EMBEDDINGS OF TOPOLOGICAL PRODUCTS OF
CIRCULARLY CHAINABLE CONTINUA

L. FEARNLEY

1. Introduction. In a recent paper (5), the author has established the
Euclidean spaces of least dimension in which the topological products of finite
collections of k-cell-like continua can be embedded. Specifically, it was shown
that, for each pair of positive integers k and %, the topological product of any
collection of # k-cell-like continua can be embedded in Euclidean space of
dimension k(n + 1). This result includes a theorem of Bennett (1) that the
topological product of any finite collection of # snakelike continua can be
embedded in Euclidean space of dimension # + 1.

The purpose of the present paper is to extend the investigation of embeddings
of topological products of continua that are normally defined in terms of
cofinal sequences of open coverings whose nerves are members of characteristic
classes of complexes. Such continua have been discussed by Mardesic and
Segal (7) and shown to be topologically equivalent to inverse limits of inverse
systems whose co-ordinate spaces are members of corresponding classes of
polyhedra, a result that will be used in this study. The principal theorem of
this paper is the following solution of the embedding problem for topological
products of circularly chainable continua.

TaEOREM. The topological product of any finite collection of n circularly
chainable continua can be embedded in Euclidean space of dimension n + 2.

This theorem gives an affirmative answer to a question raised by Bing in a
research seminar at the University of Wisconsin, 1964. Furthermore, in a
subsequent paper to be presented by the author it will be shown that for each
positive integer # this principal theorem is the best possible result.

In (2), Bing has considered the problem of embedding circularly chainable
continua in Euclidean spaces and has established a characterization of circularly
chainable continua that can be embedded in the plane. A difficulty arises in
embedding circularly chainable continua in the plane, which does not occur
in embedding snakelike continua; it concerns the circling number of refine-
ments in circular chains associated with the continuum in the sense of (4).
In the present paper, the embedding of topological products of circularly
chainable continua in Euclidean spaces also involves problems that are more
difficult than those encountered in the corresponding study for cell-like
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continua. Thus, we shall use somewhat more complicated techniques than
were used in (5).

2. Definitions and notation. The more standard terms used in this
paper are defined in (3 and 9). In addition we give the following definitions
of terms that are either special terms or terms that are frequently given
different although equivalent definitions in the literature.

A continuum K is said to be circularly chainable if K is homeomorphic with
the inverse limit of an inverse system {S;, f;} in which each co-ordinate space
S; is a simple closed curve and each bonding function f; is a mapping of S;41
onto S;. We note that, from the results of Mardesic and Segal (7), this defini-
tion of circular chainability is equivalent to that given by Bing in (2).

A transformation f of a topological product space S;1 X S2 X ... X S, onto
itself will be said to be a monovariant function (with respect to the topological
product S; X Sz X ... X S,) if there is an integer k, 1 < k£ < #, such that
f has the form

f(xly X2y oo vy xn) = (xly X2y o ooy Xp—1, fk(xk)v Xi+1y X2y o« xn)v

where x; denotes a representative point of S;,72 =1,2,...,#, and f; is a
continuous transformation of .S; onto S;.

A homeomorphism % of a compact subset C of a space S onto a subset % (C)
of S'is defined to be an extensible homeomorphism with respect to S if there is an
open set U of S containing C and an extension of % to a homeomorphism of U
into S.

We define a homeomorphism % of a space M; with metric d; into a space
M, with metric ds to be distance decreasing if, for each pair of distinct points
x and y in Ey,

do(h(x), h(v)) < di(x, y).

In this development it will be important to distinguish between different
metric functions for topologically equivalent spaces. The metric function d
for a space M that is the topological product of a finite collection of spaces
My, M,, ..., M, with metric functions dy, ds, . . ., d,, respectively, will be
the standard product metric function

3
2

d((xly X2y ooy xn)y (ylr Yoy v yyn)) = (gdl(xu yl) )

In referring to the distance between functions it will be assumed that the
functions have a common domain and that the usual function-space metric
applies.

The notation E” will be used to denote Euclidean space of dimension % and,
if @ and & are points of a particular Euclidean space, the notation [a, 8] will
be used to denote the line segment with end points a and b.
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3. Preliminary results. Before proceeding to give a proof of the principal
theorem of this paper, a number of preliminary results are needed. First, we
state two lemmas that will facilitate the construction of mappings from inverse
limit spaces whose co-ordinate spaces are topological products onto inverse
limit spaces whose co-ordinate spaces are subsets of an embedding space. It
will be seen that both of these lemmas can be readily established using standard
methods.

LemMma 1. If S, Sy, . .., S, is a finite collection of unit circles and M is a
subset of E¥ (k > 1), then there is a distance-decreasing homeomorphism h
embedding the topological product Si X S X ... X S, X M in E™*. Further-
more, if M is an open subset of E¥, then h(S1 X Se X ... X S, X M) is an open
subset of E"tE,

LEMMA 2. If S is a unit circle in E® and f is a mapping of S onto itself, then,
for each positive number e, there is an extensible homeomorphism h with respect to
E? such that the distance from f to h is less than e.

Next, we state a result of McCord (8, §4, Theorem 8).

LeMMA 3. Let S be a compact metric space, let {S;, fi} be an inverse system in
which each co-ordinate space S; is @ compact subset of S, and suppose, for each
positive number € and each positive integer i, that there is an extensible homeo-
morphism he; with respect to S having distance less than e from the bonding
mapping fi. Then the inverse limit of {S,, fi} can be embedded in S.

In this development we shall be concerned with inverse limit systems of the
form {S;, fi}, where, for each positive integer i, .S; is compact, S; = S;;1, and
S, is contained in an embedding space S that is a subset of a particular Eucli-
dean space. It is observed that with these conditions the requirement in
Lemma 3 that .S be compact can be omitted.

4. Embedding topological products of circularly chainable continua.
The purpose of this section is to establish the principal theorem of this paper
that the topological product of any collection of # circularly chainable continua
can be embedded in E"+2, The spaces of the inverse systems considered in this
theorem will be simple closed curves and generalized tori and the spaces of any
given inverse system will have identical point sets. However, for the purposes
of describing the transformations developed in the proof of the theorem, it
will be convenient to index otherwise identical spaces according to their
positions in a given inverse limit sequence.

THEOREM. If Ci, Ce, ..., C, is a collection of circularly chainable continua,
then the topological product Cy X Ca X ... X C, can be embedded in Euclidean
space of dimension n + 2.
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Proof. The proof will be presented in three sections. In the first section we
shall show that the topological product C; X Cy X ... X C, can be expressed
as the inverse limit of a system {P, f;} in which each co-ordinate space P,
is the topological product of # unit circles and each bonding mapping is a
monovariant function. Next, modifications will be made to { P, f;} to produce
a second inverse system {Q; g;} such that the inverse limits of {P,, f;} and
{Q: g} are homeomorphic and {Q; g;} has a form that will facilitate the
construction of a corresponding inverse system with co-ordinate spaces in
E™2, Finally, in the third section of the proof, we shall develop a further
inverse system whose co-ordinate spaces are embeddings of the co-ordinate
spaces of {Q; g:} in E"? and whose bonding mappings are those induced by
the corresponding bonding mappings of {Q;, g;}. It will be shown that the
inverse limit of this third inverse system can be embedded in E*t2,

We now consider the first section of the proof. It may be assumed that each
circularly chainable continuum C, ¢t =1,2,...,n, is the inverse limit of a
system {S,, b}, r =1,2,3,..., in which each co-ordinate space S, is the
unit circle and each bonding function 4,, is a mapping of S,;1,; onto S,,. With
these inverse limit systems we construct a new inverse system whose co-
ordinate spaces are topological products of # unit circles.

First we define topological products

{Pror=1,2,3,...;t=1,2,...,n}

in the following manner:
Prt = Sr+1,1 X Sr+1.2 X... X Sr+1,l—1 X Srt X Sr.t+l X... X Srn-

In the case that ¢ = 1 the defining equation for P,, is to be interpreted as in-
dicating that P,, = S;1 X S;2 X ... X S, Next, the members of the collection
{P,,} are ordered lexicographically with respect to their subscripts. To complete
the definition of this inverse limit system we denote by x,, a representative
element of .S,, and define the bonding mapping f,, of the successor of P,; onto
P, by the equation
frl(x7+l,ly Xr41,2y o« o v Xrt 1,0 X o+l Xr 142y + 0 0 xm)
= (xr-\‘-l,lv Xrg1,2y o+ oy brt(xr+1,t)v Xry o4l Xr,t420 « o oy Xpn)e

We denote the resulting lexicographically ordered inverse system by {P,, f,}
and indicate the inverse limit space of this system by L. The first section of the
proof will be established by showing that L is homeomorphic with the topo-
logical product C; X Ce X ... X C,.

To do this, note, since L is the inverse limit space of {P, f;}, that each
element of L has the form

U = ((xlly X12y o o« )xln)r (x211 X12y X13y « « « xln)y o e ey
<x7+1,1, Xr41,2y « + oy xr+1,l—1y Xrty X a1y o o oy xm)y
(xr+1,17 xr+l,2y ey X1, X o1y Xy 042y o o e vxrn)r . -)'
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We shall refer to the expressions enclosed in inner parentheses in this equation
for u as ‘‘co-ordinate terms’’ of # and use the projection mapping notation to
indicate the position of a particular co-ordinate term in the sequence of co-
ordinate terms. Thus =i(#) would denote the first co-ordinate term
(%11, 12y - + ., X1,). The individual entries, ignoring inner parentheses, of the
right-hand side of the equation for # will be referred to as ‘‘elementary terms.”’
Thus x1; would be the first elementary term of .
Now, in the expression for #,

bri(Xrp1,0) = Xry forr=1,2,3,...;¢t=1,2,...,n.
Furthermore the expression
v = ((X11, X21, %31, - + .), (X12, X202, X32, - + )y« + » K1n, X2my X3y - - +)),
where
Xre = br(X,01,0) forr=1,2,3,...;t=1,2,...,mn,

represents a point of the topological product C; X Cs X ... X C,. We define
a transformation % of L onto Cy X C: X ... X C, by setting

h(u) = v.
It is easily verified that % is a one-to-one transformation of L onto
CiXCeX...XGC,

To see that % is also a continuous transformation we note, since the co-ordinate
spaces of {P;, f;} are uniformly bounded metric spaces, that the product-space
metric described in (6, Theorem 14, pp. 122-123) induces a topology for L
equivalent to the usual Tychonoff topology. Hence, if #i, #e, %3, ... is a
sequence of points of L converging to a point # of L and ¢ is a positive integer,
then w,(u;), m;(us2), T;(us), ... converges to w;(u). Furthermore, if (x,,); is
an elementary term of u; 7=1,2,3,..., then (x;1)1, (Xr1)2 (X:0)3, ...
converges to the elementary term x,, of «. It follows that & (u1), & (us), k(us3), .
converges to A(u). Thus % is a continuous transformation, and we conclude
that the inverse limit space L is homeomorphic with the topological product
Ci X Ce X ... X (.

The second section of the proof involves the modification of the inverse
system {P;, fi} to produce a second inverse system {Q;, g;} having the properties
described in the first paragraph of the proof. Let .S denote the unit circle in E3
with cylindrical co-ordinate representation {(r,8,2):7 =1,z =0}, let T
denote the solid open torus in E?® with cylindrical co-ordinate representation
{(r,0,2) : (1 —r)? + 2% < 3}, and let D denote the open disk that is obtained
by intersecting 7" with the half-plane {(r, 6, ) : 8 = 0}. Then, if p is a point
of S and cis a point of D, the ordered pair (p, ¢) can be considered as identifying
a point of 7" whose 0 co-ordinate is determined by p and whose 7, z co-ordinates
are determined by ¢. Thus, if < and j are integers, 1 < 7,7 <5, S, Sy, ..., S,
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are copies of the unit circle Sand T, T'; are copies of the open solid torus 7" such
that T°; and T; are associated with .S; and .S}, respectively, then there is a
homeomorphism w;; of

SlXSgX...XS{_lXTiXSi+1XSi+2X...XSn
onto
Sy XS X ... XS X Ty XS XS X... XS,

such that the restriction of w;; to Sy X Sz X ... X S, is the identity mapping.
In particular, we may choose w;; to have the form

wij(ph PZ» ] Pi—ly (Pii C)r PH—lv Pi+2, ooy Pn)
= (b1, b2y -+ s Pimty (B3 )y Psv1s Piray + + +y ),

where p, is a representative point of S, t = 1,2, ..., #n,and cis a representative
element of D. The homeomorphisms

lwyie=1,2,...,m,7=1,2,...,n}

are now used in the construction of the inverse system {Q;, g;} in the following
manner:

(1) Each co-ordinate space of {Q; g} is defined to be the topological
product of % unit circles.

(2) The bonding mappings with odd subscripts of {Q;, g} are defined by the
relationship f; = gesi1,2 = 1,2,3,....

(3) To define the bonding mappings with even subscripts of {Q;, g;} we
express each of the functions f;, < = 1,2,3,..., in the alternative double-
subscript form f;,,; described in the development of the inverse system {P, f.}.
Then if f,4; and f,, ,,, 4 4, are successive bonding mappings of the system { P, f,},
we define g2; = Wy 40,0,2 =1,2,3,....

It is observed that the co-ordinate spaces of {Q;, g} are identical with those
of {P, fi}, the bonding mappings of {Q;, g;} form a sequence

flly W21,f12, w32yf13y e yflm wlmf?ly LRI

in which the bonding mappings of {P;, f;} alternate with homeomorphisms of
the collection

{wiji’l:=1,2,...,ﬂ;j=1,2,...,7’!},

and the members of this collection are identity mappings on the co-ordinate
spaces of {Q;, g:}. Thus it follows that the inverse limits of {P,, f;} and {Q., g}
are topologically equivalent. The reasons for the particular choice of the
homeomorphisms

{wyti=1,2,...,m,7=1,2,...,n}

will become apparent in the next section of the proof.
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We now consider the final section of the proof. In this section each co-ordinate
space Q; of the system {Q;, g;} will be assumed to be represented as the topo-
logical product Sy X Sz X ... X S, where each space S,,t =1,2,...,n,is a
copy of the unit circle S. Now, if 7 is an odd integer, g; is a monovariant function,
so that we may choose a corresponding integer k; with the property that g; can
be expressed in the form

2wy, %oy oo vy X)) = (X1, X2y ooy Xaim1y Lty Kni)s Krikly Xty « -« 5 %)

where x, is a representative element of S;, £ = 1,2,...,#, and gy, is a con-
tinuous transformation of S;; onto Sy,. For each even integer 7, we define a
corresponding integer k; by the relationship k2, = k1,7 = 2,4,6,.... Let

¢=Sl><52x...XSt_lxTzXSt+1XS;+2X...XSm
t=1,2,...,mn,

where T, is a copy of the solid open torus 7" such that T, is associated with S,.
Then, by Lemma 1, there are distance-reducing homeomorphisms

feqst=1,2,...,n}

such that e¢,(B,) is an open subset of E"2 With the homeomorphisms
{e,:t=1,2,...,n} and integers {k;:7=1,2,3,...}, we construct a
mapping of the inverse limit of the system {Q;, g;} onto an inverse limit space
whose co-ordinate spaces are contained in E™+2,

We define the required mapping by means of the following inverse-limit
diagram.

&1 g2 g3
Q1 — Q2 — Qs — Qie—...

161“ lekz jeks j'elu

e (Q1) e €,(Q2) —— €(Qs) ——— €4,(Qu) ..
€rg1er, " €xsg2eks " €rsg3Crs

Then, from the normal interpretation of this diagram, it follows that the inverse
limit space of the system

{eki (Q4), ex: gierin™}

is homeomorphic with the inverse limit space of the system {Q,, g;}. Further-
more, each co-ordinate space ¢, (Q;) of the former system is a compact subset
of E**2, In addition, since each embedding homeomorphism ¢;,2 = 1,2,3, ...,
is characterized by the requirement that it be a homeomorphism of By; into
E™?, we may assume without loss in generality that, for each pair of positive
integers ¢ and j, ex; = ex;wyx;. Thus it will be supposed that

e (Q1) = €1,(Q2) = €1(Q3) = . ...
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The proof of the theorem will be completed by showing that the inverse limit
of the system

{eki (Qi)y €r; §iCr; +1—1}

can be embedded in E"+2,
We choose € to be a positive number and consider two cases.

Case I: 71s an odd integer. In this case g; is a monovariant function with the
form previously described, where gi; is a continuous transformation of the
unit circle .Sy, onto itself. Then, by Lemma 2, there is a homeomorphism H ;;
of an open set G; of E? into E? such that G, contains Si; and the restriction
hix; of Hy,; to Sy, has distance less than € from gy,. It may be assumed that
the domain and range of H,; are each subsets of the solid open torus T%;.
We now define homeomorphisms %, and H; related to %, and H 4, respectively,
in the following manner:

The function %; has domain Sy X S: X ... X S, and satisfies the equation

R, X2y ooy X0) = (%1, %20« o vy Xpidy B (Kki )y Xaitly Xaig2y o o oy Xn).
The function H; has domain
S1X S X oo X Skimt X Gy X Sisgr X Seage X o0 XS,
and satisfies the equation
Hi(x1, X2y o ooy %) = (X1, %2, « oy Koty Hoagy (6k)y Xkitl, Xast2y - -+ 5 Xn).

It is observed that %; and H; are homeomorphisms, H; is an extension of %;,
and g, has distance less than e from %,. Now, by the second assertion of Lemma
1 and the fact that Gy, is open with respect to E3, it follows that the image
under ¢; of the domain of H; is an open subset of E**2, Furthermore, since
ex; = ex; ., and the domain of H; contains Q;41, the image under e, ., of the
domain of H;is an open subset of £"*% which contains e, ,, (Q:11). In addition,
the image under e;; of the range of H; is an open subset of E**2. Hence, the
composite function eg; #;ex; ., ' with domain e;;,,(Q:41) is an extensible
homeomorphism with respect to E*2 Finally, the functions e;; g; e;;,,~! and
ex; hier; .,~! with domain ey, ,, (Q:41) have distance apart equal to the distance
from ey;g; to ex;h;. Therefore, since e;; is a distance-reducing homeomorphism
and g; has distance less than € from %;, we conclude that the extensible homeo-
morphism ey, ke x; ,,~* with respect to E"t? has distance less than e from
€rigiCrin

Case II: 1 is an even integer. In this case g; has the form described in
condition (3) of the definition of the inverse system {Q;, g;}. Now, let j be the
integer such that < = 2j and note, from condition (2) of the definition of the
inverse system {Q g;}, that f;, = g,.1 and f,41 = giy1. Hence from the
equations that define the form of the bonding mappings of the inverse systems
{Py fi} and {Q,, g.}, it follows that k;_; = ¢; and k;y1 = ¢;41. Furthermore,
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since ¢ is an even integer, k;_1 is also equal to k;. Thus, from these last three
equalities and the fact that g; = w,, ., we obtain the result that the bonding
mapping g; is equivalent to the homeomorphism wy; ,,s,. Now, by Lemma 1,
er; .1 (Bi:+1) 1s an open subset of E™? containing e;; ., (Q:41). In addition, since
Wii o1k (Bri ) = By, and ey, (By;) is an open subset of E™?, it follows that the
image under the homeomorphism ey; wy; . x; € .. Of the set ey, (Br,,,) is
contained in E"*2. Therefore, the restriction of e;; Wx; ,1x; €rs 217! 10 €x; 41 (Qig1)
is an extensible homeomorphism with respect to £"+2 having distance zero from
the restriction of e;; g; €x;4,7! tO €x; 41 (Qix1).

We conclude, by Lemma 3 together with the observation following Lemma 3,
that the inverse limit of the system {e;,;(Q:), e:; g+ €x;,,~'} can be embedded
in E"™? Therefore, the topological product C; X Cs X ... X C, can be
embedded in E"+2.
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