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1. Introduction

In a recent paper (1), Jones extended the definition of the convolution of
two distributions to cover certain pairs of distributions which could not be
convolved in the sense of the previous definition. The convolution w, * w, of
two distributions w, and w, was defined as the limit of the sequence w,, * w,,,
provided the limit w exists in the sense that

lim J‘ o(x)wy, * 0, (x)dx = f d(x)o(x)dx
n=® J - ~
for all fine functions ¢ in the terminology of Jones (2) where
©14(x) = @1 (X)T(x/n), @2,(x) = wy(x)t(x/n)
and 7 is an infinitely differentiable function satisfying the following conditions:
@) ) = (%),

Mot =1,

(iit) ©(x) = 1 for | x| £ 1/2,

iv) (x) =0for| x| = 1.

In (1) Jones proved that
1 *sgnx=x. (1)

In the following we give a generalisation of this result.

2, Result
We prove that in the sense of Jones’ definition of convolution for distributions
12
X" % (sgn x.x") = )" x2r+t (2)
@r+ D!

forr =0, 1, 2, ..., the particular case r = 0 being equation (1).
We shall write

(x"), = x"t(x/n), (sgnx.x"), = (sgn x.x")t(x/n)
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and so

(x"), * (sgn x.x" J (x—01 ( )t’t(t/n) sgn tdt

_ J ’ {(x—t)’t (i‘;t) —(=1Y(x+1)t ( x+ )} ro(t/m)dt
0 n n
= (—1)yn?+t '[1 {f(t— f) —f(t+ f)}f(t)dz,
0 n n

S =1t(2).

where

1t follows that

(x), * (sgn x. x7), = —=2(—1yn?r*! Z (2s—),n—23_—1 f OO0t + R ()
0

where for each bounded closed interval 7, there is a constant C (depending on /)
such that

2s—1

IR <& forall xel.
n

Then for all fine functions ¢ vanishing outside /

< 9[ | ()] dx—0
nJg

f ® RMé(x)dx

as n tends to co.
Now since

700) = r!
JO=1©) = .. =10 =0,
=50 = .. =71 =0,
it follows that
[ 1= -1y [ se-voroa

=0
fors=1,2,..,rand

[[ 1o =iy [ s
0 0

= 3=
Thus
(r ')2 2r+ 1 n(x)

(x7)n * (sgn x. x7), = arin
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and so for an arbitrary fine function ¢ we have
I () [ 21
lim O(x)(x"), * (sgnx.x"),dx = —*— x* Tl (x)dx,
now J o @+ j-g
since a fine function vanishes identically outside a finite interval. _ This completes
the proof of equation (2).
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