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AN APPROXIMATION THEOREM FOR EXTENDED 
PRIME SPOTS 

RON BROWN 

We introduce here a generalization to arbitrary fields of the prime spots of 
algebraic number theory, essentially by allowing absolute values to take the 
value oo. The set of "extended" prime spots of a field admits a natural 
topology, and an approximation theorem is given here for compact sets of 
extended prime spots. Among the corollaries of the approximation theorem 
are the weak approximation theorem for absolute values [13, p. 8], Ribenboim's 
generalization of the approximation theorem for independent valuations 
[14, p. 136], Stone's approximation theorem for type V topologies [16, p. 20], 
and an approximation theorem for Harrison primes. 

We now summarize the contents of the paper. After some preliminary 
definitions (§1) the approximation theorem is stated (§2). In the next four 
sections the approximation theorem is applied to obtain an approximation 
theorem for finite Harrison primes (§3), a calculation of the reduced Witt 
ring of a formally real algebraic extension of the rational numbers (§4), and 
after some preliminary definitions (§ 5), several approximation theorems in the 
literature (§ 6). The next four sections deal with the space of extended prime 
spots of a field. After some general observations (§7), we give necessary and 
sufficient conditions for a set of ''non-Archimedean" extended prime spots 
(these are naturally bijective with finite Harrison primes) to be compact (§ 8). 
We next show that compact sets of non-Archimedean extended prime spots 
can be lifted through quadratic field extensions (§9). The space of extended 
prime spots of a simple transcendental extension of the rational numbers is 
examined (§ 10). Finally, we give (mildly) idelic and adelic interpretations of 
certain compatibility conditions appearing in the statement of the approxima
tion theorem. The proof of the approximation theorem is given in an appendix. 

Our hope is that the concepts and results of this paper will be useful in the 
kind of arithmetic theory of fields visualized in [6], and, in particular, in the 
global part of such a theory. Many * 'arithmetic" approximation theorems in 
the literature approximate over finite sets. We have been partly motivated 
by our feeling that a generalized arithmetic of fields will require approximations 
over appropriate possibly infinite sets. (For other uses of extended prime spots 
in the arithmetic of fields see [3], where among other things, generalizations 
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168 RON BROWN 

of the Hasse-Minkowski theorem on quadratic forms are discussed in terms of 
the "completions" of a field at its extended prime spots.) 

Throughout this paper, F will denote a field, regarded as having the discrete 
topology. Fx denotes the multiplicative group of non-zero elements of F. Z, Q 
and R denote the integers, rationals, and real numbers, respectively. Finally, 
^4\J5 denotes the set of elements of the set A which are not elements of the 
set B. 

1. The space S(F) of prime values of F. Recall that a "locally finite" 
field is one which is the union of its finite subfields. Such a field admits only 
the trivial absolute value (i.e., the absolute value of every non-zero element 
is 1). 

(1.1) Definition. A prime value on F is a map 0 : F —> R U oo which is the 
composition of a place of F into either the complex numbers or a locally finite 
field (say, ir : F —> k W oo ) with the usual absolute value on k. (We understand 
here that 0(a) = oo if 7r(a) = GO .) 

A more elementary and less ad hoc definition of prime value will be given 
in § 5 (see especially (5.4)). 

Let S(F) denote the set of all prime values of F, given the coarsest topology 
with 

W(a) = { K S(F) :cj>(a) < 1} 

open and closed for all a 6 F. 

Example. If F is a global field, then the prime values of F are naturally 
bijective with the prime spots [13, § l l .D] of F. In this case, S(F) has the 
discrete topology. 

2. The approximation theorem. The theorem below describes when a 
continuous function from S(F) to F can be approximated (in an additive and 
a multiplicative sense) on a compact subset of S(F) by a constant function. 

(2.1) THEOREM. Let C be a compact subset of S(F) and let f : C —> F be a 
continuous function. Let 0 < e < l , e C R . 

(A) (Additive approximation). There exists a Ç F with 0(a — / (0)) < e, 
for all 0 6 C, if and only if for all 0 and \p in C, 

f (0) + «-H*) • r 1 w = /(*) + ̂ (R) • r 1 w . 
(B) (Multiplicative approximation). Suppose that / (C) £ Fx. There exists 

a G ^ x with 0(1 — a - 1 /($)) < e, for all 0 6 C, if and only if for all <j> and \p 
in C, 

(i) /(*) • 4>~i(R) • r1^) = m - t-'iR) • ru*). 
Recall that for any valuation ring A of F, the set of non-zero principal 

fractional ideals {aA^ : a G ^ x } forms in a natural way an ordered group 
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which may be identified with the value group of the valuation canonically 
associated with A [14, p. 34]. The condition (1) above is, thus, essentially the 
''compatibility" of [14, p. 127] (for, </>_1(P) • ^ ( P ) is the smallest valuation 
ring containing the valuation rings </>_1(P) and i^_1(P)). Note that (1) holds 
for all </>,\f/ G Cif and only if there exists a G F with f(</>) • <jr1(R) = a • <j>-1(R) 
for all ^ G C (compare with [14, p. 135]). We will interpret the compatibility 
conditions in (A) and (B) above further in § 11. So as not to interrupt our 
exposition with a lengthy computational argument, we refer the reader to the 
appendix for the proof of (2.1). 

(2.2) Remark. If F is not locally finite, then it admits a non-discrete field 
topology such that Theorem (2.1) holds with this topology on F. This suggests 
the possibility of a generalization of (2.1) to topological fields. 

3. Harrison primes. We now interpret Theorem (2.1) for finite Harrison 
primes [6]. An equivalent interpretation exists for the minimal valuation 
rings of F since the finite Harrison primes are simply their maximal ideals 
[6, p. 20]. 

Give the set X(F) of finite Harrison primes of F the coarsest topology with 
{P G X(F) : a G P} open for all a G F. (Caution: this is not the topology of [6].) 
For P G X(F),\etAP = {a G F : a • P Ç P} be the associated valuation ring. 

(3.1) COROLLARY. Let f : C —> F be continuous, where C is a compact subset 
of X(F). There exists a G F with a — f(P) G P , for all P G C, if and only if 
for all P , T G C, 

/ ( P ) ~f(T) £AP.AT. 

An analogous result follows from (B) of Theorem (2.1). To prove the 
corollary, map X(F) —> S(F) by taking P G X(F) to the map 

a ~* 0, if a G P 

1, i f a G ^ p \ P 

oo, otherwise. 

This map is a homeomorphism of X{F) into S(F). (For each a G P x , 
{P G X(F) : a G P) is closed since it equals [6, p. 6] 

X(F)\({P : a - 4 P | U ( U»>o{P : a" - 1 G P})).) 

The corollary follows immediately. 

We have shown above that the finite Harrison primes are naturally bijective 
with the prime values factoring through locally finite fields (cf. Definition 
(1.1)). The remaining prime values are bijective with places into the complex 
numbers, identifying two such if they differ by complex conjugation. 
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The presence of prime values associated with arbitrary Harrison primes of 
F [7] allows one to include some infinite primes in a generalization of the above 
corollary. We leave this to the interested reader. 

4. Reduced Witt rings. Denote the Witt ring [17] of F by Witt(F) and 
its nil radical by Nil(F). If F is formally real, Nil(,F) is the set of elements of 
Witt(77) of finite additive order [10]. Let ©(F) denote the set of orderings of F 
with the "Harrison topology"; i.e., the coarsest with {^ £ ©(F) : a ^ 0} 
open for all a Ç F. ©(F) is compact, totally disconnected and Hausdorff [10]. 

(4.1) THEOREM. Suppose that F is a formally real (possibly infinite dimensional) 
algebraic extension of the rational numbers. Then the reduced Witt ring of F, i.e., 
Witt(F)/Nil(F), is isomorphic to Z - 1 + C(©(F), 2Z) (considered as a 
subring of C(©(F), Z), the ring of continuous functions from ©(F) to Z). 

The isomorphism of (4.1) is induced by the function taking a diagonalized 
quadratic form over F to the map ©(F) —» Z which assigns to ^ G ©(F) 
the number of positive (with respect to ^ ) coefficients of the form minus the 
number of its negative coefficients. 

To prove the corollary, recall that for each ordering of F there is a unique 
order embedding of F into R, and thence a prime value. The resulting map 
©(F)-^S(F) is a homeomorphism. Since 0(F) is compact, we may use 
Theorem (2.1) to apply [10, Corollary 13]. 

The crucial approximation in the proof of (4.1) can also be accomplished by 
an application to ©(F) of the Stone-Weierstrass theorem; this trick is due to 
Harrison [6, p. 60]. 

The Pythagorean (i.e. sums of squares are themselves squares) formally 
real fields are exactly those with torsion free Witt groups [15, 2.2.4]. Thus, 
Theorem (4.1) gives the structure of Witt(F) in terms of &(F) for any 
formally real absolutely algebraic Pythagorean field. Sometimes we can say a 
bit more. 

(4.2) COROLLARY. Suppose that F is the Pythagorean closure of a formally 
real global field. Then ©(F) is homeomorphic to the Cantor set 2œ and Witt (70 is 
isomorphic to Z 1 + C(2«, 2Z). 

To show that ©(F) is homeomorphic to 2œ whenever F is the Pythagorean 
closure of a formally real finitely generated field, apply [8, Corollary 2-98]. 

5. Extended absolute values. We enlarge our frame of reference to 
facilitate relating Theorem (2.1) to some approximation theorems in the 
literature. 
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(5.1) Definition. An extended absolute value on F is a map 0 : F —» R U °° 
such that for all a, 6 G F we have 0(0) = 0, 0(1) = 1, 0(a) ^ 0, 0(a + b) ^ 
</>(a) + 0(&), and 0(a&) = 0(a)0(&) (when defined). (We do not define 0 • co 
or oo • 0.) 

(5.2) Remark. The extended absolute values of F are exactly the com
positions of places on F with absolute values on the residue class fields of the 
places. (For, if 0 is an extended absolute value, then 0_1(i?) is a valuation 
ring and 0 induces an absolute value on its residue class field.) In particular, 
prime values and absolute values are extended absolute values. Also, the 
valuation rings of F are naturally bijective with the extended absolute values 
of F mapping into {0, 1, oo }. (Assign to such an extended absolute value the 
inverse image of R.) 

Many of the analogous concepts and results for valuations and absolute 
values can be unified using the language of extended absolute values. An 
example of this is the next definition, which unifies the concepts of equivalence 
for valuations and absolute values. (For more in this direction, see [3]; we 
mention, in particular, that the familiar ramification formula J^etfi ^ n 
generalizes to extended absolute values.) 

(5.3) Definition. Given an extended absolute value 0 on F, write 
D<f> = {a G F : 0(a) < 1}. Write 0 ~ \// when Z>0 = Df and 0 ^ \f/ when 
DQ ÇZ Df (0 and \p being extended absolute values on F). Then ^ is an 
equivalence relation and ^ a preorder. We call an equivalence class of maximal 
extended absolute values an extended prime spot. 

(5.4) Remark. Each equivalence class of extended absolute values contains 
a unique member 0 with either 0(1 + 1) = 2 or 0(F) C {0, 1, oo }. We call 
such 0 normalized. The prime values of F are exactly the normalized maximal 
extended absolute values, and, hence, are naturally bijective with the extended 
prime spots of F. (Proof. Let \p be an extended absolute value, with \p the 
absolute value induced on the residue class field of ^ - 1 ( R ) . If \p is Archimedean, 
let 0 be the composition of the place induced by ^ - 1 (R) with the ordinary 
[13, p. 19] absolute value equivalent to $. If \p is not Archimedean, then there 
is a unique valuation ring with maximal ideal D^; let 0 be the associated 
extended absolute value (cf. Remark (5.2)). Then 0 is clearly the unique 
normalized extended absolute value equivalent to $. The italicized statement 
above follows from the fact that 0 is maximal if and only if either D^ G X(F) 
or 0 is Archimedean (use [13, 11:4a] to show "Archimedean" extended 
absolute values are maximal; the rest is elementary).) 

6. Corollaries to the approximation theorem. Given an extended 
absolute value 0 on F, set A^ = 0_ 1(R). 
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(6.1) LEMMA. Let T be a finite set of pairwise incomparable (with respect to S) 
normalized extended absolute values. Suppose that we are given indexed sets 
(e<t>)<f>eT Q Fx and (a(f>)(f)eT Ç F and a positive e G R. 

(A) There exists e G Fx with e-A(j) = e^-A^, for all 0 G T, if and only if for 
all 0, \p G T, 

e^-A^-A^ = e^'A^-Aç. 

(B) Suppose that the condition of (A) holds. Then there exists a G F with 

— e < 1 — (j)(efl(a<j) — a)) < e, 

for all 0 G r , i/" awd only if for all 0, ^ G J", 

a<f> — a^ G e0 • A^ • A+. 

Proof. We use Remarks (5.2) and (5.4) implicitly. 
For each 0 G T, we can pick a prime value 0' ^ 0. Note that ^4^ C A^, 

If 0 and ^ are distinct elements of T, then A^-Af = A<f>> - A^. (Subproof. We 
may assume that A$ C A^; for, if A$ and ^ are incomparable, then the claim 
follows from elementary valuation theory. If \//(F) Ç {0, 1, co }, then 

contradicting incomparability. Hence, \f/ is maximal, so $ = ifr' and we have 
finished.) 

The condition for the existence of e is clearly necessary. Suppose that it 
holds. Using the above paragraph, we apply Theorem (2.IB) to find e G Fx 

with 0'(1 — e~1e(j)) < e/3 for all 0 G T. We may assume that e < 1. Then, 
e'A<f>(= eA^-A^) = e^A^ for all 0 G 7\ One now checks that the condition 
for the existence of a is necessary; suppose, conversely, that it holds. Again 
apply (2.1) to find b G F with 0'(fc - er1^) < e/3 for all 0 G T. Set 
a = fre + e. Then, for all 0 G T, 

1 - € < 4>'(efl(a - a0)) < 1 + e. 

Let 0 G 7\ If 0 = 0', we have finished. Otherwise, <t>(F) Ç {0, 1, oo } and 
<j>(ef~l(a — a^)) = 1. This completes the proof. 

(6.2) COROLLARY (approximation theorem for independent valuations). 
Let A\, . . . , An be independent valuation rings of F. For any a±, . . . , an G F and 
ei, . . . , en G ^ x , there exists a G F with (a — ai)At = etAi for 1 ^ Î g w. 

Proof. Let T be the set of extended absolute values canonically associated 
with the valuation rings At (cf. Remark (5.2)). Note that AtAj = F if i ^ j . 
Now apply (6.1). 

A similar (but easier) argument gives P. Ribenboim's approximation 
theorems for incomparable valuations [14, pp. 135-136]. Some cases of 
[18, Proposition (2.5)] can be handled by Theorem (2.1). On the other hand, 
the results of [18] cannot in general be applied to our situation since "most" 
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fields admi t compact sets of finite Harrison primes (and, hence, prime values, 
cf. § 3) whose associated equivalence classes of valuat ions do not admi t an 
"ATr-choix rendant les fonctions fRx localement cons tante" . (See (10.7).) 

(6.3) COROLLARY (weak approximation theorem for absolute values) . 
Let | |i, . . . , | \n be inequivalent absolute values on F. Let a,\, . . . , an £ F and 
ô > 0. Then there exists a Ç F with \a — at\i < 8 for 1 ^ i ^ n. 

Proof. Apply (6.1) to the unique normalized extended absolute values 
equivalent to the | 1t. (Let m = 1 or 2 according as F has characteristic 2 or not . 
Pick e < 1 and et £ Fx with \met\i < <5, 1 ^ i ^ n.) 

We mention one more corollary. Given an extended absolute value <j> on F, 
the sets a + bD^ (a £ F, b £ Fx) together form a base for a topology on F. T h e 
topologies obtained are exactly the type V topologies [4]. T h e topologies 
associated with inequivalent nontrivial extended absolute values 4> and \p are 
dist inct if and only if A^-A^ = F. An immediate consequence is the theorem 
of A. L. Stone [16, Theorem 3.4]: Let 7 \ , . . . , Tn be distinct nontrivial type V 
topologies on F. Let Ut be a nonempty open set in Tu 1 ^ i S n> Then 
H K K B LJi is nonempty. 

7. S(F): genera l i t i e s . For any set A, let \A\ denote its cardinality. If F 
admi ts a rank two valuation, then | S ( / 0 | = 21 F | . (Problem: can ^(T 7 ) ! assume 
every cardinal less than 2Ko?) S(F) is Hausdorff and totally disconnected; 
therefore, it is completely regular and uniformizable (cf. § 8) . S (F) is separable 
and metrizable if and only if F is countable. (See [9] for the basic topology 
used here.) 

8. C o m p a c t s u b s e t s of X(F). For F G X(F), let kP = AP/P; kP is a 
locally finite field [6, Proposition 1.3]. 

(8.1) T H E O R E M . Let C be a closed subset of X(F). Then C is compact if and 
only if for each a G F there is a positive integer n{a) with an{a) — 1 G P, whenever 
P e C and a G AP\P. 

Note t ha t if C is any subset of X (F) satisfying the condition of the last 
sentence of (8.1), then its closure also satisfies it, and, hence, is compact . 
Before proving (8.1) we give a corollary generalizing [13, 33:7]. 

(8.2) COROLLARY. For each positive integer n, {P G X(F) : \kP\ < n} is 
compact. 

Proof of corollary. Identify X (F) with its canonical image in S(F) (cf. § 3 ) ; 
thus , for a G F, W(a) fï X(F) = {P G X(F) : a 6 P } . T h e set in question 
is closed; indeed, it is exactly 

X(F) H ( U n (W(a) U W(a~l) \J Wia8-1 - 1 ) ) ) , 
s aÇ:F 
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where s ranges over the prime powers less than n (recall t h a t the mult ipl icat ive 
group of a finite field is cyclic). Now apply (8.1) with n(a) = n\, for all a £ F. 

(8.3) Remark If F is finitely generated and is neither global nor locally 
finite, then there exist 2K o primes P Ç X(F) with kP finite. (Use induction 
and [1] or [11].) 

W e now prove (8.1). Necessity is obvious, since for each a Ç F, S(F) 

(and, hence, C) is contained in 

W(a) U Wia-1) \J (\JW(an - 1)) . 
n>0 

(We are identifying X(F) with a subset of S(F) as in the proof of (8.2).) W e 
prove sufficiency by showing t h a t C is complete in a uniformity on S(F) which 
makes S(F) (and, hence, C) total ly bounded (cf. [9, p . 198]). 

For each finite set E C F, let 

W(E) = {(</>, *) G S (F) X 5 ( F ) : Z>0 f i E = 2V H E } . 

I t is routine to verify t h a t the setsW(E) together form a base for a uniformity 
on S(F) inducing the given topology on S(F). For each finite set E C F, S(F) 
is the union of the (finite) collection of sets of the form 

{ 0 G S ( F ) | E n 5 * = T} (TQE). 

I t follows t h a t S(F) is total ly bounded. I t remains to show t h a t C is complete. 
Le t (Pd : d Ç D) be a Cauchy net in C (D a directed se t ) . Le t P be the set 

of elements of F eventual ly in the Pd (i.e., a Ç P if and only if for some 
d0 £ D, a £ Pd for all d > do)- -P is easily checked to be a prepr ime and, 
indeed, the maximal ideal of a valuat ion ring of F; call it AP (for economy, 
use [6, lemma 3.1]). If a G AP\P, then aw(a) - 1 £ P ; it follows t h a t 
P Ç X{F). P is now checked to be the limit of the Pd. T h e theorem is proved. 

Note. X(F) is complete in a na tura l uniformity. One gets another proof of 
(8.1) by showing t h a t the condition on C implies t h a t it is total ly bounded in 
this uniformity. 

9. Q u a d r a t i c e x t e n s i o n s of fields. Le t K be a quadra t i c field extension 
of F. Let 7T : X(K) —> X(F) be the natura l map (namely, intersection w i t h F ) . 

(9.1) T H E O R E M , IT is open and continuous. 

A generalization of (9.1) to S(F) will be remarked below. Before proving 
(9.1), we give a corollary. 

(9.2) COROLLARY. If C is a compact {respectively, dense) subset of X(F), 
then 7r_1(C) is a compact (respectively, dense) subset of X(K). 

Proof of corollary. T h e "dense" pa r t is obvious. Suppose t h a t C is compact . 
If K/F is inseparable, then T is an (onto) homeomorphism [14, p . 175]. Now 
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suppose that K/F has Galois group {1, a}. Let tyt be an open cover of ir~l(C). 
For each P Ç 7r_1(C), pick a neighbourhood UP G tfl of P . Set 

<r = {uPr\<jU*P:P G TT-UOÎ. 

(We are also denoting by cr the homeomorphism X(i£) —» X(K) induced by a.) 
Then, W is an open cover of ir~l{C) refining °tt and with <rW = %'. Since 
T is open (Theorem (9.1)) and C is compact, there exists a finite subset J" of 
irl(C) with 

C Ç U 7 r ( c / P n c r ^ p ) . 
PçT 

Consequently, 
*-l(C) ç UCCZ/pHcrC/erp) U (c r [ / P n C/.p)). 

The corollary is proved. 

When F = Q(x), the set of P G X(F) with &P finite and AP Noetherian 
gives an example of a dense subset of X(F) (see (10.3) below). 

We now prove (9.1). The continuity of w is obvious. As in the proof of (9.2), 
we may suppose that the extension K/F is separable and that the nontrivial 
/^-automorphism of K, call it <7, operates on X(K). For E equal to either K 
or F, and A a finite subset of E, let WE{A) denote {P G X(E) : A Ç P} ; the 
sets TF#(yl) form a basis for X(E). 

Let i b e a finite subset of K and let T G W/rC4). It suffices to find a finite 
subset E of F with 

P € T M £ ) ^ W^(^) U crW^(i4) 
since, then, 

Tr(P) G WF(E) Qir(WK(A)). 

Let <5 G i£ \F , s o l = F[<5]. Let N and tr denote the norm and trace maps 
from K to F. We may suppose that A is not contained in F (otherwise, simply 
take E = A). We can pick a0 = a0 + fr0<5 G 4̂ with the fractional ideal b0 • A T 

as large as possible. If c(a0) G 7\ then for each a = a + bô £ A we have 

a (a) = a + W0~
1(o'(^o) — «o) G F, 

so it suffices to set 

£ = {N(a) :a e A}U {tr(a) : a U ) . 

Now, suppose that o-(a0) § P. Then 

{0} j* <r(a0) • AT = tr(a0) • ^r-

Hence, for each a = a + 6ô G ^4, we have 

(2) 6N(a0) / iotr(ao) 

and 

(3) a + b(- aQ/bo) (= a - (b/b0)aQ) 
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both in P . Let E be the set of elements of the form (2) or (3). Let P Ç WK(E)\ 

we show t h a t P Ç WK{A) \J WK{aA). W e may assume t h a t a 0 * - 4 p £ cr(a0) *^4p 
(otherwise, replace P by <JP), SO t r (a 0 ) *^4p ^ o"(«o) * -4p. Each a + 5ô G 4 
equals 

(a + 6 ( - 00/60)) + (b N(a 0 ) /6o t r ( a 0 ) ) • ( t r (a 0 ) /er(a 0 ) ) , 

and is, therefore, in P . T h e theorem is proved. 

(9.3) Remark. Theorem (9.1) and its corollary generalize to S(F) if we 
modify the topology on S(F) so as to require only t h a t the sets W(a) be open 
(cf. § 1). Th is is the topology one gets by considering S(F) as a subspace of 
[0, 00]F (given the product topology; here, [0, 00] denotes the closed interval 
in R U o o , with the order topology). In the new topology, X (F) is still 
homeomorphically embedded into S(F) bu t now S(F)\X(F) is compact . 
Consequently, this topology appears more suitable for generalizing Theorem 
(4.1) (if an appropr ia te approximation theorem can be proved) . 

10. E x a m p l e : Q(x) . W e sketch an example which has frequently guided 
us in this paper. Let F = Q(x) be a simple t ranscendental extension of the 
rational numbers . 

Le t C denote the set of complex numbers a + bi with b ^ 0 (a, b G R ) 
together with 00 (so C lies in the extended complex plane) . For each c G C, 
there is a place from 0 (x) to the complex numbers with x mapped to c. Th i s 
correspondence induces a bijection from C to the set of "Archimedean" pr ime 
values of Q(x) (i.e, S(Q(x))\X(Q(x))). T h e bijection carries the set W(f) 
( w h e r e / G Q(x)) to the inverse image of the open uni t disc u n d e r / , w h e r e / is 
thought of as a rational function on C. T h e topology induced on R by the 
bijection is the coarsest refinement of the order topology on R with all algebraic 
numbers isolated; in this topology, R obviously admi ts uncountable compact 
subsets. 

T h e set X(Q(x)) was computed in [1]. We restate the computa t ion in 
slightly modified language. 

Give r = 0 © R © 0 (the direct sum of the ordered addi t ive groups) the 
lexicographic order. Give Y the coarsest P i topology with 

{ye T:y^ ( 0 , 2 , 0 ) } 

and {7 G r : 7 S (0, g, 0)} open for all q G 0 - (The reader m a y find it 
helpful to notice t h a t each element of V cannot be separated from exactly 
one element of V of one of the forms (q Ç Q> r Ç R ) 

( - 1 , 0, 0 ) , (0, g , - l ) , (0, r, 0) , (0, q, 1), (1, 0, 0 ) . 

If r = q, the above elements are listed in ascending order. T h e set of such 
elements is compact and Hausdorff). 
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p always denotes a prime number. Z / l g will denote the algebraic closure 
of the field Z/pZ. Let 0 ^ n ^ oo . A presignature (of length n and characteristic 
p) is a sequence in Z / l g X T with n terms, i.e., of the form 

{(§ugi))^i<n (abbreviated: (0<, g<)*<w). 

Le t £P denote the set of presignatures (of all lengths and characterist ics) . 
r is completely regular and, hence, admits a uniformity; pick one and call it 

fyl{T) (cf. [9, p . 188]; the interested reader can easily construct such a 
uniformity) . Let U G %(T) and let m > 0 (m G Z ) . Let W(U, m) denote the 
set of pairs 

((eitqi)t<nA^t^i)i<n') e ^ x ^ , 
where n and n ' are larger than m, (gf, g / ) £ U for all i ^ m, both presignatures 
have the same characteristic (say, p), and there exists an automorphism of 
Z / l g carrying 6tto 6/ for a l H < m. The sets W(TJ, m) together form a base for 
a uniformity on ^ . Call two presignatures equivalent if and only if they cannot 
be separated in the uniform topology on &. 

(10.1) Definition. A signature is an equivalence class of presignatures 
S = (0U qi)i<n having 

(i) for all m < n, qm i 0 © 0 © 0 if and only if 6m = 0, and dm = 0 if and 
only if m + 1 = n; 

(ii) (qm/emfm)m<n is strictly increasing. 
Here, em denotes the index of 0 © Z © 0 in (0 © Z © 0) + ^£,i<mZ • qt and 
fm denotes the dimension of Z/pZ[{dt : i < m\\ over Z/pZ (where p is the 
characteristic of S). 

Let ff denote the set of signatures, given the topology inherited from &. 
Now, a different definition of "s ignature" was given in [1]. However, ff is 
natural ly bijective with the set of "s ignatures" of [1, Corollary 6.5, taking 
F = Q]. Treat ing this bijection as an identification, we have 

(10.2) P R O P O S I T I O N . The bijection of [1, Corollary 6.5] gives a homeomorphism 
ofy<mtoX(Q(x)). 

Proof (sketch). Let <ï> : ff —*X(Q(x)) be our bijection. We use [1, Lemma 6.1] 
implicitly. 

Suppose t h a t P 6 X(Q(x)) has ^(P) = S with n = co (notation for 5 
as in Definition (10.1)). Let 1 < m < oo. Wri te (emfm/em-ifm-i)qm in the form 
(0, r/s, 0) where r, s £ Z, s > 0. If gm is the generator of (Bu qi)i<m, then 
$-l(W(p, p~Tgms)) is contained in the set of signatures with the same first m 
terms as 5 [1, Lemma 3.5]. T h a t is, 3>_1 is continuous a t P. T h e proof t h a t <Ê>-1 

is continuous in other cases is similar. 
Now suppose t ha t S (notation again as in (10.1)) is a signature with n = oo 

and such t ha t emfm —> oo as m —> oo. Let A be a finite subset of $(S). Pick 
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m < 00 with emfm larger than the degrees of the numerators and denominators 
of the elements of A (thought of as quotients of polynomials in x). Then the 
set of signatures with the same first m terms as 5 is mapped into W(A) 
[1, Supplement 4.2]. That is, <ï> is continuous at S. The proof that $ is con
tinuous in general is similar (but also uses [11, p. 372]). 

To obtain more than purely topological facts about X(Q(x)) using 
Proposition (10.2), one must use special properties of the map 3>. Two such 
facts are given below. 

(10.3) COROLLARY. The following sets are dense in X (Q(x)): 
(A) The set ofP£ X(Q(x)) with kP finite and AP Noetherian. {Recall that a 

nontrivial valuation ring is Noetherian if and only if its associated valuation is 
discrete rank one.) 

(B) The set of P G X(Q(x)) with kP algebraically closed and 

{a-AP: a G Q(x)x} 

divisible. (We are identifying {a- AP : a G Q(#)x} with the u value group'1 of AP.) 

This corollary follows from the proposition and [1, Remark 6.9]. It is easy 
to pick out other dense sets. 

Call a polynomial / G Q[x] p-irreducible when it is irreducible over Op 
(= the £-adic numbers). The next corollary was illustrated in the proof of 
(10.2). 

(10.4) COROLLARY. X(Q(X)) admits a basis of sets of the form W(p'g\ pugv)f 

where g is a p-irreducible polynomial and s, t, u} v G Z. 

Proof. Apply (10.2) and [1, Lemma 3.5]. 

(10.5) Remark. Proposition (10.2) and its two corollaries generalize in a 
straightforward way when 0 is replaced by any global field. 

(10.6) Remark. Suppose that F is a locally finite field, an arbitrary algebraic 
extension of a global field, or a simple transcendental extension of an arbitrary 
algebraic extension of a global field. Let t — 1 be the transcendence degree 
of F if F has zero characteristic, and let t be the transcendence degree, 
otherwise. Then X(F) admits a basis of sets of the form WF{E) where E has 
at most t elements. Are there other fields with this property? 

(10.7) Remark. We give an example mentioned in § 6. Let (r*)*<«> be a 
strictly increasing sequence of irrational real numbers converging to an 
irrational real number rœ. For 0 S i ^ °° , let vl : Q(x) —> R U oo be the 
unique valuation (additively written) with vi(2) = 1, vi(x) = rt. Then the 
set of finite Harrison primes associated with the v* is compact. However, the 
family M of equivalence classes of the valuations vi does not admit an 
ikfA-choice (for any ordered group A) with fxK and / 2 R locally constant at vœ 

(cf. [18]). 

https://doi.org/10.4153/CJM-1972-015-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1972-015-3


PRIME SPOTS 179 

11. Compatibility. We interpret further the ''compatibility'' conditions 
in Theorem (2.1). Our motivation is a connection with adeles and ideles. 

Let S(F)* denote the set S(F) given the coarsest topology having W(a) 
closed for all a G F. Give 

IV = {aA+:a ^ X , 0 G S(F)} 

the coarsest topology with {aA<f, : <£ G S (F)} open for all a G Fx. Thus, one 
may think of TF as the disjoint union of the value groups of the valuation 
rings A4, given the "open path topology". 

(11.1) Definition. A continuous map / : S(F) —•> Fx is an I-map when the 
induced map S {FY —» IV (namely, <£ -~»/(0) • -4$) is also continuous. 

(11.2) PROPOSITION. Let f be as in Theorem (2.IB). Then 

ftt)AtA* = fWA+Af, 

for all cf>, \p G C, if and only iff is the restriction to C of an I-map. 

Proof. Suppose that g is an I-map extending / . Let </>, \j/ G C. Let k denote 
the residue class field of A^ • A^. Each <£ G 5(fe) induces a <£' G •5,(̂ 7) (by 
composition with the place F —» & U °° ). Using elementary valuation theory, 
we see that the map 4> -~» </>' is a homeomorphism from S(&)* onto 

L = {6 e S(F)* lAeQAfAt}. 

Let X(k)* denote the set X (k) with the topology of [6, p. 10]. The natural map 
X(k) —>S(k) (cf. § 3) maps X(k)* homeomorphically onto a dense subset of 
S(k)* (use [6, Lemma 3.2]). We conclude that S(k)* and, hence, L are irre
ducible [6, Proposition 2.8]. Now, suppose that g{<f>) = aA^ and gty) = bA$. 
By irreducibility, there exists 

e G g~l({aAp : p G S(F)} n {bAp -. P G S(F)}) 

so 

f{<i>)A<t>A+ = aAeA^At = bAeA^ = f(\p)AtA+. 

Now, suppose that f^A^Af = f{^i)A^A^ for all 0, \f/ € C. There exists a 
cover Wi, . . . , Wn of Cof open and closed sets, and elements a\, . . . , an G F x 

with /(PFi r\ C) = at for 1 ^ i ^ n. (Recall that C is compact and S(F) 
admits a subbasis of open and closed sets. ) By Theorem (2.1), there exists b G Fx 

with Wt H C Ç W(l — b~lai) for 1 ^ i ^ n. Thus, the map, call it g, taking 
Wi Pi W{\ — b~lat) to at for 1 ^ i ^ w and the rest of 5(F) to 6, is con
tinuous. Indeed, it is an /-map since the induced map S(F)* —» r F is the map 
0—> L40. (The inverse image of any path {aA<f, : 4> G S (F)} under this map 
is the open set 

{JnezS(F)*\(W(n • 1) U ^ ( w a ^ 1 ) U fl^wa"^)).) 

But g clearly extends/. The proposition is proved. 
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(11.3) Remarks. (A) The set of /-maps of F forms a group under pointwise 
multiplication. Fx may be identified with the subgroup of constant /-maps 
(see the proof of (11.2)). 

(B) Suppose that F is a global field. Then S(F)* has the cofinite topology. 
The /-maps of F may be identified with the ideles of F which map everywhere 
into F. The group of /-maps of F may be substituted for the idele group of F 
with virtually no other change in the proof of the Hasse-Minkowski theorem 
on quadratic forms in [13]. (Essentially, because every idele differs from some 
/-map by an idele which is at every spot a local square and a unit congruent 
to 1; but such ideles enter only trivially into the index computations of 
[13, §65].) 

(C) The compatibility conditions of Theorem (2.1 A) can be given a 
treatment analogous to that above for (2.IB). Namely, / : C —-> F satisfies 
the condition of (2.1A) if and only if it is the restriction of a continuous map 
g : S (F) —> F inducing a continuous map 

S(F)*->{a + A*:a G F, <f> G S (F)} 

(the right hand set given the "open path" topology). When F is global, these 
maps g are the adeles which map everywhere into F. (For more on the group 
F/A+, see [12].) 

(D) It is natural to ask for a definition of an idele (and adele) group for F 
for which the approximation theorem has an interpretation as in the global 
case. One would hope that a generalization of Theorem (2.1) to locally 
compact subsets of S(F) would also have such an interpretation (see [13, 33:11] 
and [5, p. 20] for such "strong approximation theorems"). (Suppose that F has 
finite characteristic. We sketch a candidate for "the group of ideles of F 
modulo those congruent everywhere to 1". Give 

CF = {a(l + P) :at F*,P £ X(F)} 

the coarsest topology with the "path" {a(l + P) : P £ X(F)} open for all 
a G Fx. Then the set of continuous m a p s / : X(F) —> CF with 

f(p) e F*/(I + P) 

for all P G X(F) and inducing a continuous map X(F)* —> TF (notation as 
in the proof of (11.2)) forms a group. Elements of this group map compact 
subsets of X(F) into paths (apply Theorem (2.1)). For more on the groups 
P 7 ( l + P) ,see[2] . ) 

Appendix. 

Proof of Theorem (2.1). For any positive rational number q and finite subset 
A of F, the sets 

WM) = {<t>eS(F):<l>(A) < g } , 

U(A) = {d>eS(F):<t>(A) = 1} 
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are both open and closed (note that Wq(a)\X(F) = W(a/q, 1/2) for all 
a G F\ as usual, we are identifying X(F) with a subset of S(F) — cf. §3). 

In the following lemmas, 8 will denote a rational, 0 < 8 < 1. D and Z>' will 
denote non-empty disjoint compact subsets of S(F) (so we implicitly assume 
that F is not locally finite). 

LEMMA A. Let a G Fx. Then there exists b £ Fx and an integer s > 0 with 
Dr\ W(a) Ç TFa/,(&),#n TF(l/a) C W8/s{\ - b),andD C\ U{a) Ç TF,(6). 

Proof. We may suppose that D is not contained in U{a) (otherwise, set 
b = a, s = 2). Hence, a w + a — 1 is non-zero for sufficiently large w. There 
exists m > 0 with J9 H C7(a) H I ^ C IF(aw - 1) (Theorem (8.1)). Since 
D P\ U(a) is compact, it is contained in 

U(a - 1) \J W(s.1)/S(a - 1) U WsKs+1)(l/(a - 1)), 

for some integer 5 > 1. Taking n to be a sufficiently large integer divisible by 
6m and setting b = an/(an - a + 1), we have W(a) H Z> C W8/S(b) and 
WXcr1) H D Ç J^5/s(6 - 1). (E.g., the sets W(a) H W8/2s(a

r/(a - 1)) con
tain D C\ W(a) for sufficiently large r, since together they form a nested cover 
of D C\ W(a); but each of these sets is contained in W8/s(a

r/(ar + a — 1)).) 
Let 0 G D P i Z7(a). If 0(a - 1) ^ 1, then 0(5) < 5 (by the choice of s). 
If 0 G f/(a — 1), then 0(aw — 1) = 0 (since 6m divides ^; when 0 factors 
through a complex place ir, observe that \ir(a) — 1| = \ir(a)\ = 1, so -K(a) is a 
6th root of unity). Hence, 0(6) = 1 < s. 

LEMMA B. Suppose that A ç: F, D Q UatAW(a), and D' C f W W W u O . 
Then for some a G ^ x , 2? Ç W(#) awd D' Q W(l/a). 

Proof. Since D is compact, we may suppose that A is finite. By induction 
on \A |, we may suppose that 4̂ has exactly two elements, a\ and a2. Apply 
Lemma A to find bu b2 G Fx and 5 > 1 with £> Ç W*/2,(6i) W W8/2S(b2), 
D' C P7«/2,(l - 60, and £> Ç 1^,(6,) for i = 1, 2. It suffices to set 

a = 6162/(1 — 6i62). 

LEMMA C. TT^re aw/5 a £ Fx with D Ç JF3(a) awi D' Ç IFô(a_1). 

Proo/. Let 0 G £>, ^ 6 £ ' . By Remark (4.3), we can find 6 G -D*W a n d 

b' G £>AA> so that 0 G W(b/bf) and ^ G W(6'/6). Apply Lemma B to find 
c £ Fx with {0} Ç J^fc-1), D' Ç W(c). Now apply Lemma B again to 
find d G Fx with D Q W(d), Df Ç Widr1). It suffices to let a be a sufficiently 
large power of d (use that D \J D' is compact). 

LEMMA D. There exists a G Fx with D Ç ÏF«(a) and Df Q W$(l — a). 

Proof. Apply Lemma C and then Lemma A. 

LEMMA E. Let 6, 6' G Fx. Suppose that A ç Fx, D Q {JaeAW8(b/a, b'/a), 
andD'Cl C\a<zAW8{a/b, a/b'). Then there exists a G FxwithD C W8(b/a, b'/a) 
andB' Q W8(a/b, a/b'). 
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Proof. As in the proof of Lemma B, we may suppose that A has exactly two 
elements, a\ and a2. By Lemma D we can find Ci, c2 G ^ x with 

D' \J (DXWiaM) C W^icu c2-l) 
and 

D n wfa/a!) c wvfe, ci - i). 
By Lemma C, we have d G i7* with D ç W1/2(l/d), D' ç T7i/2(d). It suffices 
to set a = d(ciai + c2a2). (E.g., if $ £ D C\ W(a2/ai), then <f)(b/ai) < <5. 
Hence, 

*(a/6) = 0(d)(^)(ai/&)0(c2a2ar1 + Ci) > I/o.) 

LEMMA F. Let b, V G ^ x . Suppose that bA$A+ = VA^A^ for all <j> G D, 
^ G -D'. 77tew /Âere exis/s a £ Fx with D Ç. Ws(b/a, b'/a) and 

Df C Wt(a/b,a/V). 

Proof. Let 0 G A ^ G JD'. By our hypotheses, 

and, hence (also using symmetry), 

( ô - 1 ^ H b'^AJA* = (b-iA* VJ &'"M,) • A+. 

If ^ and A$ are incomparable, there exists c G ^ x with c ^ = b~lA(i) C\ b'~1A(j) 

and Ci4̂  = b~lA^\J V^A* [14, p. 135, Theorem 1]. But if A+ and A+ are 
comparable, such c (z Fx still exists (e.g., if A^ C ^ , take any c with c^40 = 
fe-1^ H fc'-M*). Thus, 0(6c) < oo, 0(6'c) < co,t(bc) > 0, and ^(&'c) > 0. 
Hence, by Lemma C we can pick d G Fx with <j>(dbc) < 5, 4>(db'c) < 5, 
iKdftc) > 1/5, and ^(d6'c) > 1/5. Now apply Lemma E (with b~\ b'~\ D' 
and {$} in place of b, bf, D and D', respectively) to obtain a<t> G Fq with 
<£ G Ws^b/a^, b'/a$) and Z>' Ç Wiia^/b, a^/V). A second application of Lemma 
E gives the required element a. 

Note. The reader who objects to using the strong result [14, Theorem 1, 
p. 135] above (perhaps because we claim it as a corollary to Theorem (2.1)), 
will find it not much more work to use instead the much weaker [14, Lemma 2, 
p. 128]. 

Proof of Theorem (2.IB). The necessity of the condition for the existence 
of b is obvious; we prove sufficiency. Let us pick b so that 

0 < 2<52/(l - 3<52) < e. 

Since F is discrete and C compact, f(C) is finite. By induction, we may 
suppose t h a t / ( C ) contains exactly two elements, b and b'. Set D = f~l(b), 
Dr — f~l(b'). By Lemma F we can pick s, t G Fx with 

DQ Wi(s/b,s/b',b/t,b'/t), 
D' c W8(t/b,t/b',b/s,b'/s). 
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Note that s + t 9e 0. Let a = (ft/ + b's)/(s + t). Write 

1 - ab-i = sb-'dsb-1 + tb~l)~l + (sb'-1 + /ft'-1)"1) 
and 

1 - arlb = (1 - ab-^/i-l + (1 - aft"1)). 

Then, for 0 G D, 0(1 - aft-1) < 25/(1 - <52) and, hence, 

0(1 - arlb) < 2<52/(l - 3ô2) < e. 

Similarly, ^(1 - Û T ^ ' ) < e for ^ G D'. 
Theorem (2.IB) is proved. 

Note G. Observe from the above proof that af(<t>)~1 may be substituted for 
arlf(4>) in the statement of Theorem (2.IB). 

LEMMA H. Suppose that ft, ft' £ F and b — ft' £ A<t>A+for all <j> £ D, \p £ D'. 
There exists a Ç F with D C W8(a — b) and D' Ç W2(a — bf). 

Proof. Let c = b - b' + 1. Then c ^ ^ = 4 ^ for all 0 G A ^ G D'. 
(Sub-proof, c G A^A^, since either 0 G Z> or 0(ft — ft') S 1. But since 
^(c) ^ 0, £ must be invertible in A^A^.) By Lemma F, we can find s, t £ F x 

with 
z) u (z>'\w(te - l)-1)) ç ^ /2(^A, 1A, t/c, t) 

and 
zy n w((c - l)-1) c TF3/2(^A, s, c/t, i /o. 

Since Z2 is nonempty, s + / ^ 0. It suffices to set a = (sft + tbf)/(s + /) . 
(E.g., write 

a - 6 = (V^"1 + Ẑ "1)) + (s/(s + /)) + (ft - ft'). 

Then, clearly, 0(a - ft) < 2 for 0 G Z>'\W((ft - ft')-1)- The other cases are 
similar, but easier.) 

Proof of Theorem (2.1A). The necessity of the condition for the existence 
of a is obvious; we prove sufficiency. Let ô < e/8. As in the proof of (2.IB), 
we may assume that f{C) has exactly two elements ft and ft', and we set 
D = f-^b), Df = f~l{bf). By Lemma H, there exists c G F with 

D Ç W2(b + c) and D' C W2(b
f + c). 

Apply Lemma H and Lemma D each twice to get d, d' G F and s, t £ Fx with 

D Q W8(s, 1 - t, d - ft - c) C\ W2(d' - ft - c), 

D' Ç WB(t, 1 - s, d' - ft' - c) r\ W2(d - ft' - c). 

Set a = sdf + td — c. Then 

a - ft = t(d - ft - c) + s(d' - ft - c) + s(c + ft) + (t - l)(c + ft), 

so, clearly, 0(a — ft) < e if 0 € P . Symmetrically, 0(a — ft') < e if 0 G Df. 
Theorem (2.1) is proved. 
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