in this case.

Lemma 6.1.5 (cf. [SaT03, Lemma 3.2]). Let L be a finite quasi-Galois extension of K and put S′ =
SpecOL. We denote the residue field of L by E. Let X be a strictly semistable S′-scheme which is
purely of relative dimension d. Take any σ ∈W+

K . Fix an embeddingK ↪−→ L and extend σ uniquely
to an automorphism of L. We put Xσ = X ×OL↗σ OL. Let Γ ⊂ Xσ ×S′ X be a closed subscheme

with purely d-dimensional generic fiber satisfying that the composite Γ −→ Xσ ×S′ X
pr1−−→ Xσ is

proper. Then the number

Tr(Γ∗ ◦ σ∗;H∗
c (XE , RψQ�))

lies in Z[1/p] and is independent of �.

Proof. We denote the irreducible components of XE by D1, . . . ,Dm as usual. Then the irreducible
components of Xσ

E are Dσ
1 , . . . ,D

σ
m. We define Γ′′(s) ∈ CHd−s((Dσ(s) ×D(s)) ∩ Γ) for each s as in
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Paragraph 5.5.2. Then by Theorem 5.5.3 we have the following map of spectral sequences.

E′s,t
1 =

⊕
i�max(0,−s)H

t−2i
c (Dσ(s+2i)

E
,Q�(−i)) ��

⊕(Γ′′(s+2i))∗
��

Hs+t
c (Xσ

E
, RψXσQ�)

Γ∗

��
Es,t1 =

⊕
i�max(0,−s)H

t−2i
c (D(s+2i)

E
,Q�(−i)) �� Hs+t

c (XE , RψXQ�)

On the other hand, we have the map of spectral sequences induced by σ

Es,t1 =
⊕

i�max(0,−s)H
t−2i
c (D(s+2i)

E
,Q�(−i)) ��

σ∗
��

Hs+t
c (XE , RψXQ�)

σ∗
��

E′s,t
1 =

⊕
i�max(0,−s)H

t−2i
c (Dσ(s+2i)

E
,Q�(−i)) �� Hs+t

c (Xσ
E
, RψXσQ�)

where σ denotes the image of σ in GE . Let σ(s)
geom : Dσ(s)

E
−→ D

(s)

E
be the composition ϕf ·n(σ) ◦

σ∗, where ϕ denotes the absolute Frobenius morphism and f is the integer satisfying q = pf . This
is a proper morphism over E. Since ϕ induces the identity map on étale cohomology, we have
σ∗ = σ

(s)∗
geom. Therefore we obtain the endomorphism of a spectral sequence.

Es,t1 =
⊕

i�max(0,−s)H
t−2i
c (D(s+2i)

E
,Q�(−i)) ��

(Γ′′(s+2i))∗◦σ(s+2i)∗
geom

��

Hs+t
c (XE , RψXQ�)

Γ∗◦σ∗
��

Es,t1 =
⊕

i�max(0,−s)H
t−2i
c (D(s+2i)

E
,Q�(−i)) �� Hs+t

c (XE , RψXQ�)

Denote by Γ′′′(s) ∈ CHd−s((D
σ(s)

E
×D(s)

E
) ∩ (σ(s)

geom × id)(ΓE)) the image of Γ′′(s) under the map

CHd−s((Dσ(s) ×D(s)) ∩ Γ) −→ CHd−s((D
σ(s)

E
×D(s)

E
) ∩ ΓE)

(σ
(s)
geom×id)∗−−−−−−−→ CHd−s((D

σ(s)

E
×D(s)

E
) ∩ (σ(s)

geom × id)(ΓE)).

Then (Γ′′′(s))∗ = (Γ′′(s))∗ ◦ σ(s)∗
geom holds. Thus we have equalities

Tr(Γ∗ ◦ σ∗;H∗
c (XE , RψQ�))

=
∑
s

∑
i�max(0,−s)

(−1)s Tr((Γ′′(s+2i))∗ ◦ σ(s+2i)∗
geom ;H∗

c (D
(s+2i)

E
,Q�(−i)))

=
∑
s

∑
i�max(0,−s)

(−1)sqn(σ)i Tr((Γ′′′(s+2i))∗;H∗
c (D

(s+2i)

E
,Q�))

=
∑
s

(−1)s
qn(σ)(s+1) − 1
qn(σ) − 1

Tr((Γ′′′(s))∗;H∗
c (D

(s)

E
,Q�)).

By Theorem 2.1.2, the number Tr((Γ′′′(s))∗;H∗
c (D

(s)

E
,Q�)) lies in Z[1/p] and is independent of �.

Therefore Tr(Γ∗ ◦ σ∗;H∗
c (XE , RψQ�)) lies in Z[1/p] and is independent of �.

6.1.6 Next we reduce Theorem 6.1.3 to Lemma 6.1.5 by de Jong’s alteration [deJ96]. We may
assume that X is connected. Since X is flat over S with smooth generic fiber, it is irreducible and
reduced. Therefore by [deJ96, Theorem 6.5] and [SaT03, Lemma 1.11], we have a finite quasi-Galois
extension L of K, a scheme Y that is strictly semistable over OL with equidimensional generic
fiber, and a proper surjective generically finite S-morphism f : Y −→ X. Put S′ = SpecOL and
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denote the residue field of L by E as in the proof of Lemma 6.1.5. Let K ′ be the inseparable
closure of K in L. Then we have a canonical isomorphism H i

c(X ′
F
, RψX′Q�) ∼= H i

c(XF , RψXQ�),
where X ′ = X ⊗OK

OK ′ . Moreover, if we fix an embedding K ↪−→ K ′, the isomorphism above
is compatible with an isomorphism WK ′

∼−→ WK . Therefore by replacing K and X by K ′ and X ′

respectively, we may assume that the extension L/K is separable.
We denote by Y ′ the scheme Y considered as an S-scheme. Take any σ ∈W+

K . By Lemma 4.2.9,
we have the commutative diagram below

H i
c(Y

′
F
, RψY ′Q�)

σ∗ ��

f∗
��

H i
c(Y

′σ
F
, RψY ′σQ�)

Γ′∗
��

fσ∗
��

H i
c(Y

′
F
, RψY ′Q�)

H i
c(XF , RψXQ�)

σ∗ �� H i
c(XF , RψXQ�)

Γ∗
�� H i

c(XF , RψXQ�)

f∗
��

where Γ′ ∈ Zd((fσ × f)−1(Γ)) is an element satisfying

Γ′
K = (fσK × fK)![ΓK ] ∈ CHd((fσK × fK)−1(ΓK)),

as in Lemma 4.2.9. Together with Lemma 4.2.3, we have

Tr(Γ′∗ ◦ σ∗;H i
c(Y

′
F
, RψY ′Q�)) = deg f · Tr(Γ∗ ◦ σ∗;H i

c(XF , RψXQ�))

as in the proof of [SaT03, Lemma 3.3].
Let h :

∐
τ∈Gal(L/K) Y

τ −→ Y ′ ⊗S S′ be the morphism induced by the canonical map
OL ⊗OK

OL −→
∏
τ∈Gal(L/K)OL. It is finite surjective and induces an isomorphism on generic

fibers. Therefore we have an isomorphism H i
c(Y

′
F
, RψY ′Q�) ∼=

⊕
τ∈Gal(L/K)H

i
c(Y

τ
E
, RψY τ Q�).

The map σ∗ : H i
c(Y

′
F
, RψY ′Q�) −→ H i

c(Y
′σ
F
, RψY ′σQ�) is identified with the direct sum of

σ∗ : H i
c(Y

τ
E
, RψY τ Q�) −→ H i

c(Y
στ
E
, RψY στ Q�) under this isomorphism. For τ, τ ′ ∈ Gal(L/K), let

Γ′
τ,τ ′ ∈ Zd((f τ × f τ

′
)−1(Γ))

be an element such that (Γ′
τ,τ ′)L = Γ′

L|Y τ
L ×Y τ ′

L
, where Γ′

L is the base change of Γ′
K from K to L.

By Lemma 4.2.9 again, the (τ, τ ′)-component of the map⊕
τ∈Gal(L/K)

H i
c(Y

στ
E
, RψY στ Q�) −→

⊕
τ ′∈Gal(L/K)

H i
c(Y

τ ′
E
, RψY τ ′Q�)

induced by Γ′∗ : H i
c(Y ′σ

F
, RψY ′σQ�) −→ H i

c(Y ′
F
, RψY ′Q�) is equal to

Γ′∗
στ,τ ′ : H

i
c(Y

στ
E
, RψY στ Q�) −→ H i

c(Y
τ ′
E
, RψY τ ′Q�).

Therefore the number

Tr(Γ∗ ◦ σ∗;H∗
c (XF , RψXQ�)) =

1
deg f

Tr(Γ′∗ ◦ σ∗;H∗
c (Y

′
F
, RψY ′Q�))

=
1

deg f

∑
τ∈Gal(L/K)

Tr(Γ′∗
στ,τ ◦ σ∗;H∗

c (Y
τ
E
, RψY τ Q�))

lies in (1/deg f)Z[1/p] and is independent of � by Lemma 6.1.5.
By the same technique as in [SaT03, p. 629], we can derive from the following lemma that the

number Tr(Γ∗ ◦ σ∗;H∗
c (XF , RψXQ�)) is in Z[1/p]. Now the proof of Theorem 6.1.3 is complete.

Lemma 6.1.7. Let K be a field of characteristic 0. Let a1, . . . , ar be distinct elements of K and
c1, . . . , cr non-zero integers. Put sm =

∑r
i=1 cia

m
i for a non-negative integer m. Assume that there

exists an integer N � 1 such that Nsm ∈ Z[1/p] for every m � 0. Then sm ∈ Z[1/p] for every
m � 0.
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Proof. By [Kle68, Lemma 2.8], ai is integral over Z[1/p] for every i. Therefore every sm is also
integral over Z[1/p], while it is in Q. Since Z[1/p] is normal, we have sm ∈ Z[1/p].

Remark 6.1.8. The result of Bloch and Esnault [BE05] implies that the alternating sum of the trace
in Theorem 6.1.3 lies in Z (cf. Remark 2.1.4). For Γ = ∆X (the diagonal of X), the integrality also
follows from [Mie06, Theorem 4.2].

6.2 The �-independence for stalks of nearby cycles
6.2.1 In this section, we give some results on �-independence for stalks of nearby cycles. All of

them are immediate consequences of Theorem 6.1.3.

Theorem 6.2.2. Let X be a flat arithmetic S-scheme with purely d-dimensional smooth generic
fiber, and x ∈ XF an F -rational point. Choose a geometric point x lying over x. Then the Weil
group WK acts on the stalk (RiψXQ�)x. For every σ ∈W+

K , the number

Tr(σ∗; (R∗ψXQ�)x) =
d∑
i=0

(−1)i Tr(σ∗; (RiψXQ�)x)

is an integer that is independent of �.

Proof. Put U = X \ {x}. Then we have the following WK -equivariant exact sequence:

−→ H i
c(UF , RψUQ�) −→ H i

c(XF , RψXQ�) −→ (RiψXQ�)x −→ H i+1
c (UF , RψUQ�) −→ .

Therefore we have the equality

Tr(σ∗; (R∗ψXQ�)x) = Tr(σ∗;H∗
c (XF , RψXQ�))− Tr(σ∗;H∗

c (UF , RψUQ�)).

Since each term of the right-hand side lies in Z[1/p] and is independent of �, so is the left-hand side
Tr(σ∗; (R∗ψXQ�)x).

The integrality follows from Remark 6.1.8 (note that since we only use the case Γ = ∆X , we do
not need the result of Bloch and Esnault).

Corollary 6.2.3. Let the notation be the same as in Theorem 6.2.2. Then the integers

dimQ�
(R∗ψXQ�)x =

d∑
i=0

(−1)i dimQ�
(RiψXQ�)x, Sw(R∗ψXQ�)x =

d∑
i=0

(−1)i Sw(RiψXQ�)x

are independent of �. Here Sw denotes the Swan conductor.

Proof. These are immediate consequences of Theorem 6.2.2 (for the part of the Swan conductor,
see [Och99, Corollary 2.6]).

Remark 6.2.4. The above corollary gives weak evidence of Deligne’s conjecture on Milnor numbers
[DK73, Exposé XVI, Conjecture 1.9]. The statement of the conjecture is the following.

Conjecture 6.2.5. Let Kur be the maximal unramified extension of K and put Sur = SpecOKur .
Let X be a purely d-dimensional flat arithmetic Sur-scheme. Assume that X is regular and that the
structure morphism X −→ Sur is smooth outside a unique closed point x ∈ XF . Put

dimtotF�
(R∗φF�)x = dimF�

(R∗φF�)x + Sw(R∗φF�)x,

µ(X/Sur, x) = lengthOX,x
Ext1(ΩX/S ,OX)x.

Then the equality
dimtotF�

(R∗φF�)x = µ(X/Sur, x)
holds. (The original conjecture allows a more general base trait. See [Org03].)
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This conjecture is solved in the cases below:

(i) d = 0 (see [DK73, Exposé XVI, Proposition 1.12]);

(ii) the point x is an ordinary double point (see [DK73, Exposé XVI, Proposition 1.13]);

(iii) the characteristic of K is positive (see [DK73, Exposé XVI, Theorem 2.4]);

(iv) d = 1 (see [Org03, Corollaire 0.9]).

Moreover, [Org03, Théorème 0.8] Orgogozo proved that the conductor formula of Bloch implies the
above conjecture.

Since

dimtotF�
(R∗φF�)x = dimF�

(R∗ψF�)x + Sw(R∗ψF�)x − 1
= dimQ�

(R∗ψQ�)x + Sw(R∗ψQ�)x − 1

(the last equality follows from the universal coefficient theorem), from Corollary 6.2.3 we see that
the left-hand side of the equality in Conjecture 6.2.5 is independent of �, while the right-hand side
is obviously independent of �.

6.3 The �-independence for open schemes over local fields

6.3.1 In this section, we consider an analogue of [SaT03, Theorem 0.1] for open schemes over
local fields.

Definition 6.3.2. Let X be an arithmetic S-scheme and H ⊂ X a closed subscheme of X. We may
write H = Hh ∪H ′, where H ′ is contained in the special fiber of X and Hh −→ S is flat. The pair
(X,H) is called a strictly semistable pair if the following conditions hold (cf. [deJ96, 6.3]):

(i) X is strictly semistable over S;

(ii) H is a strict normal crossing divisor of X.

(iii) Let Hi (i ∈ I) be the irreducible components of Hh. For each J ⊂ I, the scheme HJ =
⋂
i∈J Hi

is a union of schemes which are strictly semistable over S.

Moreover, if H is flat over S (namely, H = Hh), we call (X,H) a horizontal strictly semistable pair.
For a strictly semistable pair (X,H), the pair (X,Hh) is a horizontal strictly semistable pair.

Lemma 6.3.3. Let (X,H) be a horizontal strictly semistable pair over S. Put U = X \H and denote
the canonical open immersion U ↪−→ X by j. Then the canonical morphism

jF !RψUQ� −→ RψX(jK!Q�)

is an isomorphism. In particular, if X is proper over S, we have an isomorphism H i
c(UF , RψUQ�) ∼=

H i
c(UK ,Q�).

Proof. Since the problem is étale local, we may assume that

X = SpecOK [T1, . . . , Tn]/(Tr+1 · · · Ts − π), H = V (T1 · · ·Tr) ⊂ X,
where π is a uniformizer of K (cf. [Ill04, 1.5(d)]). Put

X1 = SpecOK [Tr+1, . . . , Tn]/(Tr+1 · · ·Ts − π).

Then (X,H) ∼= (Ar
S ×S X1, Z ×S X1), where Z ⊂ Ar

S is the divisor defined by T1 · · ·Tr = 0. By
the Künneth formula for Rψ (see [Ill94, Théorème 4.7]), we may reduce the lemma to the case
(X,H) = (Ar

S , Z). This case is treated in [DK73, Exposé XIII, Proposition 2.1.9].
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6.3.4 The following proposition is an analogue of Lemma 6.1.5.

Proposition 6.3.5. Let L be a finite quasi-Galois extension of K and put S′ = SpecOL. We denote
the residue field of L by E. Let X be an arithmetic S′-scheme with purely d-dimensional generic
fiber and assume that there exists a compactification X ↪−→ X over S′ such that (X,X \ X) is
a strictly semistable pair over S′. Take any σ ∈ W+

K . Fix an embedding K ↪−→ L and extend σ
uniquely to an automorphism of L. We put Xσ = X ×OL↗σ OL. Let Γ ⊂ Xσ ×S′ X be a closed

subscheme with purely d-dimensional generic fiber such that the composite Γ −→ Xσ×S′X
pr1−−→ Xσ

is proper. Then the number

Tr(Γ∗
L ◦ σ∗;H∗

c (XL,Q�))

lies in Z[1/p] and is independent of �.

Proof. By Lemma 6.3.3, H i
c(XL,Q�) ∼= H i

c(XE , RψXQ�) and H i
c(X

σ
L
,Q�) ∼= H i

c(X
σ
E
, RψXσQ�) hold.

Moreover we can easily see that the map Γ∗
L : H i

c(X
σ
L
,Q�) −→ H i

c(XL,Q�) corresponds to the map
Γ∗ : H i

c(X
σ
E
, RψXσ Q�) −→ H i

c(XE , RψXQ�) (cf. Proposition 4.2.8). Thus the number

Tr(Γ∗
L ◦ σ∗;H∗

c (XL,Q�)) = Tr(Γ∗ ◦ σ∗;H∗
c (XE , RψXQ�))

lies in Z[1/p] and is independent of � by Lemma 6.1.5.

6.3.6 Let X be a scheme which is smooth and separated of finite type over K. Take a compactifi-
cation X ↪−→ Z over S. Namely, Z is a scheme which is proper and flat over S, containing X as
an open subscheme. Put Y = Z \ X. By de Jong’s alteration [deJ96, Theorem 6.5], there exist a
finite extension L of K, a connected arithmetic OL-scheme W , a proper surjective generically finite
S-morphism f : W −→ Z such that (W,f−1(Y )) is a strictly semistable pair over S′ = SpecOL. Let
H be the horizontal part f−1(Y )h of f−1(Y ). Then (W,H) is a horizontal strictly semistable pair
over S′ such that (W \H)K −→ X is a proper surjective generically finite K-morphism.

By Lemma 6.3.7 below, we can take L as a quasi-Galois extension of K.

Lemma 6.3.7. Let (X,H) be a horizontal strictly semistable pair over S. Let L be a finite extension
of K and put S′ = SpecOL. Then there exists a blow-up π : X ′ −→ X ×S S′ whose center is
contained in the special fiber such that (X ′, π−1(H)) is a horizontal strictly semistable pair over S′.

Proof. We may take the same blow-up as in [SaT03, Lemma 1.11].

Theorem 6.3.8. Let X be a purely d-dimensional scheme which is smooth and separated of finite
type over K, and Γ ⊂ X × X a purely d-dimensional closed subscheme such that the composite

Γ ↪−→ X ×X pr1−−→ X is proper. Let Z, L, (W,H), f : W −→ Z be as in Paragraph 6.3.6 (we take L
as a quasi-Galois extension of K). Put U = W \H and write g : UL −→ X for the restriction of f .

Assume that the composite (g × g)−1(Γ) ↪−→ U ×S′ U
pr1−−→ U is proper ((g × g)−1(Γ) denotes the

closure of (g × g)−1(Γ) ⊂ UL × UL in U ×S′ U). Then for any σ ∈W+
K , the number

Tr(Γ∗ ◦ σ∗;H∗
c (XK ,Q�)) =

2d∑
i=0

(−1)i Tr(Γ∗ ◦ σ∗;H i
c(XK ,Q�))

lies in Z[1/p] and is independent of �.

Proof. As in Paragraph 6.1.6, we may assume that the extension L/K is separable. Put V = UL.
We denote by V ′ the scheme V considered as a scheme over K. We have V ′

L
∼= ∐

τ∈Gal(L/K) V
τ .

Take any σ ∈ W+
K and put Γ′ = (gσ × g)![Γ] ∈ CHd((gσ × g)−1(Γ)). For τ, τ ′ ∈ Gal(L/K), put

Γ′
τ,τ ′ = Γ′

L|V τ×V τ ′ , where Γ′
L is the base change of Γ′ from K to L. As in Paragraph 6.1.6, we have
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the equality

Tr(Γ∗ ◦ σ∗;H∗
c (XK ,Q�)) =

1
deg f

∑
τ∈Gal(L/K)

Tr(Γ′∗
στ,τ ◦ σ∗;H∗

c (VL,Q�)).

By the assumption, for each τ, τ ′ ∈ Gal(L/K), there exists a cycle Γ′
τ,τ ′ ∈ Zd(U τ ×S′ U τ

′
) such

that (Γ′
τ,τ ′)L = Γ′

τ,τ ′ and the composite |Γ′
τ,τ ′ | ↪−→ U τ ×S′ U τ

′ pr1−−→ U τ is proper. Therefore we may
reduce our theorem to Proposition 6.3.5.

7. On �-independence for rigid spaces

Let the notation be the same as in the previous section. We consider rigid spaces over a complete
discrete valuation field K as adic spaces locally of finite type over Spa(K,OK ) (cf. [Hub94]). We
denote a scheme by an ordinary italic letter such as X, a formal scheme by a calligraphic letter
such as X , and a rigid space by a sans serif letter such as X. For a scheme X over S = SpecOK , we
denote the completion of X along its special fiber by X∧. For a formal scheme X over SpfOK ,
we write X rig for its Raynaud generic fiber. It is the analytic adic space d(X ) in [Hub96, 1.9].

7.1 Smooth case
7.1.1 In this section, we prove our main theorem for smooth rigid spaces. We derive the following

consequence from the result in the previous section.

Corollary 7.1.2. Let X be an arithmetic S-scheme with smooth generic fiber and X the rigid
space (X∧)rig. Then for every σ ∈W+

K , the number

Tr(σ∗;H∗
c (XK ,Q�)) =

2 dimX∑
i=0

(−1)i Tr(σ∗;H i
c(XK ,Q�))

is an integer that is independent of �.

Proof. We may assume that X is connected and flat over S. We have a WK-equivariant isomorphism
H i
c(XK ,Q�) ∼= H i

c(XF , RψXQ�) (see [Hub96, Theorem 5.7.6]). Applying Theorem 6.1.3 to Γ =

X
∆X
↪−→ X ×S X, we see that for every σ ∈W+

K the number

Tr(σ∗;H∗
c (XK ,Q�)) = Tr(σ∗;H∗

c (XF , RψXQ�))

lies in Z[1/p] and is independent of �. On the other hand, we know that every eigenvalue of the
action of σ ∈W+

K on H i
c(XK ,Q�) is an algebraic integer [Mie06, Theorem 4.2]. Therefore the rational

number Tr(σ∗;H∗
c (XK ,Q�)) is an algebraic integer, i.e. an integer.

Definition 7.1.3. A formal scheme X of finite type over OK is said to be of type (SA) (smoothly
algebraizable) if there exists an arithmetic S-scheme X with smooth generic fiber such that X ∼= X∧.
A rigid space X over K is said to be of type (SA) if there exists a formal scheme X of type (SA)
over OK such that X ∼= X rig.

Lemma 7.1.4. Let X be an arithmetic S-scheme with smooth generic fiber. Then the following hold.

(i) Every admissible blow-up of X∧ is of type (SA).

(i) Every open formal subscheme of X∧ is of type (SA).

Proof. (i) Take a uniformizer π of K. Let I be an open ideal of OX∧ . Since the topology of OX∧ is
the π-adic topology andX∧ is noetherian, there exists an integer n satisfying πnOX∧ ⊂ I. Denote by
I ′ the unique ideal of OX containing πnOX such that I/πnOX∧ = I ′/πnOX . It is clear that I ′OX∧
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coincides with I. Then the admissible blow-up of X∧ by I is equal to the π-adic completion of the
scheme X ′ obtained by the blow-up of X by I ′. The generic fiber of X ′ is obviously smooth.

(ii) We can identify the underlying topological space of X∧ with that of XF . Let U be an open
formal subscheme of X∧. Then U = X \ (XF \ U) is an arithmetic open subscheme of X satisfying
UF = U as topological spaces. The generic fiber of U is smooth and U∧ = U .

Corollary 7.1.5. Let X = (X∧)rig be a rigid space of type (SA) over K. Then every quasi-compact
open subspace U of X is of type (SA).

Proof. Since U is quasi-compact, there exist an admissible blow-up Y −→ X∧ and an open formal
subscheme U ⊂ Y such that U = U rig (see [BL93, Lemma 4.4]). By Lemma 7.1.4, Y and U are of
type (SA). This completes the proof.

Theorem 7.1.6. Let X be a quasi-compact separated rigid space which is smooth over K. Then for
every σ ∈W+

K , the number

Tr(σ∗;H∗
c (XK ,Q�))

is an integer that is independent of �.

Proof. By [Mie06, Corollary 2.5], there exists a finite open covering {Ui}1�i�m of X consisting of
rigid spaces of type (SA). Corollary 7.1.5 ensures that each intersection Ui1 ∩ · · · ∩ Uin is of type
(SA). Thus by Corollary 7.1.2, for every σ ∈W+

K , the number

Tr(σ∗;H∗
c ((Ui1 ∩ · · · ∩ Uin)K ,Q�))

is an integer that is independent of �. On the other hand, we have the spectral sequence below:

E−s,t
1 =

⊕
1�i1<···<is�m

Ht
c((Ui1 ∩ · · · ∩ Uis)K ,Q�) =⇒ H−s+t

c (XK ,Q�).

Therefore the number

Tr(σ∗;H∗
c (XK ,Q�)) =

m∑
s=1

(−1)s
∑

1�i1<···<is�m
Tr(σ∗;H∗

c ((Ui1 ∩ · · · ∩ Uis)K ,Q�))

is also an integer that is independent of �.

7.1.7 From now on we consider ordinary cohomology. First we establish the analogous result as
in [Mie06, Theorem 4.2].

Theorem 7.1.8. Let X be a quasi-compact separated rigid space which is smooth over K. Then
for every σ ∈ W+

K , every eigenvalue α ∈ Q� of its action on H i(XK ,Q�) is an algebraic integer.

Moreover, there exists a non-negative integer m such that, for any isomorphism ι : Q�
∼−→ C, the

absolute value |ι(α)| is equal to qn(σ)·m/2.

Proof. We may assume that X is connected. Put d = dim X. By the Poincaré duality [Hub96,
Corollary 7.5.6], every eigenvalue α of σ∗ on H i(XK ,Q�) is of the form qn(σ)·d/β, where β is an
eigenvalue of σ∗ on H2d−i

c (XK ,Q�). Therefore α is an algebraic number and there exists an integer
m such that, for any isomorphism ι : Q�

∼−→ C, the absolute value |ι(α)| is equal to qn(σ)·m/2.
Thus we have only to show that α is an algebraic integer. By the same method as in [Mie06,

§ 4], we can reduce the theorem to the case X = (X∧)rig, where X is strictly semistable scheme
over S. Furthermore by using an analogue of weight spectral sequence, we may reduce the claim
to Lemma 7.1.9 (cf. [Mie06, proof of Proposition 4.7]).

Lemma 7.1.9. LetX be a scheme separated of finite type over Fq. Then every eigenvalue of the action
of Frq on H i(XFq

,Q�) is an algebraic integer (here Frq ∈ Gal(Fq/Fq) is the geometric Frobenius

element).
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Proof. We may assume that X is irreducible. By de Jong’s alteration [deJ96], we may assume
that there exist a proper smooth scheme X and a strict normal crossing divisor D of X such
that X = X \ D. Let D1, . . . ,Dm be the irreducible components of D. Put DI =

⋂
i∈I Di for

I ⊂ {1, . . . ,m} (DI = X for I = ∅) and D(k) =
∐
I⊂{1,...,m},#I=kDI . By the spectral sequence

E−k,n+k
1 = Hn−k(D(k)

Fq
,Q�(−k)) =⇒ Hn(X

Fq
,Q�),

the eigenvalue α occurs as an eigenvalue of Fr∗
D(k) on Hn−k(D(k)

Fq
,Q�(−k)) for some n, k. Since D(k)

is proper smooth over Fq, a result from [DK73, Exposé XXI, Corollaire 5.5.3] ensures that α is
integral over Z.

Theorem 7.1.10. Let X be a quasi-compact separated rigid space which is smooth over K. Then
for every σ ∈W+

K , the number

Tr(σ∗;H∗(XK ,Q�)) =
2 dimX∑
i=0

(−1)i Tr(σ∗;H i(XK ,Q�))

is an integer that is independent of �.

Proof. By Theorem 7.1.8, it is sufficient to show that the number Tr(σ∗;H∗(XK ,Q�)) is a
rational number that is independent of �. We may assume that X is connected. Put d = dim X.
Let α�,i,1, . . . , α�,i,mi

be the eigenvalues of σ∗ on H i
c(XK ,Q�). Then the eigenvalues of σ∗ on H2d−i

(XK ,Q�) are qn(σ)·dα−1
�,i,1, . . . , q

n(σ)·dα−1
�,i,mi

by the Poincaré duality. Therefore it is sufficient to prove
that

∑2 dim X
i=0

∑mi
j=1(−1)iα−1

�,i,j is a rational number that is independent of �. For every non-negative

integer k, by applying Theorem 7.1.6 to σk ∈ W+
K , we can see that

∑2 dimX
i=0

∑mi
j=1(−1)iαk�,i,j is a

rational number that is independent of �. As in the proof of Lemma 2.1.3, we may conclude that∑2 dimX
i=0

∑mi
j=1(−1)iα−1

�,i,j is a rational number that is independent of �.

7.2 General case
7.2.1 In this section, we prove our main theorem for general rigid spaces over local fields of

characteristic 0. We need the following continuity theorem of Huber, which is stronger than [Hub98b,
Proposition 2.1(iv)] (cf. [Mie06, Theorem 5.3]).

Theorem 7.2.2. Assume that the characteristic of K is equal to 0. Let X be a quasi-compact
separated rigid space over K and Z a closed analytic subspace of X. Write U for X \ Z. Then for
every pair of prime numbers �, �′ which do not divide q, there exists a quasi-compact open subspace
U′ of U such that the canonical maps H i

c(U′
K
,Z�) −→ H i

c(UK ,Z�) and H i
c(U′

K
,Z�′) −→ H i

c(UK ,Z�′)
are isomorphisms for every i.

Proof. This is due to [Hub98b, (II) in the proof of Theorem 3.3]. We briefly recall the argument
there. By [Hub98a, Corollary 2.7], there exists ε0 > 0 such that for every 0 < ε < ε0 the canonical
mapH i

c(U(ε)K ,Z/�Z) −→ H i
c(UK ,Z/�Z) is an isomorphism. Here we write U(ε) for P (ε) in [Hub98a,

2.6]. By the long exact sequence of cohomology groups derived from the short exact sequence of
sheaves

0 −→ Z/�Z
×�n−−→ Z/�n+1Z −→ Z/�nZ −→ 0,

we see inductively that the canonical map H i
c(U(ε)K ,Z/�

nZ) −→ H i
c(UK ,Z/�

nZ) is an isomorphism
for every 0 < ε < ε0 and n. In the same way, there exists ε1 > 0 such that for every 0 < ε < ε1 and n
the canonical map H i

c(U(ε)K ,Z/�
′nZ) −→ H i

c(UK ,Z/�
′nZ) is an isomorphism. Put ε2 = min{ε0, ε1}

and U′ = U(ε2). Then U′ is quasi-compact and both of the canonical maps

H i
c(U

′
K
,Z/�nZ) −→ H i

c(UK ,Z/�
nZ), H i

c(U
′
K
,Z/�′nZ) −→ H i

c(UK ,Z/�
′nZ)

are isomorphisms.
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On the other hand we have the canonical isomorphisms

lim←−
n

H i
c(U

′
K
,Z/�nZ) ∼= H i

c(U
′
K
,Z�), lim←−

n

H i
c(UK ,Z/�

nZ) ∼= H i
c(UK ,Z�),

lim←−
n

H i
c(U

′
K
,Z/�′nZ) ∼= H i

c(U
′
K
,Z�′), lim←−

n

H i
c(UK ,Z/�

′nZ) ∼= H i
c(UK ,Z�′)

(see [Hub98b, Theorems 3.1 and 3.3]). Therefore the canonical homomorphisms

H i
c(U

′
K
,Z�) −→ H i

c(UK ,Z�), H i
c(U

′
K
,Z�′) −→ H i

c(UK ,Z�′)

are isomorphisms.

Theorem 7.2.3. Assume that the characteristic of K is equal to 0. Let X be a quasi-compact
separated rigid space over K. Then for every σ ∈W+

K , the number

Tr(σ∗;H∗
c (XK ,Q�)) =

2 dimX∑
i=0

(−1)i Tr(σ∗;H i
c(XK ,Q�))

is an integer that is independent of �.

Proof. Let � and �′ be prime numbers which do not divide q and σ ∈ W+
K . We prove by induction

on dim X that the numbers

Tr(σ∗;H∗
c (XK ,Q�)), Tr(σ∗;H∗

c (XK ,Q�′))

are integers and are equal. We may assume that X is reduced. Let Z be the singular locus of X. It is
a closed analytic subspace whose dimension is strictly less than dim X. Thus we have only to show
our claim on H i

c(UK ,Q�) and H i
c(UK ,Q�′), where U = X \ Z. Take an open subspace U′ ⊂ U as in

Theorem 7.2.2. Then we have the isomorphisms

H i
c(U

′
K
,Q�)

∼−→ H i
c(UK ,Q�), H i

c(U
′
K
,Q�′)

∼−→ H i
c(UK ,Q�′)

by Theorem 7.2.2. Therefore by Theorem 7.1.6 the numbers

Tr(σ∗;H∗
c (UK ,Q�)), Tr(σ∗;H∗

c (UK ,Q�′))

are integers and are equal. This completes the proof.
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