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ABSTRACT

We study the spaces of twisted conformal blocks attached to a I'-curve ¥ with marked
I-orbits and an action of I' on a simple Lie algebra g, where I" is a finite group. We
prove that if I" stabilizes a Borel subalgebra of g, then the propagation theorem and fac-
torization theorem hold. We endow a flat projective connection on the sheaf of twisted
conformal blocks attached to a smooth family of pointed I'-curves; in particular, it is
locally free. We also prove that the sheaf of twisted conformal blocks on the stable com-
pactification of Hurwitz stack is locally free. Let ¢ be the parahoric Bruhat—Tits group
scheme on the quotient curve ¥/I" obtained via the I'-invariance of Weil restriction asso-
ciated to X and the simply connected simple algebraic group G with Lie algebra g. We
prove that the space of twisted conformal blocks can be identified with the space of gen-
eralized theta functions on the moduli stack of quasi-parabolic ¢-torsors on X /I" when
the level c is divisible by |I'| (establishing a conjecture due to Pappas and Rapoport).
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1. Introduction

The Wess—Zumino—Witten model is a type of two-dimensional conformal field theory, which
associates to an algebraic curve with marked points and integrable highest weight modules of
an affine Kac-Moody Lie algebra associated to the points, a finite-dimensional vector space
consisting of conformal blocks. The space of conformal blocks has many important properties
including propagation of vacua and factorization. Deforming the pointed algebraic curves in a
family, we get a sheaf of conformal blocks. This sheaf admits a flat projective connection when
the family of pointed curves is a smooth family. The mathematical theory of conformal blocks
was first established in a pioneering work by Tsuchiya, Ueno, and Yamada [TUY89] where all
these properties were obtained. All the above properties are important ingredients in the proof
of the celebrated Verlinde formula for the dimension of the space of conformal blocks (cf. [Bea96,
Fal94, Kum?22, Sor96, Ver88]). This theory has a geometric counterpart in the theory of moduli
spaces of principal bundles over algebraic curves and also the moduli of curves and its stable
compactification.

In this paper, we study a twisted theory of conformal blocks on Galois covers of algebraic
curves. More precisely, we consider an algebraic curve ¥ with an action of a finite group I.
Moreover, we take a group homomorphism ¢ : I' — Aut(g) of I' acting on a simple Lie alge-
bra g. Given any smooth point g € 3, we attach an affine Lie algebra f/(g,Fq) defined below
Lemma 3.2 (in general, a twisted affine Lie algebra), where I'y is the stabilizer group of I
at ¢. The integrable highest weight representations of ﬁ(g,Fq) of level ¢ (where ¢ is a posi-
tive integer) are parametrized by certain finite set D., of dominant weights of the reductive
Lie algebra g, ie. for any \ € D., we attach an integrable highest weight representation
A (N) of L(g,T) of level ¢ and conversely (cf. §2). Given a collection ¢ := (g1, ... ,¢s) of smooth
points in X such that their I'-orbits are disjoint and a collection of weights X = (A1,-..,As) with
i € D q,, we consider the representation HN) = H(\) @ @A (Ns) (cf. Definition 3.5).
Now, define the associated space of twisted covacua (or twisted dual conformal blocks) as
follows:

H(N)
g[=\L - qIT - 2 (N)

Yors(@,X) =

I

where g[X\T" - ¢]' is the Lie algebra of I'-equivariant regular functions from ¥\I" - ¢ to g acting on
the ith factor 5 (\;) of A (X) via its Laurent series expansion at ¢;. In this paper, we often work
with a more intrinsic but equivalent definition of the space of twisted covacua (see Definition 3.5),
where we work with marked I'-orbits.

The following propagation of vacua is the first main result of the paper (cf. Corollary 4.5(a)).

THEOREM A. Assume that I' stabilizes a Borel subalgebra of g. Let g be a smooth
point of ¥ such that ¢ is not I'-conjugate to any point ¢. Assume further that 0 €
D.g (cf. Corollary 2.2). Then, we have the following isomorphism of spaces of twisted
covacua;:

Vo1 o(q,N) = Y16 ((7,9), (X 0)).

In fact, a stronger version of Propagation Theorem is proved (cf. Theorem 4.3
and Corollary 4.5(b)). Even though we generally follow the argument given in [Bea96,
Proposition 2.3|, in our equivariant setting we need to generalize some important ingredients.
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For example, the fact that
‘The endomorphism X_y ® f of 5 is locally nilpotent for all f € O(U)’

in the proof of Proposition 2.3 of [Bea96], cannot easily be generalized to the twisted case.
To prove an analogous result, we need to assume that I' stabilizes a Borel subalgebra of g,
and use Lemma 2.5 crucially. It will be interesting to see whether this assumption can be
removed.

Let ¢ be a nodal point in 3. Assume that the action of I" at ¢ is stable (see Definition 5.1)
and the stabilizer group I'; does not exchange the two formal branches around g¢. Let X’ be the
normalization of ¥ at the points I - ¢, and let ¢/, ¢” be the two smooth points in ¥’ over q. The
following factorization theorem is our second main result (cf. Theorem 5.4).

THEOREM B. Assume that T" stabilizes a Borel subalgebra of g. Then, there exists a natural
isomorphism:

7/2,1—‘,91)((.?’ )\) = @ 7/2’,1—‘425((6‘7 q/)q”)) (>\7H*7/~’L))a
,uEDc‘q//

where ;* is the dominant weight of g« such that V(u*) is the dual representation V (u)* of
T n

qu =g ¢ = gd.

The formulation of the factorization theorem in the twisted case is a bit more delicate,
since the parameter sets D, and D, attached to the points ¢’,¢” are different in general;
nevertheless they are related by the dual of representations under the assumption that the action
of I' at the simple node ¢ is stable and the stabilizer group I'; does not exchange the branches
(cf. Lemma 5.3). Its proof requires additional care (from that of the untwisted case) at several
places. The assumption that I" stabilizes a Borel subalgebra of g also appears in this theorem as
we use the propagation theorem in its proof.

As proved in Lemma 3.7, the space of twisted covacua is finite dimensional. We sheafify
the notion of twisted covacua associated to a family of s-pointed I'-curves as in Definition 7.7
and show that given a family (X7,q) of s-pointed I'-curves over an irreducible scheme 7" and
weights X = (A1,...,As) with \; € D4, as above, one can functorially attach a coherent sheaf
V500,64, X) of twisted covacua over the base T (cf. Theorem 7.8). As explained below, we
generalize the construction to define a coherent sheaf of twisted covacua over the Hurwitz stack
HMgr .

We prove the following stronger theorem (cf. Theorems 7.10 and 7.12).

THEOREM C. Assume that the family X7 — T is a smooth family over a smooth base T'. Then,

-

the sheaf 75, r 4(q, \) is locally free of finite rank over T'. In fact, there exists a flat projective
connection on ¥s,,. 1,4(q, ).

This theorem relies mainly on the Sugawara construction for the twisted affine Kac-Moody
algebras. In the untwisted case, this construction is quite well-known (cf. [Kac90, § 12.8]). In the
twisted case, the construction can be found in [KW88, Wak86], where the formulae are written in
terms of the abstract Kac-Moody presentation of ﬁ(g, o), where o is a finite-order automorphism
of g. For our application, we require the formulae in terms of the affine realization of ﬁ(g, o) as
a central extension of the twisted loop algebra g((¢))?. We present such a formula in (79), (80)
in § 6, which might be new (to our knowledge).

Let W‘q’[‘m be the Hurwitz stack of stable s-pointed I'-curves of genus g with marking data
7 at the marked points such that the set of I'-orbits of the marked points contains the full ram-
ification divisor (cf. Definition 8.7). Then, /M, , is a smooth and proper Deligne-Mumford
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stack of finite type (cf. Theorem 8.8). We can attach a collection X of dominant weights to the
marking data 7, and associate a coherent sheaf 7, r 4(7, X) of twisted covacua over the Hurwitz
stack Wg,l“m- The presence of the Hurwitz stack is a new phenomenon in the twisted theory.
We prove the following theorem (cf. Theorem 8.9).

THEOREM D. Assume that I' stabilizes a Borel subalgebra of g. Then, the sheaf ¥, 4(n, \) is
locally free over the stack Mgt .

Our proof of this theorem follows closely the work of Looijenga [Loo13] in the non-equivariant
setting; in particular, we use the canonical smoothing deformation of nodal curves (Lemma 8.3)
and gluing tensor elements (Lemma 8.5 and the construction before that). The factorization
theorem also plays a crucial role in the proof. In the case I' is cyclic, Theorem A together with
the factorization theorem allows us to reduce the computation of the dimension of the space
of twisted covacua to the case of cyclic covers of projective line with three marked points (see
Remark 8.11(1)).

When I is of prime order and the marked points are unramified, the space #5 r 4(q, X) was
studied earlier by Damiolini [Dam20], where she proved the results described above in this case
under some more constraints. Our work is a vast generalization of her work, since we do not
need to put any restrictions on the I'-orbits, and the only restriction on I' is that I' stabi-
lizes a Borel subalgebra of g (when I' is a cyclic group it automatically holds). In particular,
when I' has non-trivial stabilizers at the marked points, general twisted affine Kac—-Moody Lie
algebras and their representations occur naturally in this twisted theory of conformal blocks.
Damiolini’s work dealt with the untwisted affine Lie algebras since only the unramified points
are marked in her setting. In our work, Kac’s theory of twisted affine Lie algebras associated to
finite order automorphisms and related Sugawara operators in the twisted setting are extensively
employed. These new features bring considerably more Lie theoretic complexity for the results
stated above, which enriches the twisted theory in a most natural way. Notably, the proof of
Theorem A (or Theorem 4.3) is highly technical, where we have to introduce the technical condi-
tion that the finite group I' stabilizes a Borel subalgebra in g. Furthermore, the Hurwitz stack of
I'-curves with only unramified points marked is not, in general, proper, i.e. such a pointed smooth
[-curve may degenerate to a I'-curve with non-free nodal I'-orbits. Accordingly, it is desirable to
have the factorization theorem (Theorem B) for the I'-curves with general nodal I'-orbits, which
naturally involves the twisted conformal blocks with ramified points marked. Our more general
theory of twisted conformal blocks fits perfectly with the compactification of Hurwitz stacks, and
marking ramified points is very crucial towards a Verlinde-type formula for twisted conformal
blocks of any kind.

There were also some earlier works related to the twisted theory of conformal blocks. For
example Frenkel and Szczesny [FS04] studied the twisted modules over Vertex algebras on alge-
braic curves, and Kuroki and Takebe [KT97] studied a twisted Wess—Zumino—Witten model on
elliptic curves. We also learnt from Mukhopadhyay that he obtained certain results (unpublished)
in this direction in the setting of diagram automorphisms.

In the usual (untwisted) theory of conformal blocks, the space of conformal blocks has a
beautiful geometric interpretation in that it can be identified with the space of generalized
theta functions on the moduli space of parabolic G-bundles over the algebraic curve, where G
is the simply connected simple algebraic group associated to g (cf. Beauville and Laszlo [BL94],
Faltings [Fal94], Kumar, Narasimhan, and Ramanathan [KNR94], Laszlo and Sorger [L.S97], and
Pauly [Pau96]).
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From a I'-curve ¥ and an action of I' on G, the I'-invariants of Weil restriction produces a
parahoric Bruhat-Tits group scheme ¢4 on ¥ = %/T". Recently, the geometry of the moduli stack
PBung of G-torsors over ¥ has extensively been studied by Pappas and Rapoport [PR08, PR10],
Heinloth [Heil0], Zhu [Zhul4], and Balaji and Seshadri [BS15]. A connection between generalized
theta functions on Puny and twisted conformal blocks associated to the Lie algebra of ¢ was
conjectured by Pappas and Rapoport [PR10]. Along this direction, some results have recently
been obtained by Zelaci [Zel19] when T is of order 2 acting on g = sl,, by certain involutions and
very special weights.

We study this connection in full generality in the setting of I'-curves . Let G be the simply
connected simple algebraic group with the action of I" corresponding to ¢ : I' — Aut(g). We
assume that ¥ is a smooth irreducible projective curve with a collection ¢ = (q1, . .., gs) of marked
points such that their I-orbits are disjoint. To this, we attach a collection X = (A, -5 As)
of weights with \; € D4, as before. Assume that c is divisible by |I'|. Then, the irreducible
representation V()\;) of g'% of highest weight )\; integrates to an algebraic representation of G
(cf. Proposition 10.9), where GT'4 is the fixed subgroup of Iy, in G. Let P{" be the stabilizer in
GV of the highest weight line ¢ A, C V(Xi). Let ¢4 be the parahoric Bruhat-Tits group scheme
over ¥ := % /T obtained from the I'-invariants of the Weil restriction via 7:% — ¥ from the
constant group scheme G x ¥ — ¥ over ¥ (cf. Definition 11.1). One can attach the moduli stack
Warbung(ﬁ) of quasi-parabolic ¢¥-torsors with parabolic subgroups P= (P attached to ¢; for
each i (cf. Definition 11.2). With the assumption that c is divisible by |I'|, we can define a line
bundle £(c; X) on Parbung(P) (cf. Definition 11.6). The following is our last main theorem (cf.
Theorem 12.1) confirming a conjecture of Pappas and Rapoport for ¢.

THEOREM E. Assume that T' stabilizes a Borel subalgebra of g and that c is divisible by |T|.
Then, there exists a canonical isomorphism:

HO(Parbung (P), £(c, X)) = ¥.1.6(d M)

where HO(,@Qrbung(ﬁ), £(c, X)) denotes the space of global sections of the line bundle 2(0,3—:)
and 751 4(q, \)T denotes the space of twisted conformal blocks, i.e. the dual space of s 4(q, \).

One of the main ingredients in the proof of this theorem is the connectedness of the ind-group
Morr(X*, G) consisting of I'-equivariant morphisms from ¥* to G (cf. Theorem 9.5), where ¥* is
a I'-stable affine open subset of . Another important ingredient is the uniformization theorem
for the stack of ¥-torsors on the parahoric Bruhat-Tits group scheme ¢ due to Heinloth [HeilO];
in fact, its parabolic analogue (cf. Theorem 11.3). Finally, yet another ingredient is the splitting
of the central extension of the twisted loop group G(D;)' over E = Morp(E\I' - ¢,G) and the
reducedness and the irreducibility of Z (cf. Theorem 10.7 and Corollary 11.5), where ¢ is a point
in ¥ and D (respectively, ;) is the punctured formal disc (respectively, formal disc) around ¢
in 3.

In spite of the parallels with the classical case, there are some important essential differences
in the twisted case. First of all the constant group scheme is to be replaced by the parahoric
Bruhat—Tits group scheme ¢. Further, the group = could have non-trivial characters resulting
in the splitting over = non-unique. (It might be mentioned that in the special case considered
by Zelaci [Zell9, Proposition 5.1] mentioned above, Z has only trivial character.) To overcome
this difficulty, we need to introduce a canonical splitting over = of the central extension of the
twisted loop group G(]D)qx)rq (cf. Theorem 10.7). We are able to do it when ¢ is divisible by |T|
(cf. Remark 12.2(b)).
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It is interesting to remark that Zhu [Zhul4] proved that for any line bundle on the moduli
stack Bung for a ‘reasonably good’ parahoric Bruhat-Tits group scheme ¥ over a curve ¥, the
pull-back of the line bundle to the twisted affine Grassmannian at every point of ¥ is of the
same central charge. It matches the way we define the space of covacua, i.e. we attach integrable
highest weight representations of twisted affine Lie algebras of the same central charge at every
point.

Our work was initially motivated by a conjectural connection predicted by Fuchs and
Schweigert [FS96] between the trace of diagram automorphism on the space of conformal blocks
and certain conformal field theory related to twisted affine Lie algebras. A Verlinde-type formula
for the trace of diagram automorphism on the space of conformal blocks has been proved recently
by the first author [Honl18, Honl19], where the formula involves the twisted affine Kac-Moody
algebras mysteriously.

Assuming a twisted analogue of Teleman’s vanishing theorem of Lie algebra homology, in
a recent paper [HK22|, we derive an analogue of the Kac—Walton formula and the Verlinde
formula for general I'-curves (with mild restrictions on ramification types, but not requiring that
" stabilizes a Borel subalgebra). In particular, if the Lie algebra g is not of type Dy, there are
no restrictions on ramification types. Using the machinery of crossed modular categories, under
the assumption that I' stabilizes a Borel subalgebra of g, Deshpande and Mukhopadhyay [DM23]
deduced a Verlinde-type formula for the dimension of twisted conformal blocks, which is expressed
in terms of S-matrices.

In the following we recall the structure of this paper.

In § 2, we introduce the twisted affine Lie algebra f)(g, o) attached to a finite-order automor-
phism o of g following [Kac90, Chap. 8]. We prove some preparatory lemmas which is used later
in §4.

In § 3, we define the space of twisted covacua attached to a Galois cover of an algebraic curve
We prove that this space is finite dimensional under the assumption given in Definition 3.5.

Section 4 is devoted to proving the propagation theorem.

Section 5 is devoted to proving the factorization theorem:.

In § 6, we prove the independence of parameters for integrable highest weight representations
of twisted affine Kac-Moody algebras over a base. We also prove that the Sugawara operators
acting on the integrable highest weight representations of twisted affine Kac—Moody algebras are
independent of the parameters up to scalars. This section is preparatory for §7.

In §7, we define the sheaf of twisted covacua for a family Y7 of s-pointed I'-curves. We
further show that this sheaf is locally free of finite rank for a smooth family ¥ over a smooth
base T'. In fact, it admits a flat projective connection.

In § 8, we consider stable families of s-pointed I'-curves and we show that the sheaf of twisted
covacua over the stable compactification of Hurwitz stack is locally free.

In §9, we prove the connectedness of the ind-group Morp(X*, G), following an argument
by Drinfeld in the non-equivariant case. In particular, we show that the twisted Grassmannian
X1 =G(D;)"/G(Dy)" is irreducible.

In § 10, we construct the central extensions of the twisted loop group G(ID);‘)F‘I and prove the
existence of its canonical splitting over = := Morp(X\ T - ¢, G).

In § 11, we introduce the moduli stack Zarbung of quasi-parabolic ¥-torsors over ¥, where
¢ is the parahoric Bruhat—Tits group scheme. We further recall its uniformization theorem
essentially due to Heinloth and construct the line bundles over Zarbuny.

In §12, we establish the identification of twisted conformal blocks and generalized theta
functions on the moduli stack Parbungy.
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2. Twisted affine Kac—-Moody algebras

This section is devoted to recalling the definition of twisted affine Kac—-Moody Lie algebras and
their basic properties (we need).

Let o be an operator of finite order m acting on two vector spaces V and W over C. Consider
the diagonal action of ¢ on V ® W. We have the following decomposition of the o-invariant
subspace in V @ W,

(Vaw)” = Ve® W,
3
where the summation is over mth roots of unity and Vg (respectively, W-1) is the {-eigenspace of
V (respectively, £ ~!-eigenspace of W). We say v ® w is pure or more precisely &-pure if v @ w €
Ve ® We-1. Throughout this paper, if we write v @ w € (V ® W)?, we mean v ® w is pure.

Let [ be a Lie algebra over C and let A be a commutative algebra over C. Let o act on [
(respectively, A) as Lie algebra (respectively, algebra) automorphism of finite orders. For any
r®a€l® A, we denote it by x[a] for brevity. There is a Lie algebra structure on [® A with
the Lie bracket given by

[z]a], y[b]] := [z, y][ab], for any elements z[a],y[b] € [® A.

Then, (I® A)? is a Lie subalgebra.

Let g be a simple Lie algebra over C with a Cartan subalgebra h and let o be an automorphism
of g such that ¢ =1 (o is not necessarily of order m). Let (-,-) be the invariant (symmetric,
non-degenerate) bilinear form on g normalized so that the induced form on the dual space h*
satisfies (0, 6) = 2 for the highest root 6 of g. The bilinear form (-, -) is o-invariant since o is a
Lie algebra automorphism of g.

Let K = C((t)) := C[[t]][t"!] be the field of Laurent power series, and let O be the ring of
formal power series C[[t]] with the maximal ideal m = tO. We fix a primitive mth root of unity
€ = €y = €2™/™ throughout the paper. We define an action of o on X as field automorphism by
setting

o(t) = € 't and o acting trivially on C.

It gives rise to an action of o on the loop algebra L(g) := g ®c K. Under this action,

m—1
L(g)” = P (a5 © %;),
j=0
where
gj={rcg:o(x)=er} and K;={PecK:0(P)=ecP} (1)
We now define a central extension L(g, o) := L(g)? & CC of L(g)? under the bracket
[2[P] + 2C,2'[P'] + 2/C] = [z, 2/][PP'] + m™ ! Res;—o ((dP)P’){z,")C, (2)

for z[P],2'[P'] € L(g)°, z, 2" € C; where Res;—o denotes the coefficient of ¢~ dt. Let L(g,o)2°
denote the subalgebra

m—1

L(g,0)2% .= P g; ®0; & CC,
§=0

where O; = K; N 0. We also denote
m—1
L(g,0)t := @ gj®m; and L(g,0)” := @gj @,

§=0 j<0
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where m; = m N OQ;. Then, L(g,0)" is an ideal of L(g,¢)=° and the quotient L(g,0)>°/L(g,o)*
is isomorphic to gg ® CC. Note that gg is the Lie algebra g° of o-fixed points in g. As vector
spaces we have

L(g,0) = L(g,0)>° & L(g,0) ™.

By the classification theorem of finite order automorphisms of simple Lie algebras (cf. [Kac90,
Proposition 8.1, Theorems 8.5 and 8.6]), there exists a ‘compatible’ Cartan subalgebra h and a
‘compatible’ Borel subalgebra b O § of g both stable under the action of ¢ such that

o =T7edh, (3)

where 7 is a diagram automorphism of g of order r preserving b and b, and €4 is the inner auto-

morphism of g such that for any root « of g, €#d” acts on the root space g, by the multiplication
) and €24" acts on h by the identity. We consider 7 = Id also as a diagram automorphism.
Here h is an element in h7. In particular, 7 and €4 commute. Moreover, a(h) € Z29 for any
simple root « of g", B(h) € Z for any simple root 3 of g and y(h) < m/r where 6y € (h7)*
denotes the following weight of g7:

highest root of g, ifr=1
0o = { highest short root of g7, if r>1and (g,r) # (A2, 2)
2 - highest short root of g™, if (g,7) = (A2y,2).

Observe that r divides m, and r can only be 1,2,3. Note that g° and g” share the common
Cartan subalgebra h7 = 7.

Let I(g™) denote the set of vertices of the Dynkin diagram of g”. Let a; denote the simple
root associated to i € I(g7). Let I(g, o) denote the set I(g7) LI {o}, where o is just a symbol.
(Observe that 7 is determined from o.) Set

a;(h) ifiel(g)
% —0o(h) ifi=o.

S; =

Then, s = {s;|i € I(g,0)} is a tuple of non-negative integers. Let L(g,7) denote the Lie

algebra with the construction similar to L(g, o) where o is replaced by 7, m is replaced by r and
¢ is replaced by €™/". There exists an isomorphism of Lie algebras (cf. [Kac90, Theorem 8.5]):

oo : L(g,7) ~ L(g,0) (4)
given by C' — C and z[t/] — z[t"/")I+k] for any = an e™/")i_eigenvector of 7, and z also a
k-eigenvector of ad h. We remark that in the case (g,r) = (Azy,2), our labelling for i = o is the
same as i = n in [Kac90, Chapter 8]. It is well-known that f)(g, 7) is an affine Lie algebra, more
precisely Ii(g, 7) is untwisted if » = 1 and twisted if » > 1.
By Theorem 8.7 in [Kac90], there exists a slo-triple x;, y;, h; € g for each i € f(g, o) where:

® 2; € (97 )a; Yi € (87)—q;, When i € I(g7);

e 1, (respectively, y,) is a (—6p) (respectively, 8y )-weight vector with respect to the adjoint action
of ™ on g, and is also an €™/" (respectively, e/ ")-eigenvector of T;

e z;enforie I(g7) and z, € n~, where n (respectively, n™) is the nilradical of b (respectively,
the opposite Borel subalgebra b™); similarly, y; € n~ for i € I(g") and y, € n

(see explicit construction of z;, y;, 7 € f(g, o) in [Kac90, §§ 7.4, 8.3]), such that
wlt],  wlt™V], [wmlt], wltTV), i€ I(g,0),
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are Chevalley generators of L(g,o) and {z;,y;, (i, Yil}ie i(g.0):si—0 are Chevalley generators of
[g7,g7]. We set

Bio=alt], Gi=wilt™™] and b= [, i, for any i € I(g,0).
Via the isomorphism ¢,, we have
bo(i) = Ti,  ¢o(yi) =G, for any i € I(g"),
and
Go(wolt]) = To, b0 (yolt™"]) = To.

Thus, deg Z; = s; and deg¢; = —s;. The Lie algebra f/(g, o) is called an (s, r)-realization of the
associated affine Lie algebra L(g, 7). X
From the above discussion, for any ¢ € I(g, o), we have

o(z;) =€z, and o(y;) =€ iy, (5)

We fix a positive integer ¢ called the level or central charge. Let Rep,. be the set of iso-

A

morphism classes of integrable highest weight (in particular, irreducible) L(g, o)-modules with
central charge ¢, where in our realization C' acts by ¢, the standard Borel subalgebra of L(g,0)
is generated by {Z;, hi}ief(g o) and L(g,o)” is generated by

{gi}{iej(g o)i5:>0} (cf. [Kac90, Theorem 8.7]).

Thus, ﬁ(g,a)zo is a standard parabolic subalgebra of f)(g,a). For any 7 € Rep,, let 7 be

the subspace of 4 annihilated by ﬁ(g,a)*‘. Then, #° is an irreducible finite-dimensional

g?-submodule of 7 with highest weight (say) A(#) € (h7)* = (h7)* for the choice of the

Borel subalgebra of g? generated by h? and {x;:s; = 0}. The correspondence 7 +— ()

sets up an injective map Rep, — (h7)*. Let D, be its image. For A € D., let J#(\) be the

corresponding integrable highest weight ﬁ(g, o)-module with central charge c.

For any \ € D, and i € I(g,0) = I(g") U {0}, we associate an integer n ; as follows. Set

nag = M[@i, i) + (%’»%)%- (6)

For o0 = 7 a diagram automorphism of g (including 7 = 1d), by definition s; = 0 for ¢ € I(g")
and s, = 1.

For any diagram automorphism 7 of order r (including r = 1), we follow the concrete real-
ization of x;,y;, i € I(g7) U {o} in [Kac90, §8.3]. We emphasize that in the case (g,7) = (A2n2),
our labelling ‘o’ corresponds to i = n in [Kac90, §8.3]. When (g,7) # (A2n,2), we have

1 if o is a long root for i € I(g"),
(i, yi) = { (7)

r if i = o, or «; is a short root for i € I(g"),
and when (97 T) = (AQna 2)’
1 ifi=o,
(xi,yi) = ¢ 2 if a; is a long root for i € I(g7),
4 if a; is a short root for i € I(g7).

LEMMA 2.1. The set D. can be described as follows:

Do={X\e () |ny; € Zsg for any i € I(g.0)}.
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Proof. The lemma follows from the fact that the irreducible highest weight L(g, 0)-module ()
with highest weight \ is integrable if and only if the eigenvalues of h;, i € I(g, o) on the highest
weight vector in J#(\) are non-negative integers. O

Define
5i = (xi,yi)s;, foranyie I(g,0)
and let
§5:=ged{s; :i e I(g,0)}.
As an immediate consequence of Lemma 2.1 and the identity (6), we get the following.

COROLLARY 2.2. For any integer ¢ > 1, 0 € D, if and only if m divides Sc.

In particular, 0 € D, if m divides c.

In addition, for a diagram automorphism o = 7,0 € D, for all ¢ if (g,7) # (A2,,2). If (g,7) =
(A2n,2), 0 € D, if and only if c is even.

We recall the following well-known result.
LEMMA 2.3. For any automorphism ¢ and any ¢ > 1, D, # ().

Proof. By the isomorphism ¢, (as in (4)), it suffices to prove the lemma for the diagram auto-
morphisms 7 (including 7 = Id). By Corollary 2.2, 0 € D, if (g,7) # (A2n,2). If (g,7) = (A2n, 2),
take A = wy,: the nth fundamental weight of type B,, (following the Bourbaki convention of index-
ing as in [Bou05, Planche II}). Then, w, € D, for odd values of ¢ and 0 € D, for even values
of c. g

Let ‘{(A) be the irreducible g’-module with highest weight A and highest weight vector
vy. Let M(V(X),c) be the generalized Verma module U(L(g, o)) DU (i (g,0)29) V(A\) with high-

est weight vector v; =1® vy, where the action of L(g,0)Z° on V()\) factors through the
projection map ﬁ(g,U)ZO — g% ® CC and the center C acts by c. If A € D., then the unique
irreducible quotient of M(V(\),¢) is the integrable representation .#()\). Let Ky be the kernel
of M(V(N),¢) — (). Set

j(g,0)+ = {Z € f(g,a) ‘ Si > 0}
Then, as U(L(g, 0))-module, Ky is generated by
(G oy i€ (g, o)t (of. [Kum02, §2.1)). (9)

)

Moreover, these elements are highest weight vectors.

LEMMA 2.4. Fix i€ I(g,0). Let f € K be such that o(f) = € % f and f =t mod t**+!. Put
X =x;[f] and Y = y; = y;[t~%]. For any p > ny; and q > 0, there exists o # 0 such that

YP . vy :OzXqu+q'U+
in the generalized Verma module M(V (\),c).

Proof. Let H := [X,Y] = hi[t~* f] + (5;/m)C. Then, [H,Y] = —2y;[t 2% f] commutes with Y.
Note that H - vy = ny ;v4. Then, one can check that, for d > 0,

HY? vy = (ny; —2d)Y4 vy,
and, for p > 0,
XYPH vy = (p+ 1)(na; —p)Y? - vy

By induction on ¢, the lemma follows. O
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LEMMA 2.5. Let g and o be as above and let b be a o-stable Borel subalgebra with o-stable
Cartan subalgebra ) C b of g. Then, any element x of (n ® ‘7()0 acts locally nilpotently on any
integrable highest weight L(g,o)-module 5#()), where n is the nilradical of b.

Replacing the Borel subalgebra b by the opposite Borel subalgebra b, the lemma holds for
any x € (n_ ® 7()0 as well, where n~ is the nilradical of b™.

Proof. Take a basis {yg}g of n consisting of common eigenvectors under the action of o as well
as h? (which is possible since the adjoint action of h” on g commutes with the action of o) and
write x = )5 yg[Pp] for some Py € K. Since z is o-invariant and each yg is an eigenvector, each

ys|Ps] is o-invariant. Let L(g,0), be the Lie subalgebra of L(g,o) generated by the elements
{ys[Ps]} 3. Then, since n is nilpotent (in particular, N-bracket of elements from n is zero, for
some large enough N), L(g, o), is a finite-dimensional nilpotent Lie algebra. (Observe that n
being nilpotent, for any two elements s1, s2 € n, (s1, s2) = 0.) Take any element v € #°(\) and
let 5 (x,v) be the L(g,o),-submodule of J#(\) generated by v. Since o stabilizes the pair
(b,h), the centralizer Z4(h?) of h” in g equals . To prove this, we can write o = 7 0 Ad(t), for a
diagram automorphism (possibly identity) 7 of g associated to the pair (b, h) and ¢t € T with Lie
algebra LieT = h. Thus, h” = h7 and, hence, Z4(h?) = Z4(h”) = b. Since yz is an eigenvector
for the adjoint action of h” with non-trivial action, any yg[Pg] can be written as a finite sum
of commuting real root vectors for L(g,o) and a o-invariant element of the form yg [PEr | with
Pg e tC[[t]] (cf. [Kac90, Exercises 8.1 and 8.2, §8.8]). Thus, yg[Ps] acts locally nilpotently on
€ (N) (in particular, on . (z,v)). Now, using [Kum02, Lemma 1.3.3(c2)], we get that 7 (x,v)
is finite dimensional. Using Lie’s theorem, the lemma follows. U

3. Twisted analogue of conformal blocks

By a scheme we mean a quasi-compact and separated scheme over C. By an algebraic curve, we
mean a projective, reduced but not necessarily connected curve.

In this section we define the space of twisted covacua attached to a Galois cover of an
algebraic curve. We prove that this space is finite dimensional.

For a smooth point p in an algebraic curve 3 over C, let K, denote the quotient field of the
completed local ring 6:’}, of ¥ at p. We denote by D, (respectively, }D);) the formal disc Spec 6:},
(respectively, the punctured formal disc Spec %,).

DEFINITION 3.1. A morphism 7 : ¥ — X of projective curves is said to be a Galois cover with
finite Galois group T" (for short I'-cover) if the group I' acts on 3 as algebraic automorphisms
and ¥ /T" ~ ¥ and no non-trivial element of I" fixes pointwise any irreducible component of X.

For any smooth point ¢ € X, the stabilizer group I'; of I" at ¢ is always cyclic. The order
eq := |I'q| is called the ramification index of q. Thus, ¢ is unramified if and only if e, = 1. Denote
p = 7(g). We can also write e, = e,, since e, = e, for any ¢,q’ € m1(p). We also say that e,, is
the ramification index of p. Denote by d,, the cardinality of the fiber 7=!(p). Then |I'| = e, - d,,.

The action of I'; on the tangent space T, induces a primitive character x,:I'; — C*,
i.e. xq(0q) is a primitive e,th root of unity for any generator o4 in I'y. From now on we shall fix
o4 € I'q so that

Xq(og) = emiler,

For any two smooth points ¢,q¢' € X, if w(q) = 7(¢’), then

Iy = 'yl“qqfl, for any element « € I" such that ¢ = v - q.
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Moreover,
Xg (7077 ") = xq(0), for any o €T,

Given a smooth point p € ¥ such that 7—!(p) consists of smooth points in 3, let 7—1(D,)
(respectively, 7'('_1(]]);;)) denote the fiber product of 3 and D, (respectively, D7) over ¥. Then,

7T71(]D)p) ~ uqeﬂ—l(p)Dq and ﬂil(D;) ~ quﬂ.—l(p)D;,

where I, (respectively, D) denotes the formal disc (respectively, formal punctured disc) in ¥
around q.
Let the finite group I" also act on g as Lie algebra automorphisms.
Let g[w‘l(ﬂ)}; )]' be the Lie algebra consisting of I'-equivariant regular maps from W_I(D;;)
to g. There is a natural isomorphism g[w‘l(ﬂ); W~ (g® (C[w_l(]D);;)])F. Let
g =glr ™ (D))" @ CC (10)

be the central extension of g[r~!(D))]" defined as follows:

[X,Y] =[X,Y]o + > Resy(dX,Y)C, (11)

gem—1(p)

1
iy
for any X,Y € glr—*(D))]", where [,]o denotes the point-wise Lie bracket induced from the
bracket on g. We set the subalgebra

Pp =gl (D))" © CC (12)
and

gy = Ker(g[r™' (Dp)]" — gln™ (p)]") (13)

obtained by the restriction map C[7r~1(D,)] — C[r~1(p)], where g[r~!(p)]"' denotes the Lie alge-
bra consisting of I'-equivariant maps = : 7~1(p) — g. Let g, denote g[x~1(p)]'. The following
lemma is obvious.

LEMMA 3.2. The evaluation map evg : g, — gF‘? given by
x — x(q)
for any z € g, and g € 7 '(p) is an isomorphism of Lie algebras.

Let o, be the generator of Ty such that y,(o,) = 2™/, Let L(g, 0g4) denote the affine Lie
algebra associated to g and o4 as deﬁned in § 2. We denote this algebra by L(g, Iy, xq) or L(g7 I'y)
in short.

LEMMA 3.3. The restriction map res; : g, — ﬁ(g,Fq) given by
X=X, and Cw~ C,

is an isomorphism of Lie algebras, where X € glx—'(D})]" and X, is the restriction of X to D).
Moreover,

resy(pp) = ﬁ(g7rq)20 and resq(g;) = E(garq)+-

Proof. For any X,Y € g[wil(ID)If )]', the restriction of [X,Y]q to Dy is equal to [Xg, Yy]o. Note
that for any v € I and z,y € g, we have (v(x),v(y)) = (z,y), which follows from the Killing
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form realization of (,) on g. Since X,Y are I'-equivariant, for any ¢,¢ € 7—1(p) we have
Resq(dX,Y) = Resy (dX,Y).
It is now easy to see that res, : g, — Ii(g, I';) is an isomorphism of Lie algebras, and
resy(pp) = ﬁ(%rq)zo and resq(@;—;) = f,(g,l"q)+. U

By the above lemma, we have a faithful functor Rep.(gp) — Rep(g,) from the category of
integrable highest weight representations of g, of level ¢ to the category of finite-dimensional
representations of g,. We denote by D., the parameter set of (irreducible) integrable highest
weight representations of g, of level ¢ obtained as the subset of the set of dominant integral
weights of g, under the above faithful functor. Let D., denote the parameter set of (irreducible)
integrable highest weight representations of f/(g, I'y) as in §2. Then, we can identify D, and
D, 4 via the restriction isomorphism res, : g, — [:(g, I';) as in Lemma 3.3.

DEFINITION 3.4. For any s > 1, by an s-pointed curve, we mean the pair (3,75 = (p1,...,ps))
consisting of distinct and smooth points {pi,...,ps} of X, such that the following condition is
satisfied.

(¥) Each irreducible component of ¥ contains at least one point p;.

Similarly, by an s-pointed I'-curve, we mean the pair (X, ¢ = (q1, ..., qs)) consisting of smooth
points {qi,...,qs} of ¥ such that (X, 7(q) = (7(q1),...,7(gs))) is a s-pointed curve.

From now on we fix an s-pointed curve (X,p) (for any s > 1), where 5 = (p1,...,ps), and
a Galois cover 7:% — ¥ with the finite Galois group I' such that the fiber 7=!(p;) con-
sists of smooth points for any ¢ =1,2,...,s. We also fix a simple Lie algebra g and a group
homomorphism ¢ : I' — Aut(g), where Aut(g) is the group of automorphisms of g.

We now fix an s-tuple )= (A1,...,As) of weights with \; € D, ‘attached’ to the point p;. To
this data, there is associated the space of (twisted) vacua ¥ 4(P, X1 (or the space of (twisted)

conformal blocks) and its dual space 751 (P, A) called the space of (twisted) covacua (or the
space of (twisted) dual conformal blocks) defined as follows.

DEFINITION 3.5. Let g[X\7 ()] denote the space of TI'-equivariant regular maps f :
S\771(p) — g. Then, g[X\7~1(p)]' is a Lie algebra under the pointwise bracket.
Set

HN) = H(A) @ - @ H(Ns), (14)

where 7 ();) is the integrable highest weight representation of g, of level ¢ with highest weight
A € Dc,pi'
Define an action of the Lie algebra g[¥\7~1(p)]" on #(\) as follows:

S

X-(01® - ®v)=Y 0@ @Xp 0, ® ®v,, for X €g[S\n '(H)]", and v; € #(Ny),

i=1
(15)
where X, denotes the restriction of X to 7~ !(ID)), hence X, is an element in gy,
By the residue theorem [Har77, Theorem 7.14.2, Chap. I1I],
D" Resg(dX,Y) =0, forany X,Y € g[Z\r ' (5)]". (16)

gen—1(p)

Thus, the action (15) indeed is an action of the Lie algebra g[S\7~(5)]" on J2(X).
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Finally, we are ready to define the space of (twisted) vacua
Y5.10,6(F, N1 1= Homgps 10 (H£(X), ©), (17)
and the space of (twisted) covacua
Y.r,6(F ) 1= [N gisat ()7 (18)

where C is considered as the trivial module under the action of gLZ\ﬂ_l(ﬁ)]F, and
[ (N)]gm\r—1 (- denotes the space of covariants AN/ (g[E\r~H(p)]" - #(N)). Clearly,

Yor.s@ N~ %@ V). (19)

Remark 3.6. Fix any ¢; € 7~ 1(p;). If we choose X = (A1,...,As) to be a set of weights, where
for each ¢, )\; is a dominant weight of gF‘Ii in D.g4,, we can transfer each )\; to an element in
D, j, through the restriction isomorphism g,,, ~ gl'% via Lemma 3.2. Accordingly, we denote the

-,

associated space of covacua by 75 r 4(¢, A). This terminology will often be used interchangeably.

LEMMA 3.7. With the notation and assumptions as in Definition 3.5, the space of covacua
¥51.6(D, A) is finite dimensional and, hence, by (19), so is the space of vacua 75 1 4(p, M.

Proof. Let g[ﬂ_l(]D);)]F be the space of I'-equivariant maps from the disjoint union of formal
punctured discs Uger—1(5 Dy to g. Define a Lie algebra bracket on
8= gl (D))" @ CC, (20)

by declaring C' to be the central element and the Lie bracket is defined in the similar way as
in (11).

Now, define an embedding of Lie algebras:

BraB\r @) =y X X

where Xj; is the restriction of X to ﬂfl(Dg) .

By the residue theorem, (3 is indeed a Lie algebra homomorphism. Moreover, by
Riemann-Roch theorem, Im 3 + g[r ! (D)]" has finite codimension in gz, where 7~ *(Dj) is the

disjoint union Uyer-1(5D,. Further, define the following surjective Lie algebra homomorphism
from the direct sum Lie algebra

S S S
@gpz_)gﬁ7 ZXZ’_)ZXU Cl_>Ca
i=1 i=1 =1

here C; is the center C of §,,, and the map X; € glr~*(D;)]" naturally extends to X; €
glr~'(D3)]" by taking 7~ (D;) to 0 if j # .
Now, the lemma follows from [Kum02, Lemma 10.2.2]. O

4. Propagation of twisted vacua

We prove the propagation theorem in this section, which asserts that adding marked points and
attaching weight 0 to those points does not alter the space of twisted vacua.

Let ¥ — ¥ be a I-cover (cf. Definition 3.1). Moreover, ¢:I — Aut(g) is a group
homomorphism.

DEFINITION 4.1. Let 0= (01,...,05) and p'= (p1,...,pa) be two disjoint non-empty sets of
smooth and distinct points in 3 such that (X, 0) is a s-pointed curve and let A = (A1,...,As),

2204

https://doi.org/10.1112/S0010437X23007418 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007418

CONFORMAL BLOCKS FOR (GALOIS COVERS OF ALGEBRAIC CURVES

= (M1, -+, Ha) be tuples of dominant weights such that \; € Do, and p; € D, for each
<i<s,1<j<a.

We assume that 771(0;) and 7~1(p;) consist of smooth points.

Denote the tensor product

i
1

V(i) == V() @ @V (pa), (21)

where V' (uy) is the irreducible g,,-module with highest weight .
Define a g[X\71(0)]'-module structure on V (ji) as follows:

a
X'(Ul@"'@va):ZU1®"'®X’pk'Uk®"'®Uaa (22)
k=1

for vy € V(ux), X € g[E\7~1(0)]", and X[, denotes the restriction X|;-1(,,) € gp,. This gives
rise to the tensor product g[¥\m1(3)]F-module structure on (X)) ® V (i).

The proof of the following lemma was communicated to us by Bernstein.

LEMMA 4.2. Assume that [' stabilizes a Borel subalgebra b C g. Then, there exist a Cartan
subalgebra by C b such that I' stabilizes b.

Proof. Let G be the simply connected simple algebraic group associated to g, and let B be
the Borel subgroup associated to b. Let N be the unipotent radical of B. Then, I' acts on N.
It is known that the space of all Cartan subalgebras in b is a N-torsor (it follows easily from
the conjugacy theorem of Cartan subalgebras). Let b, be any fixed Cartan subalgebra in b. It
defines a function ¢ : I' — N given by < + u,, where u, is the unique element in N such that
Aduy(ho) = v(ho). It is easy to check that 1 is a 1-cocycle of I" with values in N. Note that
the group cohomology H'(I', N) = 0 since I is a finite group and N is unipotent. It follows
that ) is a 1-coboundary, i.e. there exists u, € N such that ¥(v) = v(u,) 1w, for any v € T. Set
h = Aduy(ho). It is now easy to verify that b is I'-stable. O

THEOREM 4.3. With the notation and assumptions as in Definition 4.1, assume further that I'
stabilizes a Borel subalgebra of g. Then, the canonical map

0: [A(X) @ V(ii)] gz e — 7500((8,5), (A, D))

is an isomorphism, where Vs 1 4 is the space of covacua and the map ¢ is induced from the
g[X\771(6)]" -module embedding

AN @ V() = A X f),
with V(u;) identified as a g,;-submodule of J#(p;) annihilated by @;;j. (Observe that since
the subspace V (u;) C () is annihilated by g;j, the embedding V (u;) C 7€ (p;) is indeed a
a[2\71(0)]" -module embedding.)

Proof. By Lemma 4.2, we may assume that I' stabilizes a Borel subalgebra b and a Cartan
subalgebra h contained in b. From now on we fix such a b and b.

-

Let 7 := A (N) @ V(1)@ @V (pg—1). By induction on a, it suffices to show that the
inclusion V' (ug) < 7 (114) induces an isomorphism (abbreviating p, by u and p, by p)

[ @V (W)lgmor — [ @ (1)) gimorn—1 ()T (23)
where ¥° := ¥X\771(9).
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We first prove (23) replacing (1) by the generalized Verma module M (V (1), ¢) for g, and
the parabolic subalgebra p,,, i.e.
[ @ V(1) ggepr = [ @ M(V (1), &)l gisors—1 )7 (24)
Consider the Lie algebra
= g[=\7"'(p)]" & CC, (25)

where C' is central in s, and

[X,Y]=[X,Y]o+ > Resg(dX,Y)C, for X,V € g[2\r ' (p)]", (26)

1
LN
gem—(p)
where [X, Y] is the point-wise Lie bracket.

Let 550 be the subalgebra of sp:

>0 = g[¥°]" @ CC.

Fix a point ¢ € 7~ !(p) and a generator o, of I'; such that o, acts on T,¥ by ¢, := e2mi/ep
(which is a primitive e,th root of unity). By the Riemann-Roch theorem there exists a formal
parameter z, around ¢ such that z 1is a regular function on ¥°\{q}. Moreover, we require Zg !
to vanish at any other point ¢’ in 7~ !(p). Replacing zg L by

€p
Z eq_jag(z L
j=1
we can (and will) assume that
Og- 2yt = €2yt (27)

Recall the Lie algebras L(g,T,) and L(g,T,)~ = (zflg[zqfl])rq from §2. Since z, is a formal

-1
parameter at ¢ with o, -z, = €, z;, we have

L(g,Tq) = L(g,T9)*" @ (2 alz, D" (28)
Define, for any x € g and k > 1,
A(z] zq = |I‘ | Z’y ) € 5p,
yel

and let V' C s, be the span of {A(x[zq_k’])}xeg’kzl. It is easy to check that
sp=5"DV. (29)

By Lemmas 3.2 and 3.3, we can view M(V (1), c) as a generalized Verma module over L(g,T,)
induced from V() as L(g, T';)=%module.
Consider the embedding of the Lie algebra

Sp — f/(g,Fq)

by taking C' +— C and any X — X,. We assert that the above embedding s, — f)(g, I'y) induces
a vector space isomorphism

v 517/550 = f/(ga Fq)/ﬁ(garfI)ZO' (30)

To prove the above isomorphism, observe first that  is injective: for a € g[¥° \ 77 (p)]", if v(a) €
L(g,T4)2° then a € g[(X°\ 7~ 1(p)) U {q}]. The I'-invariance of « forces a € g[%?], proving the
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injectivity of 7. To prove the surjectivity of 7, take a T'j-invariant o = z[z,*] for k > 1. Thus,
~1

g
. Vanishes at any point ¢’ € 7~ 1(p) different from g,

oq(z) = eq_ka:. By the definition, since z,

Y(A()) = a+ L(g,T¢)=".
This proves the surjectivity of v. Thus, by the Poincaré-Birkhoff-Witt theorem, as s,-modules
M(V (1), €) = U(sp) @200 V(1)- (31)
Let g[¥°\7~(p)]" act on J# as follows:

X'(U1®"'®Us®w1®"‘®wa—l)

S
:Z'U1®"'®Xoi'Ui®"'®7}s®w1®"'®wa—1
i=1

a—1
Y @ RV QW @ ® Xy, W D ® We
=1

for X € g[s\r~L(p)]',v; € #(\;) and w; € V(p;), and let C act on J# by the scalar —c. By
the residue theorem, these actions combine to make 7 into an s,-module. Thus, the action of
C on the tensor product # @ M (V (1), ¢) is trivial.

Now, by the isomorphism (31) (in the following, g[¥°]" acts on V(i) via its restriction on
771(p) and C acts via the scalar c)

B MV (p), c)]g = (A ® MV (w), c)]sp, since C' acts trivially

[ZeAT—(p)
~ A Qs M(V(n),c)
~ A Qus,) (Ulsp) Qugserace) V(w)
~ A Ry (gzerace) V(1)
= H Ry (gzery V(1)
= [ @ V(W)gsor-

This proves (24).

Now, we come to the proof of (23).

Let K (1) be the kernel of the canonical projection M(V (1), ¢) — (). In view of (24), to
prove (23), it suffices to show that the image of

L [%®K(M)]g I [%@)M(V(M)’C)]

[Zo\m~1(p)

is zero: from the isomorphism (30), we get

g[zo\m 1 (p)]"

ﬁ(Q? Fq) = 5P + f/(ga FQ)ZO'
Moreover, write

L(g,T4)2° = L(g,Ty)* +¢" +CC,

and observe that any element of gl can be (uniquely) extended to an element of g, := g[r~(p)]"
(cf. Lemma 3.2). Further, ¥° being affine, the restriction map g[-°]'' — g, is surjective, and, of
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course, g[¥°|' 550. Thus, we get the decomposition:
L(g, Lq) =sp+ L(g, Ty)",

and, hence, by the Poincaré-Birkhoff-Witt theorem, U(L(g,T,)) is the span of elements of the
form

Yi...Y - Xi...X,, forYjes, X;e f)(g,Fq)+ and m,n > 0.
Consider the decomposition (3) for og: 04 = qugdh, under a choice of o4-stable Borel subalgebra
b, containing the same Cartan subalgebra b in the sense of § 2. (Since I', in particular o4, stabilizes
the pair (b, h), as in the proof of Lemma 2.5, h7 = b7 for some diagram automorphism m,ofg
associated to the pair (b, ). In particular, the centralizer Zg(h?) of b in g equals h and, hence
we can take by = h.) Under such a choice, there exist slo-triples x;,v;, h; € g for each i € I(g, aq)
such that T; := [z, §; = yilz,%'],i € (g, 0,) are Chevalley generators of L(g,a,). Moreover,
x;, y; satisfy

Si

oq(wi) = €gw; and  og(y:) = €, 'y (32)

Let vy be the highest weight vector of M (V (u),c). Recall (cf. (9)) that K (u) is generated
by m“ﬁ -vy, for i € I(g,0,)" consisting of i € I(g, o,) such that s; > 0.
Thus, to prove the vanishing of the map ¢, it suffices to show that for any i € I (g,09)"

W(h@ (X1, X, - gt up)) =0, (33)

(2

for h € #, any n >0 and X; € L(g,T,)*. However, g?“*i“ - vy being a highest weight vector,
L(g.T)™ - @™ - vy) =0,

(2

Thus, to prove (33), it suffices to show that for any i € I(g, og)t
t(h® (y; gt 00)) =0, for any h € . (34)
Fix i € I(g,0,)". Take f € C[X°] such that
fq = 2 (mod zsﬁl)
and the order of vanishing of f at any ¢’ # q € 7 1(p) is at least (n,; + 3)s;. Moreover, replacing
[ by (1/]Tq|) Z‘Fq‘ 5ol - f, we can (and will) assume that

o f=¢"F.
Now, take

Z = Z v - (@il f])-

~€l' /Ty
Then, writing Y = g;,

N
ZNY it Nty = ( >, (o (l‘z‘[f]))q> Yot

€l /Ty
= (@i[f) N YtV (35)

To prove the last equality, observe that (yy - (a;] f]))q (v (] f]))q has zero of order at least
(nui +3)s; + (N — 1)s; unless each 7; - Ty =T;. However, Y"iTN*1 has order of pole equal
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to (nu; + N +1)s;. Since (nu; +3)s; + (N —1)s; > (nu: + N +1)s;, we get the last equality.
Thus, by Lemma 2.4 for X = z;[f,] and Y = g;, for any N > 1, there exists o # 0 such that

t(h® (Yyrmitl. vy)) =a(h @ XNy nmuitN+L, vy)
= au(h®@ ZNYy" it Ny ) by (35)
= (—1)NaL(ZN ch @Y it NEL v+)
=0, by Lemma 2.5 for large N (see the argument below).

This proves (34) and, hence, completes the proof of the theorem.

We now explain more precisely how Lemma 2.5 implies ZV - h = 0. With respect to the pair
(b, h) stable under I' (note that b might not be the same as b, given above (3) though b, is taken
to be h), since I' preserves the pair (b, §), the group I' acts on the root system ®(g,h) of g by
factoring through the group of outer automorphisms with respect to the pair (b, h). In particular,
I" preserves the set of positive (respectively, negative) roots. From the construction of z; in §2,
x; is either a linear combination of positive root vectors or a linear combination of negative root
vectors with respect to b,. Thus, either v-x; € nforally €', or v-z; € n~ for all y € I, where
b~ is the negative Borel of b and n (respectively, n™) is the nilradical of b (respectively, b™).
Therefore, we may apply Lemma 2.5 to show ZV - h = 0. O

Remark 4.4. Observe that the condition that I' stabilizes a Borel subalgebra b and, hence, also a
Cartan subalgebra h C b is equivalent to the condition that the image of I' in Aut g is contained
in D x IntH, where D is the group of diagram automorphisms of g and H is the maximal torus
of G with Lie algebra b (G being the adjoint group with Lie algebra g).

The following result is the twisted analogue of ‘Propagation of Vacua’ due to Tsuchiya, Ueno,
and Yamada [TUY89].

COROLLARY 4.5. With the notation and assumptions as in Theorem 4.3 (in particular, (¥, 0) is
a s-pointed curve), for any smooth point ¢ € ¥° := ¥\ 7~1(0) (thus, p = 7(q) is a smooth point
of ¥) with 0 € D, 4 (cf. Corollary 2.2), there are canonical isomorphisms:

(a) 751r,6(0, ) = Fr((3,p), (A, 0)); and B
(b) for ¥ an irreducible curve, Y5 (0, \) =~ [7(0) @ V(A)|gis\x—1(p)rs Where the point p is
assigned weight 0.

Proof. (a) Apply Theorem 4.3 for the case p'= (p) and i = (0).
(b) It follows from Theorem 4.3 and part (a). (In Theorem 4.3 replace ¢ by the singleton (p),
A by (0), p'by ¢ and i by A.) O

Remark 4.6. (a) A much weaker form of part (a) of the above corollary (where I is of order 2 and
0 consists of all the ramification points) is proved in [FS04, Lemma 7.1]. It should be mentioned
that they use the more general setting of twisted vertex operator algebras.

(b) When all the marked points are unramified and |I'| is a prime, the propagation of vacua
is proved in [Dam20].

5. Factorization theorem

The aim of this section is to prove the factorization theorem which identifies the space of covacua
for a genus g nodal curve ¥ with a direct sum of the spaces of covacua for its normalization ¥’/
(which is a genus g — 1 curve).
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Let 7 : X — ¥ be a I'-cover of a s-pointed curve (3, 5). We do not assume that ¥ is irreducible.
Moreover, ¢ : I' — Aut(g) is a group homomorphism.

DEFINITION 5.1 [BR11, Définition 4.1.4]. Let ¥ be a reduced (but not necessarily connected)
projective curve with at worst only simple nodal singularity. (Recall that a point P € ¥ is called a
simple node if analytically a neighborhood of P in . is isomorphic with an analytic neighborhood
of (0,0) in the curve xy =0 in A2.) Then, the action of I' on ¥ at any simple node ¢ € ¥ is
called stable if the derivative ¢ of any element o € I'y acting on the Zariski tangent space T, (%)
satisfies the following:

det(6) =1 if o fixes the two branches at ¢,
= —1 if 0 exchanges the two branches. (36)

We say that I' acts stably on X if it acts stably on each of its nodes.
From now on, by a node we will always mean a simple node.

Assume that p € ¥ is a node (possibly among other nodes) and also assume that the fiber
7~ 1(p) consists of nodal points. Assume further that the action of I' at the points ¢ € 7= (p) is
stable. Observe that, in this case, since p is assumed to be a node, any o € I'; can not exchange
the two branches at ¢ for otherwise the point p would be smooth.

We fix a level ¢ > 1.

Let ¥’ be the curve obtained from ¥ by the normalization 7 : ¥’ — ¥ at only the point p.
Thus, 7~ 1(p) consists of two smooth points p’, p” in ¥’ and

VIS {p/ p'} - S\, "} — E\{p}
is a biregular isomorphism. We denote the preimage of any point of ¥\{p} in ¥'\{p’, p"} by the

same symbol. Let 7/ : ¥/ — ¥/ be the pull-back of the Galois cover 7 via 7. In particular, 7’ is a
Galois cover with Galois group I'. Thus, we have the following fiber diagram.

by
py

LEmMA 5.2. With the same notation and assumptions as in Definition 5.1:

(1) the map v is a normalization of ¥ at every point q € 7~ (p);
(2) there exists a natural '-equivariant bijection x : 7'~ 1(p') ~ «'~1(p");
(3) for any q € 7 1(p), we have

T, =Ty =Ty,

where v~1(q) consists of two smooth points ¢, q", and Iy, 'y, and I'yr are stabilizer groups
of T at q, ¢, and ¢", respectively. Moreover, I'y =T =T is a cyclic group.

Proof. Let g be any point in 7~ !(p) of ramification index e;. Since 7~!(p) consists of nodal
points by assumption, there are two branches in the formal neighborhood of ¢. If any o € I
exchanges two branches, then the point p = 7(q) is smooth in ¥, which contradicts the assump-
tion that p is a nodal point. Thus, I'; must preserve branches. In particular, since no non-trivial
element of I' fixes pointwise any irreducible component of ¥, I'; is cyclic. Therefore, by the
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condition (36), we can choose a formal coordinate system 2z’, 2" around the nodal point ¢ such that
Ox 4~ Cl[[Z,2"]]/(#'2"), and a generator o, of 'y such that

o,2) =12 and o, (2") =€,
where € := ¢2™/€a ig the standard primitive eqth root of unity. (Observe that e must be a primitive

eqth root of unity, since I'; acts faithfully on each of the two formal branches through q.)
/!

A~

We can choose a formal coordinate system z’, z” around p in ¥ such that O, p =~

C[[«',2"]]/(«'2") and the embedding é)i,p — 5’2,(1 is given by 2/ +— (2/)%, 2" — (2")%a.

The node p splits into two smooth points p/,p” via 7. Without loss of generality, we can
assume 7’ (respectively, 2”") is a formal coordinate around p’ (respectively, p”) in ¥'. Then, ¢
will also split into two smooth points ¢/, ¢” via the map v, where 2’ (respectively, z”) is a formal
coordinate around ¢’ (respectively, ¢”). It shows that the map v is a normalization at every point
qgen p).

The pullback gives a decomposition

(mov)Hp)=v ' (x Hp) =" )ur"" (")

From the definition of the fiber product, there exist I'-equivariant canonical bijections:

o p) =7 (p) and 7TI(Q") =7 (p). (37)

Hence, we get a I'-equivariant canonical bijection s : 7/~1(p') ~ n'~1(p"). For any q € 7~ 1(p),
v=1(q) = {¢,¢"}. By the choice of ¢/,q" as above, n'(¢') =p’ and 7'(q") = p”. Therefore, x
maps ¢’ to ¢”. Moreover, from (37), the stabilizer groups I'y, 'y, and T'y are all the same
(and of order e4). Since ¢’ (respectively, ¢”) is a smooth point of X', T'ys (respectively, I'yr) is
cyclic. O

Let g, denote the Lie algebra g[m~!(p)]" (observe that we can attach a Lie algebra g,
regardless of the smoothness of p). Then, the I'-equivariant bijections v : 7/~1(p') ~ 7~ 1(p)
and v:7'"Y(p") ~ 77 (p) (cf. (37)) induce isomorphisms of Lie algebras s : g, ~ g, and
" gy ~ gp, respectively. Recall that p/,p” are smooth points of ¥'. Let D., (respectively,
D. ) denote the finite set of highest weights of irreducible representations of g, induced via
the isomorphism s (respectively, ") which give rise to integrable highest weight §,,-modules
(respectively, g,/-modules) with central charge c.

Set

Y =¥\r 1) and X =¥\7""1(5).
The map v on restriction gives rise to an isomorphism
v ST THp " = BN\ (p) < 2,
which, in turn, gives rise to a Lie algebra homomorphism
v gB)t — [T\ T Y "

Let X = (A1,...,As) be an s-tuple of weights with A\; € D,,, ‘attached’ to o;. We denote the
highest weight of the dual representation V(u)* of g, by p*, thus V(u)* ~ V(u*).

By Lemma 5.2, there exists a canonical bijection & : 7/~1(p') ~ 7/~1(p") compatible with the
action of I'. Thus, it induces an isomorphism of Lie algebras g,y ~ g,».
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LEMMA 5.3. In the same setting as in Lemma 5.2, we have:
(1) there exists an isomorphism §, ~ g, which restricts to the isomorphisms
Py =~ Py, g;/ = ﬁ;—u, and gy = gy

(see the relevant notation in §3);
(2) p€ D,y if and only if p* € D .

Proof. For any q € 771(p), in view of Lemma 3.3, the restriction gives isomorphisms resy gy
f)(g,Fq/) and resyr 1 gy ﬁ(g,Fq//). By Lemma 5.2, T'yy =T'yr. As in (3), let b’ (respectively,
h’ C b’) be a suitable Borel (respectively, Cartan) subalgebra of g stable under I'y. This gives
rise to Chevalley generators e; € ' and f; € n’~, where n’ (respectively, n'~) is the nilradical
of b’ (respectively, the opposite Borel subalgebra b’~). Let w : g — g be the Cartan involution
taking the Chevalley generators of g: e; — —f;, fj — —e; and h — —h for any h € b'.

Write as in § 2,
oy = e for a diagram automorphism 7’ (possibly identity) and h’ € []T/.

Thus,

—1(p
lT/wEadw (h")

wlogpw=w" = w lwed=1), (38)

However, by the definition of (any diagram automorphism) 7" and w, it is easy to see that
wlitw =7 (39)

We now need to consider two cases.

Case I: 7' is of order 1 or 2. In this case,

wlopw = e by (38) and (39)

= 7/lemad hl, since 7’ is assumed to be of order 1 or 2
|
ot (10)
Case II: 7' is of order 3. That is, g is of type D4 with labelled nodes
2
[ J (] ()
1 (1) =3
]
(1) =4

and 7’ is the diagram automorphism induced from taking the nodes 1 +— 3,2+ 2, 3 — 4, 4 — 1.
Let 7 be the diagram automorphism induced from taking the nodes 1 — 1,2+ 2,3 — 4, 4+ 3.
Then,

i =7 (41)
In this case, we have

1 ad h

(wr) togwn =7 e 71, by (38) and (39)
= T/flrl_lefadh/ﬁ, by (41)
L2 dM - gince (Tl)lh” =1d by [Kac90, §8.3, Case 4]

_ 1
=0, (42)
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Let w, be the Cartan involution w in the first case and w7 in the second case. Extend w, to an
isomorphism of twisted affine Lie algebras:

Do L(g,04) = L(g,047),  Go(2[P()]) = wo(@)[P(z")],  &0(C) = C,

for any € g and P € K, where 0y and oy = 0;1 are the preferred generators of I'y = T'yy = T'g»
acting on a formal coordinate z/,z” around ¢,q”, respectively, via ¢! (see the proof of
Lemma 5.2). Indeed, @&, is an isomorphism by the identities (40) and (42). Observe that &,
restricted to h% = h%’ is nothing but the Cartan involution. Clearly, @, restricts to an iso-
morphism p,y =~ p,y, g;j, ~ @;,, and g,y ~ g, (see (12) and (13) for relevant notation). This proves
the first part of the lemma.

From the isomorphism &,, the second part of the lemma follows immediately since n'?¢ is a

maximal nilpotent subalgebra of g. O
We also give another proof of the second part of the above lemma.

Another proof of Lemma 5.3, part (2). Let o4 (respectively, o47) be the canonical generator of I'
(respectively, I'yr). We can choose formal parameter 2’ (respectively, z”) around ¢’ (respectively,

q") such that

1.

op(Z) =€, op(Z) =€t

)

_ 2mi/|T : : _ 1 adh VAR N S WY AL B
where € = ¢2™/ITal . As in §2, we can write oy =7 - " Let af,y., h = [z}, y], i € I(g,04) be
chosen as in § 2, where

l‘; S (gT )a;a yz, € (gT )7(1;7 for any ¢ € I(gT )7
where o, is the simple root of g™ associated to i € I(g”™), and
xo € (87 ) gy, Yo € (87 gy

Let s;,i € f(g, o4) be the integers as in § 2. We have, by the identity (5),

/

o () =€} and oy (y) =€ iy,

for any i € f(g,aq/). Moreover, as in §2, the elements xz[2'%], y.[z'~*], h! —i—e;l(xg,y;)siC in
I:(g,aq/) are a set of Chevalley generators generating the non-completed Kac—Moody algebra
L(g,04) C L(g,04), where e, := |T['y|. It is well-known that there is a natural bijection between
the set of integrable highest weight representations of f/(g, oy ) and L(g, og)-

We now introduce the following notation:

xf = —yl, yl:=—xi, and R} :=—h,

for any i € I(g, oy )- Note that o,n = (0,) 7!, We can identify I(g, oy ) and I(g, o), since g7 =
g” where 7/ = 7/~ is the diagram automorphism part of oy

Set o = —a/; for any i € I(g™"), and )] = —6). We can choose o,i € I(g" ) as a set of
simple roots for g7 . Then, 6y is the weight of g™ as in § 2 with respect to this choice. Moreover,
af y’ i€ I(g7") is a set of Chevalley generators of g™, and 2/ € (gT")_gg,yg € (gT”)gg also
satisfies the choice as in [Kac90, §8.3]. We also note that

ogr(w) = ai and  ogi(yf) = e "y,

for any i € I(g, 7). As above, we see that the elements @/ [2/7%], ¢/ [2" %], ! + |Don| "Nz, 4!} 5:C
as elements in i(g,aqu) are Chevalley generators generating the non-completed Kac—Moody
algebra f/(g, o) C f/(g,aqu). Again, there is a natural bijection between the set of integrable
highest weight representations of ﬁ(g, o4) and L(g, o).
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We now get an isomorphism of Lie algebras:
(.:J : f/(g,Uq/) ~ f/(gyo-q”>
given by
//Si]

T R N e RV B

and
hi + ey Hat, yi)siC o b+ e a yi ) siC

for any i € (g, 04). Note that (z/,y!) = («/, /) for any i. The map & is indeed an isomorphism,
since these Chevalley generators correspond to the same vertices of the affine Dynkin diagram.

Set

I:(ga Uq')+ = f’(gv Uq/)+ N E(Q? Oq’) and I:(ga O-q')ZO = f’(Q? Gq’)zo N f’(ga Uq’)'
Similarly, we can introduce the Lie algebras L(g, o) and L(g, o,7)2°. We can sce easily that
dj(f)(g,aq/)+) = E(g, Jq//)+ and d)(i(g, Jq,)ZD) = E(g, Jq/r)zo.

Recall that g'« @ CC is a Levi subalgebra of L(g, o), which is generated by z7, v/ and h's @

CC where i € I(g, oy)° consisting of i € (g, oy ) such that s; = 0. Therefore, the isomorphism

& also induces a Cartan involution w on gl'e, given on the Chevalley generators by
ej— —fi, fi— —e;, and hw— —h,

for any i € I (g, aq/)o, and h € hYe. It is now clear that the isomorphism & induces a bijection
k: Dy >~ D g given by V = V*. This completes the other proof of Lemma 5.3, part (2). O

Define the linear map

Fo(N)— AN @ < P v V(u)), hh® Y I, forhe(X), (43)
HED, i KED, i
where [, is the identity map thought of as an element of V (u*) ® V(1) ~ Endc(V (1)).

We view V (1*) (respectively, V(1)) as an irreducible representation of g, (respectively, g, )
via the isomorphism s (respectively, »”) defined above Lemma 5.3. Let J#(u*) (respectively,
€ (1)) denote the highest weight integrable representation of g,y (respectively, g,~) associated to
p* (respectively, p1) of level c. Realize J2(X) @ 5 (u*) ® (1) (which contains J2(X) @ V(u*) ®
V(W) as a g[¥°\n'~{p/,p"}]F-module at the points 0,p’,p”, respectively. Then, I, being a

~

gp-invariant, F' is a g[2°|'-module map, where we realize the range as a g[¥°]"-module via the
Lie algebra homomorphism v*. Hence, F' induces a linear map

F WE,F,d)(a; X) - @ 41/2’,1—‘;#((5’7 p/)p”)7 (Xa /"L*) M)) .
,LLEDc’p//

The following theorem is the twisted analogue of the factorization theorem due to Tsuchiya,
Ueno, and Yamada [TUY89].

THEOREM 5.4. With the setting as in Lemma 5.2, we further assume that I' stabilizes a Borel
subalgebra b and m—1(3) consists of smooth points of ¥.. Then, the map

F: Ysrs(0,X) — @ Y r6((0,0,0"), (X, 1))
MEDCJ,//

is an isomorphism.
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Dualizing the map F', we get an isomorphism

F* : @ %T/’F’¢((6>p/7p”)> (Xv M*MU“)) l) %21,‘71‘@(67 X)
'UEDC,p”

Proof. As discussed above, the map F' defined in (43) is g[¥°)'-equivariant. By the propagation
theorem (Theorem 4.3) at points p’ and p”, taking covariants on both sides of F with respect to
the action of g[x°]" on the left side and with respect to the action of g[¥'°]' on the right side,
we also obtain the map F.

We first prove the surjectivity of F. Fix a point ¢ € 771(p), we may view V (u*) and V(p)
as representations of the Lie algebra g'e via the evaluation map evy i gp gl (cf. Lemma 3.2).
Correspondingly, we may view D, as certain set of highest weights of gl'e. Observe first that
I'-¢NTC-q" =1,since 7’ is [-invariant and 7' (T - ¢’) = p’ and 7' (T - ¢"") = p”. Choose a function
f € C[¥°] such that

f(q,) =1 and f|1".qllu(1'\,q/\{q/}) =0. (44.)
For any = € g'v, let
1
Aalf]) = == > v (lf]) € g[&T". (45)
Tl 2

For any h € #(X) and v € Dcp. . (V(p)* ® V(w)), as elements of
C, P

Q=a®e (B ve)evi).

MEDcypN
we have the following equality (for any x € gle)
A(z[f]) - (h®v) —h© (zOv) = (A(z[f]) - h) @, (46)

where the action ® of gl'e on V(u*) ® V(1) is via its action on the first factor only. In particular,
as elements of @),

Af)-(he Y L)—he®pB) = (A - > I, (47)
;LEDC’p// MEDC’p//
where 3 is the map defined by
B:U@") - @ VeV, Ba)=a0) I (48)
“w

MEDQPN

Observe that Im(3) is g*'¢ @ gl'e-stable under the component wise action of g'e @ g''« on V(1*) ®
V() since I, is glo-invariant under the diagonal action of gte. Moreover, V (u*) ® V(1) is an
irreducible g’ @ g'e-module with highest weight (u*, 11); and Im(3) has a non-zero component
in each V(u*) ® V(u). Thus, 3 is surjective.

From the surjectivity of 3, we get that the map F is surjective by combining the equation
(47) and the propagation theorem (Theorem 4.3).

We next show that F' is injective. Equivalently, we show that the dual map

o @ A (60,07, Cow,m) = K6, %)
}LGDC’Z)//

is surjective.
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From the definition of ”I/ZJr o and identifying the domain of F* via Theorem 4.3, we think of
F* as the map

F* : Hom gy opr (%(X) ® < D v e v@)),@) — Homggor (A(X), C)
NEDc,p”

induced from the inclusion

F: AN — AN ( P viwre V(u)>, hh® Y I, forheA(N).
/JGDC’p// ,LLGDcyp//
Let C,[X°] C Cr[X°] C C[X"] be the ideals of C[X"]:
(Cp[EO] = {f S C[ZO] : f‘ﬂ,—l(p) = 0},
and
(Cp” [E/O] = {f S C[Z/O] : f|7r’_1(p”) = 0}

(Observe that, under the canonical inclusion C[3°] C C[X°], C,[X°] is an ideal of C[X’°] consisting
of those functions vanishing at 7/~*{p/, p""}.) Now, define the Lie ideals of g[¥/]":

g2 = (6@ Cy=)) and g [BF = (g0 Cp[))". (49)
Define the linear map
g'r = g [ /620, @ A([f]) + 6,2

where z € g, f € C,[¥/] is any function satisfying (44) and A(z[f]) is defined by (45).
Clearly, the above map is independent of the choice of f satisfying (44). Moreover, it is a
Lie algebra homomorphism.

For x,y € gl,
[A(2[f]), A(lf))] = \FlP o v @A - i)
' yyer
o 1|2 oY ol i)
o€lqy' el
+yrly2 S @A - )]
I ygyrgv'er

- |F1| S ([ 9][f]) mod g,[=]"
q y'el’

To prove the last equality, observe that, for v ¢ v'T'y, (v- f)- (7 - f) € Cp[X°]. In addition, for
o€y, 0 f—feC,[¥° and f? — f € Cp[X°].
Let

p:U(g") — U(gp” [EIO]F/gp[ZO]r)

be the induced homomorphism of the enveloping algebras.
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To prove the surjectivity of ™, take ® € Homs.or (H (X), C) and define the linear map
d: 0N ® ( P v ®V(M)> ~C
MGDcyp//
via
®(h @ B(a)) = ®(p(al) - h), for h e #(X) and a € U(g"),
where t : U(gl'e) — U(ghe) is the anti-automorphism taking x — —z for = € g''¢, 3 is the map

defined by (48) and ¢ is defined above. (Observe that even though ¢(a) - h is not well-defined,
but ®(¢(a) - h) is well-defined, i.e. it does not depend upon the choice of the coset representatives

in g, [Z’O]F/gp[ZolF.) )
To show that ® is well-defined, we need to show that for any a € Ker 5 and h € 5()),
D(p(a') - h) = 0. (50)

This will be proved in the next Lemma 5.6.
We next show that @ is a g[X"°]'-module map. For any element X = 3" z;[g;] € g[~"°]" where
r; € g and g; € C[¥°], we need to check that for any h € J#(\) and a € U(g'v),

(X - (h® B(a))) =0. (51)
Take any I'j-invariant f’ € C[X] (respectively, f” € C[X]) satisfying (44) (respectively,
f'(q") =1 and f{f. i g gy = 0)- Then,
CIS°) = IS 4 S + Spr. where Spi= Y. Cly- ), Spre= Y € 1),
Y€ET/Tq v€L/Ty

Thus,

o[2)" = g2 + (9@ Sp)" + (9 Sp)"
It suffices to prove (51) in the following three cases of X.
Case 1: X € gp[X°]". In this case

(X - (h®pa)) =2((X h)®pB(a) +2(h® X - B(a))

= ®(p(a') - X - h), since X € g,[=°]"
<I>(X - o(a’) - h) + @([cp(at),X] . h)
0, since @ is a g[X°)'-module map and [p(al), X] € g[2°]".

Case 2: X € (g® Sfr)r. Write

X = Z x4y f'], for some z, € g.
~vel' /Ty

Observe first that since {7 f'} er/r, are linearly independent, x; € g'e. Moreover, we claim
that

X — (1) € o[, de. X — >y (na[f]) € gp[=". (52)
Y€EL /Ty

2217

https://doi.org/10.1112/S0010437X23007418 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007418

J. HONG AND S. KUMAR

To prove (52), since X and }_, .r/p, 7+ (z1[f']) both are I-invariant, it suffices to observe that
their difference vanishes both at ¢’ and ¢”. Now,

@(X-(h@ﬂ(a))) ((X h) @ B(a)) + @ (h X - B(a))
(p(a’) - X - ) — @(p(a'x1) - )
(¢(a )(X ¢(x1)) - 1)
(X — )-h) +@([p(a"), X —p(21)] - h)
by (52) and since g,[%°]" is an ideal in g[>"]L.
Case 3: X € (g® S N)F. Write
X = Z z [y f"], for some z, € g.
v€l /Ty

Same as in Case 2, we have z1 € gl'e. Moreover, we claim that

X +p(z) € g, ie X+ Y 4 ) € g[z°]". (53)

Y€ /Ty

To prove (53), it suffices to observe (from the I'-invariance) that X + 3 . /p 7 (z1[f']) takes
the same value at both ¢’ and q” . Now,

(X - (h®B(a) =&((X -h)® Ba) + ®(h® X - 5(a))
= @((X “h)® ) (h ®@ 1 O" B( )), where ®" denotes the action
of grq on V(u*) ® V(i) on the second factor only

=®((X -h)®B(a)) — ®(h® B(az1)), since the actions ® and @" commute
and [, is a diagonal g -invariant

®(p(a") - X - h) + D(p(a)pla) - h)

D ([p(a’), X] - h) + (X + ¢(z1))p(a’) - h)

0, since [p(a’), X] € g[¥°]" and using (53).

This completes the proof of (51) and, hence, ® is a g[¥'°]'-module map.

From the definition of ®, it is clear that F*(®) = ®. This proves the surjectivity of F* (and,
hence, the injectivity of F') modulo the next lemma. Thus, the theorem is proved (modulo the
next lemma). O

DEFINITION 5.5. For any p € D (where D is the set of dominant integral weights of gl«),
consider the algebra homomorphism

B, U(gh?) — Ende(V(w),
defined by
Bula)(7) =a v, foranyaec U(gl?) and 7 € V().

Let K, be the kernel of §,, which is a two-sided ideal of U(g"?) (called a primitive ideal).
From the definition of 8 (cf. (48)), it is easy to see that, under the identification of V' (1*) ® V(1)
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with Endc(V(n)),

B(a)(7) = a' -, forany a € U(g'?) and v € V(). (54)
Thus,
Ker= () K} (55)
MEDC’p//

From the definition of B#, it follows immediately that for any left ideal K C U(g") such that
U(ghe)/K is an integrable g'v-module, if the g'e-module U(g"'¢)/K has isotypic components of
highest weights {y;}ica C D, then

K> (K. (56)
€A
We are now ready to prove the following lemma.

LEMMA 5.6. With the notation as in the proof of Theorem 5.4 (cf. identity (50)), for any a €

—

Ker 8, ® € Homgsor (#(X),C), and h € (X,
D(p(a) - h) = 0. (57)
Proof. Let s,y be the Lie algebra

Sy 1= (g X Cp// [E/O\Trlil(p/)])r ) CC,

where Cp/[X\7'7L(p')] C C[E\n'~1(p')] is the ideal consisting of functions vanishing at
7~1(p"), with the Lie bracket defined as in formula (26) and C is central in s,. There is a
Lie algebra embedding

Sy = Gy Z%‘[fz‘] > Zﬂﬁz‘[(fz‘)p'] and Cw— C. (58)

Let 2 (A\)* be the full vector space dual of J#(\). The Lie algebra s,y acts on () where

z[f] acts on ' (X) as in (15) and the center C acts by the scalar —c. By the residue theorem, it
is indeed a Lie algebra action. . .
This gives rise to the (dual) action of s,y on J#(X\)*. Let M C J#(\)* be the s,-submodule

-

generated by ® € J#(\)*. We claim that the action of 5, on M extends to a g,-module struc-
ture on M via the embedding (58). Let 5;;, C s, be the subalgebra g,[>°]" defined by (49) of
Theorem 5.4. Then, by the definition of ®,

+.p—
s =0, (59)
For any element X = Y. x;[f;] € 5,y with a basis {z;} of g and f; € Cpn [S°\7'~1(p')], we define
o(X) 1= max{o(f)}.

where o(f;) is the sum of orders of pole of f; at the points of 7/~!(p'). (If f; is regular at a point
in 7/~1(p’), we say that the order of pole at that point is 0.)
Define an increasing filtration {.74(M)}4>0 of M by

k
Fq(M) = span of {(Xl...Xk) -®: X; €5y and Zo(Xi) < d}.
i=1
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From (59), it is easy to see that for any ¥ € F4(M), and any Y = Y z;[g:] € g,[2°]" such that
each g; vanishes at every point of 7'~!(p') of order at least d + 1,

Y0 =0. (60)
Now, for any y € g,/, pick § € s, such that

@p’ AS QZ/—H7 (61)

where §j,; denotes the restriction of § on 7/~1(D,/) and Q;f?Ll denotes elements of g[n'~1(D,)]"

that vanish at each point of 7'~!(p’) of order at least d + 1 (note that ﬁ;, = Q;C) In fact, if

y € t{r’~1(Dy)]" for some I-stable subspace t of g, then we can take § € (t® C,» [E’o\ﬂ’*l(p’)])r.

Define, for any ¥ € .#,;(M),
y-¥:=g-¥ and C-V:=cV. (62)

From (60), it follows that (62) gives a well-defined action y - ¥ (i.e. it does not depend upon
the choice of ¢ satisfying (61)). Observe that, taking ¢ = 0,

y-U=0, forye @;‘ffrl. (63)

Of course, the action of g,y on M defined by (62) extends the action of s,y on M.
We next show that this action indeed makes M into a module for the Lie algebra g, . To
show this, it suffices to show that, for y1,y2 € g,y and ¥ € F#4(M),

yr-(y2- V) —y2 - (y1- V) = [y1,52] - V. (64)
Take 91,2 € 5, such that

1 A ~d+1
(yl)p/ — y1 and (y2)p/ — y2 c gp/‘i' +o(y1)+o(y2)7

where, for y = . ;[fi] € 9y, o(y) := max;{o(f;)}, o(fi) being the sum of the orders of poles at
the points of 7/~1(p’). Using the definition (62) and observing that o(g;) = o(y;), it is easy to
see that (64) is equivalent to the same identity with y; replaced by 1 and ys by g2. The latter
of course follows since M is a representation of s,/. As a special case of (63), we get

gy -®=0. (65)

We next show that M is an integrable g,,-module. To prove this, it suffices to show that for any
vector y € (n* ® C[n’ _1(D;,)])F (n" :=n), y acts locally nilpotently on M, where n (respectively,
n~) is the nilradical of the Borel subalgebra b (respectively, of the opposite Borel subalge-
bra b™) (cf. §2). Since M is generated by ® as a gy-module, by [Kum02, Lemma 1.3.3 and
Corollary 1.3.4], it suffices to show that y acts nilpotently on ®.

Choose N, > 0 such that

(adn)™(g) =0, and also (adn™)™(g) =0. (66)

For any y € (n* ® C[W’_l(D;,)])F C gy, pick § € (nF ® Cpr [E’O\W’_l(p/)])F such that (cf. (61))
~ ~O No— 1

gy —y € gy (67)

For any associative algebra A and element y € A, define the operators L,(z) = yz, Ry(z) = xy,

and ad(y) = Ly — R,. Considering the operator R} = (L, —ad(y))" (for any n > 1) applied to
Uy — ¥y in the algebra U(g,/) and using the binomial theorem (since L, and ad(y) commute),
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we get
k

Gy — )" =3 (“) (—1)7y" (ad ()Y (3 — ). (68)

=0\

where the summation runs only up to k= min{n, N, —1} because of the choice of N,
satisfying (66). Then, for any d > 1, by induction on d using (65) we get

yd o=l ®. (69)
To prove the above, observe that (§ —y)y?-® = 0 by the choice of § satisfying (67) and the
identities (68) and (65).

For any positive integer N, let C,[2°]Y C C[2°] be the ideal consisting of those g € C[X°]
such that its pull-back to X' via v has a zero of order > N at any point of 7'~!(p’). Let
gy[Z°]"N C g[E°)" be the Lie subalgebra defined as [g ® Cp[EO]N]F. By the same proof as that
of Lemma 3.7, g,[X°]"N - 22(X) is of finite codimension in 22(X).

Let V be a finite-dimensional complement of g,[5°]" 0@ (No=1)+1 A (X) in A (X). Since §
acts locally nilpotently on #(X) (cf. Lemma 2.5) and V is finite dimensional, there exists N
(which we take > N,) such that

V-V =0. (70)
Considering now the binomial theorem for the operator Ly = (ad(y) + Ry)", we get (in any

associative algebra)

n

e =3 () (edt)ia)y .

=0

Take any 2 € g,[X0)"c@No=1)+1 By the above identity in the enveloping algebra U((g®
Cpr[X\ 771 (p)])"), using the identity (66),

No—1
P oi= 3 (V) (i),
=0
Thus,
gN . (gp[ZO]F,o(y)(No—l)+1 . %(x)) c Q[EO]F . t%p(j\') (71)

Combining (69)—(71), we get that
yN e =gV -0 =0.

-

This proves that M C J#(X)* is an integrable g,-module (generated by ®). Let M, C M be
the g,/-submodule generated by ®. Decompose M, into irreducible components:

My = €DV ()™,
neD

where D is the set of dominant integral weights of g,. Take any highest weight vector v, in
any irreducible g,-submodule V(1) of M,. Since @;, annihilates M, (cf. (65)), v, generates
an integrable highest weight g,/-submodule of M of highest weight ;1 with central charge c. In
particular, any V(i) appearing in M, satisfies u € D,y (by the definition of D, ), i.e. p* € D¢
by Lemma 5.3.
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By the evaluation map evy : gy ~ g9, we may view M, as a module over g'« and each V()
the irreducible representation of gl'e. Thus, from (56) of Definition 5.5, applied to the map

U(gls) = M,, ara-®,

we get that for any a € Ker 8, a - ® = 0, i.e. ®(p(at) - h) = 0, for any h € #(X). (Observe that
K, = Kz) This proves the lemma and, hence, Theorem 5.4 is fully established. |

6. Twisted Kac—Moody algebras and Sugawara construction over a base

We define twisted Kac—Moody Lie algebras, their Verma modules and integrable highest weight
modules with parameters and prove the independence of parameters for the integrable highest
weight modules. We also prove that the Sugawara operators acting on the integrable highest
weight modules (of twisted affine Kac—-Moody algebras) are independent of the parameters up
to scalars.

Let R be a commutative algebra over C. In this section, all commutative algebras are over
C, and we fix a root of unity € = e2™/™ of order m and a central charge ¢ > 0. In addition, as
earlier, g is a simple Lie algebra over C and o is a Lie algebra automorphism such that ¢ = Id.

DEFINITION 6.1. (a) We say that an R-algebra Op is a complete local R-algebra if there exists
t € Op such that Or ~ R|[[t]] as an R-algebra, where R[[t]] denotes the R-algebra of formal power
series over R. We say such a t is an R-parameter of Og. Let Kr be the R-algebra containing
Or by inverting ¢. Thus, Kr ~ R((t)). Note that Kr does not depend on the choice of the
R-parameters.

(b) An R-rotation of Og of order m is an R-algebra automorphism o of Og (of order m)
such that o(t) = e 't for some R-parameter t. Such an R-parameter t is called a o-equivariant
R-parameter. Observe that any R-algebra automorphism of Ogr of order m may not be an
R-rotation. Clearly, an R-algebra automorphism of Ogr extends uniquely as an automorphism
of K'r, which we still denote by o.

Given a pair (Og, o) of a complete local R-algebra Op and an R-rotation of order m, we can
attach an R-linear Kac-Moody algebra L(g,0)rg,

L(g,0)r = (g ®c Kr)’ ® R - C,
where C is a central element of f/(g, o)r, and for any z[g|,y[h] € (g ®c Kr)?,

(elg) wlA]) = [z lgh] + - Rese—o ((dg)h) (. 5)C. (72

Here the residue Res(dg)h is well-defined and independent of the choice of R-parameters
(cf. [Har77, Chap. III, Proof of Theorem 7.14.1]). We denote by L(g, 0)1%0 the R-Lie subalgebra
(g®@cORr)@®R-C.

Given a complete local R-algebra Op, let mg denote the ideal of O generated by a formal
parameter t. Note that mp does not depend on the choice of ¢. Then, Or/mp ~ R. This allows
us to give a natural map for an R-rotation o of Op

(g®cOr)” — (3® R)°,

which is independent of the choice of the parameter t. Given any morphism of commutative
C-algebras f : R — R, we define

Or®RR = lim ((Op/mk) @ R').
k
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Then, Or®rR’ is a complete local R'-algebra. For any R-parameter ¢t € Op, t' :=t®1 is an
R'-parameter of Or®prR’. Let o be any R-rotation of Or of order m. Then, it induces an
R'-rotation of Or®rR’. We still denote it by o.

LEMMA 6.2. Let Og be a complete local R-algebra with an R-rotation o of order m. Given any
finite morphism of commutative C-algebras f : R — R’, there exists a natural isomorphism of
Lie algebras L(g,0)r ®r R ~ L(g,0) g, where L(g, o) is the R'-Kac-Moody algebra attached
to Op = Or®@rR' and the induced rotation o.

Proof. Tt suffices to check that Kr ®r R ~ Kg/, which is well-known (since f is a finite
morphism). O

Let V be an irreducible representation of g° with highest weight A € D., where D, is defined
in §2. Then Vi := V ®c R is naturally a representation of g ®¢ R. Define the generalized Verma

module
M(V,¢)r = Ur(L(8,0)R) @y, (5,012 VR
Where Ugr(-) denotes the universal enveloping algebra of R-Lie algebra, and Vg is a module over

)
Ur(L(g, )%O) via the projection map L(g, 0)12%0 — (g7 ®c R) ® R - C and such that C' acts on
VR by C.

LEMMA 6.3. The Verma module M(V,c)g is a free R-module. Given any morphism R — R’
of C-algebras, there exists a natural isomorphism M(V,c¢)p ®g R ~ M(V,¢)r as L(g,0)r ®
R'-modules, where M (V,c)p is the generahzed Verma module attached to OR' := Or®@prR' and
the action of L(g,0)r ®r R’ on M(V,c)p is via the canonical morphism L(g,0)r ®r R —

L(g,0)r

Proof. Let t be a o-equivariant R-parameter. There exists a decomposition as R-module:

(g @c R((t))” = (g @c RIH)” @ (g@c t ™ R[t™'])".

Hence, M(V,c)r ~ Ur((g @ t 'R[t™1])?) ®c V. Note that (g ® t ' R[t~1])? is a Lie algebra
which is a free module over R. By the Poincaré-Birkhoff-Witt theorem for any R-Lie algebra that
is free as an R-module (cf. [CE56, Theorem 3.1, Chapter XIII]), M(V,c)g is a free R-module.

Note that there is a natural morphism L(g, 0)r @r R — L(g,0)r. It induces a natural
morphism  : M (V,e)r @ R — M (V,¢)rr. The map k is an isomorphism since it induces the
following natural isomorphism

R @p (Ur((g®ct 'RIt™'))7) @c V) ~ Up/((g@c ' 'RI"])7) @c V,
where t/ = t®1. O

We can choose a o-stable Borel subalgebra b C g, a o-stable Cartan subalgebra §h C b, the

elements {x;, yi}ief(g’a), and the set of non-negative integers {s; |i € I(g,0)} as in §2, such that

L(g,0)r contains the elements a;[t%], y;[t~*]. Let V = V(X) be the irreducible g”-module with
highest weight A\ € D, (cf. Lemma 2.1 for the description of D). Let N(V,c)r be the L(g,o)r-
submodule of M(V, ¢)r generated by {y;[t5]"it1. U)\}ZGI (g.0)+> Where vy is the highest weight

vector of V()), ny; is defined by the identity (6) and (as in §2) I(g,0)* := {i € I(g,0) : s; > 0}.

LEMMA 6.4. The module N(V, ¢)r does not depend on the choice of the o-equivariant
R-parameter t.

Proof. Let t’ be another o-equivariant R-parameter. It suffices to show that for each ¢ € I (g,0)T,
yi[t sty = e[t vy for some constant ¢ € R* (where R* denotes the set of
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units in R). By the o-equivariance of ¢ and ', we can write t'~% = ¢t % + Zk>_8i’m‘5i+k apth,
for some ¢ € R* and a; € R.

Case 1. If 1 € IA(g,U)+ and 0 < s; < m, then t'7% = ct™% 4 g, where g =3, aptt with
ay € R (since 0 < s; < m and m|(s; + k)). Since y;[g] - vy = 0, it is clear that y; [t/ 5™ iT1 . vy =
(cyi [t—si])nx,ﬁ-l Cuy

Case 2. If s, =m, then t/=" = ct™™ + g, where g = >, apt® with a; € R. Since s, = m,
by [Kac90, Identity 8.5.6], each s; =0 for j # o and r = 1. Thus, the simple root vectors of
g7 are {x;};+, with (simple) roots {c;};x,. Since y, is a root vector of the root fy and 6 is
a positive linear combination Z#O a;oj, Yo is a positive root vector of g?. Hence, y, - vy = 0.
Thus, it follows that y,[g] - vy = 0. Hence, y,[t' =™ ot . vy = (cyo[t_m])w"’Jrl - V).

Case 3. If s; = m for i # o, then again by [Kac90, Identity 8.5.6], r = 1 and each s; = 0 for
j # 4. Thus, the simple root vectors of g7 are {z;};; with (simple) roots {c;};¢ (03 U{—00}-

Hence, —a;a; = —6y + ngé{z’,o} aja; giving that —oy is a positive root of g7 (since a;,a; >0
being coefficients of the highest root written as a sum of simple roots) and, hence, y; - vy = 0.
The rest of the argument is the same as in Case 2. This proves the lemma. U

We now define the following R-linear representation of L(g, o) x:
H(V)g = M(V,c)r/N(V,0)r.

LEMMA 6.5. (1) The modules N(V,¢)r and (V) are free over R. The module N(V,¢)g is a
R-module direct summand of M(V,¢)g.

(2) For any morphism f:R— R of commutative C-algebras, there exists a natu-
ral isomorphism N(V,¢)r @r R ~ N(V ¢)p and H(V)p ®@p R ~ ' (V)r as modules over
L(g,0)r ®p R, where the action of L(g,0)r ®r R on N(V,¢) g and (V) g is via the canonical
morphism L(g, o)rQr R — L(g,0)p

(3) Choose any oc-equivariant R—parameter t. Then, N(V,¢)gr C M(V, ¢)}. Moreover, for
any other L(g,o)g-graded submodule A of M(V,¢)g such that AN Vg = (0), A is contained
in N(V,¢)r. Here M(V, A)F =Dy M(V,¢)g(d) and (for d > 0)

M(V,o)g(d):= > Xq[t™™]-- Xg[t™™] Vo C M(V,c)r, where X;[t™™] € L(g,0)r.
n;>0,>", ni=d

Further, A being graded means A =P 5o AN (M(V,¢)r(d)).

Observe that M (V,¢)g(d) does depend upon the choice of the parameter t. A
Hence, N(V,c)r and (V' )r do not depend on the choice of b, Y, and z;,y;,i € 1(g,0).

Proof. Fix a o-equivariant R-parameter ¢. For each i € I (g,0)", the element y;[t 5]+ . vy is
a highest weight vector (cf. identity (9)). Hence,

N(V,or= Y Url(g@cR[t™])7)ylt =]+ - uy. (73)
z‘ef(g,a)+

Note that Ur((g ®c R[t™1])?) ~ U((g ®c C[t~ 1]) ) ®c R as R-algebras. Since R is flat over
C, it is easy to see that (as a submodule of M(V,c)r = M(V,c)c @c R, where M(V,¢)c
U(L(g,0)c) ®, U(i(a0)2%) V is a C-lattice in M(V,¢)g, which depends on the choice of ¢, Where

ﬁ(g,a)@ = [g ®c C((t ))} @ CC and L(g,a)@ = [g ®c (C[[t]]] @ CC)
N(V,e)p = N(V,¢)c ©c R, (74)
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where N(V,¢)c := (XLici(go)+ Ullg @c C[t=1)?)y;[t=51]™ T - wy) is a C-lattice of N(V,¢)g.

Hence, N(V,c)g is free over R and it is a direct summand (as an R-module) of M(V,¢)g.
From this we readily see that

H(V)r = A (V)c @c R, (75)

where (V)¢ := M(V,¢)c/N(V,¢)c is a C-lattice in #(V)g (depending on the choice of t),
and hence it is also free over R. This finishes the proof of part (1) of the lemma.

By the above equation (74) and the associativity of the tensor product: (M ®g S) ®g T ~
M @grT, we also have N(V,¢)g ®g R' ~ N(V,¢)p. Similarly, by the above equation (75),
H(V)r @r R ~ (V). This concludes part (2) of the lemma.

We now proceed to prove part (3) of the lemma. By (73), N(V, ¢)r C M(V, C)E. Observe first
that

{ve#A(V)e: X[t"]-v=0Yn>0and X[t"] € L(g,0)c} = V. (76)

This is easy to see since (V)¢ is an irreducible L(g, o0)c-module. Choosing a basis of R over
C, from this we easily conclude that

{ve A (V)p: X[t"]-v=0v¥n>0and X[t"] € L(g,0)c} = V&. (77)

For any non-zero v € A := A/(ANN(V,¢)g) — #(V)r, v =3 vg with vg € H(V)r(d), set
[v| = > d:vqg # 0, where the gradation . (V)r(d) is induced from that of M(V,c)r. Choose a

non-zero v° € A’ such that |v°| < |v| for all non-zero v € A’. Then,
X[t"]-v° =0 foralln>1and X[t"] € L(g,0)c. (78)

Otherwise, |X[t"] - v°| < |v°|, which contradicts the choice of v°.
By (77), we get that v° € Vg, which contradicts the choice of graded A since AN Vi = (0).
Thus, A’ =0, i.e. A C N(V,¢)g. This proves the third part of the lemma. O

We now begin with the definition of Sugawara operators {Z, |n € Z} for the Kac-Moody
algebra f/(g, o)r attached to a complete local R-algebra Or with an R-rotation of order m, and
an automorphism o of g such that ¢™ = Id. We fiz a o-equivariant R-parameter t.

Recall the eigenspace decomposition g = @QEZ Jmz 9n of o, where

gn ={z €glo(x)=¢€"z}.

Note that o preserves the normalized invariant form (,) on g, i.e. for any z,y € g we have
(o(x),0(y)) = (x,y). For each n € Z/mZ it induces a non-degenerate bilinear form (,) : g, X
g—n — C. We choose a basis {u,|a € A,} of g, indexed by a set A,. Let {u®|a € A,} be the
basis of g_, dual to the basis {u, |a € A,} of gp.

The normalized invariant R-bilinear form on L(g,0)g is given as follows (cf. [Kac90,
Theorem 8.7]),

<$[f], y[Q]) = %(Rest:O t_lf(t)g(t)) <:U,y>, <.I‘[f], C> =0, and <C7 C> =0,

where z[f],y[g] € L(g,0)r and r is the order of the diagram automorphism associated to o.
Then, the following relation is satisfied:

(ua[t”],ub[t*kb = 1(5(171,(5%/1€ for any a € A, and b € Ay.
, n k
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DEFINITION 6.6. An R-linear ﬁ(g,a)R—module Mpg is called smooth if for any v € Mg, there
exists an integer d (depending upon v) such that

z[f]-v=0, forall fetiOp and z[f] € (g ®c Or)°.
Observe that this definition does not depend upon the choice of the parameter ¢.

The generalized Verma module M (V,¢)r (and, hence, the quotient module (V') r) is clearly
smooth.

We construct the following R-linear Sugawara operators on any smooth representation Mg
of L(g,0)r of level ¢ # —h (which depends on the choice of ),

L= <Zuau —1—22 Z Ua [t Ul "] + zmz m—n dlmgn> (79)

a€Ag n>0acA_,

ﬂ[_tmlwrlat, LB]

C " h <Z Z t n+mk [tn] i ua[tn]ua[tn+mk])>7 for k # 0, (80)

n>0 a€A_j,

where h is the dual Coxeter number of g. Note that the smoothness ensures that Lt is a well-
defined operator on Mg for each k € Z. Moreover, it is easy to see that LZ does not depend upon
the choice of the basis {u,} of g.

The following result can be found in [KW88, §3.4] and [Wak86].

PROPOSITION 6.7. For any n,k € Z and = € g,, as operators on a smooth representation Mg

of f)(g, o) g of central charge ¢ # —h.
(a) We have

n
g Lt _ thrmk'
[2ft"), 4] = Sl

In particular, L}, commutes with g°.

(b) We have
3 _

ndimg c_

Lt Lt = (n — k)L 5, o
[n? k] (77, )n+k+ —k 12 c+h

Let us recall the definition of the Virasoro algebra Virgp over R. It is the Lie algebra over R
with R-basis {d,; C},ecz and the commutation relation is given by

3—7’L

[, di] = (1 — &)dnse + 0o Cs [d, C] = 0. (81)

An R-derivation of Kp is an R-linear map 6 : Kr — Kg such that 6(fg) = 0(f)g + f0(9),
for any f,g € Kg. Let Oy, /g denote the Lie algebra of all continuous R-derivations of Kg,
where we put the m-adic topology on Kg, i.e. {f + m"} ez ex, is a basis of open subsets.
(Here m” denotes tYOp, which does not depend upon the choice of ¢.) With the choice of the
R-parameter ¢ in Og, we have the equality Oy, /g = R((t))9;, where 0; is the derivation on Kg
such that 0;(R) = 0 and 0,(t) = 1. Let Oy, r denote the C-Lie algebra of all continuous C-linear
derivations 6 of K that are liftable from R, i.e. the restriction 0|g is a C-linear derivation of R.
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Let ©p denote the Lie algebra of C-linear derivations of R. There exists a short exact sequence:

0 = Oy r — Oy > O — 0, (82)
where Res denotes the restriction map of derivations from Kpr to R. See more details in [Lool3,
§2]. It induces the following short exact sequence:

0— Gg(R/R - @%R,R _PES_) ®R - 07 (83)

where @;‘(R /R (respectively, %, ) is the space of o-equivariant derivations in Oy, /r (respec-
tively, Ogc,,r). Then, OF IR= R((t™))t0;. We define a central extension

@;’(R/R = @%R/R @ RC
of the R-Lie algebra @g(R /R by
3m 43 /4—1 pyp—1 4—1 C
[f0r, 90¢] = (fO:(g) — 9O:([f)) O + Respo (™ A° (¢ f)t 19t dt)%» (84)

for foy, g0y € R((t™))td;, where A is the operator ¢~ (m + t0;). Observe that this bracket
corresponds to the bracket of the Virasoro algebra defined by the identity (81) if we take d =

—(1/m)t™*+19, for any k € Z. In this case C corresponds to C. Therefore, % defines a
completed version of the Virasoro algebra over R.

For any 0 € @%R/R withf =)oy Umi+1t™FT10;, we define a Sugawara operator associated
to 6 B

Lp:= > (~mamps1) L} (85)
kE>—N

on smooth modules of I:(g, o) g of central charge ¢ # —h.
In the following lemma, the operator Lg is described more explicitly on any smooth module.

LEMMA 6.8. For any 6 € R((t™))td;, the operator L} acts on any smooth module Mp with
central charge ¢ # —h as follows:

Ly(ur[fi] - un[fa] - v) = wa[fi] -+ unlfn] - Lo(v) + Z (urlfa] - - wsl@(fi)] - - - unlfu] - v),  (86)

where u1[f1], ..., un[fn] € L(g,0)r and v € Mg.
Proof. 1t is enough to show that [L}, u;[f;]] = w;[0(f;)] for each i =1,...,n:

(Lo wilfill = D (=mamei1)[ L, ual )

k>—N
= S (i, ()]
k>—N
= wi[0(f:)], (87)
where the first equality follows from the definition (85), and the second equality follows from
part (a) of Proposition 6.7. O

Note that the choice of a g-equivariant R-parameter ¢ gives the R-module splitting @f;'(R’ R=
O%./r 1(OR), where (for § € Or) 1 (0)(f) = >, 0(ap)t* if f =", axt®. For any fo, € O%n/ R
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and § € O,
[6(0), fO:] = 1 (0)(f)Dr,  [14(01), 04(d2)] = w4[01, b2, (83)
and define
[1¢(8),rC] = §(r)C for r € R.

The C-linear brackets (84) and (88) define a completed extended Virasoro algebra @/%-R\R
over R (which is a C-Lie algebra), where /

O, = O, 1 © (OR).

Take any smooth ﬁ(g,U)R—module Mp with C-lattice Mc (i.e. Mc ® R~ Mp) stable under
f)(g, o)c. (Observe that f/(g, o)c depends upon the choice of the parameter t.) Let 0 act
C-linearly on Mp via its action only on the R-factor under the decomposition Mp ~ M¢ ® R.
We denote this action on Mg by L%. Observe that L% depends upon the choice of the parameter
t as well as the choice of the C-lattice Mc in Mpg.

For any 0 € O 5, write § = 0"+ 14(0") (uniquely), where ¢’ € @%R/R and 0" € Or. We
define the extended Sugawara operator L} associated to 6 acting on any smooth Mp := M¢ ®c R
(with C-lattice M¢ as above) by

LY = Lh + L. (89)
Then,

Lyr(ualfi] -+ un[fn] - v) = Z ur(fa] - wilwe(0") (fi)] - - unlfn] - v, (90)

for v € M and u;[f;] € ﬁ(g, o). From this we can easily deduce the more general formula when
v € Mpg.

The following proposition follows easily from Proposition 6.7 and the definition of the
operator Lé.

PROPOSITION 6.9. (1) Let Mg be a smooth module of L(g,o)g with C-lattice Mc as above

with respect to a o-equivariant R-parameter t and central charge ¢ # —h. Then, we have a C-Lie
algebra homomorphism

V05, — Endc(Mp)

given by

_ di
rC — T<C lm]vlg>IMR; 0 — Ltv for any 0 e @g(ﬂmR’r € R. (91)

Moreover, ¥ is an R-module map under the R-module structure on Endc(Mp) given by
(r-f)(v)=r-f(v), forre Rve Mg, f € Endc(Mg).

Note that O is an R-module under (r - 6)(s) =r-4d(s), for r,s € R and § € Op.
(2) Further, for any € ©g._ p, v € Mp and a € R,

Li(a-v)=0(a) -v+a-Lyv). (92)

The following lemma shows that the representation of ©g. p on M (V,c)r (and, hence, on
(V) r) is independent of the choice of the o-equivariant R-parameters up to a multiple of the
identity operator.
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LEMMA 6.10. Let V = V() be an irreducible g°-module with highest weight A € D.. Let t' be
another o-equivariant R-parameter in Og. For any 6 € @,‘;}R r there exists b(#, A, t,t") € C such

that LY = LY +b(0, \,t,t')1d on M(V,¢)g and, hence, on 7 (V)p.
Here, with the choice of the parameter t, we have chosen the C-lattice M(V, ¢)c of M(V,c)r
to be U((g ® C((t)))° ® CC) - V and the C-lattice of # (V) to be the image of M(V,c)c.

Proof. Assume first that 6 € ©% /- Let L} and LY denote the Sugawara operators associated to

0 with respect to the parameters ¢ and ¢/, respectively. For any u[f] € L(g, o) g, from the identity
(87), we have the following formula:

[ulf), L§) = —ul6(f)],  [ulf], L§] = —u[6(f)]. (93)
This gives
[ulf], L — L§] =0 for any u[f] € L(g,0)r. (94)

It follows that L} — LY commutes with the action of L(g,0)r (and, hence, also with the action
of L} as in the identity (79)) on M(V, ¢)r. In particular, using Proposition 6.7(a) for k =0,
(Lg — Lg)vo = A\v, for some A € C, where v, is a highest weight vector of V. This shows that
the R-linear map L} — Lg =b(#, A\, t,t')Id on the whole of M(V, ¢)r. This proves the lemma in
the case 0 € @%R/R.

We now prove the general case. Different choices of o-equivariant R-parameters t,t give
different splittings ¢, ¢y,

O%, r = R((t™))td ® 1:(Or) = R((t"))t'0y ® 1y (OR).
For any 0 € @g(m R» We may write uniquely
0 = 0]+ 1u(6) = O + (61, (95)
where 6; € R((t™))t0y, 0, € R((t"™))t'0p, and 6},6}, € ©r. Observe that
0! = 0 = 0. (96)
Applying (95) to t/, we get

07)(u)
= g4 10D 4,
v =0T o w)
where u = t'/t € O Note that (:,(07)(u)/(t0:(u) + u))td; € R[[t"]]t0;, and the constant coeffi-
cient of t0; in (¢4(0))(u)/(t0:(u) + u))tdy is 67 (up) /ug where ug € R™ is the leading coefficient of
u = ug + upt™ +--- € R[[t"]].

As proved above, L, — Lg, is a scalar operator, as 0}, € @%R /R Thus, to prove that Lg - Lg

t/ t/

is a scalar operator, it suffices to prove that Lj + Ly, — LY, is a scalar operator, since L, =
t

/!
Gt,

Ll, — Lt , where 3 := 0] — 0},. Now, for uy[f1], ..., un[fn] € L(g,0)r and v € V, by the identities
t +/
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(86) and (90), we get

(Lj+ Loy — ng)(ul[fl] o Un[fn] - v)
=urlf1] ... un[fn] - (Ltﬁv) + Zul[fl] g [B(f) + Lt(egl)fi — 1y ( z/t,’)fz] o Un[fa] v
=1

= wlfil...unlfu] - (o), since B(fi) + ee(0F) fi — 1w () fi = 0 by (95)
= PO )l - (L), sinee L v =0 for all k> 0 and § € R},
0
mé; (ug)

= Tul[fl] .. Up[fn] - dv, for some constant d € C,
0

by the definition of L since acA, Uau® 1s the Casimir operator of g7. This proves the lemma. [

7. Flat projective connection on sheaf of twisted covacua

We define the sheaf of twisted covacua for a family Y7 of s-pointed I'-curves. We further show
that this sheaf is locally free of finite rank for a smooth family 37 over a smooth base T'. In fact,
we prove that it admits a flat projective connection.

In this section, we take the parameter space T' to be an irreducible scheme over C and let "
be a finite group. We fix a group homomorphism ¢ : I' — Aut(g).

DEFINITION 7.1. A family of curves over T is a proper and flat morphism & : Yp — T such that

every geometric fiber is a connected reduced curve (but not necessary irreducible). For any b € T'
the fiber £71(b) is denoted by %s.

Let T' act faithfully on X7 and that £ is I-invariant (where I' acts trivially on T'). Let
7 : Yr — Y7 /T = X7 be the quotient map, and let ¢ : ¥7 — T be the induced family of curves
over T. Observe that ¢ is also proper. For any section p of £, denote by 77(p) the set of sections
q of & such that moq = p.

DEFINITION 7.2. A family of s-pointed I'-curves over T is a family of curves £ : ¥ — T over

T with an action of a finite group I' as above, and a collection of sections ¢ := (q1,...,¢s) of &,
such that:
(1) p1,...,ps are mutually non-intersecting to each other and, for each i, 7= (p;(T)) is contained

in the smooth locus of ¢ and 7=1(p;(T)) — T is étale, where p; = 7 o g; is the section of &;
(2) for any geometric point b € T, (Zp, p1(b),...,ps(b)) is a s-pointed curve in the sense of
Definition 3.4; moreover, m, : X — X3 is a I'-cover in the sense of Definition 3.1.

Let %9 denote the open subset Y7\ |J; 7 (pi(T)) of S7. Let £°:%9 — T denote the
restriction of &.

LEMMA 7.3. The morphism £° : ¥ — T is affine.
Proof. See a proof by van Dobben de Bruyn on mathoverflow [vDdB]. O

Let f:T" — T be a morphism of schemes. Then, we can pull-back the triple (X7,T,q7) to
T to get a family (f*(X7),T, f*(¢)) of pointed I'-curves over T’, where f*(Xp) =T xp X,
@) =(far, -, fas).

2230

https://doi.org/10.1112/S0010437X23007418 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007418

CONFORMAL BLOCKS FOR (GALOIS COVERS OF ALGEBRAIC CURVES

LEMMA 7.4. Let I' act on each geometric fiber Xy, of X stably (cf. Definition 5.1). Then, for any
section p of & such that m=!(p(T)) is contained in the smooth locus of £, if 7~ (p) is non-empty
(where 7~1(p) = {sections q of Y7 — T such that w o ¢ = p}), then:

(1) for any q # ¢’ € 7 (p), ¢(T) and ¢'(T) are disjoint;
(2) T acts on 7~ 1(p) transitively, and the stabilizer group Ty is equal to the stabilizer group
[y at the point q(b) € Xy for any geometric point b € T'.

Proof. It is easy to see that 7~ !(p) is finite (it also follows from (97)). Let 7 1(p) =
{¢1,92,--..,q:}. For each b€ T, {qi(b),q2(b),...,qx(b)} is a I'-stable set and it is contained in
the fiber 771 (p(b)). Since I' acts on 71 (p(b)) transitively, it follows that

7 p®)) = {q1(b), g2(b), ..., qi(b)}-

From this it is easy to see that I' acts transitively on 7= (p).

Set Z :={(U,;,; @:(T) Ng;(T)). Then, Z is a proper closed subset of T. Let U be the
open subset T\Z of T. Then, {¢1(U),q2(U),...,qx(U)} are mutually disjoint to each other.
In particular,

_ |
|Ff1¢(b)|

, foranybeU. (97)

By [BR11, Lemma 4.2.1], for each 1 < i < k, the order of the stabilizer group I, is constant
along T For any b’ € Z, there exists i # j such that ¢;(0') = ¢;(b'). It follows that |T'|/|Tg, )| =
|7~ Y(p(¥'))| < k, which is a contradiction. Therefore, T = U, i.e. {q1(T),q2(T),...,qu(T)} are
disjoint to each other. This finishes the proof of part (1).

Let ', be the stabilizer group of ¢ € 71(p). It is clear that

Iy C Ty, for any geometric point b € 7. (98)
We have
oo T
‘Fq(b)| | q|

where the first equality follows from (97) (since U =T) and the second inequality follows
from (98). The third inequality follows since k := |r~*(p)|. Thus, we get Ty =Ty for any
geometric point b € T by (98) and, moreover, I' acts transitively on 7=1(p). This concludes part
(2) of the lemma. O

DEFINITION 7.5. (1) A formal disc over T is a formal scheme (7',0r) over T (in the sense of
[Har77, Chap. II, §9]), where Or is an Or-algebra which has the following property: for any
point b € T there exists an affine open subset U C T containing b such that Or(U) is a complete
local Op(U)-algebra (see Definition 6.1(a)).

Let (T,%r) be the locally ringed space over T' defined so that K (U) is the Op(U)-algebra
containing Op(U) obtained by inverting a (and, hence, any) 07 (U)-parameter ty of Op(U).
Then, (T,%Kr) is called the associated formal punctured disc over T.

(2) A rotation of a formal disc (T,Or) over T of order m is an Or-module automorphism o of

(T,Or) of order m such that, for any b € T, o(ty) = € 'ty for some formal parameter t;; around

b, where € ;= ¢27i/™m,
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LEMMA 7.6. With the assumption and notation as in Definition 7.1, let ¢ be a section of € :
Y7 — T such that q(T) is contained in the smooth locus of . Then:

(1) the formal scheme (T, &, ézT’q(T)) is a formal disc over T', where ﬁgT’q(T) denotes the formal
completion of X1 along q(T') (cf. [Har77, Chap. II, §9));

(2) the stabilizer group I'y is a cyclic group acting faithfully on the formal disc (T f*(ﬁET’q(T)));
further, I'; has a generator &, acting via rotation of (T, &, ( é)ZT,q(T))); moreover, the action
of I'y on local 64-equivariant parameters is given by a primitive character x.

Proof. Part (1) follows from [Gro97, Corollaire 16.9.9, Théorem 17.12.1(c")]. For part (2),
choose a formal parameter ty € (f*ﬁET’q(T))(U). Let o0, €Ty be a generator. Set ty =

(1/]T]) Zil;qol*l " L(ty), where € := 2™/ IVl and o, (ty) = eJty+ higher terms. Then, iy is a

formal parameter in (f* é)ET,q(T)) (U) such that
oq(ty) = eéfU. (99)

Since I' acts faithfully on X7, the action of I'; is faithful on the formal disc (7', . é)ZT,q(T))' In

particular, by (99), € is a primitive |T'y|th root of unity. Thus, we can find a generator 6,(U) € T,
such that

Gq(U)ty = e '1u. (100)

In fact, 64(U) is the unique generator of I'; satisfying the above equation (100) for any formal
parameter ;7. From this it is easy to see that the generator 74(U) does not depend upon U. We
1

denote it by &,. It determines the primitive character x of 'y, which satisfies x(6,) =¢;*. 0O

Denote by O, the sheaf of Op-algebra &, ﬁZ%Q(T) over T', and let (T',K,) be the associated
formal punctured disc over T For any section ¢ of £ contained in the smooth locus of &, define
the sheaf of Kac-Moody algebra L(g,I';)r over T" by

L(g,Ty)r := (g ©c K" & O1C,

where the Lie bracket is defined as in (72). For any A\ € D4 := D5, we define a sheaf of
integrable representation ' (\)p over T as follows: for any open affine subset U C T such that
0,(U) is a complete local Op(U)-algebra,

U = %(A)ﬁT(U)

By Lemma 6.5, this gives a well-defined sheaf over 7. For each section p of ¢ such that 7—1(p)
is non-empty and some (and, hence, any) g € 7~ !(p) is contained in the smooth locus of &, we
may define the following sheaf of Lie algebras over &p (cf. Definition 3.1),

T I
gp;:< @ g®<c‘Kq> ®O0r-C and gp::< @ g®c§*ﬁq(T)>-

gem—1(p) gem—1(p)

The restriction gives an isomorphism g, ~ ﬁ(g,Fq)T7 and g, ~ g' ®c Or as in Lemmas 3.2
and 3.3. For any A € D, 4, we still denote by J#(\)7 the associated representation of g, via the
isomorphism g, ~ L(g,I'y)7.

DEFINITION 7.7 (Sheaf of twisted conformal blocks). Let (X7,I',¢) be a family of s-pointed
I'-curves over an irreducible scheme T'. Set p'= m o ¢. Let A = (A1,...,As) be a s-tuple of highest
weights, where \; € D4, for each i.
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Now, let us consider the sheaf of &p-module:
AN = N1 @ayp A N)T Dy -+ Qi H(Ns)T (101)

and
S

7= (@ < P sec (KZ.>F> @ OrC. (102)

i=1 “gen(p;)

We can define a Op-linear bracket in g as in (11); in particular, C' is a central element of gj.
Then, g is a sheaf of Op-Lie algebra. There is a natural O7-linear Lie algebra homomorphism

S
@ gp; — 85, where C; — C.
i=1

The componentwise action of €;_; g,, on (X)7 induces an action of gy on A (X)7. We
also introduce the following O7p-Lie algebra under the pointwise bracket:

8(Z9)" = a0 0% )", where 5 = So\(|J 77 (0i(1))). (103)
=1

There is an embedding of sheaves of Op-Lie algebras:

BoEP)" = a5 Yomlfl = D D wkl(fi)d, (104)
k

gen—1(p) k

for x € g and fi € §70%g such that ), xx[fi] € g[29]", where (fx), denotes the image of fj in
Ky via the localization map §70xe — K.

By the residue theorem, 3 is indeed a Lie algebra embedding. (Observe that Lemma 7.3 has
been used to show that [ is an embedding.)

Finally, define the sheaf of twisted covacua (also called the sheaf of twisted dual conformal

-

blocks) 75, 1r.4(q, ) over T as the quotient sheaf of &p-modules
Vo ro(@X) = 2N [9(55)" - A Rz, (105)

where g(39)! acts on (N via the embedding 3 (given by (104)) and (X9t - A (N C

-

€ (X\)r denotes the image sheaf under the sheaf homomorphism
ar : g(EN)Y @, AN — A N7 (106)

induced from the action of g(X%)I' on A (N)rp.
Here we use the notation 75, 1 4(¢, Py
Remark 3.6).

) to denote the sheaf of twisted covacua (see

-

THEOREM 7.8. (1) The sheaf /5, r 4(q,\) is a coherent Or-module.
(2) For any morphism f : T' — T between schemes, there exists a natural isomorphism

Or @6y (Poro(@N) = Vi) ro(FH (@D, V).

In particular, for any point b € T the restriction ¥s, 1 4(q, N)|p is the space of twisted dual
conformal blocks attached to (3, T, ¢, 5(b), X).

2233

https://doi.org/10.1112/S0010437X23007418 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007418

J. HONG AND S. KUMAR

Proof. We first prove part (1). Recall the embedding 3:g(X9)! — g5 of @r-Lie algebras
from (104). In addition, consider the &p-Lie subalgebra

r
Py = [ @ g ®c g*ﬁZ}T,q(T):| ® OorC
gem—1(p)

of gy and let g(39)" + p; be the Op-subsheaf of §; spanned by Im 3 and p;. Then, as can be
seen, the quotient sheaf gz/(g(29)" + py) is a coherent @r-module (cf. [Lool3, Lemma 5.1]).
Thus, locally we can find a finite set of elements {z;} of gz such that each z; acts locally finitely

on ' (X)r and

G5 =029 + b5+ > Ora;
J

(cf. [Kum02, Proof of Lemma 10.2.2]). Now, following the proof of Lemma 3.7 and recalling that
the Poincaré—Birkhoff-Witt theorem holds for any Lie algebra s over a commutative ring R such
that s is free as an R-module (cf. [CE56, Theorem 3.1, Chapter XIII]), we get part (1) of the
theorem.

We now prove part (2). By the definition of the sheaf of covacua, 75, r 4(q, X) is the cokernel
of the Gp-morphism ar : §(X9)" ®g, #(X)r — H(X)r, which gives rise to the exact sequence
(on tensoring with Opr):

0@ (5T @ #(N)r | =L or @A (N1 . 01 @ Vorrs(@N) o
O Or Or Or

Sl LS S

o\l Y N >y
9(X7) g (N1 (N Vo Do(f*CA) —— 0

where we have identified the bottom left term of the above under

(o0 @) ) @ (00 @ #(00r ) = (53" @ # (N
or O or O

and the second vertical isomorphism is obtained by Lemma 6.5. The right-most vertical

isomorphism follows from the five lemma, proving the second part of the lemma. O

In the rest of this section we assume that the family £ : Y7 — T of s-pointed I'-curves is
such that T is a smooth and irreducible scheme over C and £ : 37 — T is a smooth morphism.
In particular, 7 is a smooth scheme.

Let ©7 be the sheaf of vector fields on T'. Let @E% 7 denote the Or-module of vertical vector
fields on X, with respect to £, and let Oy 1 denote the Op-module of vector fields V' on X7,
that locally descend to vector fields on 7' (i.e. there exists an open cover U; of T such that
(d€°)(Vigo-1(1,)) 1s a vector field on U;). Since 7 : X% — T is an affine and smooth morphism,
there exists a short exact sequence of &p-modules:

0 — Oz — Osg 1 = O — 0. (107)
This short exact sequence induces the following short exact sequence of Op-modules:
0— 6%, r — %, 1“5 6r 0, (108)
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where @goT T (respectively, @g%,T) denotes the Or-submodule of I'-invariant vector fields in
Oso /1 (respectively, Oxg 7).

For any b €T, we can find an affine open subset b€ U C T, and a s-tuple of formal
parameters t := (t1,1o,...,ts) where t; is a formal I'y,-equivariant 07 (U)-parameter around g;
(cf. Lemma 7.6). For any 6 € @goT’T(U) = @gng(U)F, we denote by 6; the image in @«qi7T(U)Fqi,
where @q(q“T(U ) is the space of continuous C-linear derivations of K, under the m-adic topology
(given below Proposition 6.7) that are liftable from the vector fields on U. We define the operator
LY on S (\)y by

L@ @h) = @@L h® - ®hs, (109)

where, for 1 <7 < s, Léf_ is the extended Sugawara operator associated to 6; with respect to the

Kac-Moody algebra L(g, Ty, )y defined by (89), where we choose the C-lattice in /()\;)y as in
Lemma 6.10.

LEMMA 7.9. For any 0 € @g%vT(U)F, the operator Lg preserves g(EOU)F . %”(X)U, where X7, :=
&),
Proof. For any z[f] € g(3¢), let A(z[f]) denote the average >, . o(z)[o(f)] € g(X¢). For any

h=h ® - ®hsc ANy, and 0 € @2%7T(U)F, by the formulae (86) and (90), one can easily
check that

Ly(A([f]) - h) = A@l0())(R) + A(=[f])(L§ - B).
It thus follows that Lg preserves g(X¢)0 - # M. O

From the above lemma, the operator Lg induces an operator denoted Vg on %, r.6(q, X)]U

THEOREM 7.10. With the same notation and assumptions as in Theorem 7.8, assume, in addi-

tion, that & : Xp — T is a smooth morphism and T is smooth. Then, ¥5,r (¢, \) is a locally
free Op-module of finite rank.

Proof. 1t is enough to show that the space of twisted covacua 75, r (7, Ny is locally free
for any cover of affine open subsets U C T with a s-tuple of formal parameters ¢ := (t1,...,ts)
around ¢ := (q1,...,¢s), where t; is a I'y,-equivariant Or(U)-parameter. From the short exact
sequence (108), we may assume (by shrinking U if necessary) that there exists a Op(U)-linear
section a : Op(U) — @goT,T(U)F of d¢°|y : @goT,T(U)F — Op(U). By part (2) of Proposition 6.9,
the following map

0 — Vi : Yorrs(@ Vo — % N

defines a connection on %5, r (¢, X)|U Thus, by the same proof as in [HTT08, Theorem 1.4.10],

V500,64, X)|U is locally free. By Theorem 7.8, 75, 1.4(¢, X) is a coherent Op-module and, hence,
it is of finite rank. ]

Let 7 be a locally free &pr-module of finite rank. Let D;(¥#) denote the Or-module of
operators P : ¥ — ¥ such that for any f € Or, the Lie bracket [P, f] is an &p-module morphism
from ¥ to ¥. Clearly, D1(¥') is a C-Lie algebra.

DEFINITION 7.11 [Lool3]. A flat projective connection over ¥ is a sheaf of @p-modules
Z C Di1(Y) containing Or (where Op acts on ¥ by multiplication) such that £ is a C-Lie
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subalgebra and

i Symb
0 Or % Or 0 (110)

is a short exact sequence, where Symb denotes the symbol map defined by
(Symb P)(f) =[P, f] for P € % and f € Or.

Observe that Symb is a Lie algebra homomorphism.

Following this definition, choose a local section V : Oy — Z|y of Symb on some open subset
U C T. Then, V defines a connection on ¥ over U, since for any X € Oy, f € Oy and v € ¥,

Vx(f-v)=fVxv+X(f)- v
For any X,Y € O, the curvature 2 (X,Y) := [Vx, Vy] — V|xy] € Op.

We now construct a flat projective connection .Z7 on the sheaf of covacua 75, r (7, A). Let
U be any affine open subset of T with a s-tuple of parameters ¢ around ¢ as above. Define Zr(U)

to be the &p(U)-module spanned by {Vg AS @E%7T(U)F} and 0p(U). By Lemma 6.10, %p(U)
does not depend on the choice of parameters ¢. Therefore, the assignment U +— Zr(U) glues to
be a sheaf Zr over T.

-

THEOREM 7.12. With the same notation and assumptions as in Theorem 7.10, assume further
that the ramification locus in each geometric fiber ¥y, of ¥p is contained in I' - ¢(b). Then, the

- =

sheaf Zr of operators on ¥s,,.1.4(q, \) is a flat projective connection on ¥s,. 1,4(q, A).

Proof. For any b e T, choose an affine open subset b € U with an s-tuple of parameters ¢
around ¢. Given 61,60, € @g%,T(U)F, by Proposition 6.9 and formula (109), the difference
V'[f;h@ﬂ — [vgl,vg;] is a Op(U)-scalar operator and so is [Vg, f] for f € Or(U). It follows that

—

Zr is a sheaf of C-Lie algebra acting on 75, 1 4(q, A).

Note that 65%/T!bz®(zg)F, where X¢ is the affine curve Zp\n~1(p(b)), P=7oq
and O(X9)' is the Lie algebra of I'invariant vector fields on X¢. In view of part (2)
of Theorem 7.8, AVET’F#)((T,X)‘I,2%21771“@((7((7),5\'). Therefore, the Op(U)-linear map Vi
@2%/T(U)F — Endg, ) (Y8r,1,6(7, X)|v) induces a projective representation of O on the

space of covacua 75, 1,4(q(b), A) attached to the s-pointed curve (3, ¢(b)). By Lemma 6.10, the
map V! is independent of the choice of ¢ if we consider it projectively as a map

V! 05 /7 (V)" = Endgy oy (%r0.0(@ Nv)/Or(U).

Note that ©(X9)l is isomorphic to the Lie algebra ©(3¢) of vector fields on the affine
curve X \p(b) (since I' - ¢(b) contains the ramification locus). By [BFM91, Lemma 2.5.1], ©(37)
and hence ©(X9)l' is an infinite-dimensional simple Lie algebra. Since ”//gb,p@((j'(b),X) is a
finite-dimensional vector space, ©(X¢)" can only act by scalars on 7/gb7p7¢(q’(b),X). Therefore,
for any ¢ € O )7 (U )T, the operator Vg acts via multiplication by an element of r(U) on
V500,64, X)|vr. Thus, the sequence (110) for & = % is exact. It follows that %7 is indeed a
flat projective connection on ¥5, 1 4(q, X) O

8. Local freeness of the sheaf of twisted conformal blocks on stable
compactification of Hurwitz stacks

We consider families of stable s-pointed I'-curves and we show that the sheaf of twisted covacua
over the stable compactification of a Hurwitz stack is locally free.
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In this section, we fix a group homomorphism ¢ : I' — Aut (g) such that I" stabilizes a Borel
subalgebra b of g.

DEFINITION 8.1 [BR11, Définition 4.3.4]. We say that a family of s-pointed I'-curves (X, q)
over a scheme T (see Definition 7.2) is stable if:

(0) each geometric fiber ¥ of X7 is (connected) with only nodal singularity;

(1) the family of s-pointed curves (27, p) is stable where p’:= 7 o ¢, i.e. for any geometric point
be T the fiber ¥j is a connected reduced curve with at most nodal singularity and the
automorphism group of the pointed curve (3, p(b)) is finite;

(2) the action of I' on each geometric fiber ¥ is stable in the sense of Definition 5.1 (in particular,
Yy has only nodal singularity); moreover, I" - g(b) contains all the ramification points for any
beT.

A s-pointed I'-curve is called stable if it is stable as a family over a point.

Remark 8.2. For a family of s-pointed T'-curves (X7, q) over T satisfying properties (0) and
(2) as above, the stability of (3r,p) is equivalent to the stability of (X7, -¢) (cf. [BRI1I,
Proposition 5.1.3]).

Moreover, under the assumption that I' - ¢’ contains all the ramification points in X, at any
nodal point ¢ € ¥, ¢ being unramified and stable, det(5) = 1, o fixes the two branches for any
o €'y and I'y is cyclic (cf. [BR11, Corollaire 4.3.3 and the comment after Definition 6.2.3]). In
this case, any stable s-pointed I'-curve (X, p) is exactly a s-pointed admissible I'-cover in the
sense of Jarvis, Kaufmann, and Kimura [JKKO05, Definitions 2.1 and 2.2]. The only difference is
that, in our definition, stable s-pointed I'-curves are connected, and admissible s-pointed I'-covers
defined in [JKKO05] can be disconnected.

Let (C,,q,) be a s-pointed I'-curve such that I' acts stably on C, (cf. Definition 5.1). Let C,
be the normalization of C, at the points I" - r, where r is a (stable) nodal point of C,. The nodal
point r splits into two smooth points 7/, 7 in C,. The following lemma shows that there exists a
canonical smoothing deformation of (C,, g,) over a formal disc D, := Spec C[[7]]. We denote by
DX the associated punctured formal disc Spec C((7)).

LEMMA 8.3. With the same notation as above, we assume that the stabilizer group I', at r is
cyclic and does not exchange the branches. Then, there exists a formal deformation (C,q) of
the s-pointed I'-curve (Co,qo) over a formal disc D, with the formal parameter T, a family of
s-pointed I'-curves (C’ q) over D, and a morphism ¢ : C — C of families of s-pointed T-curves
over D, such that the following properties hold:

(1) over the closed point o € D, (|, : C, — C, is the normalization of C, at the points T - r,
and over the formal punctured disc DX, we have C Ipx =~ Cy x DX;

(2) foreachi=1,...,s, Cog = ¢ and §(o) = §, (we also use ¢ to denote the sections § in C' if
there is no confusion);

(3) the completed local ring O, of Oc at r is isomorphic to C[[2, 2", 7] /(T — 2'2") ~ C[[z’, 2",
where T',. acts on 2’ (respectively, z") via a primitive character x (respectively, x~!); more-
over, (2',7/2") (respectively, (2",7/2")) gives a formal coordinate around r' (respectively,
") in C, where we still denote by z' (respectively, z") the function around r' (respectively,
r"") by pulling back 2’ (respectively, z") via (;

(4) there exists a I'-equivariant isomorphism of algebras

A~

R O g oy, C\D-( 01y = Or-fo oy [T (111)
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where ﬁc\r (77}, G- {1 vy 1S the completion of Ognr. iy along C\T" - {r’,r""}; moreover,

q in C and o In C, are compatible under this isomorphism, i.e. the pomts Go,i € C’O\F
{r',7"} (for i =1,...,s) identified with the algebra homomorphisms ; : O, \rofrr oy — C
extended to

617— : ﬁé’\l"-{r/,r”},éo\P{r/,r”} - (C[[TH
under the identification x correspond to the section §; of C — D;.

Proof. In the non-equivariant case, this smoothing construction as formal deformation is sketched
by Looijenga in [Lool3, §6], and detailed argument from formal deformation to algebraic
deformation can be found in [Dam20, §6.1]. These constructions/arguments can be easily gen-
eralized to the equivariant setting when I, acts on the node stably and does not exchange the
branches. g

Let L(g,T'y) (respectively, L(g,T'y»)) be the Kac-Moody algebra attached to the point 7/
(respectively, ) in C,. Recall that (Lemma 5.3) p* € D, if and only if u € D, where
V(p*) ~ V(u)*. (By Lemma 5.2, I',s = I',v and, hence, gt~ = g'+".) Let 22 (u*) (respectively,
(1)) be the highest weight integrable representation of L(g,T',/) (respectively, L(g,Ty))
as usual.

LEMMA 8.4. There exists a non-degenerate pairing by, : A (u*) x () — C such that for any
hy € #(u*), hy € (), and x[z"™) € L(g,T,),

bu(z[z"] - hi, ha) + by (hy, z[2" "] - he) = 0.
Note that z[2"] € L(g, ) if and only if x[2"~"] € L(g,F ).

Proof. From Lemma 5.3 (especially see ‘another proof of Lemma 5.3 Part (2)’), there exists
an isomorphism & : L(g,T,v) ~ L(g,T'»), such that the representation of L(g,T,») on ¢ (u)
via @~ ! is isomorphic to #(u*), where L(g,T,) is the non-completed Kac-Moody algebra.
By [Kac90, §9.4], there exists a contravariant form b, : 5 (u*) x ' (u*) — C such

that
Bu(2lf] - hah) + Bu(hy, (el f)ha) = 0, for any a[f] € L(g, D), hu, ha € J(u"),

where w is the Cartan involution of I:(g, I',) mapping x[2'%] (respectively, y.[z'~5]) to —y}[z'~%]
(respectively, —a[2"*]) for any i € I(g, T, see these notation in the second proof of Lemma 5.3
part (2). Observe that the composition & o w : L(g,T',v) — L(g,T,») is an isomorphism of Lie
algebras mapping z[2""] to z[2"~"]. Hence, the lemma follows after we identify the second copy
of ' (u*) in b, with 57 (p) via @' mentioned above. O

There exist direct sum decompositions by ¢-degree (putting the ¢-degree of the highest weight
vectors at 0):

=@ A a0, A (W) =D A (1)-a
d=0 d=0

The non-degenerate pairing b, in Lemma 8.4 induces a non-degenerate pairing by, g :
FO(W*)—q x H(p)—q — C f011 each d > 0. Let b}, , € (ji”(,tf*)_d)* ® (H(p)—q)* be the dual of
b,,q- The contravariant form b, on (1) with respect to L(g,I',/) induces an isomorpliism C;; :
(A (@) —q)* >~ F(*)—q. Similarly, the contravariant form on .7 (u) with respect to L(g,I',»)
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induces an isomorphism ¢} : ( (1) q)* ~ ' (u)—q (the Cartan involution on L(g,T,) taken
here is obtained from w on L(g,I'») via the isomorphism &). Set A= (e, @)y ) €
H(W)—q @ H(p)—q if d >0 and 0 if d < 0. Note that A, ¢ is exactly the element I, induced
from the identity map on V(u) (see the formula (43)). In view of Lemma 8.4, A, 4 satisfies the
following property (for any d,n € Z)

([ @ 1) Apagrn+ (1A @2[z" ™) - Aua=0, forany z[2"] € L(g,T'). (112)

We now construct the following ‘gluing’ tensor element (following [Lool3, Lemma 6.5] in the
non-equivariant setting),

Au = Z A/,L,de € (%(:u’*) ® %(M))HTH
d>0
Let 0,6 be the maps of pulling-back functions via the map ¢ : C — C
0': Ocy — Op, CC((Z)r]] and 0": 60, — Op,, C C((Z")I7],
where é’qr is the completion of & along r, and é’é ,» and ﬁAar,, are defined similarly. For any
f(Z2") = 350550 a; ;22" € O¢,,, we have
) = £/ = 3 (L aase )
j>0 N i>0
and
ell(f) _ f(T/Z”,Z”) _ Z <Zaz’,jz//j_i>7—i-
i>0 >0
The morphisms #,6” induce a C|[[r]]-module morphism 6 : (g ® Gc,)'" — (@ C((z')))" [[7] ®
(g ® C((z")F"[[7]], where T acts on O, via
T- f(Z/,Z”) — Z/Z,/f(Z/’Z”).
Thus, we get an injective map from (g ® 5’077«)“ into L(g,T')[[7]] & L(g,T,»)[[7]] (but not a Lie
algebra homomorphism), which acts on (42 (u*) @ 5 (u))[[7]].

LEMMA 8.5. The element A, € (J(u*) ® #(u))|[[7]] is annihilated by (g® Oc,)'r via the
morphism 6 defined as above.

Proof. For any z[2/'2"] € (g ® ﬁAC,T)Fra

x[2"2"] - A, = Z(:{:[z'i_j] ® 1)A#,d7d+j + Z(l ® x[z”j_i])Au,deH

dez deZ
==Y (@l A + ) (1@l ALr, by (112)
dez deZ
= 0.

From this it is easy to see that z[f]-A, =0 for any z[f] € (g ® Oc,) . This proves the
lemma. O

For each i =1,...,s, let J#(\i)p, (respectively, 7#(A;)) denote the integrable representa-
tion of L(g,I'y;)p, (respectively, L(g,T'y,,)) attached to ¢, (respectively, Oc, . ,) as in §6,
and let 22 (X)p, (respectively, #°(X)) denote their tensor product over C[[r]] (respectively, C).
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For each i=1,...,s, we choose a (I'y,x;)-equivariant formal parameter z; around g¢;,
i.e. Ocgq, ~ C[[7]][[2i]], where x; is a primitive character of I'y,. It gives rise to a trivialization

(cf. formula (75))
ts: AN, =~ #(X) @c C[[r]).

We now construct a morphism of C[[7]]-modules:

Fy:o(NecCllr] — @ (2N 0 W) oWl
MEDC,TU
given by

ZhT — Z i @ ALa)T H'd,

1,d=0

where, for each i, h; € S (X) Finally, we set

Fy:=Fyoty: A (Np, — @ (£ ) oA @ A(w)|[r]].

Consider the following canonical homomorphisms (obtained by pull-back and restrictions):

Oorri = Oevrg = Oavrqur sy = Oar ot o ear@otr ) = Oonr @u |l

where the last isomorphism is obtained from the isomorphism x of Lemma 8.3 (see the
isomorphism (111)). This gives rise to a Lie algebra homomorphism (depending upon the
isomorphism k):

r
7 9lC\I - @ = [9® g, r o ] 17

Hence, the Lie algebra g[C\I' - ¢]'" acts on (%(X) ® S (p*) @ A (1)) [[7]] via the action of [g®
r N . : S : :
ﬁéo\r-((jou{r’,r”})] on H(\) @ H(u*) ® A () at the points {q,,r’',r"} as given just before
Theorem 5.4 and extending it C[[7]]-linearly.
Recall from Definition 7.7 the action of g[C\T' - g]' on #(X\)p.. Further, g[C\T - )*" acts on
(A (p*) @ H(w))[[7]] via the Lie algebra homomorphism (obtained by the restriction):

glo\I'- @" — (g @ Oc,)'"

and the action of (g® @c,)' on (J(u*) @ 2 (u))[[7]] (which is a Lie algebra action only
projectively) is given just before Lemma 8.5.

THEOREM 8.6. We have the following:

(1) the morphism Fy is g[C\I - {]"-equivariant;
(2) the morphism Fy induces an isomorphism of sheaf of covacua over Dy,

By Voro@N = @D Yo,p0(@r'r"), Con m) 7] (113)

MEDC,’I‘”

Note that here we take slightly different notation for the spaces/sheaves of covacua, see
Remark 3.6.
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Proof. By Lemma 8.5, the morphism
Fi: A (Np, — AN, @) P (A (1) © A (w)[[7]]

,UJGDCW//

given by h — ZueD ,h®A,, is a morphism of g[C\I' - q]'-modules. Moreover, there exists an
embedding obtained from the isomorphism ¢5:

i: AN, Scrp) @ (A W)@ AW — @ (XX e (W)@ ()]

MEDCJ// MEDCJ//

Observe that Fy =io F § This concludes part (1) of the theorem.

We now proceed to prove part (2) of the theorem. Using part (1) of the theorem and the
morphism kg, we get the C|[[r]]-morphism (113). Taking quotient by 7, by the factorization
theorem (Theorem 5.4) the morphism Fj gives rise to an isomorphism

Aj/CQ,,F,(b(JOv A) - @ 7/~O’I‘7¢ ((q_;h ’I”/, Tl/)a ()‘a ,U*v M)) .
MEDC,T//

As a consequence of the Nakayama lemma (cf. [AM69, Exercise 10, Chap. 2]), F' 5 Is surjective.
(Observe that by Theorem 7.8, both the domain and the range of F % are finitely generated
C[[r]]-modules.) Now, since the range of I} is a free C[[r]]-module, we get that I} splits over
C[[r]]- Thus, applying the Nakayama lemma (cf. [AM69, Proposition 2.6]) again to the kernel K
of FX? we get that K = 0. Thus, F' 5 is an isomorphism, proving part (2). [l

DEFINITION 8.7. We say that a stable s-pointed I'-curve (X,q1,...,qs) has marking data n =
((I‘l,X1),(I‘2,X2),...,(I‘S,XS)) if for each ¢, the stabilizer group at ¢; is a (cyclic) subgroup
I C T and y; is the induced (automatically primitive) character of I'; on the tangent space
T5,%.

We now introduce the moduli stack W%F’n, which associates to each C-scheme T the
groupoid of stable family £ : X7 — T of s-pointed I'-curves over T, such that each geometric
fiber is of genus g and is of marking data 7. In particular, |J;_;I" - ¢;(T) contains the ramifi-
cation divisor of 7 : ¥ — X7 /I" (cf. [BR11, Definition 4.1.6]). Note that for any stable family
of s-pointed I'-curves in M, ,, its geometric fibers contain at worst only nodal singular-
ity such that their stabilizer groups are cyclic which do not exchange the branches (cf. [BR11,
Corollaire 4.3.3], and the comment after [BR11, Definition 6.2.3]).

For any v1,...,7s € I', (¥,7141, . ..,7sqs) has the conjugate marking data

((/ylFl’ylilﬂ1 Xl)a ceey (’7311875_17% XS))?
where (Yix;)(vigiv; 1) := xi(gi), for g; € T;. We denote by [n], the I'*-conjugacy class of 7.

THEOREM 8.8. The stack /My, is a proper and smooth Deligne-Mumford stack of finite
type.

Proof. (Sketch) We can associate to (X7, q) (a stable family £ : ¥p — T of s-pointed I'-curves)
the I'-stable relative Cartier divisor | J, I" - (¢;(T")) in X7 which is étale over T'. The I'**-conjugacy
classes [n] of 7 is the marking type of |J,I"- (¢;(T)). Let [£] be the subclass of those conjugacy
classes [I';, x;] such that I'; is non-trivial. Then, [{] is the associated ramification datum of stable
s-pointed I'-curves in M, . Let A°M g ¢ ;) be the stable compactification of a Hurwitz
stack defined in [BR11, Definition 6.2.3]. The natural morphism Mg, — My ¢ m i
clearly representable, étale, and essentially surjective. By [BR11, Théorem 6.3.1], 52 M 9.l

is a smooth proper Deligne-Mumford stack and, hence, so is 7M1 ,,. g
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Let D.; be the set of dominant weights of g'" associated to the highest weight integrable
(irreducible) representations of L(g, T';, x:) = L(g, 0;), where o; € T'; is the unique element such
that x;(o;) = e2mi/Ilil Choose a collection \ = (A1,..., As) of dominant weights, where A\; € D ;
for each ¢. Recall that being a Deligne-Mumford stack, M, , has an atlas § : X — M1,
such that ¢ is étale and surjective. By Theorem 8.8, X is a smooth (but not necessarily connected)
scheme of finite type over C.

We can attach to § : X — ng"n the coherent sheaf 75, 1 4(¢x, X) of conformal blocks,
where (Xx,¢x) is the associated stable family of s-pointed I'-curves over X. This attachment
can be done componentwise on X via Definition 7.7.

For any two atlases X,Y of Wg’pm and a morphism f : Y — X compatible with the atlas
structures, by Theorem 7.8, there exists a canonical isomorphism

ag: Yoy ro(@x, N) = Yoy r.o(@y, M),

where (X x, ¢x) and (Xy, ¢y ) are the families of stable s-pointed I'-curves associated to these two
atlases X, Y. Given three atlases X, Y, Z and morphisms g : Z — Y and f : Y — X, Theorem 7.8
ensures the obvious cocycle condition. Therefore, we get a coherent sheaf 7; 1 4(n, X) on A Mgr.,
such that §* 7} 1 4(n, X) ~ V56X, X) for any atlas § : X — H M 4 r.p. Some basics of coherent
sheaves on Deligne-Mumford stacks can be found in [Kum22, Definition C.20].

THEOREM 8.9. For any genus g > 0, any marking data n = ((Fl, x1), (T2, x2), - -, (FS,XS)) and
any set of dominant weights X = (A1,...,As) with A; € D.;, the sheaf of conformal blocks
Yo.0,0(1 ) is locally free over JOM g1 4.

Proof. It suffices to show that the coherent sheaf ¥5, 1 4(¢x, X) is locally free, where X is an
atlas of Wg,pm. Since X is a disjoint union of smooth irreducible schemes, we can work with
a fixed component X, of X, and show that the associated sheaf of conformal blocks restricted
to X, is locally free.

We introduce a filtration on Wg,pm

1
‘%ﬂManC%Mg,Fm C‘%ﬂMan %ngf,m

where %”Mgrn

most ¢ many I-orbits of nodal points. Note that JZ M Mo .0,y consists of stable smooth s-pointed
I-curves. With the restriction on the genus to be fixed g, there exists k > 0 such that the number
of orbits of nodal points is bounded by k. This filtration induces an open filtration on X, via §,

X0cXxlc..cxt=x,.

is the open substack of J#ZM,r, With each geometric fiber consisting of at

We now prove inductively that the coherent sheaf ”f/gxi 7p,¢(cj’Xé , X) is locally free, where g

is the restriction of ¢to X¢,. When i = 0, in view of Theorem 7.10, 750 re(dx0, X) is locally free.
(Observe that by [Har77, Chap. III, Theorem 10.2], ¥xo — X 9'is a smooth morphism.) Assume
that 75 i1l 7¢(§Xi—l X) is locally free where ¢ > 1. By the smoothing construction in Lemma 8.3,

for any z € X \XZ ! there exists a morphism 3, : D — JfMg 1,y such that 3;(0) = §(x) and

Bz(g7) € %”Mg r n\%Mg F > Where g, is the generic point of D;. Recall that § : X — M1,
is étale and surjective, hence (3, can be lifted to 3, : D, — X, such that §o g, =3, and
B.(0) =x. Tt follows that 3.(g,) € X. '\X:"2. By Theorems 7.8 and 8.6, the rank of
%Exl—h 1,¢(q" i1 /\) (which is locally free by induction) is equal to the dimension of 75, 1 (e, /\).
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It follows that 75, 7p7¢(q_’X;,X) is also locally free (cf. [Har77, Chap. II, Exercise 5.8(c)]).
This concludes the proof of the theorem. O
The dimension of M, , is equal to 3g —3 + s (cf. [BR11, Theorem 5.1.5]) if it is not

empty, where by Riemann-Hurwitz formula the genus g of ¥/I" for any ¥ € J#M 1 ,, satisfies
the following equation (cf. [Har77, Chap. IV, Corollary 2.4]):

S
_ T
29-2=1I(2g-2)+ Z ﬁ(|ri| —-1).
i=1 "

If dim M 1, = 0, then we must have g = 0 and s = 3.

LEMMA 8.10. If dim #Myr, >0, then any stable s-pointed curve (,p) of genus g and
consisting of only one node, admits a stable s-pointed I'-cover (X,q) € A Myr,.

Proof. By assumption, 3G — 3 + s > 0. It follows that either g > 1 or s > 4. Hence, we can always
find a stable s-pointed curve C of genus g over C[[7]] such that the special fiber C, has only
one node, and the generic fiber Cy is smooth, where K = C((7)). Let .#;s be the moduli
stack of stable s-pointed curves of genus g. By [BR11, Proposition 6.5.2(iii)], the morphism
A Mgy, — Mgs given by (X,§) — (2,7), where ¥ =3/T" and ¢ is the image of ¢ in %, is
surjective. It follows that after a finite base change of K, Cx has a Galois cover Cyx with
Galois group I" and the prescribed marking data. By semi-stable reduction theorem (cf. [BR11,
Proposition 5.2.2]), after another finite base change of K, Ck can be uniquely extended to a
stable s-pointed I'-curve C' over C[[7]] (cf. [BR11, Proposition 5.1.2]). Hence, the special fiber
C, is a stable s-pointed I'-curve, whose quotient C,/I' is exactly the given stable s-pointed
curve C,. This concludes the proof of the lemma. O

Remark 8.11. (1) In the case I is cyclic, #M,r,, is irreducible (which can be deduced from
the irreducibility of W‘%F’[ﬂ’[m proved in [BR11, Corollary 6.4.3]). Then, by Lemma 8.10,
Theorem 8.9 and the factorization theorem (Theorem 5.4), one can see that to compute the
dimension of the space of conformal blocks on smooth stable s-pointed I'-curve, we are reduced
to considering the case: cyclic covers over P! with s = 3.

(2) For any s-pointed smooth I'-curve (X, §) and weights )= (A1, .., As) with \; € Deg,, as
in Definition 3.5, we can attach the space of conformal blocks. Here we do not need to assume
that (J;I"- ¢; contains all the ramified points of ¥ — ¥. Thanks to the propagation theorem
(Corollary 4.5(a)), the dimension of the space of conformal blocks in this case can be reduced
to the case that all the ramified points are contained in (J;I" - ¢; when 0 € D, for any ramified
point ¢ in 3.

(3) The morphism f: # My, — Zg7s/ given by mapping the stable s-pointed I'-curve
(2, @) to the stable s"-pointed curve (X,J; ,er 7 - @) (cf. Remark 8.2) (where s = > 2, |T'|/[T[)
is representable and finite (cf. [BR11, Proposition 6.5.2] for the corresponding result for
FM g1 ¢,y oW composing this with the representable and finite morphism J#M,r, —
A Mg r 1)) bion a
of conformal blocks on J#M g, gives rise to many characteristic classes in the cohomology of
]g,s,, It could give rise to interesting applications.

the assertion about f follows). By taking the pushforward, the locally free sheaf

9. Connectedness of Morr(X*, G)

In this section as well as in §§ 10-12, we consider a group homomorphism ¢ : I' — Aut (g) such
that I' stabilizes a Borel subalgebra b of g. Moreover, ¥ denotes a smooth irreducible projec-
tive curve with a faithful action of I with the projection 7 : ¥ — ¥ := ¥/I" and G the simply
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connected simple algebraic group over C with Lie algebra g. Let B be the Borel subgroup of G
with Lie algebra b. Observe that in earlier sections, we did not require > to be smooth unless
explicitly stated.

We prove the connectedness of the ind-group Morp(X*, G). In particular, we show that the
twisted Grassmannian X7 = G(D;)Fq /G(Dy)l' is irreducible.

Let «/1g be the category of commutative algebras with identity over C (which are not
necessarily finitely generated) and all C-algebra homomorphisms between them.

DEFINITION 9.1. A C-space functor (respectively, C-group functor) is a covariant functor
F g — Set  (respectively, ¥roup)

which is a sheaf for the fppf (faithfully flat of finite presentation—Fidelement Plat de
Présentation Finie) topology, i.e. for any R € &/lg and any faithfully flat finitely presented
R-algebra R', the diagram

Z(R) — Z(R) = 9(1%’%1%’) (114)

in exact, where .#et (respectively, ¥roup) is the category of sets (respectively, groups). In
particular, #(R) — % (R') is one-to-one.
From now on we shall abbreviate faithfully flat finitely presented R-algebra by fppf R-algebra.
By a C-functor morphism ¢ : % — %' between two C-space functors, we mean a set map
¢r: F(R) — F'(R) for any R € &/lg such that the following diagram is commutative for any
algebra homomorphism R — S.

Direct limits exist in the category of C-space (C-group) functors. For any ind-scheme X =
(Xn)n>0 over C, the functor &x is a C-space functor by virtue of the faithfully flat descent
(cf. [Gro7l, VIII 5.1, 1.1 and 1.2]), where & x(R) is the set of all the morphisms Mor(Spec R, X).
This allows us to realize the category of ind-schemes over C as a full subcategory of the category
of C-space functors.

We recall the following well-known lemma (cf. [Kum22, Lemma B.2]).
LEMMA 9.2. Let .%#°: &/lg — et be a covariant functor. Assume that
F°(R) — Z°(R') is one-to-one (115)

for any R € </1g and any fppf R-algebra R'.

Then, there exists a C-space functor .% containing .#° (i.e. #°(R) C .#(R) for any R) such
that for any C-space functor 4 and a natural transformation 6° : #° — &, there exists a unique
natural transformation 6 : F — ¢ extending 6°.

Moreover, such a .% is unique up to a unique isomorphism extending the identity map of .%°.

We call such a % the fppf-sheafification of F°.

If #° is a C-group functor, then its fppf-sheafification .# is a C-group functor.

We recall the following result communicated by Faltings. A detailed proof (due to B. Conrad)
can be found in [Kum22, Theorem 1.3.22].
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THEOREM 9.3. Let ¥ = (%,)n>0 be an ind-affine group scheme filtered by (affine) finite type
schemes over C and let 9™ = (44,5 be the associated reduced ind-affine group scheme.
Assume that the canonical ind-group morphism i: 944 — & induces an isomorphism (di)e :
Lie(9™d) = Lie9 of the associated Lie algebras (cf. [Kum22, Corollary B.21]). Then, i is an
isomorphism of ind-groups, i.e. ¢ is a reduced ind-scheme.

DEFINITION 9.4 (Twisted affine Grassmannian). Recall that for any affine scheme Y = Spec §
with the action of a group H, the closed subset Y acquires a closed subscheme structure by
taking

H .= Spec (S/{g- f— fgen,res)

where (g- f — f) denotes the ideal generated by the collection g- f — f. With this scheme
structure, Y represents the functor R ~- Mory (Spec R, Y).

For any point ¢ € X, let o, be the generator of the stabilizer I'; such that x,(c,) = €, where
€q = e2mi/|Lql (cf. Definition 3.1). Choose a formal parameter z, at ¢ in ¥ such that

0q- 2y =€z, ", cf. the identity (27). (116)

Consider the functor
R~ G(R((2))" /G (R[[z]]) "

Its fppf-sheafification is denoted by the functor 2°¢1 = 2°(G, q,T).
Recall that there exists an open subset V. C G((z,)) (where G((z,)) := G(C((z)))) such that
the product map

G(R[zq_l])f x G(R[[z)]) ~ V(R) is a bijection for any R,

where G(R[z;'])” is the kernel of G(R[z;']) — G(R),z;' — 0 (cf. [Fal03, Corollary 3] or

)
[Kum22, Lemma 1.3.16]). Moreover, the functor G (R[zq_ )™ is represented by an ind-group
variety (in particular, reduced) structure on G[z;']™ (cf. [Fal03, Corollary 3] and [Kum22,
Corollary 1.3.3 and Theorem 1.3.23]). This gives rise to a bijection

(G(RIz ")) x G(RIlzgl])™ = V(R)"™. (117)

Declare {gV'e /G[[z]]' }geG((zq))rq as an open cover of
X1=X(G,q,T) = G((29))"*/Gllzq]]'
and put the ind-scheme structure on gV'e/G[[z,]]' via its bijection

gV /G [z]]" e ~ (G[zqfl]*)rq induced from the identification (117)

with the closed ind-subgroup scheme structure on (G[z; 1]*)F" coming from G[z;']”. In partic-

ular, (G Em 1]*)11" represents the functor (G(R[z; 1})*)“. Thus, we get an ind-scheme structure
on X such that the projection G((z4))' — X7 admits local sections in the Zariski topology.
Moreover, the injection X7 — G((z4))/G|[[24]] is a closed embedding. Further, X7 represents the
functor 279 since the ind-projective variety G((zq))/G][z4]] represents the fppf-sheafification of

the functor G(R((2q)))/G(R[[z4]])- In particular,
Z1(C) = X1, (118)

Let U (respectively, U™) be the unipotent radical of B (respectively, of the opposite Borel

subgroup B~). By considering the ind-subgroup schemes (U|z, 1]_)Fq and (U~ [z] 1]_)Fq of
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(G[zq_l]_)rq, it is easy to see that the Lie algebras
. —17\T . —17\T
Lie ((Glzg '7) ) = Lie (((Glzg '17) ")sea):
since the Lie subalgebras (u® Clz; 1]_)Pq and (u~ ® Clz; 1]_)Fq generate the Lie algebra
(g®@ Clz; 1]_)1“,1 (cf. §2), where Yieq denotes the corresponding reduced ind-subscheme. Thus,
(Glzg 1]_)Fq is a (reduced) ind-group variety (cf. Theorem 9.3). Hence, X7 also is a (reduced)

ind-projective variety.
Observe that X7 being reduced, it is the (twisted) affine Grassmannian considered in [Kum02,

A

§7.1] based at g corresponding to the twisted affine Lie algebra g, ~ L(g,I'y) (cf. §2 and

Lemma 3.3) and its parabolic subalgebra ﬁ(g, I',)=% To prove this, follow the same argument
as in [LS97, Proof of Proposition 4.7] and the construction of the projective representation of
G((24))F given by (subsequent) Theorem 10.3.

Let ¢ = {q1,...,qs} be a set of points of ¥ (for s > 1) with distinct I'-orbits and let ¥* :=
Y\I' - ¢. Recall that E = E5 := Morr(X*, G) is an ind-affine group scheme, which is a closed ind-
subgroup scheme of Mor(X*, ) as I-fixed points. We abbreviate Morr(X*, G) = G(C[Z*])!' by
G(X*)T. Then, = represents the functor:

R € Alg ~ Z(R) := Morr (X%, G),

where X7, := ¥* x Spec R, with the trivial action of I" on R. This follows from the corresponding
result for the functor R ~» Mor(X%, G) (without the I'-action) which is represented by G(3*)
(cf. [Kum22, Lemma 5.2.10]).

Let =2" denote the group = with the analytic topology. The following result in the non-
equivariant case (i.e. I' = (1)) is due to Drinfeld. We adapt his arguments (cf. [Kum22, Proof of
Theorem 8.1.1]).

THEOREM 9.5. The group Z#" is path-connected and, hence, = is irreducible.

Proof. Take any points ¢/, ...,q),,q,.; € X\ T - g with distinct I'-orbits and set (for any 0 < i <
n+1)
i = Equ{qi,...,q;} = G(Zj)rv where E: = Z:*\F ' {q/b s 7qg}‘

Consider the functor
F° R~ Enga(R)/En(R).
It is easy to see that
F°(R) — Z°(R), for any C-algebras R C R/ (119)

Let Er:l/\En be the fppf-sheafification of .#° (cf. Lemma 9.2).
We claim that as the C-space functors

Ent1/Zn =~ 29, (120)
where ¢ = ¢, . Define the morphism
En-i—l(R) — %Q(R% s 7(17

where 7, is the power series expansion of v at g in the parameter z,. The above morphism clearly
factors through

Zn+1(R)/En(R) — Z(R)
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and, hence, we get a morphism of C-space functors

0 Eng1/En — 29
Conversely, we define a map @Z X1 — w:lTHn as follows. Fix R € &/lg. Take ~Ap €

G(R((zq)))rq. Let ¢ =¢(3,T,¢) be the parahoric Bruhat-Tits group scheme (cf.
Definition 11.1). Then, by [HeilO,_Proposition 4], yr corresponds to a ¢-torsor over 3 x Spec R
together with a section o over (¥\7(q))r and a section pg over (Dy(4))r such that

prR =0R YR, over (D;)g. (121)

This is possible since vz extends uniquely to an element of (G (ﬂle:(q))F)  (cf. Definition 3.1).
There exists an R-algebra R’ with Spec R" — Spec R an étale cover (in particular, R’ is a fppf
R-algebra) such that the pull-back ¥-torsor E. , over Y r admits a section fx over (7(XF)) g
(cf. [HeilO, Theorem 4]). (Observe that G being simply connected, generic %c(x) is simply
connected.) Define

Or = or Yo, (Yr), over (X5.1)rr,
where o/ is the pull-back of the section o to (X \ 7(¢))r and vz denotes the image of vr
in G(R’((zq)))rq. Now, set 1 (yg/) = Yo, (Yr) mod =, (R'). It is easy to see that U(yr) does
not depend upon the choices of or, ugr, and Op satisfying (121). Moreover, v factors through
G(R/[[zq]]) . Thus, we get a C-functor morphism (still denoted by) ¢ : 274 — ”7:1/\~n Further,
it is easy to see that @ and ¢ are inverses of each other. This proves the assertion (120). In

particular, the functor Z,,1/Z, is also representable represented by its C-points Z,41/Z,(C).
We abbreviate Z;(C) by Z;. From (120), we see that

EnJrl/En — EnJrl/En((C) = %q(c)

Moreover, from the above definition of ¢ and the identity (118), ¢ : 2°%(C) = Ep,41/Zn(C) lands
inside Z,,4+1/Z,,. Thus, we get

Ent+1/En = Ent1/En(C) = Z279(C). (122)

This identification gives rise to an ind-variety structure on ZE,41/E, transported from that
of X9 = 29(C). Moreover, with this ind-variety structure, =,41/Z, represents the functor

En+1/Zn. It is easy to see (by considering the corresponding map at R-points) that with this
ind-variety structure on =,41/=,, the action map:

Ent1 X (En+1/En) - EnJrl/En
is a morphism of ind-schemes.

For any morphism f : Spec R — Z,,+1/Z,, there exists an étale cover Spec S — Spec R such
that the projection =,41 — Z,4+1/Z, splits over SpecS. From this it is easy to see that
(En+1 /En)an has the quotient topology induced from Z0% . Moreover, for any ind-variety
Y = (Y,)n>0, any compact subset of Y*" lies in some Yy (which is easy to verify). Thus,
B2, — (En+1 / En)an is a Serre fibration. This gives rise to an exact sequence (cf. [Spa66, Chap. 7,
§2, Theorem 10])

m (X)) = m(EY") — mo(E5%) — mo((X9)™). (123)
However,
m ((X9)*) = mo((X)™) =0, (124)
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from the Bruhat decomposition (cf. [Kum02, Proposition 7.4.16]). Thus, we get
mo(Z5") ~ mo(ERt)- (125)
Now, we are ready to prove the theorem. Take
o € Z7:= Morr(X*,G) = G(C[Z])" c G(K)T,

where K is the quotient field of C[¥*]. Since G is simply connected, by the following lemma,
G(K) is generated by subgroups U(K)' and U~ (K)'', where (as before) U (respectively, U~)
is the unipotent radical of B (respectively, of the opposite Borel subgroup B~). Moreover, U
and U~ being unipotent groups and K D C, U(K)' ~ u(K)! under the exponential map (and
similarly for U™). Thus, we can write

o = Exp(z1)...Exp(zg), for some x; € u(K)F uu (K)'.

Thus, there exists a finite set ¢ = {q},...,q,,,} C ¥* with disjoint T-orbits such that all the
poles of any z; (which means the poles of f/ writing z; = ; e/ @ f] for a basis e/ of u or u™)
are contained in I" - ¢’. Thus, o € Z,,11. Consider the curve
6:00,1] = 231 ,, t~— Exp(tz1)...Exp(tzq) joining e to o.
Since
70(ZM) = mo(E2,), by (125),

we get that e and o lie in the same path component of Z#", thus Z*" is path-connected. Using
[Kum02, Lemma 4.2.5] we get that Z is irreducible. O

Our original proof of the following lemma was more direct (and involved). We thank Philippe
Gille for pointing out the following argument relying on results of Borel-Tits and Steinberg.

LEMMA 9.6. Let G,X,T" be as in the beginning of this section and let K be the function field
of ¥. Let U (respectively, U™ ) be the unipotent radical of B (respectively, of the opposite Borel
subgroup B~ ). Then, G(K)' is generated (as an abstract group) by U(K)' and U~ (K)'.

Proof. Denote K, = K'. Then, G (K )F can be considered as a group scheme over K,. Moreover,
since I stabilizes the Borel subgroup B of G(C), G(K)' is a quasi-split group scheme (over K,).
Moreover, G(K ®, K,)' with the trivial action of I" on K, can be identified with G(K,) since
I' acts faithfully on K, where K, is the algebraic closure of K. Now, the lemma follows from
combining the results [BT73, Proposition 6.2 and Remark 6.6] and [Stel6, Lemma 64]. O

Remark 9.7. The above lemma is also true (by the same proof) for K replaced by C((z,)) and
I' replaced by I'y. In particular, this gives another proof of 7T0((X q)an) =0.

As a special case of Theorem 9.5, we get the following. The connectedness of X? in a more
general setting is obtained by Pappas and Rapoport [PR08, Theorem 0.1].

COROLLARY 9.8. With the notation as in Definition 9.4, the (twisted) affine Grassmannian X1
is an irreducible ind-projective (reduced) variety.

Proof. Let ¥ = P!, g = {00, 0}, and the action of I' = ', given as follows: let o, be any generator
of Ty (of order e, := |T'y|). Define the action of I'; on P! by setting

02 = e*™/¢y  for any z € P
Consider the natural transformation between the functors

G(Rlz 2" = G(R((2)))"/G(R[2))"™.
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This gives rise to the morphism between the corresponding ind-schemes:
0:G(Clz=")" = X7 = G((2) /G
From the isomorphism (cf. (122) of Theorem 9.5):
Eng1/En ~ X1

applied to the above example of ¥ = P!, § = {00, 0} and the action of I as above, we get that 6 is
surjective. Since G (Clz, 2_1])Fq is irreducible (by Theorem 9.5) and, hence, so is X4. Observe that

in the proof of Theorem 9.5 we used the connectedness and simply-connectedness of (X?)*"; in
particular, this corollary builds upon the connectedness of (X?)2" to prove the stronger result. [

10. Central extension of twisted loop group and its splitting over =

We construct the central extensions of the twisted loop group G (]D);)Fq. We introduce the notion of
‘canonical’ splitting and prove the existence of its canonical splitting over = := Morp (X \ I' - ¢, G)
when c is divisible by |I'|. The treatment in this section is parallel to that in [Kum22, § 1.4], where
the corresponding theory is explained in the untwisted case.

We continue to have the same assumptions on G, " and . as in the beginning of §9. Fix any
base point ¢ € ¥ and let £* := X\I'- ¢ and = = E; := Morp(X*,G). Then, = is an irreducible
ind-affine group scheme (cf. Theorem 9.5). Let z, be a formal parameter on ¥ around ¢ satisfying
the condition (116). This gives rise to a morphism

E— £,
obtained by taking the Laurent series expansion at ¢ (with respect to the parameter z, at ¢),
where .Zf 1= G((zy))".
DEFINITION 10.1 (Adjoint action of .Z7). Define the R-linear adjoint action of the group func-
tor ZA(R) := G(R((zq)))rq on the Lie-algebra functor L(g,T,)(R) := (g® R((zq)))rq @ R.C
(extending R-linearly the bracket in L(g, T,)(R)) by

(Zdy)(z®sC) =yzy ' + <s + |I‘1| Res( -t d%:v>>C',
2q=0

for v € ZA(R), v € (g® R((zq)))rq, and s € R, where (,) is the R((z,))-bilinear extension of
the normalized invariant form on g (normalized as in § 2) and taking an embedding i : G — SLy
we view G(R((z4))) as a subgroup of N x N invertible matrices over the ring R((z,)). From the

functoriality of the conjugation, yay~' € (g ® R((zq)))rq and it does not depend upon the choice
of the embedding i. A similar remark applies to y~!dy. Here dvy for v = (7;;) € Mn(R((2,)))
denotes dvy := (745/dz,).

It is easy to check that for any v € Z4(R), /d~y: L(g,Ty)(R) — L(g,Ty)(R) is a R-linear
Lie algebra homomorphism. Moreover, for 71,72 € Z2(R),

Ad(nv2) = Zd(n) Zd(72). (126)
One easily sees that for any C-algebra R and x € (g ® R((zq)))rq, the derivative
d(x)(y) = [x,y], for any y € L(g,Ty)(R). 127)

(
Let s#(\) be an integrable highest weight (irreducible) representation of f/(g, I'y) (with
central charge c¢). It clearly extends to a R-linear representation prp of L(g,T'y)(R) in
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H (AN R := A (N\) ®c R. A proof of the following result is parallel to the proof due to Faltings in
the untwisted case (cf. [BL94, Lemma A.3]).

PROPOSITION 10.2. For any R € </1g and ~y € G(R((zq)))rq, locally over Spec R, there exists
an R-linear automorphism pr(vy) of ##(\)r uniquely determined up to an invertible element of
R satisfying
prR(NPR(2)pR(Y) ™ = pr(Zd(y) - x), for any z € L(g,Ty)(R). (128)
As a corollary of the above proposition, we get the following.

THEOREM 10.3. There exists a homomorphism pg : G(R((zq)))rq — PGL .y (R) of group
functors such that

p=p(C) : Ti(ZLL(O)) = (3© C(z)))"* — Ende(A#(N)/C - Iy (129)

coincides with the projective representation 7 (X) of (g ® (C((zq)))rq.

DEFINITION 10.4 (Central extension). Let 0 € D, 4, where D, , denotes D, for the twisted affine
Lie algebra L(g,T'y) (cf. Lemma 2.1 and Corollary 2.2). By the above theorem, we have a
homomorphism of group functors:

pr: LE(R) — PGL .y (R),
where ., := #(0) with central charge ¢ for the twisted affine Lie algebra L(g,T,). In addition,
there is a canonical homomorphism of group functors
TR : 9Ly (R) — PGLy(R).
From this we get the fiber product group functor G4

GUR) = LLR) x GLy(R).
PGL ¢, (R)

By definition, we get homomorphisms of group functors
pr:GA(R) = ZLER) and pr:GH(R) — G Ly (R)
making the following diagram commutative.

N PR

YI(R) — YL (R)

qu(R) Ton PGLy.(R)

The following is the central extension we are seeking:
1-C" -9 L4 — 1, where 49 .= 41(C). (130)

It is easy to see that the Lie algebra Lie(42(R)) := T1(47)g is identified with the fiber product
Lie algebra:

. Ty
B0 = (o2 R(G) x| End()n)

for any C-algebra R.

LEMMA 10.5. The Lie algebra §9 := Lie%?(C) can canonically be identified with the twisted
affine Lie algebra L(g,T';).
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Proof. Define

¢ L(g,Ty) — ¢4, x+ 20 (x,p(zx) + 2zcId), for z € g((z,))"* and z € C.

From the definition of the bracket in ﬁ(g,Fq) and Theorem 10.3, ¢ is an isomorphism of Lie
algebras. 0

Combining Theorem 10.3, Definition 10.4, and Lemma 10.5, we get the following.

COROLLARY 10.6. We have a homomorphism of group functors,
P9l — YLy,
such that its derivative at R = C,
p: 67 — Endc(s2)
under the identification of Lemma 10.5 coincides with the Lie algebra representation
p:L(g,Ty) — Endc ().
Moreover, for any 4 € 9(R) and = € §4(R),
pr(N)pr(x)pr(H) ™! = pr(Ad(pr(%))x), as operators on (J£.)g. (131)

THEOREM 10.7. (1) The central extension p:94¢ — %% (as in Definition 10.4) splits over
G|[z4]]"e for any ¢ > 1 such that 0 € D, = D, ,. Moreover, we can choose the splitting so that
the corresponding tangent map is the identity via Lemma 10.5.

(2) The above central extension splits over = if ¢ is a multiple of |I'|. Moreover, we can choose
the splitting so that the corresponding tangent map is the identity via Lemma 10.5.

(By Corollary 2.2, if |I'| divides ¢, then 0 € D,.)

We call the unique splitting satisfying the above property canonical.

Proof. We first prove part (1) of the theorem. By Proposition 10.2 (using the fact, as in § 2, that
the annihilator of g[[z,]]"7 in /. is exactly Cv.), the map

p:G((29)"* — PGLy

restricted to G[[z,]]'¢ lands inside PGL;F% consisting of those (projective) automorphisms which
take the highest weight vector vy of 7 to C*v,. Take the subgroup GL% consisting of those
automorphisms which take v; + vi. Then, the map GL}C — PGL;;,;c = Im(GL}C) is an iso-
morphism providing the splitting of GL 2, — PGL ., over PGL_}C. Thus, the central extension
p: 99— £ splits over G[[z4)]"7. Denote this splitting by o.

We next prove that ¢ (via Lemma 10.5) is the identity map: let

o(x) =z + MNx)C, for x € g[[z]]",
where A : g[[z,]]' — C is a C-linear map. Thus, for any = € g[[z,]]"7,
pod(x)(vy) =z - vy + ANx)evy = \x)cvy. (132)
However, since p(Im(c)) C GL}fc’
pod(z)(vy) =0, forallxe g[[z]] . (133)

Combining (132) and (133), we get A = 0. This proves that ¢ is the identity map.
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We now prove part (2) of the theorem. Consider the embedding obtained via the restriction:
ig:E=G(E\T - q)" — G(Di)".
In addition, consider the embedding
Jq = ng : G(DZ) - H G(D:-q)’
Y¥€EL/Tq
where jg : G(D}) = G(D%,) is defined by

Ja(N)(vz) =~ f(z), forvye I‘//-Fq,z € D}, and f € G(Dy).

Here F//Fq denotes a (fixed) set of coset representatives of the cosets I'/T';.

Let 77 denote the integrable highest weight module of highest weight 0 and central charge 1
of the untwisted affine Lie algebra L(g) based at g, i.e. the central extension of g((z,)), where
zq is a formal parameter for ¥ at ¢. Identifying G(D% ) with G(D}) via j;, we get a projective
representation p and the commutative diagram

Ja

Z Gl GL(sA - ® )

l o i prg l . (134)

Ja

* * P — _
G(]D)q) - 761‘71*7{ G(D’yq) EE—— PGL(% R ® (}fi)

where we take |T'/T'y| copies of /4 and j (respectively, j,) is the pull-back of GL(J4 ® - - @ J4)
(respectively, 97%) induced from p (respectively, jq)- Since A has central charge 1, it is easy to
see that %7 is the central extension of G(D}) corresponding to the central charge = [I'/T',|.

Since the i}(g,Fq)—submodule of #A generated by the highest weight vector is of central
charge |I'y| (cf. (2)), we get that the restriction pr, of the central extension p, : 91— @ (D) to
G(]D);)Fq is the central extension corresponding to the central charge |I'|. By the same proof as
of [Sor99, Proposition 3.3] (see also [Kum22, Theorem 8.2.1]), the central extension pr., splits
over G(X\I' - q).

Now, any splitting o of pr., over G(X\I'-¢) clearly induces a splitting 6 of the central
extension pj : p;l(G(ID):;)Fq) — G(D;)Fq over G(X\I' - ¢)'.

Observe next that any splitting o of pr., : @la I1
¢ = Id. This follows trivially from the fact that

[\ - ), g(X\T - q)] = g(E\T - q).

Now, the induced splitting & of the central extension pg:p, (G(D})Fe) — G(Df)' over
G(Z\T - q) clearly satisfies & = Id. This proves the theorem. O

~el)T, G(D3.,) over G(X\T' - q) satisfies

Remark 10.8. Because of the possible existence of non-trivial characters of G4 (respectively,
G for ¢ € ¥\T'- q), the splittings of 47 — L3 over G[zg]]' (respectively, G(E\T - ¢)'') may
not be unique.

By a theorem of Steinberg (cf. [Ste68]), the fixed subgroup G is connected for any finite
order automorphism o of G.
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ProPOSITION 10.9. Let o be a finite order automorphism of g of order m and let m divide Sc,
where § is defined above Corollary 2.2. For any \ € D,, the irreducible g°-module V () integrates
to a representation of G°.

Proof. Decompose o = 724" as in (3). To prove that V()) integrates to a G°-module, it suffices

to show that the torus H? = H™ acts on V (), where H is the maximal torus of G with Lie algebra
b (h being a o-stable Cartan subalgebra). By Lemma 2.1, since m divides sc (by assumption),
M) € Z for all the simple coroots o of g7, i.e. A belongs to the weight lattice of g™. Thus, if
G7 is simply connected, A gives rise to a character of H”. Thus, in this case H™ acts on V().
Recall that for a diagram automorphism 7, G” is simply connected unless (g, ) = (Asay, 2), where
r is the order of 7. In this case G™ = SO(2n + 1) and following the notation of the identity (6),

(o, yo] = —(af + -+ + a1 + 0y /2)
with the Bourbaki convention [Bou05, Planche II]. Since ny; is required to lie in Zx, for all
i€ f(g,a), and m divides 5c, we get
May)/2 € Z.
Thus, A belongs to the root lattice of g™ and, hence, A gives rise to a character of H™. This proves
that H™ acts on V()), proving the proposition. O

11. Uniformization theorem (a review)

We continue to have the same assumptions on G,I',3 as in the beginning of §9. We recall
some results due to Heinloth [HeilO] (conjectured by Pappas and Rapoport [PR08, PR10]) only
in the generality we need and in the form suitable for our purposes. In particular, we recall
the uniformization theorem due to Heinloth for the parahoric Bruhat—Tits group schemes ¢ in
our setting. We introduce the moduli stack Zarbung of quasi-parabolic 4-torsors over ¥ and
construct the line bundles over Zarbuny.

DEFINITION 11.1 (Parahoric Bruhat-Tits group scheme). Consider the I'-invariant Weil restric-
tion¥ =4 (X, T, ¢) viaw : ¥ — X := X/I of the constant group scheme X x G — X over 2. More
precisely, ¢ is given by the following group functor over X:

U~ G(U x5 DY,

for any scheme U over ¥, where U x5 ¥ is the fiber product of U and ¥ over 3. Then, 4 — %
is a smooth affine group scheme over .
This provides a class of examples of parahoric Bruhat—Tits group schemes.

For any point p € ¥, the fiber 9, ~ G if p is an unramified point. However, if p is a ramified
point, the group ¥, has unipotent radical U, and

4,/U, ~ G, for any ¢ € 7' (p). (135)

Take any point g € 7~ 1(p) and let D, C X (respectively, D, C ¥) be the formal disc around p in
Y. (respectively, around ¢ in X). Then,

G(D,) =~ G(Dy)". (136)
Similarly, for the punctured discs D and Dy,
G(D)) ~ Gy ). (137)

Thus,
4(D;)/9(Dp) ~ X7 (cf. Definition 9.4).
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In particular, it is also an #rreducible (reduced) ind-projective variety (cf. Corollary 9.8).

DEFINITION 11.2 (Moduli stack of ¥-torsors). Consider the stack Zung assigning to a commu-
tative C-algebra R the category of ¥r-torsors over Y g := % x SpecR, where ¥ is the pull-back
of & via the projection from ¥ to . Then, as proved by Heinloth [Heil0, Proposition 1], ung
is a smooth algebraic stack, which is locally of finite type.

We need the following parabolic generalization of ABung. Let p'= (p1,...,ps) (s > 1) be a
set of distinct points in 3. Label the points 7 by parabolic subgroups P = (P1,...,Ps), where
P; is a parabolic subgroup of ¥,,. Via the isomorphism (135), we can think of P; as a parabolic
subgroup P{" of GT% for any ¢; € 7~ 1(p;).

A quasi-parabolic ¥-torsor of type P over (2,p) is, by definition, a @-torsor & over %
together with points o; in &), /P;. This gives rise to the stack: R ~» the category of ¥r-torsors
&R over YR together with sections o; of (éaR‘{pi}XSpecR)/Pi — SpecR. We denote this stack by

Parbung = Parbung(P).

We recall the following uniformization theorem. It was proved by Heinloth [Heil0, Theorem 4,
Proposition 4, and Theorem 5] (and conjectured by Pappas and Rapoport [PR10]) for Bung
(in fact, he proved a more general result). Its extension to Parbung follows by the same proof.
(Since G is simply connected, it is easy to see that so is the generic ¥ (x).)

THEOREM 11.3. Take any ¢; € 7 1(p;), ¢ € S\ {p1, ..., ps} and any parabolic type P at the
points p. Then, as stacks,

Parbung (P) ~ [G(E\F : q>F\ (Xq X ﬁ(GF% /Pf"))], (138)
=1

where G(X\I'- ¢)U acts on X9 via its restriction to Dy and it acts on GYa /Pl via its evalua-
tion at q;. Here [G(E\I' - ¢)"\ (X7 x [[;_,(G"% /P))] denotes the quotient stack (cf. [Kum22,
Example C.18(b)]) obtained by taking the quotient of the projective ind-variety X7 X
[1;_,(G % /P¥) by the ind-group G(X\I" - q)T.

Moreover, the projection X7 x [[i_ (G % /P¥) — Parbung (P) is locally trivial in the
smooth topology.

Remark 11.4. Even though we will not use it, there is also an isomorphism of stacks:

Parbung (P) ~ [G(Z\r : cj)r\(lfll(X"” (Pﬁi))ﬂ ,

where I'-¢:=J;_; - ¢; and X%(P%) is the partial twisted affine flag variety which is, by
definition, G(]D)qxi)F 9 / P; and P is the inverse image of P under the surjective evaluation map
G(Dg,)Fs — Gl

COROLLARY 11.5. The ind-group scheme G(X\I" - ¢) is reduced. Moreover, it is irreducible by
Theorem 9.5.

Proof. We follow the same argument as in [LS97, §5]. Consider the projection

g X7 x H(GF%/PZ.‘“) — Parbung(P).
i=1
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By Theorem 11.3, there exists a neighborhood U — L@arbung(]s) in the smooth topology such
that 3*(U) ~ U x G(X\I" - q)F'. Since X7 is reduced by Corollary 9.8 and, of course, G /P
are reduced, we get that G(X\I'- ¢)! is reduced. O

DEFINITION 11.6 (Line bundles on Parbung). Let Z := G(X\T - ¢)! and assume that 0 € D, .
Recall (cf., e.g., [BL94, §7.1]) that, by virtue of Theorem 11.3,

S

Pic(Parbung (P)) ~ Pic® (Xq x [[(G"= /P )). (139)
i=1

Moreover, from the see-saw principle (also see [Har77, Chap. III, Exercise 12.6]), since X7 is

ind-projective and Pic of each factor is discrete,

Pic <Xq x [[(G /Pﬁf)) ~ Pic(X9) x | [ Pie(G" /P").
i=1 1=1

Let us consider the following canonical homomorphism:

Pic®(X7) x [ [ Pic® (G /PH) — Pic® (Xq x [[(G"= /Pf")).
i=1 i=1
Consider the morphism
G — N0}, g gus,
where vy is a highest weight vector of J#. This factors through a morphism (via
Theorem 10.7(1)):
X1 =42/(G(Dy) 1 x C*) — P(HA).

Pulling back the dual of the tautological line bundle on P(J7.), we get a @49-equivariant line
bundle £ on XY given by the character

G(D ) x C* - C*, (g,2) — 2.

Observe that the canonical splitting of G(ID,)' is taken for the central extension 44 correspond-
ing to the central charge c. R

Now, if ¢ is a multiple of |I'|, the central extension ¥/ — G(ID);)F splits over =. As in
Theorem 10.7(2), take the canonical splitting. This provides a Z-equivariant structure on the
line bundle £ over X9.

Similarly, for any A\; € D, the g'“-module V()\;) with highest weight \; integrates to a
GYai-module V'();) if |T'| divides ¢ (cf. Proposition 10.9). Take the highest weight vector vy €
€ (\;) which is an (irreducible) integrable highest weight L(g,I'y,) = g4,-module with highest
weight \; and central charge c. Then, V'();) is the GT%-submodule of 7 ()\;) generated by v, . Let
P be the parabolic subgroup of G4 which stabilizes the line Cv,.. Define the G4 -equivariant
ample line bundle

L%(N;) = G X pai (Cvp)* — Gl /P
Then, £%();) is E-equivariant line bundle by virtue of the following evaluation map at ¢;:
e;:2:=GE\I-¢q)F — Gla.
Thus, we obtain the Z-equivariant line bundle
LIR LU (A\) K- K L%(\g)

over X9 x [[;_,(G" /P{"), for any c divisible by |T'| and \; € D,g,.
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Thus, under the isomorphism (139), we get the corresponding line bundle £(c; X) over the
stack Zarbung(P), where P = (P, ..., Pd) and P is the stabilizer in G4 of the line C - vy C
(i)

12. Identification of twisted conformal blocks with the space of global sections of
line bundles on moduli stack

In this final section, we establish the identification of twisted conformal blocks and generalized
theta functions on the moduli stack Zarbung.

We continue to have the same assumptions on G, I', 3, and ¢ : I' — Aut(g) as in the beginning
of §9. Let ¢=(qi1,...,qs) (s > 1) be marked points on ¥ with distinct I-orbits and let )=
(A1, ..., As) be weights with \; € D, 4, attached to the points g;. Let P{" be the stabilizer of the
line Cvy C H(\;) in Gai.

Recall the definition of the moduli stack Zarbuny (P) of quasi-parabolic &-torsors over (X, )
of type P = (P, ..., Pd) from Definition 11.2, where p'= (7(q1),...,m(gs)). In addition, recall
from Definition 11.6 the definition of the line bundle £¢ over X7 for any ¢ such that 0 € D, g,
and any ¢ € X\ |J;_; I' - ¢; and the definition of the ample homogeneous line bundle .£% (\;) over
the flag variety GT /P{". When |I'| divides ¢, these line bundles give rise to a line bundle £(c; X)
over the stack Parbung(P) (cf. Definition 11.6).

The following result confirms a conjecture by Pappas and Rapoport [PR10, Conjecture 3.7]
in the case of the parahoric Bruhat—Tits group schemes considered in our paper.

THEOREM 12.1. Assume that |I'| divides ¢ and I' stabilizes a Borel subgroup of G. Then, there
is a canonical isomorphism:

H(Parbung (P), £(c, X)) ~ Y51.6(P, N,
where 75 1 (P, X1 is the space of (twisted) vacua (cf. identity (17)).
Proof. From the uniformization theorem (Theorem 11.3), there is an isomorphism of stacks:

S
Parbung (P) ~ [G(E\F : q)r\ <Xq X H(GF%/JDZQ")>].
i=1
Moreover, by definition, the line bundle £(c, X) over Qzarbung(ﬁ) is the descent of the line
bundle
LI LN (A\) K- KL% (Ns)

over X9 x [[;_;(G % /P¥) (Definition 11.6). Thus, we have the following isomorphisms:

. . s G(E\-q)"
HY(ZParbung (P), £(c,\)) ~ H° <Xq x [[(GT=/P#), 1R .29 (M) K- K gqs(As)>
=1

~ (A RV (M) ® - @ V(A,)T) T
~ (%* Q V(Al)* Q- ® V()\S>*)E(E\F'Q)F

= WE7F7¢(]5" X)T7

where the first isomorphism follows from [BL94, Lemma 7.2] (also see [Kum?22,
Proposition C.23]); the second isomorphism follows from the standard Borel-Weil theorem
and its generalization for the Kac—Moody case due to Kumar as well as Mathieu
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[Kum02, Corollary 8.3.12]; the third isomorphism follows from [BL94, Proposition 7.4] since
G(Z\I' - ¢)' is reduced and irreducible (Corollary 11.5) and X7 is reduced and irreducible by
Corollary 9.8; and the last isomorphism follows from propagation of vacua (Corollary 4.5(b)).
This finishes the proof of the theorem. (|

Remark 12.2. (a) If we drop the assumption that
(x) T stabilizes a Borel subgroup of G,

we still have the isomorphism:
HY(Parbung (P), £(c, X)) = (A5 @ V(M) ® - @ V()" 0" (140)

since Theorem 11.3 remains valid without the assumption (*). Since our Propagation Theorem
(Corollary 4.5) requires the assumption (x), the space on the right side of (140) is not known to
be isomorphic with 75 r 4 (P, Xt in general.

(b) The condition ‘|T'| divides ¢’ cannot, in general, be dropped since for A\; € D, to be
a dominant integral weight of g« imposes some divisibility condition on ¢ with respect to Iy,
(cf. Lemma 2.1 and Proposition 10.9).

In addition, Heinloth’s example [Heil0, Remark 19(4)] shows that the line bundle

LIR LD (AR - K. L%(\,)

does not, in general, descend to the moduli stack ,@arbung(ﬁ) for an arbitrary c.
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