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EXISTENCE AND DIMENSIONALITY OF SIMPLE WEIGHT
MODULES FOR QUANTUM ENVELOPING ALGEBRAS

ZHIYONG SHI

We give sufficient and necessary conditions for simple modules of the quantum
group or the quantum enveloping algebra Ug(g) to have weight space decomposi-
tions, where g is a semisimple Lie algebra and ¢ is a nonzero complex number.

We show that

(i) if q is a root of unity, any simple module of U,(g) is finite dimensional,
and hence is a weight module;

(ii) if g is generic, that is, not a root of unity, then there are simple modules
of U,(g) which do not have weight space decompositions.

Also the group of units of Uy(g) is found.

0. INTRODUCTION.

Let C be the field of complex numbers. The quantum enveloping algebra U, :=
U,y(g) is a certain deformation of the universal enveloping algebra U(g) of a semisimple
algebra g over C. For generic g, the finite dimensional simple modules of the algebra U,
are deformations of modules of U(g), so that the latter are obtained as ¢ — 1 (Lusztig
[5]). But infinite dimensional simple modules of ¢, can not be naturally deformed from
that of U(g). Indeed, if g is simple of type B, , then U(g) does not have pointed torsion
free modules; that is, modules which are simple, with 1-dimensional weight spaces and
with the injective actions of the Chevalley generators {e's, f's} (see Britten and Lemire
(1]). But Ug(B,) does have such representations (Britten, Lemire and Shi (2]). For
g equal to a root of unity, the situation is different. Indeed any simple module of U,
is finite dimensional (Proposition 3.1 below). Nevertheless, all the modules mentioned
above are weight modules, that is, they admit weight space decompositions.

With the classification problem of all simple modules for {; in mind, in Section 2
we shall give a criteria for a simple module to be a weight module. This is similar to
U(g) (Lemire [4]). We show in Section 3 that if g is a root of unity, any simple module
of Uy(g) is finite dimensional, and hence is a weight module, and in Section 4 that if ¢
is generic, that is, not a root of unity, then there are simple modules of U,;(g) which do
not have weight space decompositions.

We shall follow closely the notation in De Concini and Kac’s paper (3].

Received 20th June, 1992

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9729/93 $A2.00+4-0.00.

35

https://doi.org/10.1017/5S0004972700015434 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700015434

36 Z. Shi 2]

1. QUANTUM ENVELOPING ALGEBRAS

Assume that (a;j) be an n xn integral matrix such that a;; = 2, a;; < 0 fori # j,
a;; = 0 implies aj; = 0, and there exist positive integers dy,...,d, such that matrix
(diaij) is symmetric positive definite. Thus (a;j) is a Cartan matrix. Also we assume
that dy +dz +--- + dy, is as small as possible, then the integers d,...,d, are uniquely
determined. It is well known that such a matrix is associated with a semisimple Lie
algebra g.

Before giving the definition of the quantum enveloping algebras U, we need the
following notation. Let ¢ € C* := C\{0} be such that ¢?% # 1 for all i. For m € Z
and d € N= {1,2,---}, let

[mla == (¢ —q7*™)/(¢* —¢7%),  [mla == [m]afm — 1]a---[1]a,
and the Gaussian binomial coefficients

md: [mld[m—udm-;![m—ﬂua for j €N, md:l.

We should understand that [m] € Z|q,q"] and are well defined by the Gauss bino-
J 14

mial formula

m—

1 m
[T G-z = 3 (-1 [ 7] e, form>1.
j=0 j=o0 7 11

Then the quantum enveloping algebra U, = U,(g) associated with the above matrix
(ai;) is the associative C-algebra with 1 with generators E;, F;, KE', (1< i< n) and

relations
(1.1) K:K; = K;K;, K;K' = K7'K; =1,
(1.2) K.E;K;7' = ¢%*i E;, K;FjK;™! = ¢~%°®iF;,
K; - K;7!
(1.3) EF - FiBi= b q— o
l1-a;; 1
v |1—aij l-a;;—v v .,
(1.4) 2_% (-1) [ , ’L E;"*"VE,E! =0, fori# j,
l—a..-j 1
v - al‘j l—ai;—v v _ . .
(1.5) ,;0 (-1) [ s ]d,-Fi 7 R FY =0 fori#j.
Let Uy be the subalgebra of U, generated by K;, 1 < i < n. Then from (1.1), we
have
(1.6) Uo =C[K1il,"' ’K:;tl]'

We shall need this subalgebra later.
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2. WEIGHT MODULES OF U,

Let V be an arbitrary (left) module of U,. If w = (c1,...,¢n) € (C*)7, let
Vo ={veV|Kiv=cw} UV, #0, then w is called a weight of V, V,, is called
a weight space of V, and nonzero elements of V,, are called weight vectors with weight
w. It is clear that the sum Y V,, (w € (C*)") is direct. If this sum is equal to V, then

we say that V admits ¢ weight space decomposition, or simply say that V is a weight
module. For weight spaces, a simple application of (1.2) gives

(2.1) E,.V,CV, F.V, CVyn,
where W' = (qdl"“cl,n- ,qd""'"'c,.) and w” = (q‘dl““cl,--- ,q"d"“m'c,,) (see [5,
(2.5.1)]).
PrROPOSITION 2.1. If V is a simple module of Uy, then the following are
equivalent.

(a) V admits a weight space decomposition.
(b) For each v € V, Up.v is finite dimensional.

(b') Foreach v € V and each i, C[KX').v is finite dimensional.
(c) There exists v € V\{0} such that Uy.v is finite dimensional.

(¢') Thereexists v € V\{0} so that for each i, C[K}'].v is finite dimensional.
(d) V has at least one weight vector.

(d') V has at least one weight space.

PRroOF: The implications (a) = (b) = (b’), (b) = (c) = (¢') and (d)<(d’') are
clear. For (b') = (b) and (c') = (c), we note that the fact that C[K}'].v is finite
dimensional implies there exists n; € N so that

C[Kfﬂ].v = Z CK‘-jv.
li1€n;
Thus by (1.6), we have that
Up.v = > CKJ' ... Kiny,
lFil€nii=1,..0m
a finite dimensional space.

Assume there exists v € V\{0} such that Up.v is finite dimensional, then
K,,...,K, have a common eigenvector w € Up.v such that K,w = c;w for some
¢; € C. In fact, ¢; # 0 since the K;'s are invertible. Thus w is a weight vector of V
with weight w for w = (e1,...,¢5). This shows (c) = (d).

For (d) = (a), we note the condition in (d) implies that

W= @we(cx Ve #0.

By (2.1), we have that W is a nonzero U,-submodule of V, and hence is equal to V. (]
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3. THE CASE WHEN ¢ =€ IS A ROOT OF UNITY

Assume ¢ = € is a primitive £-th root of unity throughout this section. We only
recall some properties of U, from [3] for our purposes.

Let N be the number of positive roots of the root system of g. Let Z, be the
centre of U,. From [3, Corollary 3.3], we know that U, is a finitely generated free
module over Z, of rank £2N+™ where Z, ([3, Section 3.3]) is an subalgebra of Z, and
is isomorphic to the tensor product of the polynomial algebra of 2N variables and the
Laurent polynomial algebra of n variables. We may express Z, as

+1
Zy = Clz;, t; " ligigeN,1€i<ns

for commuting variables z;’s and t;’s. Now the maximal ideals of Z, all have codi-
mension 1 in Zj, so any simple module of Zy is one dimensional.

Proposition 10.1.9 of [6] implies the following
Fact: Suppose a C-algebra R is a finitely generated module over C, which is a sub-
algebra of R such that rc¢ = ¢r for any r € R, ¢ € C. If M is a simple module of
R, then M as a module of C is a direct sum of finitely many copies of a single simple
module of C. In other words, M over C is semisimple, of finite length and isotypic.

Applying the Fact to the case of R =U, and C = Z;, we have the following
PROPOSITION 3.1. Any simple module of U, is finite dimensional.

Therefore, in order to determine whether simple modules are weight modules, we

need only be concerned about the finite dimensional ones. Then Proposition 2.1 gives
COROLLARY 3.2. Any simple module of U, is a weight module.

Combining this with the result for U, (sl;) (see, for instance, [7] or [3]) the classi-
fication problem of all simple modules of U, (sl;) is solved. Unfortunately, this is the
only complete classification available so far.

4. THE GENERIC CASE WHEN g IS NOT A ROOT OF UNITY

In this section, we find the group of units of U;(g) for any ¢ and then construct
some simple modules for generic g, which are not weight modules.

Let us recall briefly some facts about the basis structure of U,. See Section 1.7 of
[3] for more details.

Fix a root basis {aj, ---, -+, ap} of the root system A of g, with respect to the
Cartan matrix (a;;). A chosen reduced expression of the longest element of the Weyl
group of g gives an ordering of the set At of positive roots, say in this ordering At =
{B1, B2, --- , Bn}. By using the action of the braid group of the Weyl group of A on
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U, , one defines the root vectors Eg, Fg for all B € A" having E,;, = E; and F,; = F;.
Then for k = (k1, -+~ , kn) € ZY;, let EX = Eg! - EgN and F* = FgN .. Fg'.

For k,r e Zg’o, u € Uy, define the monomial My, = F*¥uE*. Define the degree
of Mk,r;u by

d(My, ;) = (N, -+, k1, 71, -+, N bt (M, ) € 235,

where ht (My ru) = Y (ki + 7:) ht (8;). The lexicographical order on Z;’:H (as semi-

group) gives a filtration {U(*)} of U, with U(*) being the linear span of the monomials
My, r;u with d(My,r) < 3. Then we may define a degree d(z) for any element z € U,
as the minimal s such that z € U{*). d(z) = 0 if and only if z € Uy (1.6). Conven-
tionally the only element in ¢, possibly having degree less than 0 is 0.

The g-analogue PBW theorem is that {FXK™ ... K™ E* |k, r € Zgo, m; € Z}
is a basis of Uj.

Two important formulae used in the proof of the above results (Section 1.7 of (3])
are

Ep,Eg; = ¢ #1P)Eg By, + Y B,
kezf,

for i < j, cx € C, and cx = 0 unless d(E*) < d(Ep'.EpJ.) and
E.Fg = FgE, + terms of degrees less than d(FgE,).

These formulae and PBW theorem imply that d(zy) = d(yz), =,y € U,.

Assume z = z1 + 22 and y = y; + y2 with 3 = My, r,;u,, 1 = Mka, rajus,
and d(z2) < d(z:1), d(y2) < d(y1). Then we have that zy = 2; + z2 with z, =
My, 4%y, r14r0;u and d(z2) < d(21). If zy = 1, then d(z;) = d(zy) = d(1) = 0. So
z3 =0 and k; = k; =r; =r; =0. This gives that z, y € Up. Since Uy is the Laurent
polynomial ring on K,, ---, K., we have

PROPOSITION 4.1. The units group of Uy equals {K{™ --- K |m; € Z,1<
i< n}.

In particular, E; — a is not invertible for any a € C*. Fix any j € {1,...,n},
there exists a maximal left ideal M which contains Ej — a. Then U;/M is a simple
module of U/,. We claim that U/;/M admits no weight space decomposition.

By Proposition 2.1 (¢'), it suffices to show that

(41) {1+M,K; + M,K} + M,.--}
is linearly independent in Uy /M . Suppose that

(4.2) col + 1 Kj+ 2K +--- + e, Kf € M,
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for any k € N and some ¢; € C. By (1.2),

i —2migi
ETK: =q *™KiEP.

For each 1 < m < k, applying ET* to (4.2), we have

cola™ + clq_z'"Kja"‘ + czq"”"KJ?a,’" 4+ 4 c;,q"zl""K;-‘a"' €M,

and then col + Clq_mej + Czq_4mK,? +-- 4+ qu_zka; € M.

Since g is not a root of unity, the (k+1) X (k+1) coefficient matrix (g72™) (a
Vandemonde matrix) is non-singular. This implies ¢; K ; € M, and so ¢; = 0 since K;

is invertible and M is a maximal left ideal. So the set of (4.1) is linearly independent.

This establishes our claim.
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