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ON REAL ZEROS OF DEDEKIND {-FUNCTIONS

H. HEILBRONN

1. Introduction. Let K be a finite normal extension of an algebraic number
field %; let ks be the compositum of all quadratic extensions of k2 which are
contained in K. Let {;(s), {x(s) and {;,(s) denote the Dedekind ¢-functions of
these fields. The main purpose of this paper is to prove

THEOREM 1. Any real simple zero of tx(s) is a zero of {1, (s).

In particular, if k is the rational field, any real simple zero of {x(s) is a zero
of an L-series

La(s) = g; (A/n)n”?

where A is a rational integral divisor of disc (K/Q).

The motivation arises from the following well-known facts. Let C be a
number field, d its absolute discriminant, « the residue of its ¢-function {¢(s)
at s = 1. Then either k! = O(log|d|) or {¢(sos) = 0 for some sy < 1 with
log|ld| = O((1 — s0)~Y,) in which case the lower bound for ¥k may be very poor
indeed. Moreover, the zero s, is simple and unique.

Now let K be the normal closure of C over Q, of absolute discriminant D
such that

|D| < |d|*, n = degr C.
Then s, will also be a zero of {x(s). The application of Theorem 1 to K yields
THEOREM 2. Let C any number field of degree n and discriminant d. Then either
k1 = O(n!log|d]),
or there exists a divisor A of d such that
La(so) =0, 1 — s = 0(x).

Thus the task to find an effective realistic lower bound for « is, at least in
principle, reduced to the same problem for quadratic number fields. In the case
where C is a totally complex quadratic extension of a totally real field, J.
Sunley [4] and L. Goldstein [3] have already obtained results of this nature.
I wish to record my gratitude to Prof. L. Goldstein who made me familiar with
these researches, and thus provided the stimulus which led me to the present
investigation.
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2. Proof of Theorem 1. The proof is based on the use of Artin L-series.
We shall make use of two fundamental results of R. Brauer [1; 2].

B.1. The Artin L-series are meromorphic functions of s.
B.2. If K is a normal extension of %, then

(§x ()7 ¢x (s)

is an integral function of s.
Let %k, be the maximal abelian extension of k£ contained in K, so that
kR C ks Ck, CK.

Let G = Gal(K/k), so that G’ = Gal (K/k,) is the commutator group of G.
Then

CralS) = Taa(5) I;I L(s; k)

where v runs through the complex characters of G/G’.

Because the y are abelian characters, the L(s; &, v) are integral functions.
Because L(s; k, v) = 0= L(s; k, ¥) = 0 for real s, any real zero sy of {;,(s)
is either a zero of {;,(s) or a zero of multiplicity = 2 of ¢;,(s). By B.2 the last
case is impossible, hence we assume from now on that {,(s) # 0.

Let x, run through all irreducible characters of G. Then

tx(s) = JT Lisik, 0%,
b

where x,(1) denotes the dimension of the character which equals its value for
the unit element of G.

It follows from B.1 that L(s; &, x,) has a zero of order m, at s = sy, where
my € Z, and nothing may be assumed about the sign of m,. We now define the
general character

¢ = 2’): ™My Xo-

Let k; be any field in the range k, C k; C &, and y; the character of G
induced by the principal character of the subgroup G; = Gal (K/k;). Then
it is well-known that

$ui (s) = I;I L(s; &, x2)"",

where the non-negative rational integers 7; , are determined by the decomposi-

tion

¥ = ; 75,0 Xpe
By virtue of the Frobenius reciprocity the r7;,, are explicitely given by the
formula

Tip = lGjrl 72_;{‘ X0 (7).
7
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Thus, the order of the zero of {4;(s) at s = so is given by
S@Gy) = Z Yipy = lGjl_l Z My Z x5 (7)
) ? 7EG)
= lGjl—l Z ¢(’Y)r
YEG;

and we know from B.2 that S(G;) =0or1lforall 7, S(G’) =0,and S({1}) =1,
where {1} denotes the trivial subgroup of G consisting of the unit only.

Now let H* be a minimal subgroup of G’, such that S(H*) = 0and S(H) = 1
for each genuine subgroup H of H*. Then we have for every genuine subgroup
H of H*

2, (=14 6() =0,

YEH

whereas > yex*d(y) = 0.
It is easy to verify that these relations are compatible only if H* is cyclic.
If H* were not cyclic, we should have for each v € H* of order N

3 (14 60) = 0;

and by virtue of the Mébius inversion formula

N
(=14 ¢(") = 0.
n=1,(n,N)=1
We can find group elements vy, . . ., v, of order Ny, ..., N, respectively such

that the elements v/, 1 <71 =¢q, 1 £ n; < N, (n;, N;) = 1 represent all
group elements uniquely. Thus

> (~14s() =0,

YEH

which is a contradiction. Thus we have shown that H* is cyclic.

Moreover, the order of H* cannot be divisible by an odd prime p. Otherwise
the field K*, corresponding to the subgroup H*, would have a cyclic extension
of degree p, say K,*, and K,* would be a subfield of K. The function {x,*(s)
would have a simple 0 at so. But

p—1
pr*(S) = {gx(s) g L(s; K*, n,).

In this product 4, runs through non-principal abelian characters in K,* which
occur in pairs of conjugate complex characters. Hence, if the product vanishes
at so, it must have a zero of multiplicity = 2; this contradicts our assumption.
Hence the order of H* is a power of 2, say 2°.

Let 7 be a generator of H*, and let H** denote the subgroup of H* which is
generated by 72. We have

1 = S(H**) — S(H*) = 27 ;} (—1)"¢ (™).
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The general character ¢ can be decomposed into two genuine characters
¢+, ¢ by the formula ¢ = ¢ — ¢_. This decomposition is not unique, but as
¢ is real, ¢, and ¢_ can be chosen as real characters of G. We now remember
that ¢, and ¢_ are the sum of the characteristic roots of the corresponding
matrix representation of G. Since the characters ¢ and ¢_ are real, conjugate
roots occur with equal multiplicity. The characteristic roots forming ¢, (r) and
¢_(7) are 2'th roots of unity. Because 7 € G’, the determinants of the cor-
responding matrices are +1, and the products of the characteristic roots are
+1. As the complex roots cancel in the product, the root —1 occurs in ¢,
exactly a4 times, and in ¢_ exactly a_ times, where a, and a_ are even.

As
2! = ;1 (=) (") = Z:l (=1)"¢+.(") — n; (=1)"¢-(")
= 2t(a+ - a—)v
l1=a;y —a-,

We obtain the desired contradiction.

Postscript. The referee has kindly pointed out to me that the result B.2
quoted above was proved originally by H. Aramata, Proc. Japan Acad.
9(1933), 31-34.
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