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T h e "force-free" ( F F ) a p p r o x i m a t i o n has often been evoked as a conve-

n ien t m e a n s of t r e a t i n g e l ec t romagne t i c processes of e x t r a c t i n g r o t a t i o n a l 

ene rgy from pu l sa r s a n d b lack holes t h r o u g h the i r m a g n e t o s p h e r e s , t o en-

ergize a var ie ty of ac t iv i t ies in t h e e n v i r o n m e n t s . In o rder t o p r o d u c e rela-

t iv is t ic j e t s w i th cylindrical topo logy like those assoc ia ted w i th A G N s , s o m e 

peop le fu r the r use th i s a p p r o x i m a t i o n for co l l imat ing re la t iv is t ic outf lows in 

t h e a s y m p t o t i c d o m a i n s from cen t ra l sources . It is a rgued he re t h a t one can 

n o t co l l imate outf lows b y t h e F F m a g n e t i c field only, t h a t is , t h e flow-field 

s t r u c t u r e m u s t a sympto t i c a l l y be conical far ou t from t h e l ight cyl inder . 

T h e m a g n e t o s p h e r e u n d e r concern is descr ibed by a so-called pulsar 

equation for t h e flux funct ion P , 

wz \ cz I 

1 dß2 α 2 < Π η α , _ 

a n d t h e po lo ida l a n d to ro ida l c o m p o n e n t s of t h e e l ec t romagne t i c field a r e 

expressed as 

B p = J j i l L , B t = E r = _ 2 i £ l v P , E. - » (2) 

137 W C 

(Miche l 1973a ,b ; S c h a r l e m a n n k W a g o n e r 1973; Ju l i an 1973; O k a m o t o 

1974) . T h e s e express ions con t a in t h e two funct ions of P , i.e. a ( P ) for t h e 

a n g u l a r veloci ty of field l ines a n d ß(P) for t h e angu la r m o m e n t u m flux 

pe r un i t flux t u b e . Usual ly a is given a t t h e feet of field l ines, while β is 

often r ega rded as a free funct ion of P . W e show t h a t since t h e to ro ida l 

c o m p o n e n t of t h e field is a swep t -back c o m p o n e n t of t h e polo ida l field by 

p l a s m a pa r t i c l e s , β is no t freely specifiable even in t h e F F a p p r o x i m a t i o n , 
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b u t shou ld b e d e t e r m i n e d by load ing par t ic le ine r t i a on field lines a t t h e 

' s p h e r e a t inf ini ty ' , where p l a s m a ine r t i a is t h r o w n away; 

ß(P) = -^p.(Bpw2)0o. (3) 

W e refer t o t h i s cond i t ion as the plasma condition on t h e F F m a g n e t o s p h e r e . 

T h i s cond i t ion is also equivalent t o t h e condi t ion given by t a k i n g t h e F F 

l imi t of t h e cr i t ica l i ty condi t ion a t t h e m a g n e t o s o n i c po in t in t h e re la t iv is t ic 

centr i fugal w i n d s . 

T h e a s y m p t o t i c b e h a v i o r of t h e pu l sa r equa t i on for w >> πι, = c/a is 

desc r ibed from E q . (1) by 

r2
 Or V dr J 2w2 OP \ dr J 

ßz - - B P w 
c 

(4) 
2o2w2 ÔP 

w h e r e d/ÔP = (l/B$w2)(VP · V). 
If dP/dr = 0, i.e. Ρ — Ρ(θ) in t h e a s y m p t o t i c d o m a i n , one has Βγ>π2 = 

ύηθ(άΡ/άθ) a n d t h e n t h e r ight h a n d side of Eq . (4) reduces t o cond i t ion 

(3 ) . Converse ly cond i t ion (3) requi res t h e field s t r u c t u r e t o be of Ρ = Ρ{θ) 

in t h e a s y m p t o t i c d o m a i n . T h a t is , t h e field t e n d s t o be rad ia l , i.e. conical 

t o w a r d infinity, filling all t h e space t h e r e . T h u s as far as we r e t a in t h e F F 

a p p r o x i m a t i o n , t h e F F field m u s t b e c o m e rad ia l a sympto t i ca l ly a n d c a n n o t 

by itself co l l imate t o w a r d t h e axis . 

I t can b e shown t h a t condi t ion (3) ind ica tes O h m ' s law for t h e surface 

r e t u r n c u r r e n t on t h e ' sphe re a t inf ini ty ' wi th surface res is t iv i ty J ?L = 

4 7 r / c = 377 O h m . Ac tua l ly from Eq . (3) one has = (cß/4Kw)00ee = 

(l/Ri^Eg, w h e r e E Q — (ß/w)00ee. Th i s ensures t h e global cu r r en t c losure . 

In de r iva t ion of ß(P) in Eq . (3 ) , we h a d to i m p o s e t h e condi t ion of ν —• c, 

t o m a k e t h e force-free a p p r o x i m a t i o n b reak down at w >> ZUL, a n d t o r e s to re 

t h e i n e r t i a t o mass less cha rged par t i c les . T h i s leads a u t o m a t i c a l l y t o b reak-

d o w n of t h e frozen-in cond i t ion , a n d finite electric conduc t iv i ty enab les 

c h a r g e d par t i c les t o cross t h e rad ia l field l ines on t h e sphe re a t infinity, 

following O h m ' s law. T h e resu l t ing Jou le d i ss ipa t ion of t h e surface e lectr ic 

c u r r e n t equa l s t h e t o t a l P o y n t i n g flux flowing in to t h e sphere a t infinity. 

O n e can i n t e r p r e t t h i s s i t ua t ion as conversion of t h e e l ec t romagne t i c energy 

e x t r a c t e d from t h e cen t r a l ob jec t t o t h e kinet ic energy of acce le ra ted non-

mass less par t i c les b e y o n d t h e force-free region. 

T h u s t h e F F field c a n n o t self-coll imate t o w a r d t h e r o t a t i o n ax is , un less 

t h e r e is a n y e x t e r n a l confining m e c h a n i s m (see O k a m o t o , I. , Astronomy and 

Astrophysics, 326, i ssue 3 ( O c t o b e r I I I , 1997), p p . 1277-1284 for de t a i l s ) . 

https://doi.org/10.1017/S0074180900085211 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900085211

