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Bounded Hankel Products on the Bergman
Space of the Polydisk

Yufeng Lu and Shuxia Shang

Abstract. 'We consider the problem of determining for which square integrable functions f and g on
the polydisk the densely defined Hankel product H¢H; is bounded on the Bergman space of the poly-
disk. Furthermore, we obtain similar results for the mixed Haplitz products H Tf and T¢Hy , where f
and g are square integrable on the polydisk and f is analytic.

1 Introduction

Let D be the unit disk in the complex plane C. For a fixed positive integer n >
2, the unit polydisk D" is the cartesian product of n copies of D. The torus T" is
the cartesian product of n copies of T, where T is the unit circle, i.e., the boundary
of D. Observe that T" is only a small part of the topological boundary of D". T"
is usual called the distinguished boundary of D". Let L? = LP(D") denote the usual
Lebesgue space with respect to the volume measure V' = V,, on D" normalized so
that V,,(D") = 1. The Bergman space A? is the space of holomorphic functions on D"
which are also in L?(D"). For A € D, let ), be the fractional linear transformation on
Dgivenby pi(z) = (A—2)/(1 —\z). Each ), is an automorphism on the disk, in fact,
<p;1 = ). Forw = (wy,...,w,) € D" the mapping ¢,, on the polydisk D" given by
ow(z) = (pw,(21), - - ., Pw,(2z4)) is an automorphism on D”. The reproducing kernel
in A? is given by
n 1

Ky (2) ,1;[1 A=Wz
for zyw € D". If (-, -) denotes the inner product in L?, then (h,K,,) = h(w) for
every h € A> and w € D". The orthogonal projection P of L? onto A? is given by

(PO)(w) = (g.K,) = / ¢ [ ————avi(a),
-

=1 (L =2Zjw))

forg € LI* and w € D". Given f € L, the Toeplitz operator Ty is defined on A? by
Trh = P(fh). We have

T = [ F@h@ ] ———
Dr j=1 (1

av
") (2),
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for h € A*> and w € D". Note that the above formula also makes sense if f € L* and
defines an analytic function on D".So, if g € A%, then we define T, by the formula

(Tgh)(w) = / 2@h) T av (),
N

=1 (1= 2zjw))?

forh € A>and w € D".
Next, we consider Hankel products. If f is bounded and h € A2, then the Hankel
operator Hy is defined by the following formula:

(Hgh)(w) = (I = P)(fh)(w)
n 1

= / (fw) — f(2)) h(2) []

———dV(2),

o (1= 2Zjw))?

for all w € D". The latter formula is to be used to define Hy densely on A if f € L2.
If g is bounded and u € (A?)+, then

Hgu(w) = (Hgu, Ky) = (u, HeKy) = (u, gKy),

for all w € D". Since K,, is bounded, the latter formula makes sense for all g € 12,
and we use it to define the operator H; densely on (A%)L. Note that the star no
longer needs to be the adjoint (but would of course coincide with the adjoint in case
the operator H, is itself bounded).

By [1, Theorem 3.14], the set C.(D") of all continuous functions with compact
support in D", is dense in L?(D"), so certainly C.(D") N (A?)~, the set of compactly
supported continuous functions in (A?)*, is dense in (A%)+. If f,g € [*and u €
C.(D") N (A*)1, then ng is bounded and the meaning of HfH;u is clear: it is the
function Hy(Hgu). This defines the Hankel product on a dense subset of (A%,
namely C.(D") N (A?)*.

The mixed Haplitz operators are defined as follows. For f € A2 g € I?, and
u € C.AD") N (A%, Tf(H;u) is the analytic function f(H;u). If h € H®°, then
Tgh € A? | and we define HTgh to be the function H¢(Tgh).

The general problem that we are interested in is the following: for which f,g €
L*(D") is the operator H¢H; bounded on (A»)1?

When n = 1, K. Stroethoff and D. Zheng [2] gave a necessary condition for
boundedness of the Hankel product HyH; and proved that this necessary condition
is very close to being sufficient. In this paper we extend Stroethoff and Zheng’s re-
sults on the unit disk to higher dimensional polydisks. While our method is partially
adapted from [3], a substantial amount of extra work is necessary in the setting of
higher dimensional polydisks.

2 Preliminaries

Suppose f and g are in 2. Consider the operator f ® g on L? by

(fogh=(hgf
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for h € L* It is easily proved that f ® g is bounded on L* with norm equal to
If ®¢ll = lIfll2llgll2- If T and S are bounded linear operators, then T(f ® ¢)S* =
(Tf) ® (Sg).

Using the reproducing property , we have

n 1
K, 5= Ky, Ky) = KW(W) = T . v
Il = (K, Ke) I

The functions i
n 1— |w;
ko(2) = [ ———=
jl;ll (1 —wjz))?
are the normalized reproducing kernels for A2 .
The real Jacobian for the change of variable ( = ¢,,(2) is equal to |k, (z)|?, thus
we have the change of variable formula

(2.1) flown(@)dV(z) = | f@k(2)[dV (2),
D D

where f is an integrable function on D".

For w € D", the operator U,, on L? is defined by U,,f = (f o ¢)k,. It is easy
to see that U,, is a unitary operator that commutes with the Bergman projection. In
particular, TfU,, = Uy Ty, -

Under the decomposition [> = A? @ (A?)*, for f € L*°, the multiplication
operator M ¢ is represented as

T; H:
My = {H Sf} )
fooof

The operator Sy is the operator on (A?)+; we call S r the dual Toeplitz operator with
symbol f. Although these operators differ in many ways from Toeplitz operators,
they do have the some of the same basic algebraic properties. We have S} = Sz
and S,f13; = aSy + 3S,, for f,g € L*°, and o, 3 € C. Dual Toeplitz operators
are studied in [4] and [6]. The identity My, = MM, implies the following basic
algebraic relations between these operators:

(2.2) ng = Tng + H}ng,
(2.3) Spe = Sng-l—Hng,
(2.4) Hfg = Hng + Sng.

Suppose ¢ € H>® and ¢ € L*™. If we take f = @ and g = ¢ in (2.4) we get
H,, = S Hy, since H, = 0; on the other hand, taking f = 1) and g = ¢ in (2.4)
gives Hy, = HyT,. Thus, if ¢ € H*, and ¢ € L*°, then

(2.5) HyT, = S.Hy,
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and, by taking adjoints,

It is easily to prove that identities (2.5) and (2.6) also hold if ¢ € H*, and v € L%
In the following we write Q for the integral operator defined by

n

QLul(w) = / u(z) [ ———— dv(2),

j=1 |1 —wizj]?

for u € L'. The integral operator is L’-bounded for 1 < p < oo. (This
can be proved similarly to [7, Theorem 4.2.3] by considering the test function
H?:1(1 - |zj|2)_1/(1’”1).)

Let dA denote Lebesgue area measure on the unit disk D, normalized so that the
measure of D equals 1. For a nonempty subset 5 = {01, ...,08n} of {1,...,n} with
b1 < -+ < B let ug be the measure on D" defined by

n—m

(1= |z[»)? - (1 = |za])? TI (5 = 2|zj)dA(z)) - - - dA(z),

dug(z) =
: 6™ icp

for z = (z1,...,2,), where m is the cardinality of o, and let D°h = Dg, --- Dg, h,
where Djh(z) = 0h/0z;. Define D°h = h. Note that

dug(z) =3"(1 — |z11*)* - (1 — |24]*)*dA(2)) - - - dA(z,,)
and
dus(z) <3"(1—|z1])* -+ (1 — |z4]*)*dA(z1) - - - dA(z,)

for all subsets 3 of {1, ..., n}.
We have Lemma 2.1 and Lemma 2.2 proved in [3].

Lemma 2.1 Lete >0, f € A>andh € H®(D"). If B = {B1,...,Pu} isa

nonempty subset of {1, ... ,n} with 8 < - -+ < B, then

@ (T < ITj-) =1 f o eull2llbllz, w € D

(b) |D/3(Tfh)(W)| <2 H;‘l:l ?le‘zﬂf 0 Qw2+ QLK) (w)'/%, w € D", where § =
2+)/(1+¢).

Lemma 2.2 For f,g € A* we have

[ re@ive =Y [ 0D,
D" 5 /D

where [3 runs over all subsets of {1, ..., n}.

Lemma 2.3 Lete >0,uc (A2 and f € 1. IfB = {B,..., Bu} isa nonempty
subset of {1,...,n} with 8; < --- < By, then

https://doi.org/10.4153/CJM-2009-009-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2009-009-0

194 Y. Lu and S. Shang

(@) [(Hw)w)| < TTiy = [1f 0 0w — P(f o @u)l2]lull2, w € D

(b) ID‘B(H}M)(W)I < 2T}, ?le‘zIIfOsDW—P(focpw)l\z+sQ[|u|5](W)Vé,W e,
whered = (2+¢)/(1 +¢).

Proof (a) By [5, Proposition 1], H¢k,, = (f — P(f 0 ) © Py)k,, we have

(. Hoko) = 1 =

n

H?u(w) = H
j

1
] 1 — |W1|2 <M, (f_ P(fo SDW) o (pw)kw>

| wjl?
By change of variable formula (2.1) we obtain
[(f = P(f o ow) o pw)kulla = [ f o 0w — P(f © ) [2-
Applying the Cauchy-Schwarz inequality we get
[, (f = P(f 0 ow) 0 pudk) | < [[ull2[|f © ow = P(f 0 w2
(b) We will first prove the estimate for 3 = {1,...,n}. For u € (A?)*, we have
(Hyu)(w) = (Hju,Ky) = (u, HfKy) = (u, fKy)

= /" u(z) f(z) H mdv(z)-
Thus 0" (E ) (w)
Fu)(w
m / u(z)f(z) H de(Z)
Let G,, = P(f o ¢y) © ©,, then the function z — G, (z) H ﬁ is in A%, and
since u € (A?)1 we have
/,, M(Z)G (Z) H de(Z) =0.

Thus
ST < [ e D = o)
T ow u(z)(f( Gu(z T Zwy z

Let ¢ > 0, applying Hélder’s inequality we get
"(Hu)(w)
owy -+ - Owy,

1—
<2 [ 1) = Gu(@)|u(2)] H |' i3l gy

b 1 —wjz|*

+e +e g
Dn i

> 7 -
1_[1|1—Wj2j|4 1_[1|1_sz1.|475
= j=

— 2n HfO @W - P(fO @W)H2+s
H(l = [wjl*)

j=1

< (@l I1

|W |2)e/ (1+e)

11— wjz J| |1 — wjzj|s/(0+)

dV(z)) v
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For each j we have (‘llilz,:ji;) < 2,50

n — 12\ &/ (1+e)

(7 Sl T8 < e <

j=1 |l — Wij|

Hence we have
Zn(Hj;ug(W) < || fo (p:, — P(f o vu)lla+e (/ i |u(z)|5 dV(z)) 1/5,
wy - 0wy, " _
' [T —[wj») 111 —wz
. =

as desired.

Now we consider that 3 = (01, ..., 8n), where 3; <

u € (A%2)* and f € I*> we have

D (Hfu)(w) = 2" 11 f (2)u(z) H

Dt les 1— (1 - ] ])2

— o / T iy T = Gotluta) 1 5

Since
1 n 1

el - B wa el

lep

we get

ID°(Hpw)(w)| < 2" [ ] ‘
Drieg |1

<2"

@) = GofaD) [ T
b 1= wiziP

- < Bp. Forw € D",

dV(z)

1

2n7m

< I w7,

[1[1—wjz;
j=1

| [T =G|l n — L _we

i1 —wizjl?

EaE dV(z)

and the stated inequality follows from the proof of the first part of the lemma. ]

For any multi-index o = (au, . .., @), where each «y is a nonegative integer, we
will write
ol =1+ +a, and Cpo=(— 1)l (2 .
(63} ay
We will also write z% = z{"- - -z,*, forz = (z1,...,2,) € D".

Lemma 2.4 On A% we have

ky ®@ky =Y CoaTpy Tor

|a|=0

forallw € D"
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Proof For f € A%, by the mean value property, we have

fO=0enf=| fwdviw = / Ko (2)~ Ko (2) F(w)dV (w).
N

"

Since
n 2n
K@) =10 -Wz)’ = > Craw'z"
i=1
|ar|=0
and
Ty f(z) = / WK, (2) f (W)Y (),
we have
2n
FO)=0@Df =" CraluTxf.
|| =0
It follows that
2n
(1 ® 1) - Z CZ,(ITZ(’TE“-
|ar|=0
Note that if U,,1 = k,,, we obtain
2n
ky ® ky = (Uy1) @ (Uy1) = Uy (1@ DUy = Y CoaTp Tz m
|| =0

3 Bounded Hankel Products and Haplitz Products

In this section we give conditions for boundedness of Hankel products. The following
result gives a necessary condition for the products HyH; to be bounded.

Theorem 3.1 Let f and g be in L. IfH¢Hy is bounded, then

sup | f 0w —P(fopy)llllg o ww—P(go w2 < oo

Proof Using the fact that ¢,, € H>™ , we have HyT,, = S, Hy and T Hy =
Hg Sz, and by Lemma 2.4 we have

2n
Hy(ky ® ky)Hy = Y CooHf Ty« ToH;

|a|=0

2n
=Y CoaSp, (HfH}) S5

|ar|=0
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The estimate ||S,a

< 1 implies that

2n
1k @ k)H | < (D2 Co) IHH -

|a|=0
Hence there exists a finite positive number N such that
||f 0w —P(fowwlllgoww —PEgopwl= ”kaWHZHHngHZ
— [[Hy ky ® kH |
< N|[HsH,||. ]

We have not been able to prove the converse of the above theorem. We do however
have the following result, which supports [2, Conjecture 8.2(i)].

Theorem 3.2 Let f and g be in L*. If there is a positive constant € such that ,

sup ||f o ww — P(f o ou)ll2+:llg © 0w — P(g 0 @u)|2+e < 00,
weD"

then the product HyH; is bounded.

Proof Let u,v € C.(D") N (A%)*. It follows from the definitions of Hyu and H}‘-v
and Fubini’s Theorem that we have (HyHyu,v) = (Hju,Hfv). By Lemma 2.2,
(HfHgu,v) = (Hyu,Hfv) = 3513, where

Iy = / D’ (H; u)(2)DP(H}v) (@) dps (2)

and [ runs over all subsets of {1,2,...,n}.
We will estimate I for all 5. It follows from Lemma 2.3(a) that

n

(Hw@HE < T 5 ||2)2|\fosaz P(f o @:)lllg o

— P(go w2)|l2llull2[[v]]2
thus
| < / |(Hu)(2) (H) (@) dao (2)
DIY

= 3" sup [f oz = P(f o @)llallg © p= — Plg o o) [l2[lull2]lv][2-
zeD"
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Using Lemma 2.3(b) we have

D" (H; (D@ < 4 [T —————f 0 o2 — P(fo 0)l|oee
j=1 (1 |ZJ| )

g o @: — P(g 0 )|+ Qlu’1(2)/°Ql|v]°] (2)"/°.

If
sup ||f o pw — P(f 0 ou)|l2+llg © ow — P(g 0 ou)|l2+e <M
weD"

for all w € D", then the above inequality implies
1] < / D% (H ) (2) DO (H ) ()| (2)
DYI
<3"4"M [ Qlul’1(2)/°QlIv’1(2)"°aV (2).
Dn

Since p = 2/4 > 1 and the operator Q is L -bounded, there exists a constant C such
that forall h € LP,

/ (@QN@)|PdV(z) < CP / h()[PdV(2).
D" D
In particular,

Ql|u’1(2)dV (z) < CP||ulf3,

D

and a similar inequality holds for the function v. By the Cauchy—Schwarz inequality,

Qllul’1(2)°Q[Iv°1(2)/?av (2)

D"
1/2 1/2
< ([ Qe ave) ([ i)
D D
1/2 1/2
< (CPlull3) (CPIvIE) T = fullaliv]e.
Thus
Il < | IDY(Hu)(@)DP(H}v)(2)|dpp(z) < 3"4"MC°||uls |||,
D"
for every subset 3 of {1,...,n}. We conclude that there exists a finite constant C’
such that
[(HHgu,v)| = [(Hgu, Hyv)| < C'[[ull2|v].-
So we prove that the product HgHy is bounded. ]
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Analogous to the necessary condition for boundedness of Hankel products, the
following result gives a necessary condition for the boundedness of the mixed Haplitz
products.

Theorem 3.3 Let f € A*and g € I*. If TyHy or Hy T} is bounded, then

sup [|f o owll2llg 0 ww — P(g o pull2 < oo
weD"

Proof Using the fact that f is analytic and ¢,, € H**, we have T(T,,, = T, Ty and

T#H; = Hy Sz, and by Lemma 2.4 we have

Ty(ky @ k)Hy = CoaTyTp0 ToaHy

O
la[=0

= > CoaTp,o(TH;)S5m.

|| =0

The estimates [|S,.

<land [Ty

< 1 imply that

1Ttk @ k) H | < (32 Con ) ITSH; .

|| =0

Thus there exists a finite positive number N such that

1f o ewll2llg 0 ow — P(g © pulla = | Trky|l2|[Hki |2
= ||(Tsky) @ Hy(ky)||
= || Ts(ky @ k) H || < NJ|T7H]].

The second result can be proved similarly. ]

We have not been able to prove the converse of the above theorem, but we have
the following result.

Theorem 3.4 Let f € A* and g € L*. If there is a positive constant € > 0 such that:

sup ||f o owll2+cllg © pw — P(g 0 @y)l24e < 00,
WGDN

then the products T¢Hg and Hy T are bounded.

Proof Let u € C.(D") N (A?)* and h € H™. It follows from Lemmas 2.1 and 2.3
that

n
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thus

|(H; ) (@)(Tih) @) djio (2) < 3" sup [1f 0 pullallg © @z = Plg o wo)llllulallAll2

DYI
Using Lemmas 2.1 and 2.3 again, we have

3 * (T -1\ () n z 1
\D(H;u)(2)D*(Tsh)(2)] < 4" ] mll]‘o Pullascllg © @2
]

j=1
— P(g0 ) ||+ QU1 (2) 2 QI|1[*1(2)1/°.

If
sup ||f o owlla+ellg 0 ow — P(g o @u)l2e < M,
weD"

then the above inequality implies
\D*(Hu)(2)DP(T;h)(2)|dps(2) < 3"4"M | Q[lul’](2)'°Q[Ih[°](2)"/*dV (2).
DIY DIY

Analogous to the proof of Theorem 3.2, we have
/D \D*(H;u)(2)| DY(T;h)(2)dps(2) < 3"42"MC*° |[ull,| ]2,

for every subset ( of {1,...,n} . Applying Lemma 2.2, we conclude that there is a
finite constant N such that

(TyHgu, h)| = |(Hgu, Tyh)| < Nlfull2]|h-

So we prove that the products T¢H; is bounded.
The second result can be proved similarly. ]

4 Compact Hankel Products and Haplitz Products

In this section we discuss conditions for compactness of Hankel products and Hap-
litz products. The following lemma gives necessary conditions for compactness of
operators on A2, operators on (A%)L, or operators between these spaces.

Lemma 4.1 IfA: A> — A% B: A> — (A%, C: (A)* — A%, D: (A% — (A?)*
are compact operators, then foreach 1 < j <n

|4~ T, AT, || =0, [BS,, BT, || 0.

Ic—T,, DS,

CSz ||—0, |D-S — 0,
0%,

Pw;
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as |wj| — 17. Thus

n
- 07 H Z C27([S(}9€;BT¢$

‘ ’ Z CZ,Q Tw&ATaa

— 0,
|ar|=0 |ar|=0
n n
| CouTenCSxll =0, || Y CoaSes DSz — 0,
la]=0 |ar|=0
asw= (wy,...,w,) — T".

Proof If H, and K, are Hilbert spaces and S: H; — H, is a compact operator,
then, since operators of finite rank are dense in the set of compact operators, given
€ > O thereexistf},...,f € Hyandg,,...,g, € H; so that

Is=> fiegl<e
i=1

Thus the above statements follow once we prove them for operators of rank one.
If f € L* as |wj| — 17, then for every z; € D we have

wi — ow,(zj) = (1 = |wj|*)zj/(1 — wjz;) — 0,

s0 by the Lebesgue Dominated Convergence Theorem, [|w; f — @, f|l2 — Oas|w;| —
17. It follows that [|( f — ¢, f|l» — 0if w; € D tends to ¢ € OD.

If f € A%, we apply P to obtain ||(f — TwwijZ = [|¢f = P(@w, f)ll2 — 0,as wj in
Dtendsto ¢ € dD.If f,g € A2, then writing

If©g—To, (fODTs || = 1) @ () — (T, ))& (T, D)
< = T @ D + (Tp,, ) © (g = T, D]
<ICf = Tp,, Fllaliglla + 1£112l1C8 — T gl

we see that || f® g — T, W (f@8)Ts, | = 0aswjin D tends to ¢ € OD. This proves
]

the statement for operator A.
Suppose f € (A?)*, then (I — P)(¢f) = (f, so that

ICF = S, fllo = 11 = PYCS = 0w, Pl 0,

aswjin Dtendsto ¢ € dD.If f,g € (A*)*, then writing

1f @8 =S, (F @085, | = 1CH @ Q) = (S, ) © (S, D
<NICF = S0, D) @ €O + S, ) © (C8 = S, 9]

<ICf = S, fllllgllz + 11 £11211C8 = Si gl
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we see that || f ® g — Spu,(f @ g)Sgwj || — 0asw;in D tends to ¢ € OD. This proves
the statement for operator D.

If f € A>and g € (A%)*, and w; in D tends to ¢ € OD, then ||(f — TwwijZ — 0,
and [Cg — S, gll2 — 0, imply that |[f ® ¢ — T, f @ gSp, || — Oas |wj| — 17
This proves the statement for operator C.

This statement for operator B is proved similarly.
Note that

n
Y CraTp ATz

|a|=0
: 2 2
= _Dle o oo Toon AT 0y + - » Teom
- al_;:o( 1) (a1> (an> T‘Pw} T‘PWnATWwi T'Spwn
2
= Y AT Ta(A—2T, ATy +Tp AT ) Ton -~ Ty,
g, 0, =0
where A, = (1)@ Fon( 2. (2).
Since
[A— 2T, ATg, + T%IAT%I | =1[l(A- TsawlATEWl) - Ty, (A— T,, ATy, )T'_m |

<24~ T, AT, | =0
as |wi| — 17, we get the desired result for the operator A.
The other statements are proved similarly. ]

Let 0 < s < 1, we write Dy = D"\sD", where sD" = {sz : z € D"} is a compact
subset of D". The following theorem provides support for [2, Conjecture 8.2(ii)].

Theorem 4.2 Let f and g be in L*. Then HyHy is compact if and only if

lim
w—T"

foww—P(fop)lallgoww—Plgopw)|2=0.

Proof By Lemma 2.4,

2n
Hi(ky @ k)H; = Hy (3 ConTpy Ty ) Hy
|a|=0
2n

= D ConHy(TyTy) Hy

=0

2n

=Y CoaSyy (HfH]) S

|| =0
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Note that
1Hy(ky @ ki) He || = || (Hykw) @ (Hgki)|| = [1H k|2 Heky |2
= [If o ow = P(fopullig o pw = Pg o @ulll2-
Then if H fH(;{k is compact, by Lemma 4.1,

H Z CZ,aSﬁ‘V(HfH;)SEﬁ

|ar|=0

— 0,
asw = (wy,...,w,) — T". We get the desired result.

Conversely, let u, v € C.(D") N (A?)*. As in the proof of Theorem 3.2, we have

(HHju,v) = (Hju,Hjv) = Z 7,
where (3 runs over all subsets of {1,...,n} and
P = [ D @D Gdus(2).
For0 < s < 1, we write I’ = I:l + Ifz, where

Ifl :/ D‘S(H;U)(Z)D/B(H;?V)(Z)dug(z).

s

It is easy to see that there exist compact operators K on (A?)+ such that (K’u, v) =

1. The operator
K=Y K/
8

is compact, and
((HpH; — K u,v) = > I
B

Using Lemma 2.3 to estimate each of the terms I‘fl, from the proof of Theorem 3.2
there exists a constant C’ such that

[(HfH; — K9)u,v)| < C"sup [|f 0 0, — P(f 0 @.)|2+=
zE€Dq

X ||g 0 pz = P(g © @2)lave | ull2| V|2

Since P is L>*?*-bounded, there exists a constant C. such that

1f 0z = P(f 0 )|z < ClIFIIS=/ P2 f o0, — P(f 0 )|/ %,
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A similar inequality holds for ||g o v, — P(g 0 .)||2+c, thus there is a constant M such
that

{(H7H =K, < Msup I o = P(f 0 02
Ze s
1/(2+¢)
x [lg o @z — Pgo @)1y ull2 v,

from which we conclude that

* S )
”Hng -K| <M Su[})) Ilf op.—P(fo sDZ)”;/( +€)
2€Dn

1/(2
x |lgo w. — Pgo )|y .

Sinceas s — 17, w € D, tends to T", and by the assumption of the theorem, we
conclude thatass — 17, K — H¢Hy in operator norm. Hence we obtain that the
operator HyHy is compact. [ ]

Analogous to Theorem 4.2 we have the following result for the mixed Haplitz
products.

Theorem 4.3 Let f € H* and g € L%, Then TyHy is compact if and only if Ho T is
compact if and only if

Jim [ f o pull2llg o pw — Plgo i) = 0.
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