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On representations of spinor genera
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ABSTRACT

We determine exactly when a quadratic form is represented by a spinor genus of another
quadratic form of three or four variables. We apply this to extend the embedding theorem
for quaternion and also answer a question by Borovoi.

1. Introduction

It is a basic question to decide when a quadratic form is represented by the spinor genus of another
quadratic form. Some effort has been made in [EH82] and [HSX98]. In this paper, we make some
progress on this subject. As an application, we show that the result in [EH82] is a special case of
our investigation. There are two other motivations for this paper. First of all, we explain that the
embedding theorem for quaternion algebras proved in [CF99] is a consequence of the representation
theory of ternary quadratic forms and hence, in principle, the main results in [CF99] can be extended
to arbitrary orders. To illustrate our point, we generalize Theorem 3.3 in [CF99] to Eichler orders.
The second motivation is to explain how the results in [Xu01] are related to those in [BR95], and
answer a question raised in [Bor01] concerning the representation mass of an integer by indefinite
ternary quadratic forms over Z.

The notation and terminology are standard if not explained, or adopted from [Xu01], [Ome73]
and [HSX98]. Let V' be a quadratic space over a number field F' with a non-degenerate symmetric
bilinear form B(x,y). The quadratic map on V is denoted by @ and its special orthogonal group
by SO(V). Let or be the ring of integers of F'. For any prime p of F', V, (respectively F,, etc.)
denotes the local completion of V' (respectively F', etc.). If p is a finite prime, the group of units of
op, is denoted by uy, and 7, is a uniformizer of F},. For any two elements a,b € F, ", (a,b)y, is the
Hilbert symbol. Let SO (V') be the adelic group of SO(V), 6 = HpeQ 6y be the adelic spinor norm
map of SOA(V), and I (respectively Ap) be the group of ideles (respectively adeles) of F'. For an
op-lattice L on V', gen(L) (respectively spn(L) and cls(L)) is defined as the orbit of L under the
natural action of SOa (V) (respectively SO(V)ker 8x and SO(V)), and SOa(L) is the stabilizer of
L under the action of SO (V). We also use n(L), s(L) and v(L) to denote scale, norm and volume
of L, respectively. Throughout this paper, all scales of lattices are integral. For two op-modules
L; C Ly of the same rank, [Ly : L;] is the module index ideal.

For any two lattices K and L in V, define
XA(L/K) ={oa € SOA(V): K CoaL}
and
X(Ly/Ky) ={0 € SO(W) : Ky S oLy}

It is clear that XA (L/K) (respectively X(Ly/K,)) is non-empty if and only if K (respectively Kj)
is represented by gen(L) (respectively Ly).

Received 23 November 2001, accepted in final form 26 June 2003.

2000 Mathematics Subject Classification 11Exx (primary); 11Fxx, 11Gxx (secondary).
Keywords: spinor genera, representation mass, Hardy—Littlewood varieties.

This journal is © Foundation Compositio Mathematica 2004.

https://doi.org/10.1112/50010437X03000484 Published online by Cambridge University Press


http://www.compositio.nl
http://www.ams.org/msc/
http://www.compositio.nl
https://doi.org/10.1112/S0010437X03000484

W. K. CHAN AND F. XU

2. Representation by spinor genera I, codimension less than or equal to one

Suppose K is represented by gen(L). Then there exists
oa € SOA(V) such that K CoplL.

By the reduction formulae for computing the relative spinor norms in [HSX98] and [Xu99],
Oa(X(0aL/K)) depends only on the Jordan splittings of K, and L, for all p < oo and is inde-
pendent of the choice of 4.

DEFINITION 2.1. Ox(gen(L) : K) is defined as 05 (X (oA L/K)).
By [HSX98] or [Xu99], K is represented by spn(L) if and only if
Oa(oa) € F*0a(gen(L) : K). (2.2)
We extended some results in [HSX98] to the representation setting for low-dimensional cases.

PROPOSITION 2.3. Suppose K, and L, are unimodular and [K, : K,N Ly] = p" for some non-dyadic
prime p. Furthermore:

1) rank(L) = rank(K); or
2) rank(K)+ 1 =rank(L) < 4.
Then 1, € 0,(X(Ly/K,y)) if and only if r is odd.

Proof. 1) The argument is already in [HSX98|.

2) We separate the discussion according to the rank of L. We present the proofs for the quaternary
and ternary cases in below, and leave that for the binary case to the readers.

2i) rank(Ly) = 3 and rank(K,) = 2. Write B(K,L)op, = p~°. Then s > 0. When s = 0, K,
splits Ly and the proposition is obvious. Therefore, we assume that s > 0.

Let K = op,x L op,y and B(z, L)op, = p~°. Write

Ly =(op,e+or,f) Lorg, Q(e)=Q(f)=0, Ble,f)=1 and Q(g) € uy.

Let a, b, and ¢ be in F}, so that = ae+bf+cg. Then min{ord(a), ord(b),ord(c)} = —s. If ord(c) < 0,
then ord(a) + ord(b) = 2ord(c). This implies that

min{ord(a),ord(b)} = min{ord(a), ord(d),ord(c)} =

Without loss of generality, we can assume that ord(a) = —s. Then x = 7, (ae + Bf + vg), where
« € uy and [ and v are in op,. Therefore, op, myx + op, f splits Ly and

Ly = (op,myx + 0F, f) L op,h  for some h € Ly.
If y = éx + nf + 6h, then £Q(x) +nar* =0 and y = &(x — o '7°Q(x) f) + 6h. Since
am,*¢ = EB(x, f) = B(y, f) €p~° and  6°Q(h) — £Q(z) = Q(y) € up,
both £ and § are in op,, and at least one of £ and 4 is a unit. As a result,
LyN Ky =p°x+o0p,(y — &),

and hence r = s.
Define o € SO(V;) by

o W;(l‘ — %a‘lQ(ac)w;f) — T — %Oé_lQ(l‘)ﬂ';f, f— 7r£f, h — h.
It is clear that
o(Ly) = (op,mpf + 0p, (z — 30" Q(z)7} f)) L op,h
= (OFpl‘ +p'f) L Oth D K.
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and X (Ly/K,) = 0SO(Ly). Since (o) € wgup(FpX)2, we conclude that 7, € 0,(X(Ly/Ky)) if and
only if r is odd.

2ii) rank(Ly) = 4 and rank(K,) = 3. Without loss of generality, we can assume that K, =
(o, +0F,y) L og,z, where Q(z) = Q(y) =0, B(z,y) =1 and B(Ky, Lp)or, = B(x, Ly)ogr, =p~°
with s > 0. It is clear that Q(z) € u,. The isotropic vector p®z is primitive in Ly. Therefore, there
are f,u,v € Ly such that

Ly = (p°r+op,f) L (op,u+opv) with Q(f) =0 and B(z, f) = 7rp_s.
Ify=ax+bf 4+ cu+ dv, then
ar,® =aB(x, f) = B(y,f) €p~® and 1= B(x,y) =bB(z,f)=br,”.
These imply that a € 0, and b = 7. Similarly, we have z = ax + fu + yv with a € op,.
When Fyu + F,v is anisotropic, then
op,u+opv = {r € Fpu+ Fv: Q(r) € op, }.
Since
Qcu+dv) = —Q(ax + 1, f) € op, and  Q(Bu+yv) = Q(2) € uy,
therefore ¢, d, 3, and v are all in 0p, and
KyNLy=(p°z+ op,(my f +cu+dv)) Log,z2.

It is clear that [K} : Ky N Ly] = p®. Define 0 € SO(V;) by 0 : v — 7%z, f — mpf,u — u,v — v.
Then 0 € X(Ly/Ky) = 0SO(Ly) and we are done since 6, (0) € wgup(FpX)Q.

When op,u + 0p,v is a hyperbolic plane, we can assume that Q(u) = Q(v) = 0 and B(u,v) = 1.
Then

cd=—a€op, By= 271Q(z) € up, Pd+yc=-—a€op,.
Without loss of generality, we assume that ord() < 0, and hence ord(v) > 0 and ord(d) > 0.
If ord(c) < ord(f3), there is £ € op, such that {c + 3 = 0. Then
Ky =op,x + OFp(T(';f + cu + dv) + oF, (ngf + (d€ +7v)v)
and
Kp N Ly = pz + p~ O (qd f + cu + dv) + op, (Emif + (€d +)v).
Therefore, [K, : K, N Ly] = p*~ 4. Let o € SO(V,) be defined by

0w —myte, f = mfu— e -,
Since
dé + 7 = 2dE + (y — d€) = —2afc™! —ac™! € pmI),
we Ses that K, C Ly and X(L,/K,) = 0SO(Ly). The lemma now follows because (o) € ﬂs_ord(c)up
(£

If ord() < ord(c), there is n € op, such that ¢ +n3 = 0. Then
Ky =op,z +op,(my f + (d+n7)v) + oF, (Bu +yv)
and
Ky N Ly =p*z+op, (w3 f + (d+yn)v) + p~ O (Bu + yv).
Therefore, [K, : Ky N Ly] = p5~°"4®) Define

- d —ord
oz —mx, f - fu—my (ﬂ)u,v—wrpor @,
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Then
o€ X(Lp/Ky) = 0SO(Ly) and (o) € my Py (F)2. 0

Remark 2.4. Suppose that K, and L, are unimodular over some non-dyadic prime p. If rank(kK,) <
rank(Ly) < 3, then

B(Ky, Ly)op, = p~° if and only if [K} : K, N Ly| = p°.
This statement is proved in the above proposition for the case in which rank(L,) = 3 and

rank(K,) = 2. The remaining cases can be easily verified. It is clear that such a statement is not
true when rank(Ly) > 3.

We would expect that Proposition 2.3 is true for all codimension one cases. A possible approach
is to have a result like [Ome73, Theorem 91:2] for the codimension one situation. However, such a
result is not true in general. We explain this point by the following example.

Ezample 2.5. Let p be a non-dyadic prime and L be the op,-lattice
(ome1+0r, f1) L (om,e2 + o, f2),
where Q(e1) = Q(e2) = Q(f1) = Q(f2) = 0 and B(ey, f1) = Blea, f2) = 1. Let
Ky = (op,m"e1 +opm " (fi + 7 %er + 7 Hea — f2))) L og, (e2 + fo),

where 7 is a positive integer. We claim that there is no regular two-dimensional subspace U such
that Ly, = (L, NU) L (L,NUL) and K, = (K, NU) L (K, NUL). Assume the contrary that such
a binary space U exists. Then U is either anisotropic or isotropic.

If U is anisotropic, so is U+. The maximal o F,-lattices on U and U+ are unique. So L,NnU =
K,NU and Ly N Uto Ky,n U+. Then K, C Ly, which is a contradiction.

If U is isotropic, there are z and y in U with Q(x) = Q(y) = 0 and B(z,y) = 1 such that
LyNU =p~*z+p°y and Ky NU = op,x + 0p,y, where s is an integer with s > 0. Since
Ky N Ly = (op,mper + op, (mp f1 + €1 + mpe2 — f2))) L op, (e2 + fa),
we have s = r + 2.
Let v = 7Tp_7"_2:1: € Ly. Then 7r£+211 = x is a primitive vector in K, N L,. Write
7r£+2v = amyer + b(wgfl +e1 +mp(ea — f2)) + clea + f2)

where a, b and ¢ are in op,, and at least one of them is a unit. We only need to consider the case
in which a is a unit. By comparing the coefficients of e, eo and f5, we conclude

ord(b) =7, ord(c)=7r+1, ord(mb+c)>r+2 and ord(mb—c)=r+2.
This is impossible because p is non-dyadic.
It is also clear that L, N (F,K,) is not unimodular by the above argument.
Now we come to the global situation. Let Sy be the set of prime divisors of 20(K)v(L). By the
weak approximation property for SO(V'), there is M € cls(L) such that
K, C M, forall peSp. (2.6)

Let ry be an integer such that [K, : K, N M,] = p". It is clear that r, = 0 for almost all p. Let i,
be the idele of which the p component is m,” and the others are 1. Put i(M,K) = [lp<ooip € Ip.
The ideal associated to i(M, K) is Hp <00 PP which is a generalization of the intersection ideal
defined in [HSX98].
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DEFINITION 2.7. Define

J(cls(L),K) = {i(M,K) : M € cls(L) with (2.6)}
The following result generalizes [HSX98, Theorem 3.1].

THEOREM 2.8. Suppose K is represented by gen(L) with rank(L) > 3. Let i € J(cls(L), K) and:
1) rank(K) = rank(L); or
2) rank(K) 4+ 1 =rank(L) < 4.

Then K is represented by spn(L) if and only if i € F*0s(gen(L) : K).

The proof follows from (2.2) and Proposition 2.3.

The method we develop here can be used to check if one form can be represented by the spinor
genus of another form directly, without the presence of a third form with a certain property in the
genus (see [HSX98]). We explain this by the following example taken from [Hsi99].

Ezample 2.9. Consider the binary form n(z,y) = 522 + 16y?> and the ternary form g(z,y,z) =
4z% + 45y° + 4522 — 10yz. By [Ome58], it is clear that 7 is represented by gen(g). We want to
determine whether 7 is represented by spn(g).

It is clear that Sp = {2,5} in this case. By [HSX98] and [HSX],

2
25257 ) fOI'p?é2757
Q? U5Q5X , for p =5,
-component of 05 (gen(g),n) =
R>0 for p = oco.

It can easily be checked that [Ig : Q*0a(gen(g),n)] = 2. By class field theory, the extension
associated to Q%0 (gen(g),n) is Q(v/—1).

Let L = Z[u,v,w] correspond to the form 4% + 45y + 4522 — 10yz. Then K = Z[2u,v/3]
corresponds to 7 and K, C L, for p = 2,5 and [K : L N K] = 3Z. Since 3 is inert in Q(v/—1), n is
not represented by spn(g) by Theorem 2.8.

The genus of g has four spinor genera (see [BH82]). For example, hy = 42% + 2532 + 8022 is in
gen(g). To determine if spn(hy) represents 7, we can set L = Z[u,v,w], which corresponds to h;
and K = Z[(5u + 3v + w)/9, (—4u + w) /3], which corresponds to 7. It is clear that K, C L, for
p=2,5and [K : LN K] = 9Z. Since 9 is trivial in Q(v/—1) under the Artin map, 7 is represented
by spn(hy) by Theorem 2.8. As was pointed out in [Hsi99], 522 + 16y% + 10022, a form in spn(h;)
by Kneser’s neighborhood method at p = 13, obviously represents 7.

There are two more spinor genera in gen(g). One contains 422 + 5y2 + 40022 and hence it
obviously represents 1. The other contains 1622 + 20y? + 2522 and it should not represent 7, since
the number of spinor genera in gen(g) representing a given form is a power of two, see [HSX98].
We can also confirm this by Theorem 2.8. Let L = Z[u, v, w] and K = Z[u, (v+w)/3] correspond to
1622 4 20y? + 2522 and 1), respectively. It is clear that K, C L, for p=2,5 and [K : LN K| = 3Z.
Since 3 is inert in Q(v/—1), n is not represented by the spinor genus of 16z + 20y? + 2522,

3. Representation by spinor genera II, codimension two

In this section, we assume rank(L) —rank(K) = 2. Write V = FK | W. It is well-known that every
spinor genus in gen(L) represents K unless the following two conditions hold (see [HSX98]):

det(W) # —1 (3.1)
291
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and
Oa(gen(L) : K) = 05(SOA(V)). (3.2)

Let £ = F(y/—det(W)). The following proposition is the analog of Proposition 2.3 in the
codimension two case.

PROPOSITION 3.3. Suppose that L, and K, are unimodular with rank(L,) < 4 for a non-dyadic
prime p of F. If [Ky, : Ly N K| = p", then my € 0,(X(Ly/Ky)) if and only if r is odd.
Proof. We only consider the rank(L,) = 4 case here and leave the rank(L,) = 3 case to the readers.
Write Ky = op,x L o,y with B(z, L)op, = B(Ky, Lp)or, = p~° and s > 0. Then there is f € L,
such that B(z, f) = m, ® and Q(f) = 0. Therefore, L, = (p°z + 05, f) L (0p,u + 0Fp,v) for some u
and v in Ly. If y = ax + bf + cu + dv, then B(y, f) € p~° and B(x,y) = 0. Therefore, a € of, and
b e p°.
When Fyu + Fyv is anisotropic, then ¢ and d are in op, because

Q(cu + dv) = Q(y) — Qaz) — 2abr,” € op,.

Therefore, [K, : K, N Ly) = p* and 7 = s. Let 0 € SO(V})) be defined by
g F;(ZL‘ - %Q(ﬂl’)ﬂ';f) - (ZL‘ - %Q(x)ﬂ;f)vf - W;,ﬂu —u,v — 0.

When Fyu + F,v is isotropic, we can assume that Q(u) = Q(v) = 0 and B(u,v) = 1. Therefore,
cd € op,. When both ¢ and d are in op,, [K, : Ky N Ly] = p° and we are done as in the last
paragraph. Therefore, we may assume that ord(c) < 0. Then K, N L, = p°x +p~ ) (bf + cu+ dv)
and [K, : Ky, N Ly] = p*~°") If we put

o W;({L’ — %Q(az)w;’f) — (x — %Q(m)wgf), f— wgf,u — wﬁrd(c)u,v — wgord(c)v,
then 0 € X(Ly/K,) = 0SO(Ly) and 0y(0) € wgup(FpX)2. The proof is now complete. O
Remark 3.4. Proposition 3.3 is not true for dyadic primes. For example, 0,(X(L,/K,)) =

when rank(Ly) = 4 and n(K,) = n(Ly) [Xu99, Reduction Formula III] or rank(L,) = 3 [Xu00,
Theorem 2.1].

Let Sy be the set containing all finite primes that divide 2v(L). By weak approximation, there
is M € cls(L) such that

K, C M, forall p € Sp. (3.5)
Define
i(M,K) = ] K, : Ky N M|
p<oo
and

J(cls(L), K) = {i(M,K) : M € cls(L) with (3.5)}.

THEOREM 3.6. Suppose the rank of L is less than or equal to four and (3.1) and (3.2) hold. Let a
be an ideal in J(cls(L), K). Then K is represented by spn(L) if and only if a is trivial in Gal(E/F')
under the Artin map.

Proof. By (3.1), (3.2) and class field theory, we have Ir/F>*0(gen(L), K) = Gal(E/F). It is clear
that p is unramified in E/F for any finite p ¢ Sp.

If p ¢ Sp and p | v(K), then 6,(X(Ly/Ky)) = F,* by [HSX98, Theorem 5.1]. The result follows
from Proposition 3.3 and (2.2). O
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The following proposition subsumes the main theorem in [EH82] as a special case.

PROPOSITION 3.7. Suppose that L is a unimodular lattice of rank 3 and (3.1) and (3.2) hold.
Ifb = B(K, L)op, then K is represented by spn(L) if and only if b is trivial in Gal(E/F) under the
Artin map.

Proof. 1t is clear that Sy contains only the dyadic primes. Moreover, 0,(X(Ly/K,)) = F,° for
any p € Sp by [Xu00, Theorem 2.1]. The proposition now follows from Proposition 3.3, (2.2), and
Remark 2.4. O

We give one more illustration of Theorem 3.6 by the following example which was also considered
in [Bor01] and [BR95].

Ezample 3.8. Let L = Z[u,v,w| be an indefinite ternary Z-lattice such that
Q(zu + yv + zw) = =922 + 2xy + Ty + 22°.

Since Q(3u+ z) = Q(—3u+ 3v+w) = 1, therefore 1 is represented by gen(L). As Sy = {2} in this
case, we can take K to be the rank 1 lattice spanned by the vector %u + z. Then F = @(\/5) and
37 is in J(cls(L), K). Tt is clear that 3 is inert in Q(v/2). Therefore 1 is not represented by L by
Theorem 3.6.

4. Integral embedding for quaternion algebras

Let B be a quaternion algebra over F' and U be a two-dimensional commutative F-subalgebra of 23.
Let D be an order in B and € be an order in U. The set of pure quaternion in B is denoted by BY.
For any S C 9B, SY is the set S N BY. On B, we have a symmetric bilinear form (z,y) — T(z7)
where T is the reduced trace from B to F' and ~ is the main involution on 8. The quadratic map
on ‘B is 2N, where N is the reduced norm. As a quadratic space, U can be degenerate. In this case,
there is v € U such that U = F + Fv and T(v) = 0 and v? = 0. Then there is a € F* such that
Q C op + opav. It is clear that B is split in this case. Then there is a non-zero element x € D such
that T(z) = 0 and 22 = 0. It is easy to see that the map which sends av to = gives an embedding
of 2 to D. Therefore, we can always assume that U is non-degenerate as a quadratic space.

Let K be the lattice Q°, J = [Q: 0r L K] and L be the lattice (o + JD). Note that J is only
divisible by the dyadic primes and the norm of € as a quadratic lattice is always 20p.

Let p be a dyadic prime, A = 1—4p be a unit of quadratic defect 405, and e = ord(2). Then €,
is not split by o, if and only if

Qp =op, +0op,u, where T(up) =m,” and r, < e. (4.1)
In this case, Jp = p* with s, = e — 1, and K, = 0p,v, with N(v,) = W{szdet(Qp) and
vp = —142m, Py (4.2)
ProrosiTiON 4.3. Q C D if and only if K C L.

Proof. Suppose 2 C D. If p does not divide J, then Q, = op, L K, and L, = Dg. Therefore,
Ky C Ly. If p | J, then by (4.2) we know that v, € op, + J,Dy and hence K, C Ly.

Conversely, suppose K C L. It is clear that Q, C D, for all p { J. For p | J, we only need to
show that (1+vy)/m," is in Dy by (4.2). Since vy € Ly, we can write v, = A+ m,"w where A € o,
and w € Dy N Uy. Therefore, (14 A)/m,* = ejuy — w is an integral element in U,. Hence

1 1+ A
t:jp = tp +we D}M
Tp Tp
and this implies €, C Dj,. O
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Remark 4.4. In general, the sum of two integral quaternions may not be integral. However, if these
two quaternions commute with each other, then their sum is integral.

When B is regarded as a quadratic space, the proper isometries are induced from the conju-
gation of elements of B*. Let gen(D) be the orders in B that are conjugate to D at every local
completion of F'. For any order € in gen(D), let ®(&) be the lattice (op + JE)°. We always assume
that 9B satisfies the Eichler condition. By virtue of the strong approximation theorem, both the con-
jugacy classes in gen(D) and the proper classes in gen(L) have natural 2-elementary abelian group
structures and ® induces a surjective group homomorphism between them. By Proposition 4.3, K is
represented by only half of the classes in gen(L) (i.e. K is an exceptional lattice for gen(L)) if and
only if © can be embedded in only half of the conjugacy classes in gen(D).

By the above observation, it is clear that the results in [CF99], for example Theorem 3.3, can
be extended to arbitrary orders since the exceptional lattices have been characterized in [Sch80],
[HSX98] and [Xu00]. To explain this, we give an alternative proof of [CF99, Theorem 3.3] via this
approach. Write B° = FK | W as a quadratic space. Then 8 = U L W. For a maximal order D,

one has
- JA(2,0) L A(0,0) when B, is unramified,
P {A(2,2p) 1 myA(2,2p) when By is ramified. (4.5)
We also have
2n(K) = J2dgo- (4.6)

As we pointed out in § 3, K is an exceptional lattice for gen(L) if and only if (3.1) and (3.2)
hold. We are going to show that (3.1) and (3.2) are equivalent to the following three conditions in
[CF99, Theorem 3.3]:

1) Q is an integral domain and U is a quadratic extension of F

2) the extension U/F and the algebra 98 are unramified at all finite places and ramify at exactly
the same (possibly) set of real places of F’;

3) all prime ideals of F' dividing dg/, are split in U/F.
Without loss of generality, we assume that Q C D. It is clear that (3.1) is equivalent to condition 1
and U = F(v/—detW).
Suppose (3.2) holds. Since 6,(SO(Ly)) 2 up for all p < oo by (4.5), U/F is unramified for

all p < co. If B, is ramified, then p has to be inert in U/F and 0,(SO(Ly)) = F,° by (4.5).
A contradiction is derived by (3.2). Therefore condition 2 holds for p < oo.

When p | dg,,., then 0,(X(Ly/Ky)) = F,° by (4.6) and [HSX98, Theorem 5.1] and [Xu00,
Theorem 2.0]. Therefore condition 3 also follows from (3.2).

Conversely, suppose conditions 2 and 3 hold. Since (3.2) is always true if p is split in U/F, we
only need to prove (3.2) for an inert prime p. Then p 1 dg/, 5 by condition 3.

If p is non-dyadic, Ly is unimodular and 6,(SO(Ly)) = u, by condition 2 and (4.5). It is clear
that

X(Lp/Ky) = SO(Ly)SO(Wy),

by (4.6). Therefore (3.2) follows from condition 2.

If p is dyadic prime, then J = 20p, by (4.1) and K = (-2A) by (4.2) and L, = (—24) L
4A(2,2p) by condition 2 and (4.5). By [Xu00, Theorem 2.1, Case III(ii)], (3.2) also holds in this
case by condition 2.

For p | oo, it is clear that X,(Ly/K,) = SO(‘BS). Therefore, (3.2) at p is equivalent to the
statement that By is ramified if and only if U/F is ramified at p.

294

https://doi.org/10.1112/50010437X03000484 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X03000484

REPRESENTATIONS OF SPINOR GENERA

Suppose that conditions 1, 2 and 3 hold and €2 C D. Let £ be another maximal order in B
and M = (op + JE). In § 2, we point out that K is represented by M if and only if (2.2) holds.
It is clear that we only need to consider those p which are inert in U/F. For such a p, we can
write

Dy = (0o, +op,7) L (0p,y+0F,2) and & = (op, +op,z) L (p"y+p "2)
where N(z) = N(y) = N(z) = 0 and T(x) = T(yz) = 1.
If p is non-dyadic, then &, and Dy are split by of, . Therefore, [£, : £,NDy| = [M, : LyNM,] = p".
If p is dyadic, then p { dq/,,. by condition 3. By (4.1), we have J, = 20, and

Ly =0r, (22 —1) L (0p,2y +0r,22) and My =op, (20 —1) L (p"2y +p "22)

and hence [§, : &, NDy| = [M, : Ly N M) = p™. It is clear that m, € 0,(X(M,/K})) if and only
if n is odd. Therefore, K is represented by M if and only if the distance ideal p(D, ) is trivial in
Gal(U/F) (see also [HSX98, Theorem 4.1]).

Based on the above arguments, we extend Theorem 3.3 in [CF99] to Eichler orders of level 0.

THEOREM 4.7. Suppose that D is an Eichler order in %5 of level 0 and € is an order in U. Assume that
Q is embedded into a conjugacy class in gen(D). Then Q is embedded into either all or exactly half
of the conjugacy classes in gen(D), and the latter happens if and only if conditions 1 and 2 and the
following condition are satisfied:

3') All prime ideals of F' dividing dg,,. are split in U/F unless ord,(d) = ordy(dg/,,)-

Suppose that conditions 1, 2 and 3’ hold. Then ) is embedded into D if and only if [Q : QN D]
is trivial in Gal(U/F') under the Artin map.

Proof. Tt is clear that condition 1 is equivalent to (3.1) and we only need to consider p | 0 by the
above argument. For such a p, B, must be unramified. Let a, = ordy(0) and d, = ordy(dg/oy)-
For the first part of the theorem, we may assume that K, C Ly for all p.

Non-dyadic prime p. We have Ly, = (=2) L 7* A(0,0) and K, = (2det(£,)). Since K, is represented
by Ly, we also have dy > a, when p is inert. So by [HSX98, Theorem 5.1]

u, [ if ap = dj and p is inert,

Op (X (Lyp/Kp)) = {

F, pX otherwise.

It is clear that (3.2) is equivalent to conditions 2 and 3'.

Dyadic prime p. Since 0,(SO(Ly)) 2 uy, it is clear that 6,(X(Ly/K,)) = F,* when p is not inert
in U/F. Let p be an inert prime. Then det(Q,) = —An% where d,, is even. Let e = ordy(2).

If p | J, then L, = (—2) L 7% +2% 4(0,0) and K, = (—2A). Since K, is represented by Ly, we
have ap + 2s, = ap + 2e — dy < 2e by (4.5) and so dy > ay. By [Xu00, Theorem 2.1, Case III,

uprX2 if ap = dy and p is inert,

Op (X (Lp/Kp)) = {

pr otherwise.

Therefore (3.2) is equivalent to conditions 2 and 3'.
If ptJ, then Lp (=2) L 7% A(0,0) and K, & (=27 7% A). Since n(K,) C n(Ly), dy > 2e.
When dj, — 2e > ay, then 0,(X (L, /K,)) = F,* by [Xu00, Theorem 2.0].
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When dy, — 2e < ayp, then ap, — (d, — 2e) < 2e because K, is represented by L,. Thus ay, < dp.
By [Xu00, Theorem 2.1, Case III],

u, £ if ay = dy, and p is inert,
Op (X (Ly/Ky)) = { T P

F, px otherwise.

Therefore (3.2) is equivalent to conditions 2 and 3'.
Now we prove the second part of the theorem. First we claim that [ : QN D] = [K : KN L.
If p is non-dyadic or dyadic with p t J, then Q, = op, L K, and op, L (D, N K,) =
Dy N (oF, L Ky). Therefore, [Qy : Q, NDy] = [oF, L Ky : (oF, L Ky)NDy] = [Kp : KyNDy| = [Ky :
K, N Ly).
If p is dyadic and p | J, we write
Dy = (0, +op,) L (0p,y +0r,2) = A(2,0) L 7% A(0,0).

Let k be the smallest integer such that 7T§’LLp € Dy, where uy is the same as that in (4.1). Then [, :
Qp,NDy) = p*. By Proposition 4.3, we can assume that k > 1. Let FkUp = a+ bx + cy + dz, where

a, b, c and d are in o, and one of them is a unit. By taking the trace and the norm, we have

7T§+T" = 2a + b and ngN(up) = a? + ab + cdT(yz). It is clear that b is not a unit and one of ¢ and

d has to be a unit. Since Ly, = op, (22 — 1) L (p*" "y +p°~"2), Ky = 0p, (27 ™Pup — 1) and
7Tlp“(27rp_rpup —1) =a""b(2z — 1) + 2m, Pcy + 2m, Pdz,
For the rest of the proof, it suffices to show the following.

CraM. Let p be inert in U/F and [K, : K, N Ly] = p*. Then 7, € 0,(X(Ly/Ky)) if and only if k
is odd.

For such a prime p, we can write det(€,) = —spwdp where g, is a non-square unit, dj is even
and dy, = a, by condition 3'. Write

Ly =opz L (0py+op2) = (—2) L 7% 2% 4(0,0)
and Ky = 0p,vp.
Non-dyadic prime p. By Proposition 3.3, we may assume that a, = d, > 0. It is clear that

By scaling and Proposition 3.3, 7, € 0,(X(Ly/K,)) if and only if £ is odd.

To prove the dyadic cases, we need the following lemma whose proof will be given later.

LEMMA 4.8. Let p be a dyadic prime. Suppose that
M =op,f L (0,9 +o0rh) = (1) L2A4(0,0) and N =opl=(A)
and [N : M N N] = p’. Then j is odd if and only if m € 0,(X (M/N)).
Dyadic prime p. If p | J, then K, = (-2A) and a, = dy = 2ry. By scaling and Lemma 4.8,
mp € 0p(X (Ly/Kp)) if and only if £ is odd.

If ptJ, then K, = <—2_1A7rg”> and dy = ay > 2e. It is clear that X(Ly/Ky) = X(L,/K)y) and
(K« Ky N Ly] = [Ky : Ky N Ly], where, Ly, = ple/2=eq | (0,y + 0p,2). By scaling and Lemma 4.8,
mp € Op(X (Ly/Kp)) if and only if k is odd.

The proof is completed by (2.2) and (3.2). O
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Proof of Lemma 4.8. When j = 0, N € M and 6,(X(M/N)) = uprX2. Therefore, we assume
henceforth that j > 1. Since [N : N N M| = p’, there are , 3 and 7 in 0p,; one of them is

a unit, such that ng = af + Bg +vh. Let w = x + pfy — £ 12, where ¢ is a unit which will
be chosen afterwards. It is clear that 7,_,, € X(M/N). Also, ﬂng = a? 4+ 46y and Q(l — w) =
2(A - am, J_ 2p&ymy I 4 255_177; J ). Therefore, ord(a) > 1. Without loss of generality, one can
assume that § is a unit.

Case 1: j < e. Then ord(a) = j. Since A =1—4p, 1 — a27rp_2j = 4ﬁ’y7rp_2j +4p. If ord(omp_j -1)
< e, then
i i d
ord(am,? + 1) = ord(am,” —1) =e—j + e 2(7).
By a suitable choice of &, we have ord(Q(l — w)) = 2e — j.
If ord(am,” — 1) > e, then ord(am,” + 1) > e and ord(y) > 2j. Therefore, ord(Q(l — w)) =

e+ ord(25§_17rp_j) =2e—7].

Case 2: j = e. Then ord(a) > e
If ord(a) = e, then ord(Q(l — w)) = e by the same argument as that in Case 1.

If ord(a) > e, then both § and 7 are units. It is clear that there is a unit ¢ which makes
péy — BE~L € p. Therefore, ord(Q(I — w)) = e.

Case 3: j > e. Then ord(a) > e and Q(I — w) = 47rp_j(2_17rgA —27la — pyé 4+ pETH).

If ord(c) = e, then both 3 and ~ are units. We can choose a unit ¢ such that p&y — B¢~ € p.
Therefore, ord(Q(l — w)) = 2e — j.

If ord(«) > e, then ord(y) > 1. Therefore, ord(Q(l — w)) = 2e — j.

Since X(M/N) = 1_,SO(M), 7, € 0,(X(M/N)) if and only if j is odd. O

Remark 4.9. It is clear that the statement in the second part of Theorem 4.7 is more natural than
that in [CF99, Theorem 3.3].

5. Hardy—Littlewood varieties for indefinite forms

In this section, we explain how the results in [XuO1] are related to those in [BR95] and answer
Question 0.3 in [Bor01].

Let V' be a non-degenerate indefinite quadratic space of dimension n > 3 over Q, L be a Z
lattice with QL =V, and K be a Z lattice in V of rank m. Let £ and K be the Gram matrices for L
and K with respect to some bases. Then we have an affine variety 2) over Q defined by Y £Y? = &.
The main concern in [BR95] is to determine:

i) if 9 is strongly Hardy—Littlewood; and
ii) the density function on Y(Ag) if Y is only Hardy—Littlewood.

Let N(T,9) ={Y € 9(Z) : |Y| < T} and poo(7,9) be the singular integral [BR95, (0.0.4)].
We assume that the asymptotic count for N(7,9)) in [BR95, (0.2.2)] holds in the subsequent discus-
sion. That assumption is known to be valid for m = 1 and n > 3 (i.e. when ) is a symmetric space
[DRS93] and [EM93]), and for some other values of n and m [EMS96]. Under (0.2.2), poo(7,92) is
the volume of the set {Y € Y(R) : |Y| < T} by the Tamagawa measure A, [BR95, Lemma 1.8.2]
and
Z foo ( 50 W)/SO(W) N SO(oalL))

SO (V)/50(L)) ’

li
TI_I’I;O,UOOTQJ
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where V. = QK L W and oa runs through a complete set of double coset representatives in
SOW)\X(L/K)/SOa(L) with oa L € cls(L). The sum on the right-hand side is the representation
mass of K by L defined in [XuOl]. The results in [Kne61], [Wei62] and [Sch84] (see also [Xu01])

imply that
Hardy-Littlewood if dim(W) > 2,
i {strongly Hardy—Littlewood if dim(W') > 3.
When m = 1, the above was pointed out in [BR95] and the idea used there is also similar

to those in [Kne61], [Wei62] and [Sch84], where the action of the spin group of V' is utilized.
In particular, in view of [Sch84] and [Xu01], when dim(W') = 2 the density function defined by the
Kottwitz invariant in [BR95] should be interpreted by the spinor norm map. We explain this in the
following.

First of all, we can extend the spinor norm map to ). Indeed, fix a ¢ € P(Q) and consider an
arbitrary point € P(Q). Since SO(V') acts on Y(Q) transitively, there is a ¢ € SO(V') such that
x = oxg. We can define §(z) = 0(c) in Q* /0(SO(W)). It is well defined because the stabilizer of x
is conjugate to SO(W). It can easily be checked that this map 6 does not depend on the choice of
xo. Similarly, we can also define 05 : Y(Ag) — Ig/0a(SOA(W)). There is a quadratic character
defined as

X Io/Q*04(SOA(W)) — {£1},  x((ap)) = [ [ (ap, —det(W),

where p runs over all primes including infinity. Then the density function 6(z) on (Agq) is simply
1+ x0a by [Xu01, Remarks 2.2.3 and 2.2.4].

When dim(W) < 1, 9 is still Hardy-Littlewood by [Xu01] (see [Xu01, Remark 2.2.3]). By the
same argument as above, one has the following map induced by the adélic spinor norm map: 64 :
D(Ag) — IQ/I(%Q. Then the density function §(z) is given by §(z) = 3 >~y X0a, where x runs over
all the characters of In/Q* @A (SOA(L)).

When %) is not strongly Hardy-Littlewood, it is natural to study the following constant which
measures the difference between N(T,9)) and its Hardy—Littlewood expectation:

. N(T,9) - -1 _ 7r(K,cls(L))
= Tl—>oo too(T,) (pllo Ap(@(Zp)> B ET(K, gen(L))’

and
if dim(W') = 2,
1

It is clear that

where h is the class number of gen(L).

For dim(W') < 1, ¢y = h/2 if and only if cls(L) is the only class in gen(L) that represents K,
and cy = % if and only if every class in gen(L) has the same representation mass for K.

For dim(W) = 2, we have

2 if K is an exceptional lattice for gen(L),
ey =41 if K is not a splitting lattice for gen(L),
neither 1 nor 2 if K is splitting but not exceptional for gen(L),
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when K is represented by L. We refer the readers to [Xu0l, Definition 1.1.8] for the definitions
of exceptional and splitting lattices. Exceptional lattices of any rank can be characterized by
the relative spinor norm groups [HSX98]. Ternary splitting lattices are completely determined
by [Xu01, Theorem 1.5.1]. It is easy to see that [Bor0l, Theorem 0.2] follows from [Xu01l, The-
orem 1.5.1] as condition (2) in [Xu0l, Theorem 1.5.1] is violated at infinity. Finally, we answer
Question 0.3 in [Bor01] more explicitly by the following example.

Ezample 5.1. Let f(x,y,2) = =922 + 2xy + 7y? + 222 and let ¢ be an odd prime which is inert in
Q(v/2)/Q. Since gen(f) represents 1 by Example 3.8, ¢™ is also represented by gen(f). Then ¢*™
is a splitting number but not an exceptional number for gen(f) by [Xu01, Theorem 1.5.1], [HSX98§]
and [HSX], or [Sch80]. Let 9,, be the affine variety defined by the equation f(z,y,2) = —92% +
22y + Ty? + 222 = ¢*™. By [Xu01, Remark 2.2.3], we have

ag (@™, f) = ag (™, f)
ag (™, f) + ag (¢®™, f)

because a,, (@®™, f) = 0 at every p # ¢ by [HSX98, Theorem 5.1] and [Xu00, Theorem 2.1,
Case II]. It is computed in [Sch84, Hilfssatz 8| that a;r(q2m,f) - aq_(qu,f) = (=1)™mq Yq - 1).
Since a;r (@™, f) + a, (¢*™, f) is the usual local density which is computed in [Sie35, Hilfssatz 16],

Cg)m:1+

we obtain ) )
ag (" f) +ag (@ f) =1 —q?) (1 [qu__fm + fq; q)i> :
Therefore
oy, =1+ (—1)’”%.
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