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LARGE DEVIATION RESULTS FOR A
U-STATISTICAL SUM WITH PRODUCT KERNEL

Y.V. BorovskikH AND N.C. WEBER

Large deviation theorems are proved for non-degenerate U-statistical sums of degree
m with kernel h(zy,-..,Zm) = 21 -- T under the Cramér condition and under the
Linnik condition. The method of proof uses truncation and the contraction technique.

1. INTRODUCTION AND THEOREMS

Let Xi,---,X, beindependent and identically distributed random variables with
distribution function F. Assume EX) = 4 # 0 and 0 < ¢ = E(X; — p)? < 0o. Consider
the U-statistic of the form

-1
n Z
Un=(m) .Xil“‘Xi'n.
1<H < <im&n

According to the Hoeffding decomposition

(1) Un_ﬂm=Zm(m—1).--(m—C+1)um-c z (Xil—")”'(x‘ic_“)'

n(n—1)---(n—c+1) 1€ <<ickn

c=1

Form=1U,-p=n"!? E(X — ) is the usual sum of independent and identically

distributed random variables. Large deviation results with Cramér series for such sums
have been developed in many papers including [1, 4, 6, 7, 8], both under the Cramér
and Linnik conditions and under violation of these conditions.

Let Fo(z) = P(\/ﬁ(Un — ™)/ (molp™?) < :z:), z € R. By the central limit
theorem for non-degenerate U-statistics, F,(z) = ®(z) uniformly in z as n — oo, where
®(z) denotes the standard normal distribution function. Hence for any fixed m and z

(2) (1 - Fu(z))/(1 - ®(z)) = (1 +o(1)),

as n — co. We are interested in (2) when z tends to infinity together with n and
z = o(y/n). All existing large deviation results for U-statistical sums with z in this range

. require the kernels to be bounded and so they do not apply here. For our special case we
have the following result where the coefficients Ay, are defined via equation (18).
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THEOREM 1. Letz = o(\/n) and suppose that the Cramér condition
3) Eexp(a|X,]) < o0
is satisfied for some a > 0. Then for any fixed m > 1

oo ool ()} (+o(5%)

with the Cramér series

Am(u) = Z Aemt*
k=0

which converges for 0 € u < ¢ for some € > 0.

Further, for 0 < a < 1/2, let s = [4a/(1—2c)] denote the integer part of 4a/(1—2a).
Introduce the truncated Cramér series

M) = Aom + Amt + - - - + Agmte’.
THEOREM 2. Let z = o(n®) and suppose that the Linnik condition
(4) Eexp{a.lel'*“/(Ml)} < o

is satisfied for some a > 0. Then for any fixed m > 1

i/ 6-0) - o8 3)} (+0((52))

2. PROOFS

In the following we can suppose that z > 1. In fact, by [2, Theorem 6.3.2]

sxipan(z) - ®(z)| < 36(0'3E|X1 - uf +mexp{2(a/p)2})%

for all 1 < m < /n. Further 1 — &(z) > 772 for 0 < z < 1. Hence for any ﬁxedm
andfor0<z <1

s 6-00) - (3)} 1+0(5))

PRrROOF OF THEOREM 1: The contraction technique for U-statistics of degree 2,
proposed in [5] , was extended in [3] to U-statistics with bounded kernels of any degree.
Following their approach we define the operator T;""!: g — T/ g, by

E{[T2! e50Oh(Xs, ..., Xmon, )}

-1 —
Te= (Eetstx)) ™!

, t€ER
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for any fixed integer m = 2,3..., where g(X,) satisfies the Cramér condition, that is,
E exp(a|g(X,)|) < oo for some a > 0.

The following lemma shows that under the Cramér condition (3), for sufficiently
small ¢, the equation g = T;""!g with kernel

(5) h(z1,...,Zm) =21 - Zp-
has a unique solution. gs, that is,
(6) 9=T7"""g. 0
LEMMA 1. If the Cramér condition (3) is saﬁ.ﬁed then the function
o(z)=p2'(t)-z, z€R

is the solution of (6) for kernel (5), where p.,(t) is an analytical function in the region
0 < t < b for some sufficiently small b > 0.

PROOF: If some function g;(z) is the solution of (6) then we can write
-1
( E(etorxv) Xl))"‘
(Eetgt(xx))"'_l )

g:(z) =

Let
E(etyc(xx) X1)

pm(t) = —p—ty
Hence, for um(t) we obtain the equation

E(ew=™ (09X X))
(7) I“"l(t) - Eet“:—l(t)xl

Futher we shall prove that this equation has a unique analytical solution for small t. To
show this let

) £ =tun'(t).
Then (7) can be written as

Ne t=¢. (E—(f(f;x—))m

Under condition (3) the functions E exp(£X,), E(X)exp(£X,)) and
E exp(£X1)/E (X1 exp(£X,)) are analytic for |€| < a/2 and therefore in (9)

(10) T t=£-Y cemtt,
k=o
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where the power series converges for small |£|. For any sufficiently small |t| the equation
(10) has a unique real solution £ = £(t), where

[~}
(11) Et)=t-)_ demt*

k=0
with convergent series for small |t]. From (8) and (11) we obtain
(12 W) =3 dumt

k=0
From (12) we see that for any m > 2
(13) pm(t) = Zﬂ'kmtk

k=0

where the power series converges for sufficiently small £. This proves Lemma 1. 0
Let ¥(t) = In E exp{tg:(X1)}, where g(z) is given in Lemma 1. Define F; by

dF, = YU dF.

Let P, denote the probability measure under which X;,X,,... are independent and
identically distributed from F; and let E; denote the expectation under P,. Hence, in (7)

(14)- bm(t) = EeX;.
Let t = t(z/+/n), where t(z//n) is the solution of the equation
(15) Ur(t) — & ﬁmOIu

- with zn~1/2 — 0. The existence of this solution is guaranteed by (13). In fact,

un(E) = pm 4+ Bemtt,

k=1

where the power series converges for sufficiently small ¢t. From (15) we obtain

oo
z -
Zﬁkmt" = —molu|™t.
k=1 n

7

By the inversion theorem for analytic functions we get

(%) L)
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with convergent series for small zn=1/2.

Further, let U, (t) denote the U-statistical sum U,, where X, ..., X, are independent
and identically distributed with distribution function F;. By analogy with (1) and by
using Lemma 1 we have the Hoeffding decomposition under P,

Un(t) = ui(t) + — Z(yt(X) Bo(2))

N Z m(m — 1) (m—c+1) o) S (X — (@) - (Xe ~ (@)

2 n(n—1)---(n—c+ 1) 1€i <<iekn

Let
== Z(gt(xy) I‘m(t)) and wva= Z’\c(t)ﬂc,
J—l
where ( 1) (m—c+1)
Ac(t) = (2 - 1) (:? - cc+ ) R ),
and '
me=nT 30 ((Xa) - un(t) - (9(Xe) - MR (®)-
Then ) )

Un(t) = pm(t) + moy + mu,.

Hence using (15)
z
Un(t) — —=mo|p|™ ! = mo, + my, + p™

A

and

a7) P(vn-u" > Zemalul)

= / I (U,.(y,, oY) — 4™ > %ﬂwlul"‘“) fIdF (v:)

=1

-/ exp{ >_(v(0) - taw) }1(n - " >7—m|u|"-l)ﬂdn(y.

i=1

= E, [e"”(‘)"““m')"""I (U,.(t) - —j—:malyl"“l —-u™> 0)]

= emHO-nuBE .
" where J, = e (o) + v, > 0).
Using (16) and the definitions of (t) and p,,,(t) we have

(18) w900) = B0 = =5 + dam e+ Min D+
:z:2 z3
=5+ Zm(Z)
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Next we shall estimate J,. Let § = g:(X;) — un(t), 7 = 1,...,n, and introduce the
truncated random variables

§=6I(&<zvn), j=1,...,n

Then J, = Jn(fla .. :gn) and 71; = Jn(gl, .o 721:) = Ete-tn?xf(al +7, > 0)
LEMMA 2. Ifz>1andzn Y2 5 0asn — oo, then

Jn =Tp+512(1- 8(2)) - 0(71%)

PRrROOF: Denote
f(&s--. &) = €™ (01 + v > 0).

Note
In =T =E[f(&1,-- . &) = FEs-.r E0))]
- ilEt[f@l,...,‘,--l,s,-,...,e,o e B 6]
= zn:EtI(IEjI >zvn) [fE -2 €-1,65: 6 6n)
N YIS
Thus

19 a-Ta < B 161 > svm) (e +1)] (Be)™ (B )™

=1
Since
(20) e=1+y+0y%", |9]<1, yeR
under condition (3), E.,e** < exp{c;z2/n}, Ew%: < exp{ciz?/n}, and
E1(j&] > zv/n)e! < (Be®l) (Py(lg] > zﬁ))m
< exp{c;2?/n} (P:(I&I > I\/ﬁ))m < e~ VR
for some positive constants ¢; > 0, which do not depend on z and n. Hence in (19)
| Jn = Tn] € 2conexp{ciz® — c3z/n}
- (- 2@)0( %),
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since !
e 2(1 - 8(2)) = O(;), z = .

This proves Lemma 2. 0
Consider J,. The second Waring formula gives the following representation for 7.:

e = > f[(—l)"-'l(s‘u‘,,!)-1 AR

{5 20551 4+ 2i2+--—+dic=c} s=1

where

n
5,:1;"222, s=1,...,c
k=1
Next we introduce the truncated random variables
3,-=3jI(|6',-|<6), j=1,...,m

for some sufficiently small § > 0. In addition, .7,., Un, 7. are obtained from J,, T, e,
respectively, by substituting 5,- for 7;.

LEMMA 3. Ifz>1andzn"'Y?2 -0, then

Tn=Jn +€12(1 - Q(z))O(%).

PROOF: Denote ¢(G4,...,0m,) = e~ I(5, + Ty > 0).
Arguing as in the proof of Lemma 2

711. - j;n = Eg[‘ﬁ(b_l,--.,b’_m) - <p(31,,3m)]
m
= Z EtI(Ib—k| > 6) [‘p(alv (R ’Ek—l1ﬁk75k+11 o aam)
k=1

_(p(ala sy Ek—la 01 ak-}-l, LR 1a'-m)]

from which we obtain

[Ta= Tl <23 EuI(j52] > 6l
k=1

m
<2 (B (Rl > ) .
k=1

Here

Egemwll < E.e 1 + Ege- 71
- n -
= ( E,emx) + (B 2" ¢ oyes??
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and
(21) P.(I5s] > 8) < e™*=VPE, exp{z+/n|5:|}
< €V, exp{z\/n5: } + e *VPE, exp{ ~z/15; }.
Now /A n
E,exp{z/no:} = (Etﬂp{‘z_n';ﬁg}) )
and using (20)

@ Eep{2F8) <1+ 2288+ a8 ee{ 2R},

For k =1, |E£,| < cs(zv/m)7!, and

_ 1/2
Etg e@{%lgll} < (E:ff)m (EtexP{%lfll}) < cr.
Hence

(23) E.exp {zv/n71} < exp{cs + 7}

Now consider (22) when k > 2. In this case IE,E,I cg, and
Et(ka exP{z;{ﬁE’l‘l}) < (Etg:k)l/2 (EtexP{ \/—|§1|})

< (5" (men{o(F) I}) " <

(24) Eeexp {zvni} < e"p{“”zﬁ”*’(%)z}

Hence for k 2> 2

for some positive constants ;. These estimates combined with (21) prove Lemma 3. [
Next we shall estimate J,.

LEMMA 4. Ifz > 1 and z = o(y/n), n = oo, then
T, = &1 (1 - 3(z) (1 +o(—ﬁ)).

Te = 01 - e + fe, c=22

PRrOOF: Write
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where
c
ez ¥ (Heven)ae o,
i1 42ia4-beic=e “a=1 '
121,4:20,8=2,....c
[
B. = E (_l)c«'z+-~+i¢ (H(s"i,!)‘l)&;" .. 3’;:
ig4-tcic=c s=2
Then
(25) Uy =01+ B,
where

a= Zz Ae(t)a. and f= Zzz\c(t)ﬁc.

Note that |o] < a; - 8 < 1/2 for some constant a; > 0 and sufficiently small . Further,
taking account of (25) we have

= T i~ o~ —tnd —_—
Jo = Ee™™1(G1 + T, > 0) = Epe ‘I(0>-1+a) ZA"

where

A = Ege'”“"I(al > 0),
Ay = EQC—MII(FI' > 0) - E',e""“" 1(0’1 > 0),
Az = E,e‘"“-”I(&'l > 0) - Ege'”'" I(a]_ > 0)

A4=E,e'”‘3‘I(31>-—lfa)I(llf| <1) Ee"‘“"‘I(al>0)

—petayfz o __B Bl 1
As = Ese I(Ul> 1+a)I(1+a>n .

ESTIMATE 4. Let 6? = E(9:(X:1) — u(2))?, z: = V/ator,

= 6:/5 > (ge(X1) - p(t), and @a(y)=P(S<y), yeER
i=1

. Note that by Lemma 1, (15) and (16)

ol +0( ).t pria(1+0(F)), =

(26) Te=1+ %0(1).
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By definition
@) A = / e=VI(y > 0)d®,(y) -

= /o ~ e s an(y) + /o " e td(8,(y) - 2(y).
Recall e* = 1 + z [, e**du, z € R, so using (26) we have
[Fewr= ol olvo(3) s

- /o e~V dd(y) — / O(I)yexp{—zy ﬁyuO(l)}dQ(y)du.

Here -
/ e~ Vd®(y) = e *(1 - &(z))
0

Tn /0 fyexp{—zy— fyuO(l)}dQ(y f yexp{ -zy — irz‘/=yuO(1)}
= —;% (z + %uO(l)) -
=/2(1 — @(z))O(—j—ﬁ).

/0 °° e *¥dd(y) = e /(1 - &(z)) (1 + 0(5—5))

Further, in (27)

/0 " emg (@n(y) — ®(y)) = — (2 (0) - &(0)) + z: /0 ” (@n(y) — B(y))e~=Vdy.

Consequently,

By the Berry-Esseen theorem (see, for example, [7])
1
sup|®.(¥) - ¥()| < 073Elg(Xy) - p™ ()P ==
1p| 0 (y) ~ 2(v)| < 0 Elge(Xa) - )| =
Hence,
* -Zy - -3 —ym 3i
[ e ra(@aw) - 00)| < 207 Bloutt) - w0 o=
T
= 632/2(1 - Q(I))O(—\/—ﬁ) y

and so we have

Ay = €7 2(1 - &(z)) (1 + O(:/:%.))
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ESTIMATE Aj. Let ¥(§y,...,&) = e®11(0, > 0). Then
. A, = Et[‘I’(Eh i 131;) - ‘I’(£11 cee ’En)]
= ZEtI(Ié!I > 1‘\/7—1) [‘I’(Ela cee 93_1‘-1’ 0, §j+l, o.e v{ﬂ)
j=1

"‘I’(El’ oee ’Ej—h fj, L TTO T

and therefore

|82} < 22EJ(|§,| > zv/n) = 2nP(|6| > zvn) < 2Egin~".

Jj=1

Hence,

Ap =21 - @(z))O(%).

161

ESTIMATE A;. By definition, A3 = E,I (51| > 6) (1 — e *%11(7, > 0)) and so from (21)

and (23) we have

Az =€ (1 - &(z))0 (%) .

ESTIMATE Ay. Clearly

1) <scaemn(-

:I'-‘

—E; _WII(O <7 o <
That is,

(28)  |A4 < EEI(jo1] < n7Y)

= ¢[Bd (j71] < )1(31] < n78) + Bl (j7] > )I(17] < n7Y)]

< ¢[R(jl <n™) + B3 > 9)].

But .
P([51] > 8) < e7*VREe™V

and so from (21) and (23)

(29) P(j71l > 8) =€ /2(1 - Q(z))O(%).

Further in (28)
Pg('ﬁll < %) = H(zn £ yn)1
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where
Tn=—(1+ nEZl)/(ﬁn/a, ‘ n=(1- ﬂEtZl)/(b_t\/a),
§= Z(Eg - E&))/(Be/n), and 7: = Ey(§, - E&)*
i=1

Let 8,(y) = P(5< y)- Then

(50) P17l < 3) < 25upfBaly) - 2(6)| + 2(00) — 2(z2)
< 2E,[E, - B&,[*/(3vn) + 2(Gv/n) !

— (1 —@(z))O(%).
Hence, from (28)—(30) we find

Ay =€l (1- @z))O(%)

EsTIMATE As. Since || < 1/2, then
As < Ee®P1(2n)8] > 1).
By Hélder’s inequality
(31) As < (E,emml)‘”(p,(zn]ﬁl > 1))1/2
Using the inequality

e Yml @ HNI® + -+ g Y™, @'+ +gnl=1, B ER
we obtain
m
(32) Ee*P<aY" Y Eiexp{aszvnley---55(}
c=2 2ig4-fcic=¢C

for some positive constants a;. Without loss of generality we can suppose that in (32) all
i, 2 1, s =2,...,m. Otherwise, if i, = 0 for some k > 2 then 5}* = 1. Hence, in (32), if
<1,

E.exp{aszV/n|5} - - - 5|} E;exp{azzv/né&?* 1|5}

<
< texp{a3x\/_laJl}7 .7 "2;---16’

and so using (24) we get
Ee®™P < ¢10.
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Further in (31) we have for any integer ! > 8

m
]
(33) P(2nl8] > 1) < @) EBF < (2m) Y_|A()[ {n'EulB.I'}-
=2
Letr; > 1, j=1,...,p, be the non-zero terms in the solution of the equation 2i;+---+
ci.=¢, c2 2. Hence i, =71, ..., i, = 7p for some sequence k;,...,k, with k; > 2.
Then in (33)
P
BBl <en Y Ee(jnl™ - 16sI"") <cn > ZEth. [Pire.
(r1,...,mp) (P15.7p) 5=1

It is easy to see that
' E|G,, [P < can™?, s=1,...,p.

Hence in (33), P.(2n]B] = 1) < ci3n~!. Substituting into (31) gives

As = e‘z/z(l - Q(z))O(-—%).

Combining the bounds for the A; completes the proof of Lemma 4. 0
Theorem 1 follows from (17), (18) and Lemmas 2,3 4.
Proor oF THEOREM 2: At first we introduce the truncated random variables

X; = X;I(1X;l < M), j=1,...,n

and define the U-statistic U, = U,(X,,...,Xn). The proof of Theorem 2 follows from
Lemmas 5 and 6 below. 0
LEMMA 5. Assume condition (4) holds. Then for 1 < z < o(n%)

—,m _f_ m-11) _ 7 ™
lP(Un I >\/r—lml”| ) P(Un I

i
——

S

i=
—~ V
Sl
~——
——

(1-s@)o(%).

where & = p(X,) = EX,, 3 = 0*(X,) = E(X, - )%
PROOF: By analogy with the proof of Lemma 2 we can write the inequality

_ams X m-1\ _p(77 _sm < L . =jm-1 (1/2)+a
‘P(Un n >ﬁma|u| ) P(U,, 73 >ﬁnw]p| )|<2nP(|X1|>n ).

Here
P(|X:1] > n0/27+e) < e E exp{a) X, [4o/2e+D}.
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Since z > 1 and zn™% — 0 as n — oo then

e~ =e-(4/2)n’°exp{%/\£:](%) _%2}

on{-ols - (2) (- 02(30)])
18

completing the proof of Lemma 5. 0
LEMMA 6. If1 <z < o(n®) and condition (4) is satisfied then

(025> o) - em{ )0 (1+0(3):

PROOF: We shall apply Theorem 1. In the following &, &, %, ¥,... denote
w, o, t, ¥,... respectively, where, instead of X;, we substitute X,. For example,
I = EX, and 32 = E(X, — )% At first we note that for |z| < (1/2)an—(1/2)+e,

Eexp(zX1) < E exp{a|X;|t/2a+D},
|Eexp(z-f1)'f1|2 < EXE exp{al|X, [4*/=+D}.

Hence, given condition (4), the function Eexp(zX;)/E exp(zX,)X, in (9) is majorised
by an analytic function uniformly in n for |z] < (1/2)an~(*/2+2. Further, by analogy
with (18)
W@ - nimn® = -5 + 2 (),
n® =T+ F\ 7
Therefore, under condition (4), applying Theorem 1 for 1 < z < o(n®)

P(Tu-i> Zmar=) = (- o) en{ 23 2) } (1+0(Z)),

with Cramér series
(34) W) = 3 R
k=0

which converges for 0 < u € en~(/2+2 apd sufficiently small € > 0. The coefficients
Aem = Aem(X1) depend on the moments of the truncated random variable X,.
Let

$
= Zkauk + p(u)a
k=0
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o

where p(u) = Y. Awmu*. Note s+1 > 4a/(1 — 2a) and in (34) the series is convergent
k=s+1

and uniformly bounded. Hence for z = o(n?)

() -o03(3) " -0(5)

Moreover . .
() () o)
Thus
wo{ ()} ==l 4(5)} (o))
This proves Lemma 6. 0
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