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Since the days of Cassini (1693), study of the position of the lunar axis relative to an 
inertial system of reference has been based on the assumption that "the inclination of 
the Moon's equator to the plane of the ecliptic is constant". And, although the actual 
value of that inclination has been subject to continuous changes and modifications, 
reduced from the originally suggested 4^° to 1°32'4" (Koziel, 1967), no sufficient atten­
tion has been paid to the fact that, as the lunar globe moves within the field of varying 
external forces, the inclination of its axis cannot remain constant. 

Moreover, certain confusion seems to have been involved in works dealing with the 
subject, and several 'axes' of the Moon appear to be interchanged with each other and 
used quite inconsistently. It must be understood that the shortest inertial axis of the 
lunar dynamical configuration, the instantaneous axis of rotation of the Moon, and 
the rotation axis which the Moon would possess if it could obey precisely Cassini's 
laws of motion, do not coincide with each other (Habibullin, 1968). Therefore, when­
ever measurements of reference points of the lunar surface are reduced for the deter­
mination of the position of the lunar 'axis', either the selenographic coordinates of 
those points or the inclination of the axis they are referred to, should be expressed 
as time-dependent functions. Which one would be considered as constant depends on 
the definition; but they cannot both possess constant values. 

The Eulerian equations of motion provide the required relations between the system 
of principal axes of the Moon, Oxyz, and a system fixed in space. If we adopt as our 
fixed system the ecliptic system of coordinates and we represent the longitude of the 
descending node of the Moon's equator, the angular distance of the direction Ox from 
the descending node of the Moon's equator, and the inclination of the lunar equator 
to the ecliptic, with \j/, q> and 0, respectively, the kinematic equations take the form: 

d^ dO 
cox = sin 0 sin cp ■ cos cp (1) 

dt dt 

dij/ de 
(o = sin 0 cos cp -\ sin cp (2) 

dt dt 

coz = —- cos 0 + — . (3) 
dt dt 

where cox, coy and coz stand for the components of the angular velocity along the x, 
y, z axes. 
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The system of Equations (l)-(3) solved for di^/df, d<p/dt and dO/dt gives: 

di// cox sin cp + (oy cos cp 
dt sin 6 

dcp (cox sin cp -f ooy cos<p) cos 6 
dt sin 6 

d6 

(4) 

+ coz (5) 

dt 
= a>y sin cp — cox cos cp. (6) 

We can introduce into the right-hand side of the Equations (4)-(6) the components 
o\ T and g of the physical Hbration, which, as is known, represent deviations in the 
position of the Oxyz system from that prescribed by Cassini's laws, and therefore are 
connected to the angles ij/9 cp and 6 by means of the relations: 

\I* = Q + <T (7) 

cp = 180° + / - iA + T (8) 

0 = 1+ Q. (9) 

where Q is the longitude of the ascending node of the lunar orbit, / the mean longitude 
of the Moon and / the mean value of the inclination of the lunar equator to the ecliptic. 

Retaining the first-order terms for the small quantities cr, T and g, and taking into 
account the relation: 

/ = g + (o + Q (10) 

which expresses the mean longitude of the Moon in terms of the mean anomaly of the 
Moon, #, the angular distance of the Moon's perigee from the ascending node of the 
orbit, co, and the longitude of the ascending node of the lunar orbit, Q, we find the 
system of equations: 

d<A 1 

dt sin I + g cos I 
x {[wx COS (g + CO) — a)y sin (g + co)] (T - a) + cox sin (g + co) + wy cos (g + co)} 

(11) 
dcp cos I 
dt sinl + gcosl 

x {[cox cos (g + co) - coy sin (g + co)] (T - a) + cox sin (# + co) + coy cos (g + co)} 

+ -T~T [cox sin (# + co) + cov cos (g + a>)] £ + coz (12) 
sin / + £ cos / * 

d0 
--- = [cox sin (# + co) 4- coy cos (g + co)] (<r — T) + cox cos (g + co) - coy sin (# + co) 

(13) 
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or the equivalent to that system: 

dcr 1 
dt sin/ -f- Q cos I 

x {[a>x cos (g + co) - (Dy sin (g + coj] x 

x (T — a) + cô  sin (# + co) + coy cos (# 4- co)} (14) 
dt 

dr 1 - c o s / . 
v = . —r T IL^JC c o s \Q + °>) - wv s i n (0 + &>)] x 

df s i n / + £ cos/ 
/ A • / X / M S i l l / 

x (x — a) + cox sin (# + co) + co cos (g + co)} + x 
sin/ + £ cos/ 

d̂ f dw d(2 
x [cox sin (g + co) + cov cos (# + co)J £ + coz - --- - -— - — (15) 

df at at 

[cox sin (# + co) + coy cos (g + co)] (cr — T) + cox cos (# + co) — coy sin (g -f co). 
(16) 

d<? 

Solution of the system of Equations (11)-(13), or its equivalent (14)—(16), will give 
the value of the true inclination, 6, of the Moon's axis to that of the ecliptic, as a 
function of time. 

The velocity components cox, a>y and toz are derived from Euler's dynamical equa­
tions: 

= IB — C) I covco, « A —* = (B - C) ( cvo r - — ^ y£z£ ) (17) 

dcov y N / 3Gmffi 
B - y = (C - ,4) lcozcox - -— 5 ^ z£x£ ) (18) 

C ̂ -(^-BJKo),---,-?*^) (19) 
dcoz / 3Gm<: 

where A, B,C are the principal moments of inertia of the Moon, G is the gravitational 
constant, me is the mass of the Earth, R the distance between the centre of mass of 
the Moon and that of the Earth, and xE, yE, zE the rectangular coordinates of the 
centre of the Earth in the selenocentric system Oxyz, which are related to the true 
selenocentric longitude of the Earth, u, the true geocentric latitude of the Moon, B{, 
and the Eulerian angles, by means of the expressions: 

xE = R cos B{ [cos (v — cp) — sin v sin cp (1 - cos 9) + tan B{ sin cp sin 0] , (20) 

yE = R cos B( [sin (v — cp) — sin v cos cp (1 — cos 9) + tan B( cos cp sin 0] , (21) 

zE = R cos 5( [sin v sin 0 — tan B{ cos 0] . (22) 

As is known, the true geocentric latitude of the Moon, B{, can be expressed in terms 
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4- acoycoz = 3 (cr[sin(L — /)-cos(L — / + g 4- co) 

of the inclination of the lunar orbit to the ecliptic, /, and the true selenocentric longitude 
of the Earth, o, by means of the formula: 

tan B{ = — tan / sin v. (23) 
We can, moreover, express the coordinates xE, yE, zE in terms of the true geocentric 

longitude and latitude of the Moon, L and B(, its mean anomaly, g9 the angular dis­
tance of the lunar perigee from the ascending node of the orbit, co, and the physical 
libration components a, T, O, taking into account the relations (7)-(9) and the fact that 

u = 180° + L + tA. (24) 
Then the system of Equations (17)—(19) takes the form: 

dcox 3Gmea cos2 B, 
~di + "">*' = R^ 

— (1 — cos I 4- tan i sin / ) {-£■ sin 2 (L — / + g 4- co) cos (g 4- co) 4-
+ sin (L - / + # 4- co) cos (L - Z + 2# 4- 2co)}] sin (J 4- i) 4-
4- T[COS(L — /)sin(L — / 4- g 4- co) — (1 — cos I 4- tanz sin/) x 
x sin2(L - / + g 4- co) sin (g 4- co)] sin(7 + i) 4- ^{[(1 — cos I 4-
4- tan / sin / ) sin2 (L — / + g 4- co) cos (# 4- co) — sin (L — /) x 
x sin (L — / 4- g 4- co)] cos (/ 4- /) 4- (sin / 4- tan i cos / ) sin (/ + i) x 
x sin2 (L — / 4- g 4- co) cos (g + co)} -f [(1 — cos / + tan i sin / ) x 
x sin2 (L — / 4- g + co) cos (g 4- co) — sin (L — /) x 
x sin (L - / 4- g 4- co)] sin (/ + /)} (25) 

dcov 3GmejS cos2 B, 
—- — Pcozcox = 3 {a [cos (L - /) cos (L — / 4- g + co) — 

— (1 — cos / + tan i sin / ) {-J- sin2 (L - / 4- g 4- co) sin (g 4- co) 4-
+ sin (L - / 4- 2$r + 2co) sin (L - / + ^ 4- co)}'] sin (/ + i) -
— T [sin (L — /) sin (L — / + g 4- co) — (1 — cos / + tan i sin /) x 
x sin2 (L - / 4- g 4- co) cos (g 4- co)] sin (/ + /) + 
4- Q [{(1 — cos / + tan i sin / ) sin2 (L — / 4- g + co) sin (# 4- co) — 
— cos (L — /) sin (L — / 4- g 4- co)} cos (/ + i) 4- (sin / 4- tan i cos / ) x 
x sin (/ 4- 0 sin2 (L — / 4- g + co) sin (g 4- co)] + 
4- [(1 - cos / 4- tan / sin / ) sin2 (L — / 4- g 4- co) sin (g 4- co) -
— cos (L - /) sin (L - / + g 4- co)] sin (/ + i)} (26) 

dcoz 3Gmeycos25(< 
h ycoxcov = 5 J 

dr / x y 2R2 

— 2T [(COS / — tan i sin / ) cos 2 (L — /) — (1 — cos / 4- tan i sin / ) x 
x cos 2 (# 4- co)] — £ (sin I + tan i cos 1) [sin 2 (L - /) 4- sin 2(g + co)~] 4-
+ (cos / — tan i sin / ) sin 2 (L — /) -
— (1 - cos / 4- tan i sin / ) sin 2 (g 4- co)} (27) 

+ ycô cOy = 3 {2(T (1 — cos / 4- tan i sin / ) cos 2(g + co) — 
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where a, /? and y represent the ratios of mechanical ellipticities of the Moon : 

a = (C - B)/A, fi = (C - A)IB, y = (B - A)/C. (28) 

We are therefore led to the simultaneous solution of the Equations (14), (15), (16), 
(25), (26) and (27), which will produce the values of the corrections Q for the inclina­
tion of the Moon's shortest axis of inertia to the ecliptic, as well as the libration 
components a and T. 

The variation in the inclination of the lunar axis during the year 1971, obtained by 
numerical integration of this system of equations, is presented in Table I. It has been 
assumed that at the beginning of the year the librations were zero and the inclination 
possessed the mean value of 1° 32' 4". In order to establish an ephemeris for the 
inclination, it now only remains to obtain by observational detection a set of measure­
ments which will provide the correct initial conditions for the solution, while the 
periodic nature and other general characteristics of the nutational motion of the lunar 
axis are apparent in the values presented here. 

TABLE I 
Variation of the inclination of the lunar axis to the ecliptic 

over the period of a year 

Day Inclination Day Inclination 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 

1°32' 4" 
1°32' 1" 
1° 31' 57" 
1°31'51" 
1°31'42" 
1°31'31" 
1°31'18" 
1°31' 2" 
1°30'43" 
1°30'31" 

1° 30' 18" 
1° 30' 10" 
1° 30' 6" 
1° 30' 7" 
1° 30' 10" 
1° 30' 21" 
1° 30' 34" 
1° 30' 52" 
1° 31' 10" 
1° 31' 30" 

1°31'44" 
1°31'58" 
1°32' 4" 
1°32'11" 
1°32'11" 
1° 32' 12" 
1°32' 8" 

28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 

1°32' 5" 
1°31'59" 
1°31'55" 

1°31'46" 
r 3 1 ' 3 8 " 
1°31'25" 
1°31'13" 
1°30'55" 
1°30'41" 
1°30'23" 
1° 30' 12" 
1°30' 4" 
1°30' 2" 

1°30' 5" 
1° 30' 14" 
1°30'26" 
1°30'42" 
1°31' 0" 
1° 31' 19" 
1°31'38" 
1°31'55" 
1°32' 7" 
1° 32' 16" 

1°32'20" 
1°32'20" 
1° 32' 17" 
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Table I (continued) 

Day 

344 
345 
346 
347 
348 
349 
350 

351 
352 
353 
354 

Inclination 

l °31 / 22 / / 

1 031'58" 
1°32' 30" 
1°32' 59" 
1°33'20" 
1°33 ,35 / / 

1°33' 35" 

1°33 ,33 , / 

1°33 ,20 , / 

1°33' 6" 
1°32 '44" 

Day 

355 
356 
357 
358 
359 
360 

361 
362 
363 
364 
365 

lnclinatio 

1°32 '25" 
1°31 ,57 , / 

1°31 '35" 
l ° 3 r 6" 
i ° 3 0 ' 4 3 " 
1° 30' 17" 

1°29 '57" 
l ° 2 9 / 3 5 " 
1°29 , 22" 
1°29' 10" 
l c 2 9 ' 3" 
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