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EXTENSIONS OF ONE PRIMITIVE INVERSE 
SEMIGROUP BY ANOTHER 

JANET E. AULT 

1. I n t r o d u c t i o n a n d s u m m a r y . Every inverse semigroup containing a 
primitive idempotent is an ideal extension of a primitive inverse semigroup by 
another inverse semigroup. Consequently, in developing the theory of inverse 
semigroups, it is natural to s tudy ideal extensions of primitive inverse semi­
groups (cf. [3; 7]). Since the s t ructure of any primitive inverse semigroup is 
known, an obvious type of ideal extension to consider is t h a t of one primitive 
inverse semigroup by another . In this paper, we will construct all such exten­
sions and give an abs t rac t characterization of the resulting semigroup. 

T h e problem of extending one primitive inverse semigroup by another can be 
essentially reduced to t h a t of extending one Brand t semigroup by another 
Brand t semigroup. T h e lat ter problem has been solved by Lallement and 
Petrich in [3] in case the first Brand t semigroup has only a finite number of 
idempotents . T h e method employed there depends heavily on the fmiteness 
condition. Using an entirely different approach, we are able to drop t h a t 
restriction, and show tha t the solution in the general case is analogous to t h a t 
of the finite case in [3]. T h a t is, if V is an ideal extension of one Brand t semi­
group by another, then multiplication in V is completely determined by a 
cardinal number, a group homomorphism, and several independent functions 
between sets (with no algebraic restrictions placed on the functions). Therefore, 
in so far as semigroups are concerned (i.e., modulo groups) , we consider the 
problem solved. T h e generalization to primitive inverse semigroups is made 
easily, requiring jus t an extra condition on one of the functions. 

Those semigroups which can be constructed as an ideal extension of one 
primitive inverse semigroup by another are exactly those inverse semigroups 
whose idempotents have height less than three. More generally, for n ^ 1, an 
inverse semigroup whose idempotents have height less than n + 1 is one which 
can be constructed as n repeated ideal extensions of one primitive inverse 
semigroup after another . Unfortunately, the notat ion needed to actually con­
s t ruct all such semigroups becomes very involved and the conditions lengthy. 
Such a construction will not be given here for n greater than two. 

2. T e r m i n o l o g y . For a nonempty set / , let | / | be the cardinali ty of / and 
J1

 r denote the semigroup of all part ial one-to-one transformations on / 
(written as operators on the r ight ) . For a £ J'I, da and Ta denote the domain 
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and range of a, respectively, and rank a = |ra | . For A C / , ©(^4) is the 
symmetric group over A. 

For G a group and P a subsemigroup of J^ the wreath product of G with P , 
denoted by G wr P , is defined on the set {(0, a ) | a Ç P , 0: d a —> G}, with mult i­
plication as follows: 

(0, « ) ( * , £ ) = (0-«*,aj8), 

where z(# * a*A) = W (fcx^) for all i £ da0 . We will be interested in the si tuation 
where P is the symmetric group, and thus G wr P is also a group, and the 
instance when P = Jj. For (0, a ) £ G wr P , we define d(0, a ) to be da. 

In general, the terminology used here is t ha t of Clifford and Preston [1]. For 
a semigroup S, 12(5) is the translational hull of 5 and 11(5) is the inner pa r t of 
12 (5) . If 5 has a zero, t ha t is, S = 5°, then 5* denotes S\0 . A function 0: 5* —> P, 
T a semigroup, satisfying (ad) (bd) — (ab)6 if ab ^ 0, is called a partial homo-
morphism. For 5 , £ 5 is the set of idempotents . 

For aesthetic reasons which will become apparent in Theorem 2, we make the 
following depar ture from the notat ion of [1]. A Brandt semigroup ^#° (7 , G, I\ A) 
over a group G is defined on the set (I X G X I) VJ 0 wi th multiplication: 
(h g>J)U> h> k) = (i, gh, k)y and all other products equal to 0. T h e class of 
completely 0-simple inverse semigroups is (up to isomorphism) the class of 
Brand t semigroups. 

A primitive inverse semigroup S = S° is one in which every nonzero idempo-
ten t is primitive. Every such semigroup 5 can be writ ten uniquely as the 
orthogonal sum of Brandt semigroups Ba, a £ A, t h a t is, 5 = \JBa, BaC\ B$ = 
BaB$ = 0 if a 9* p. (See [2, Corollary 5.17] or [1, Theorem 6.39].) 

A semigroup V is an ideal extension of a semigroup 5 by a semigroup T — T°, 
if 5 is an ideal of V and T is isomorphic to the Rees quotient V/S. From now on, 
we shall merely call V an extension of S by P . 

Let C be a class of semigroups with zero, and let Si, S2, . . . , Sn be members 
of C. Let Vi = Si, and for k > 1, let Vk be an extension of Sk by Vk-i. Then 
V = Vn is called an n-chain of C-semigroups, Si, S2, . . . , Sn. 

3. Pre l iminary resu l t s . Let V be an ideal extension of a semigroup S by a 
semigroup P . If S is weakly reductive, the extension is completely determined 
by a partial homomorphism 0 of P* into 12 (S) satisfying (ad)(bd) (E II (S) if 
ab = 0 in P (see [3] and [1, Theorem 4.21]). Such a function is called an 
extension function for S by P . More generally, if R is another semigroup and 
a: R —» 12 (S) is an isomorphism, with \{/: P* —> R a function such t h a t ^ c is an 
extension function for S by P , then we will say tha t ^ is an extension function 
for S by P . 

Consequently, knowledge of the s t ructure of the translational hull of S is 
crucial to the problem of finding all extensions of S. Petrich has shown t h a t a 
Brand t semigroup ^#° (7 , G , / ; A) has its translational hull isomorphic to 
G wr / / , and under this isomorphism II (S) ~ {(0, a ) | rank a ^ 1} (see 
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[8, Theorem 8; 9, Theorem 1]). With this in mind, we restate [1, Theorem 4.21] 
for our particular situation. 

THEOREM 1. Let S = ^#°(7, G, / ; A) be a Brandt semigroup and T be a 
semigroup with zero. Let %: T* -+G wr */7 be a partial homomorphism, denoted by 
%: t —> (tt, 0t), satisfying the property that rank 6a6b ^ 1 if ab = 0 in T. On 
V = S U T*, define a multiplication • as follows: for s, t G T*f (i, g,j) G S, 

(i, gj) ' t = (i, g(J^t)JBt) ifj G d0<; 

*• &£,i) = (^r1, (ior^dgj) ifi G ret; 
if st = 0 m T, 

a - b = ab if a,b £ S, or a, b £ T* and ab 9e 0; 

a^^ a// other products equal to 0. Then under this multiplication, V is an extension 
of S by T. Conversely, every extension of S by T can be obtained in this way for 
some such function %• 

It is clear that, because of the isomorphism between 12(5) and G wr J> r, x is 
an extension function for S by T. In particular, x is a partial homomorphism, 
%: t —> (ypu dt), if and only if the function 6: t —> 6t is a partial homomorphism 
of T* into JT and for j * ^ 0, 

(1) (its)(iOstt) = i*,, if *' G dô,i. 

In the general situation, if S is a primitive inverse semigroup, then 5 is the 
orthogonal sum of Brandt semigroups, Ba,a G A, and the translational hull 
of S is isomorphic to the direct product of the translational hulls of the Ba. 
Furthermore, under the same isomorphism, 11(5) corresponds to the set 

{{xa)aZA\ for some 0, x$ G II(Bp)}. 

Using this, we see that for a semigroup T = T°, 

d:T*-^ Xtt(Ba) 
a£A 

is an extension function for 5 by T if and only if td = (tda)a£A where 
6a: T* —>Q(Ba) is an extension function for Ba by T, for all a G A, and if 
st = 0 in T, 

(2) (sda) {tda) 9* 0 for at most one a G A. 

Consequently, the problem of finding extensions of a primitive inverse semi­
group S is essentially reduced to that of finding extension functions of Brandt 
semigroups (with the restriction imposed by (2)). 

4. The construction. We first construct all extensions of one Brandt 
semigroup by another Brandt semigroup, and then generalize the result to that 
of primitive inverse semigroups. All functions will be written as operators on 
the right. 
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T H E O R E M 2. Let S = Jt«(I, G, I; A) and T = JZ*(X, H, X; A) be two dis­
joint Brandt semigroups. Let v be a cardinal number', with v ^ |7| , and let 
sé v = [A C J | |̂ 41 = *>}, w ^ ^40 Ç se v fixed. Define the following: 

(i) let T: X -^ stf v be any function such that \xir Hi yn\ ^ 1 if x 9e y; 
(ii) let $ be a homomorphism of H into G w r 6 ( i 0 ) , with Qi)$ denoted by 

(<Th,fh); 

(iii) for x £ X, let TX: A0 —> xx fre a one-to-one correspondence, and px: A0—>G 
be any function. 

Then x'- T* —* G wr J> j , defined by tx = (tu Ot) with 

(3) Oix,h,v) = rx-
lfhTv for all (x, h,y) G T*, 

(4) ifaz.h.y) = (ir^px^iirx-^iiTx-^nPy) for all i G XTT, 

is an extension function for S by T. 
Conversely, every extension function for S by T can be so obtained for some 

v, w, $, TX, px. 

Proof. A function <ï>: H—>G wr ®(AQ) is a homomorphism with <ï>: h—» (ah,fh), 
if and only if the funct ion/ : H—» ©(^40) defined b y / : & —>//i is a homomorphism 
and for g, h £ H, 

(5) (i<rg)(ifo<ïh) = ivgh for all i £ A0. 

Let 0i, ^ i be as defined in (3) and (4). We shall show tha t % satisfies the 
conditions of Theorem 1. Define 6 by 6: t —> 6t. I t is clear t ha t 6 maps T* into 
*/7 . Also, since r ^ - 1 is the identi ty map on A0 a n d / is a group homomorphism, 
the function 6 is a partial homomorphism. T h e condition on ir insures t h a t 6 
satisfies the property: rank0a06 ^ 1 if ab = 0 in T. For, if (x, g,3>), (w> ^>s) G ^ * 
and y 9e w, then Î TT H WTT\ ^ 1. Since 1% = yw, TTW = WT, we have 

rcmk6(Xtgfy)diw,h>z) = \r(Tx-
1fgTy)(Tltr

1fhTz)\ 

^ \rryrw-l\ = I r ^ P i d r ^ - 1 ! 

= \tTy C\ TTW\ = \yw H WTT| ^ 1. 

Now, it must be shown tha t dt and \l/t satisfy (1). If (x, g,y) £ 7"*, then \t/(X,g,v) 
ms,psdd(X!gty) into G sincedô(XtÇty) = xir. Fur ther , using (3) and (4), we see t ha t 
for i £ xir, 

iOiX.O.vrtiV.h.z) = { (iTX~1fgTy)Ty-1py}-1{ (%7^f>y)7y~l<Th} { (lTX~f'gTy)ry~lfhPZ) 

= (ÎT^fgPy)-1 (iTX-lfg<Jh) (l7X~f\hP z) • 

Using this, (4), and (5), we get 

(fy(x,g,y))(iQ(x,g,y)ll'(.v,h,z)) 

= (irx^Px)'1 (iTx^Vg) (ÎTx-
lfçPy) (iTX-lfgPy)-1 {iT^fgdn) (tTX~lf\hp8) 

= iirx~
lPx)~l (iTx~~l<Tg) (iTx-

lfg<rn) {irx-
lfghpz) 

= (irx^Px)-1 (irx~
l)vgh (irx~

l)fghpz 

~ ^(x,gh,z) = ^(x,g,y)(y,h,z)* 
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Hence \l/(X,g,y) satisfies (1), and consequently, x satisfies the conditions of 
Theorem 1, and is an extension function for S by T. 

Conversely, let %• T* —> G wr J j be an extension function for S by T. Then 
tx = i&uOt), and 0: T* —> J'I} defined by 0: t —» 6t, is a partial homomorphism. 
Since T is 0-simple, and partial homomorphisms preserve J? -classes, it follows 
that 0 maps T* into a ^ -c lass of *//. A f -class in c/7 consists of all elements 
with the same rank (cf. [3]). Thus, there exists a cardinal number v, v S |/ | , so 
that rank 6t = v, for all t G T*. Since 6t is one-to-one, \ddt\ = \rdt\ = v. 

Let se\ be as before, and define ir: X —> J^'„ by 

X7T = d (̂a;fi>Z) for all x £ X. 

Since x satisfies the conditions of Theorem 1, for x j£ y, rank 0 (X ,i ,X)0 (y ,i ,y) = 1-
In addition, Q(X,\,x) is an idempotent, so dd(XjiiX) = rO(XtitX) = xw, and thus 
|x7r Pi 3̂ 7r| ^ 1. Hence 7r satisfies (i). 

Let XQ G X be fixed and ^40 = XQTT. Define a function/ on H by 

/ * = ^(aro,ft,*o) f o r all Hi^. 

T h e n / maps H into @(^40), since 

d^Cajo.Ti.xo) = r6(xo,h,XO) = dO(Xo,l,xo) = T^ÇXO,1,XQ) = Xoir = A0, 

and further, / is a homomorphism. 
For h G H, define ah: A0 —> G by the following: 

G h — ^{xo.h.xo)' 

Then, using (1), for i G A0} 

(ivg)(tfg<jh) = {^{xQ,g,XQ)){^{xQ,g,x^{xQ,h,xo)) 

= /J/r(xo,g,xo)(xo,h,xo) == ^Y(xo,gh,xo) = îGgh» 

Thus, by (5), <£: H —» G wr ©(^40), defined by (&)<!> = (ah,fh) is a homo­
morphism. 

Further, for x £ X, let 

Tz = 0(a;o,l,aO> a n d Px = ^(xo,l,x)-

Then, for (x, h, y) G T*, 

"(x,h,y) = "(x,l,xo)(xo,h,xo)(xo,l,y) 

— 6(x,l,xo)Q(xo,h,XQ)0(xQ,l,y) = Tx~
lfhTyi 

as in (3). 
Now to see that \p can be defined as in (4), let x G X and i G X7r. Then 

fy<z,l,z) = W ( z . l . * ) ) ( ^ ( x . l . * ) ) ^ ( x . l . x ) 

= (rt(x,l,x))(ilp{x,l,x))' 
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Since i\p(Xfi,x) is in G, and it is idempotent, it follows tha t i^Gr.i.z) = e> the 
ident i ty of G, for all i G ^ r̂- Moreover, 

(^(s,l .*o)) ( ^ r t y ( s o , l . s ) ) = ( ^ ( s . 1,10)) (^ l , zo)^Oro , l , z ) ) 

= i$(x,i,x) = e. 

Hence i\p(X,i,xo) = (^rVoro. i ,*) ) - 1 = ( ^ " V x ) " 1 . Finally, for (x,h,y) G r* f 

i G X7T, 

i^(x,h,y) = ^(x,h,xo)(^(x,h,XQ)4/(xo,l,y)) 

= (fy(x,l,xo))(iO(x,l,xo)il'(xo,h,zo))(îQ(x,h,xo)ll'(xo,l,v)) 

= (irx-
lpx)-

1 {irx~
l(Tn) (iTx~~lfhPy), 

as in (4). Hence the extension function x can be constructed by means of the 
functions x, <É>, r^, p^, x ^ I . 

We shall say tha t the function x (and thus the extension V) is determined by 
{v, 7T, $ ; Ta;, p z }. We note t ha t the parameters used are either functions between 
sets with no algebraic restrictions placed on the functions, or else a homo-
morphism of one group into another. These functions are actually independent 
of one another since we can define rA: A0 —> A for all A G s/v, and denote rX7r 

by rx. Consequently, in so far as semigroups are concerned, every extension of 
one Brand t semigroup by another can be constructed via the independent 
parameters 7r, <£, TX, pXf x G X. 

By changing the conditions on the function x, we can change the nature of 
the resul tant function x- If there is no restriction on x, then x ranges over all 
partial homomorphisms. If the restriction tha t XTT C\ yir = 0 if x 9^ y is added, 
then every homomorphism is exactly of the form x- In particular, with this 
added restriction on x, the nontrivial homomorphisms of T into * / / are jus t 
those of the form 0, where 

(x, h, y)B = Tx-
lfhTy, 00 = 0. 

Having found all extensions of one Brandt semigroup by another, we now 
use (2) for the general case where 5 and T are arbi t rary primitive inverse 
semigroups. 

T H E O R E M 3. Let S be the orthogonal sum of Brandt semigroups Sjy 

Sj = ^(Ij,Gj,IJ;A), j e J, 

and T be the orthogonal sum of Brandt semigroups Ta, 

Ta = ^°(Xa,Ha,Xa;A), a G A, 

with the index sets I'Jf Xai all disjoint. For every a G AJ G J, let xai'- T*-±Gj wr J Ié 

be an extension function for Sj by Taj determined by the set {va\ iraj, $aj, Tx
aj, px

aj), 
with the functions iraj satisfying the following conditions: for a, /3 G A and 
x G Xa, y G Xp, with x 7e y, 
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(i) \XTT«J H V | ^ lfor allj G J; 
(ii) //^r£ exists at most one j Ç J such that xirai C\ yir^j ^ 0. 

X*. T* -^ X G, wr , 

defined by x* t ~> (txaj)jej if t 6 ^V", w aw extension function for S by T. 
Conversely, every extension of S by T gives rise to a function x 50 defined. 

Proof. The first condition on 7ra:7, a £ -4, j £ / , is necessary and sufficient 
that xj- T* —> G; wr JIj defined by 

(x, g> y)xj = (x, g, y)xaj if (*, g, y) € Ta*, 

be an extension function for Sj by 7\ 
Now using (2) and the fact that 

0(5) ~ XG,wrJIj9 

we see that x is an extension function for 5 by T if and only if xj is an extension 
function for Sj by T for each j £ J, and if s£ = 0 in T, 

(6) (5x0 toO ^ 0 for at most one j £ / . 

But, by definition of xj, (6) can be stated as follows: if 5 G Ta*, t £ Tp*, st = 0, 
then 

(7) (sxaj)(txpj) 9* 0 for at most one j £ / . 

Since xai is determined by {vaj, iraj, $a3\ rx
a\ px

aj], the definition of xaj in 
Theorem 2 shows that for x £ Xa, d(x, 1, x)xa:? = TT0 .̂ Hence (7) is equivalent 
to the statement: if x £ X a , y G X^, x j* y, then (x7ra0 H (3/71-̂ ) ^ 0 for at 
most one j £ J . Thus x is an extension function for 5 by T if and only if xaj is 
an extension function for Sj by Ta for every j f J , a Ç i , with (i) and (ii) 
satisfied. 

We have constructed all extensions V of an arbitrary primitive inverse 
semigroup 5 by any other primitive inverse semigroup T. Now, given another 
primitive inverse semigroup R, we might attempt to construct all extensions 
of R by V. This would involve extension functions x* 5* —>iï(R), x'> T* —>£l(R), 
satisfying certain relationships. The functions x> x' can be constructed as in 
Theorem 3, with the restrictions being placed on the various functions defined. 
However, even with just three primitive inverse semigroups S, T, R, the nota­
tion becomes very cumbersome and the restrictions lengthy. Consequently, we 
merely note here that it is possible to repeat the process in Theorems 2 and 3 a 
finite number of times, with many conditions at each step, resulting in a (not 
very satisfactory) construction of all semigroups which can be considered as 
^-chains of primitive inverse semigroups. If interest is restricted to certain 
types of extensions, for example, strict, then our method might be used 
repeatedly with more success. 
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5. Character izat ion of t h e ex tens ion . I t is unfortunate t ha t we do not 
have a nice construction of all semigroups which are ^-chains of primitive 
inverse semigroups, for an arbi t rary natural number n, since the resul tant 
semigroup can be described abstract ly in a very natural way. For the case 
n = 2, we have an abst ract characterization of those semigroups constructed 
in Theorem 3. 

We need the following definition which can be found in [6]. Let P be a 
part ial ly ordered set with zero, 0. For e G P , height e is defined by 

height e = max{n| e = en > en-\ > . . . > e0 = 0} 

if the maximum exists; otherwise, height e = oo. For A Ç P , 

h e i g h t s = max{ height e\ e G A}. 

T H E O R E M 4. A semigroup V = V° is a semigroup which is an n-chain of 
primitive inverse semigroups if and only if V is an inverse semigroup with height 
Ev ^ n. 

Proof. If F is an w-chain of primitive inverse semigroups Si, . . . , Sn, then V 
is an inverse semigroup since each S{ is an inverse semigroup. Now if e G V and 
e = em > . . . > e0 = 0, then each et 9e 0 is in a distinct S^, and thus m S n. 

Conversely, let V be an inverse semigroup with height Ev ^ n. T h e result 
will be proved by induction on n. Un = 1, then F is a primitive inverse semi­
group. Let n > 1. Let f be the usual Green's relation on F, and Ju i G I, be 
the distinct nonzero ^ - c l a s s e s . Now Jt° is a 0-simple inverse semigroup and has 
a primitive idempotent, since every idempotent is of finite height in F and thus 
in Ji°. Hence Ji° is a primitive inverse semigroup, in particular, a Brandt 
semigroup. 

Now let e G Jt with height e = 1. Then if/ is another idempotent in J u we 
claim tha t h e i g h t / = 1. For, if h e i g h t / > 1, then there exis ts / 0 G Ev such tha t 
0 < /o < / . Since Jt° is a Brandt semigroup,/o £ J\. In addition, J\° is 0-simple, 
so there exists x G Ji such tha t xx~l = e and x~lx = / . N o w / 0 < / , so 

( x / o ) - 1 ^ ) = fox^xfo = / o / / o = / o , 

and xfo ^ 0. On the other hand, 

0 9e (xfo) (xfo)-1 = xfoX~l ^ xx _ 1 = e. 

Since height e = 1, it must be tha t e = (xfo) (xfo)'1. But then e a n d / 0 are in the 
same ^ - c l a s s . However, this is contrary to the assumption, so it must be t ha t 
height / = 1 and all idempotents in Jt have height equal to one. 

Let P = ( U t € r Ji) W 0, where height EJ{ = 1 if and only if i G / ' . I t is 
clear t ha t under the multiplication in F, P is a primitive inverse semigroup. To 
see t ha t P is an ideal of F , let x G P and s £ V. Then (xs) (xs)'1 ^ xx~ \ and 
height xx _ 1 ^ 1. Hence (xs) (xs)"1 G J% for some i G P and xs G Ji £ P . I t is 
similarly shown tha t P is a left ideal and thus an ideal of F . 
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Now V is an extension of P by V/P and V/P is an inverse semigroup with 
height E^v/p) ^ n — 1. By induction, V/P is an in — 1)-chain of primitive 
inverse semigroups, Si, ... , Sn-i. Consequently, V is an ^-chain of primitive 
inverse semigroups, Si, . . . , Sn_i, P. 

COROLLARY. A semigroup V is an extension of one primitive inverse semigroup 
by another if and only if V is an inverse semigroup with height Ev ^ 2. 

The results in § 4 are contained in the author's doctoral dissertation written 
under the direction of Professor Mario Petrich at The Pennsylvania State 
University. 
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