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Let X, Y be Banach spaces and fix a linear operator T' € £(X, Y) and ideals Z, J
on the nonnegative integers. We obtain Silverman—Toeplitz type theorems on
matrices A = (A, : n, k € w) of linear operators in £L(X, Y), so that

J-lim Ae = T(Z-lim x)

for every X-valued sequence & = (zo, x1, ...) which is Z-convergent (and bounded).
This allows us to establish the relationship between the classical Silverman—Toeplitz
characterization of regular matrices and its multidimensional analogue for double
sequences, its variant for matrices of linear operators, and the recent version (for the
scalar case) in the context of ideal convergence. As byproducts, we obtain
characterizations of several matrix classes and a generalization of the classical
Hahn—Schur theorem. In the proofs we use an ideal version of the Banach—Steinhaus
theorem which has been recently obtained by De Bondt and Vernaeve [J. Math.
Anal. Appl. 495 (2021)].
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1. Introduction

An infinite matrix with real entries A = (ay, 1) is said to be regular if it transforms
convergent sequences into convergent sequences and preserves the corresponding
limits (details will be given in § 2). A classical result due to Silverman-Toeplitz
provides necessary and sufficient conditions, depending only on the entries of A,
which characterize the class of regular matrices, see e.g. [5, Theorem 2.3.7]:

THEOREM 1.1. An infinite real matriz A = (an 1) is regular if and only if:
(i) supy, 32 [an,k| < oo;
(ii) limp > p ank =1;

(iil) limy, ap =0 for all k.
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Several extensions and analogues of the characterization above can be found
in the literature. First, a * multidimensional” version of theorem 1.1 for double
sequences has been proved by Robinson [39] and Hugh J. Hamilton [19]. Second, in
1950 Abraham Robinson [38] proved the operator analogue of theorem 1.1 replacing
each a,, ,; with a (possibly unbounded) linear operator A,, ;, acting on a given Banach
space, cf. theorem 2.2. Third, in a different direction, the author and Connor [11]
recently studied the ideal/filter version of the notion of regularity in the scalar case
and proved that the analogue of theorem 1.1 holds in several, but not all, cases.

The aim of this work is to provide a unifying framework which allows to shed light
on the relationship between all the above results, to extend the latter ones, and to
obtain, as a byproduct of the employed methods, several related characterizations.
This will require us to deal with the theory of infinite matrices of linear operators
and to prove a certain number of intermediate lemmas. Most results are formulated
in the context of ideal convergence. We remark that this choice is not done for the
sake of generality: indeed, for the above purposes, we exploit the simple facts that
¢(Z) Nty is ¢ if T =Fin and equals to £ if Z is maximal, that the Pringsheim
convergence of double sequences coincides with Z-convergence for a suitable ideal
Z, etc. An additional motivation comes from the fact that the study of ideals on
countable sets and their representability may have some relevant potential for the
study of the geometry of Banach spaces, see e.g. [6, 7, 23, 25, 29].

Informally, we provide an operator version of the characterization of regular
matrices in the context of ideal convergence, together with some sufficient condi-
tions which allow for several substantial simplifications. The results depend on the
boundedness assumption on the sequence spaces in the domain and/or codomain
of such matrices. In addition, we provide a characterization of the matrix classes
(Loo, co(T) Nlso), (e(T), co(T) Nloo) (looy Loo(T)), and (¢, Lo (T)) for certain ide-
als Z, J on w, see corollary 2.12, theorems 2.18, 3.8, and 3.10, respectively. Lastly,
we obtain an ideal version of the Hahn—Schur theorem (which is used to prove that
weak and norm convergence coincide on £1), see theorem 4.6.

The proofs of the main results are given in § 5.

2. Notations and main results

Let Z be an ideal on the nonnegative integers w, that is, a collection of subsets
of w which is closed under subsets and finite unions. Unless otherwise stated, it is
assumed that it contains the collection Fin of finite sets and it is different from the
power set. Denote its dual filter by Z* := {S Cw : S¢ € I} and define It := {S C
w:S ¢ 7} Among the most important ideals, we find the family of asymptotic
density zero sets:

Z:{SQw:lim'SmMO}. (2.1)
n—oo n+1
We refer to [21] for a recent survey on ideals and associated filters.

Let V' be a real Banach space, and denote its closed unit ball by By and its unit
sphere by Sy. Given a sequence @ = (x,,) taking values in V and an ideal Z on w,
we say that x is Z-convergent to ) € V, shortened as Z-lim ¢ = n or Z-lim,, z, =7,
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if {n €w:a, ¢ U} €T for all neighbourhood U of n; for the clarify of exposition,
all sequences taking values in V' will be written in bold. Note that Z-convergence
is usually called statistical convergence, see e.g. [17]. As remarked in [14, Example
3.4], the notion of Z-convergence include the well-known uniform, Pringsheim, and
Hardy convergences for double sequences. In addition, if y is a real nonnegative
sequence, we write Z-limsupy := inf{r e RU{oco} : {n€cw:y, >r} € I}.

Now, define the following sequence spaces:

={zeV¥:|z| < oo},

= {x € V¥ :Z-limsup, ||z,| < oo},
={x e V¥ :Z-limx = n for some n € V},
={x e V¥ :Z-limz =0},

coo(V,Z) :={x € V¥ : suppx € T},

where ||| := sup,, ||| stands for the supremum norm and supp @ for the support
{n € w:x, # 0}. Clearly, s (V) = lo(V, Fin); sequences in ¢ (V, Z) are usually
called Z-bounded. If V' =R and 7 = Fin, the above sequence spaces correspond
to the usual £, ¢, cg, and cgg, respectively. Every subspace of (o (V) will be
endowed with the supremum norm. It is clear that coo(V, Z) C ¢o(V, Z) C ¢(V, I) C
{5 (V, T). However, unless Z = Fin or V' = {0}, ¢oo(V, Z) is not contained in £, (V).
Hence it makes sense to define the subspace:

AWV, I) :=c(V,I) Nl (V),

and, similarly, c¢§(V, Z) and cj,(V, ). The symbol V will be removed from the nota-
tion if it is understood from the context so that, e.g., coo(Z) = coo(V, Z). Similarly,
we may remove Z in the case Z = Fin.

At this point, let X, Y be two Banach space and denote by £(X, V) and B(X, Y)
the vector spaces of linear operators from X to Y and its subspace of bounded linear
operators, respectively. We assume that £(X, V) and all its subspaces are endowed
with the strong operator topology so that a sequence (7;,) of linear operators in
L(X,Y) converges to T' € L(X, Y) if and only if (T,,x) is convergent in the norm
of Y to Tx for all z € X.

Let A= (A,k:n, k€w) be an infinite matrix of linear operators A, j €
L(X,Y). Moreover, for each n € w and F C w, let us write

Apnp = Ak keE)

and Ay >k = Ay (g k+1,...y for the kth tail of the nth row of A. In particular, A, .,
is the nth row of A (and use an analogue notation for a sequence (T}) of operators
so that, for instance, Tso = (T», T3, ...)). For each n € w and F C w, define the
the group norm:

|A, g| == sup {HZkGF A,,L,kka : ' C F is finite and each zj, € BX} ,

cf. [33, 34] (in fact, every xj can be chosen on the unit sphere Sx: this depends
on the fact that, given distinct a, b € X, the function f: [0, 1] — R defined by
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f(t):=lla+t(b—a)| has a point of maximum in ¢t =0 or in ¢ = 1: indeed, the
segment {a +t(b—a) :t € [0, 1]} is contained in the closed ball with centre 0 and
radius max{|al|, [|b]|}, which is convex). Note that the value ||A,, g| is possibly
not finite. In addition, if X =R and A, g is represented by the real sequence
(anx : k € E) then ||A, gl = X 1cp |an.kl-

Given an X-valued sequence & = (z,), let Az be its A-transform, that is, the
sequence Ax := (A, : n € w) where

Vnew, A,x:= Zk A,k

provided that each series is convergent in the norm of Y. Accordingly, let dom(A)
be the domain of A, that is, the family of those sequences x such that Ax is well
defined. For each sequence subspace & C X¢ and # C Y¥, let (&7, #) be the set
of matrices A = (A, 1) of (not necessarily bounded) linear operators in £(X, Y)
such that

o/ Cdom(A) and Axe€ A forallxz € 7.

We refer to [34] for the theory of infinite matrices of operators. In the scalar case, the
relationship between summability and ideal convergence has been recently studied
in [16].
2.1. Bounded to bounded case

The main definition of this work follows:
DEFINITION 2.1. Let Z, J be ideals on w and fix T € L(X,Y). Then a matric

A = (Anx) of linear operators in L(X,Y) is said to be (Z, J)-regular with respect
to T if

Ac (X, 1), (Y, 7)) and J-lim Az = T(Z-limz) for all x € *(X,T).

If T is the identity operator I on X (namely, Iz = x for all z € X), we simply
say that A is (Z, J)-regular. Note that if Z=7 =Fin, X =Y =R, and T =1,
then definition 2.1 corresponds to the ordinary regular matrices.

The following result, essentially due to Robinson [38, Theorem VII], is the
(unbounded) operator version of theorem 1.1, cf. also [32, Theorem 1].

THEOREM 2.2. Fiz a linear operator T € B(X,Y), where X, Y are Banach spaces.
Then a matriv A = (An i) of linear operators in L(X, Y) is (Fin, Fin)-regular with
respect to T if and only if there exists ko € w such that:

(S1) sup,, [|An >k, || < oo;
(82) hmn Zk An,k = T,'
(S3) limy, Ay, =0 for all k € w.

A variant for continuous linear operators between Fréchet spaces has been proved
by Ramanujan in [37], cf. also [30, Corollary 6.
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Notice that (S3) can be rewritten as lim,, ZkeE A, kxr =0 for all sequences
@ € loo(X) and E € Fin, which is also equivalent to A € (cpo(X), ¢o(Y)).

REMARK 2.3. Condition (S3) may look equivalent also to:
(S4) lim, [|A, k]| =0 for all k € w.

This is correct if X is finite dimensional, cf. lemma 3.4 below. However, (S4) is
strictly stronger in general. For, set X =/l = {z € (o : Y, 27 < 0o}, and define
Apoz=(0,...,0, Zpt1, Tpto, ...) foralln € wand z € ¢y, and A,, , = 0 whenever
k> 0. Then ||A, | =1 for all n € w, and lim, A4,, gz = 0 for all x € ¢5.

REMARK 2.4. Another difference from the finite-dimensional case is that a
(Fin, Fin)-regular matrix does not necessarily belong to (£ (X), £oo(Y)). For, sup-
pose that X =Y = /5, and let e; be the kth unit vector of X for each k € w.
Building on the above example, consider the matrix A = (A, x) of linear operators
in L(ly, ¢3) such that A =Id + B, where Id is the identity matrix and

0,...,0 . if k =0;
Vn,k c w,Vw e £27 Bn,k(x) — ( I Uy Tyl T2, ) 1 3
—Tntklnik if k> 0.

Then A satisfies conditions (S1)—(S3) with 7' = I and k¢ = 0, hence by theorem 1.1
A is a (Fin, Fin)-regular matrix. However, the sequence x := (eg, €1, ...) € loo(£2)
does not belong to dom(A), indeed Agx = ey — e; — e3 — -+ - is not norm convergent
in £5. Therefore A ¢ ({0 (X), loo(Y)), cf. theorem 3.8 below.

Our first main result, which corresponds to the operator version of [11, Theorem
1.2], follows.

THEOREM 2.5. Fiz a linear operator T € L(X,Y), where X, Y are Banach spaces.
Let also I, J be ideals on w. Then a matric A= (A1) of linear operators in
L(X,Y) is (Z, J)-regular with respect to T if and only if there exists ko € w such
that:

(Tl) Supy, HAmZkoH < 005
(T2) sup,, [[Aniz|| < oo forallz € X and k < ko;

(T3) >, An ki converges in the norm of Y for all x € c*(X, ) and n € w;
(T4) J-lim, Y, App =1T;

(T5) Ae (cl())O(Xv I)7 CO(K j))

In addition, if each A, j is bounded, it is possible to choose ky = 0.

For the sake of clarity, condition (T4) means that A, (x, x, ...) is norm con-
vergent for all n € w and & € X (which is weaker than (T3)) and, in addition,
J-lim, A, (x, z, ...) = Tx for all x € X. Lastly, condition (T5) can be rephrased
as: Apx is norm convergent for all n € w and all bounded sequences x supported
on Z and, for such sequences, J-1lim Ax = 0.
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REMARK 2.6. Note that (T5) could be replaced also with the stronger condition:

(T5') A€ (cfo(X, I), c§(Y, J)).

Indeed by definition 2.1 the transformed sequence Ax is necessarily bounded for
all x € ¢’(X, Z). Also, the latter condition (T5’) would imply automatically (T2).
Therefore, A is (Z, J)-regular with respect to T if and only if (T1), (T3), (T4),
and (T5’) hold.

However, we chose to state it in the former version for two reasons. First, if
each A, ;, is bounded, then (T2) is void so that our characterization holds with the
weaker condition (T5). Second, most importantly, condition (T5) will be used also
in the unbounded analogue given in theorem 2.14 below: this allows to highlight
the differences between the two cases.

Even if theorem 2.5 may look quite complicated, the reader should keep in mind
that it deals with (possibly unbounded) linear operators and general ideal/filter
convergence. We are going to see that, in some special circumstances, it may be con-
siderably simplified because either some of conditions (T1)-(T5) are automatically
satisfied or the latter ones collapse to simpler properties (in particular, recovering
the classical ones). Several related results may be found in the literature in the case
X =Y equal to R or C, T equals to the identity operator I or the zero opera-
tor, and Z, J being certain F,s-ideals (where ideals are regarded as subsets of the
Cantor space {0, 1}¥), see e.g. [10, 13, 14, 24, 43].

We remark also that, if 7' is not bounded, then an (Z, J)-regular matrix A with
respect to 7" may not exist: indeed, if each A,, j, is bounded and J = Fin, condition
(T4) and the Banach-Steinhaus theorem imply that T is necessarily bounded.

In the case that T = 0, we obtain the following immediate consequence, cf. also
corollary 2.12 below for the finite-dimensional case with Z maximal.

COROLLARY 2.7. Let X, Y be Banach spaces, and let also Z, J be ideals on w. Then
a matriz A = (A, 1) of linear operators in L(X,Y) belongs to (c*(X, I), c§(Y, J))
if and only if there exists ko € w such that (T1)-(T5) hold, with T = 0.

In addition, if each A, 1 is bounded, it is possible to choose ko = 0.

It will be useful to define also the following properties:
(T3h) limg ||An,>k] =0 for all n € w;
(T6b) J-limy, ||An || =0 for all k € w.

It is clear that (S4) corresponds to (T6”) in the case J = Fin. Some implications
between the above-mentioned conditions are collected below.

PROPOSITION 2.8. With the same hypothesis of theorem 2.5, the following hold:
(i) If T =Fin then (T1) and (T4) imply (T3);
(ii) If J = Fin then (T5) implies (T2);
(iii) (T1) and (T3) imply (T3);
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If each A, 1 is bounded, it is possible to choose ko = 0, hence (T2) holds;

)

(v) If dim(X) < oo each A, is bounded. Moreover, (T1) implies (T);
) If dim(X) < 0o and A is (Z, J)-regular with respect to T, then (T6) holds;
)

If each A, is a multiple of Ag € L(X,Y), then (T1) implies (TS) and
Ay € B(X, Y),'

(viii) If each A, 1 is a multiple of Ag € L(X,Y), then (T1) and (T5) imply (T6").

It is immediate to check that theorem 2.2 comes as a corollary, putting together
theorem 2.5 and proposition 2.8(i) and (ii).

However, the usefulness of a characterization of (Z, J)-regular matrices with
respect to T comes from the practical easiness to check whether conditions
(T1)—(T5) hold together. Taking into account the implications given in proposi-
tion 2.8, it is evident that (T5) is the most demanding in this direction. Hence it
makes sense to search for sufficient conditions which allow us to simplify it. In the
same spirit of [11, Theorem 1.3], which studies the case X =Y =R and T' = I, we
obtain characterizations of such matrices which avoid condition (T5). We need the
new and much “easier” condition:

(T6) J-lim,, ||A, g| = 0 for all E € 7.

Directly by the definition of group norm, it is clear that (T6) implies (T5) (and also
(T6”)). This means that we are allowed to replace (T5) with the stronger condition
(T6) provided that the latter is satisfied for matrices A which are (Z, J)-regular
with respect to T', possibly under some additional constraints.

THEOREM 2.9. With the same hypotheses of theorem 2.5, suppose, in addition, that
J is countably generated and that conditions (T3) and (T6") hold.

Then A is (Z, J)-regular with respect to T if and only if there exists ko € w such
that (T1), (T4), and (T6) hold. In addition, if each A, i is bounded, it is possible
to choose ko = 0.

On a similar direction, recall that, if X, Y are vector lattices, then a linear
operator T' € L(X, Y) is said to be positive if Tx > 0 whenever z > 0. In addition,
a Banach space V' is called an AM-space if V is also a vector lattice such that 0 <
x < yimplies ||z]| < ||lyll, and ||z V y|| = max{||x|, ||ly||} for all 2, y > 0; we say that
e € V is an order unit if, for all z € V there exists n € w such that —ne < x < ne.
Accordingly, if V' # {0}, then necessarily e > 0. Examples of AM-spaces with order
units include £, and C'(K) spaces, for some compact Hausdorff space K. We refer
to [2, 3] for the underlying theory on vector lattices.

THEOREM 2.10. With the same hypotheses of theorem 2.5, suppose, in addition,
that X is an AM-space with order unit e, Y is a Banach lattice, each A, ) is a
positive linear operator, and that condition (T ) holds.

Then A is (I, J)-regular with respect to T if and only if (T1), (T4), and (T6)
hold with kg = 0.
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In the finite-dimensional case, everything is simpler. Indeed, suppose that X =
R? and Y = R™, for some integers d, m > 1. Then each linear operator Ay, 1 is rep-
resented by the real matrix [a, (4, j) : 1 <i<m, 1 < j < d]and T is represented
by the real matrix [t(i, j): 1 <i<m, 1 <j<d].

COROLLARY 2.11. With the same hypotheses of theorem 2.5, suppose that X = R?,
Y =R"™, and that T =Fin or J is countably generated or a, (i, j) =0 for all
1<i<m,1<j<d, andn, k € w. Then A is (Z, J)-reqular with respect to T if
and only if:

(F1) sup, >y Zi,j |an,k (i, 3)| < oo;
(F2) J-lim, >, an (i, ) = t(i, j) forall1 <i<m and 1 < j <d;

(F3) J-limy, Yy cp Zi,j lan i (2, 5)| =0 for all E € T.

It is remarkable that the “easier” characterization with condition (F3) does
not hold uniformly for all ideals Z, J: indeed, it has been proved in [11,
Theorem 1.4] that, even in the simplest case X =Y = R and T = I, there exists
a (Z, Z)-regular matrix which does not satisfy (F3), where Z is the asymptotic
density zero ideal defined in (2.1). In addition, condition (F3) can be simplified if
T is the zero operator and Z a maximal ideal:

COROLLARY 2.12. With the same hypotheses of corollary 2.11, A € ({5 (R?), c§
(R™, 7)) if and only if condition (F1) holds, together with:

(F3) T-limy 320 375 5 lank(i, 3)| = 0.

This provides a generalization of [8, Lemma 3.2] in the case d =m =1, T =0,
and J equal to the countably generated ideal Zp defined below in (2.3).

A similar result can be obtained if each A, ; is a multiple of a given linear
operator:

COROLLARY 2.13. With the same hypotheses of theorem 2.5, suppose that each A, i,

is a multiple of a nonzero Ay € L(X,Y), so that A,k = an kAo for all n, k € w.

In addition, assume that T = Fin, or J is countably generated, or that X is an

AM-space with order unit e, Y is a Banach lattice, and a,, 1, = 0 for all n, k € w.
Then A is (Z, J)-reqular with respect to T if and only if:

(M1) Ap € B(X,Y);
(M2) supy, 3, fan k| < o0

(M3) T = kAo, with k = J-limy, >, ani;
(M4)

M4) J-limy, Y, cplank| =0 for all E € Z.

In particular, under the hypotheses of corollary 2.13, if A is (Z, J)-regular with
respect to a linear operator T', then T is necessarily bounded.
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In the following sections, we obtain the analogues of theorem 2.5 where we replace
the bounded sequence spaces c’(X, Z) and (Y, J) of definition 2.1 with their
unbounded versions ¢(X, Z) and ¢(Y, J).

2.2. Bounded to unbounded case

An ideal J on w is said to be a rapid T -ideal if, for every S € 7+ and F € Fin™,
there exists S’ C S such that S” € J* and |S' N[0, n]| < |F N0, n]| for all n € w.
Moreover, J is called a PTt-ideal if, for every decreasing sequence (S,) in JT,
there exists S € J 1 such that S\ S, is finite for all n € w. The class of rapid™ and
P*-ideals have been studied also, e.g. in [12, 18, 21, 35]. The ideal 7 is said to be
countably generated if there exist a sequence (Q);) of subsets of w such that S € J
if and only if S C UjeF Q; for some F' € Fin.

Moreover, an ideal J on w is said to be selective if, for every decreasing sequence
(Sp) in JT, there exists S € J T such that S\ [0, n] C S, for all n € w, see e.g. [42,
Definition 7.3]. (They were introduced by Mathias in [36] under the name of happy
families.) It is easy to see, directly from the definitions, that every selective ideal is a
rapidt PT-ideal. More precisely, it is known that an ideal 7 on w is selective if and
only if J is a P*-ideal and, in addition, for every sequence (F,) of finite subsets of
w with F:=J, F,, € J*, there exists S C F such that S € J* and [SNF,| <1
for all n € w, see e.g. [42, Lemma 7.4]. We refer to [26, Section 1] for a list of known
examples of selective ideals. It is a folklore fact that every F,-ideal is a PT-ideal,
see e.g. [22]. However, the summable ideal 7, ;== {S Cw: )] .g1/(n+1) < oo}
is an F,-ideal which is not rapid™, and Z is neither a rapid™ nor P*-ideal (hence,
they are not selective). This does not mean that the topological complexity of
selective ideals is low: indeed, under Martin’s axiom for countable posets, there
exist uncountably many nonisomorphic maximal selective ideals (on the other hand,
their existence is not provable in ZFC), see [12, Section 5.1].

For the next results, we need a slightly stronger version of selectivity: an ideal J
on w is called strongly selective if, for every decreasing sequence (S,,) in J T, there
exists S = {z, :n €w} € JT such that x,,1 € S, for all n € w. (Here, we are
using (2, : n € w) for the canonical enumeration of S. We are not aware whether this
naming has been used somewhere else.) Of course, every strongly selective ideal is
also selective. Note that every countably generated ideal is strongly selective (hence
also rapid™ and PT); in particular, Fin is a strongly selective ideal, cf. remark 2.16
below. More generally, it is easy to see that, if J is an ideal on w with the Baire
property, then J is selective if and only if it is strongly selective. Moreover, as
pointed out by the referee, maximal strongly selective ideals coincide with maximal
selective ideals, thanks to known characterizations of the latter ones (in particular,
by the observations above, their existence can be shown under Martin’s axiom).

Lastly, we need the following weakening of condition (T1) (and they coincide if

J = Fin):

(T1b) There exists Jo € J* for which sup,,cz, [|An >k || < 0o and, for all n € w \
Jo, there exists f(n) € w such that [|A, > q)| < oco.

This condition has been suggested by the example given in [11, Section 4].
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With these premises, we state the analogue of theorem 2.5 for the unbounded
codomain sequence spaces.

THEOREM 2.14. Fiz a linear operator T € L(X,Y), where X, Y are Banach spaces.
Let also I, J be an ideal on w such that J is a strongly selective ideal.
Then a matrix A = (Ap. ) of linear operators in L(X,Y) satisfies

Ae (X, 1),e(Y,T)) and J-limAx =T(Z-limz) for all x € (X, T).
(2.2)
if and only if there exists ko € w such that (T1°), (T3), (T4), and (T5) hold.
In addition, if each A, i is bounded, it is possible to choose ko = f(n) =0 for all
new\ Jo.

During the proof, need an ideal version of the Banach—Steinhaus theorem which
has been recently proved in [12], see theorem 3.5 below. Interestingly, the latter
result provides a characterization of rapidt P*-ideals [12, Theorem 5.1], which
suggests that theorem 2.14 cannot be improved with the current techniques.

We remark that theorem 2.14 sheds light on the substantial difference between
the classical Silverman—Toeplitz characterization stated in theorem 1.1 and its
‘ multidimensional” analogue proved by Robinson [39] and Hamilton [19] for
double sequences, namely, the weakening of (T1) to (T1%). For, recall that a
double sequence (z,,:m, n €w) has Pringsheim limit n € X, shortened as
P-limy,, », Ty = 1, if for all € > 0 there exists k € w such that ||z, ,, — 7| < e for
all m, n > k. At this point, define the ideal:

Ip :={S Cw:sup,cgra(n) < oo}, (2.3)

where vy is the 2-adic valution defined by v5(0) := 0 and v2(n) := max{k € w:
2F divides n} if n > 0. Note that the ideal Zp is countably generated by the sequence
of sets (Q¢ :t € w), where Q; := {S Cw :sup,cg2(n) =t} for all t € w. Hence,
Tp is a strongly selective ideal. Let also h : w? — w be an arbitrary bijection with
the property that h[{(m, n) € w? : min{m, n} = k}] = Qi for all k € w. Thus, we
obtain

P-limy, n ¥, =n  if and only if  Zp-lim, xp,-1(,) = 7, (2.4)

as it has been observed in [28, Section 4.2], cf. also [14]. In other words, Zp is an
isomorphic copy on w of the ideal on w? generated by vertical lines and horizontal
lines, cf. remark 2.16 below. Relying on equivalence (2.4), the classical definition
of RH-regular matriz A coincides with (2.2) in the case X =Y =R, T =1, and
7 = J = Zp. With the same notations of corollary 2.11, we can state the following
consequence in the finite-dimensional case.

COROLLARY 2.15. Suppose that X = R?, Y =R™, and let T, J be ideals on w
such that J is countably generated by a sequence of sets (Qy : t € w).
Then a matriz A satisfies (2.2) if and only if there exists tg € w such that:

(R1) SUPnew\Qs, Dok sz lank (i, §)| < oo;

(R2) >, lank(i, j)| < oo foralln € Q, 1 <i<m, and 1 < j < d;
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(R3) J-limy, > ani(i, j) =t(i, j) foralll1 <i<mand 1< j<d;
(R4) T-limp Yy cp i lank(i, 4)| =0 for all E € T.

It is clear that, if also Z is countably generated by a sequence (E; : t € w), which
is the case of RH-regular matrices, then (R4) can be rewritten as:

(R4") T-limn Yy e, D2, 5 lank(i, j)| =0 for all t € w.

Another special instance of corollary 2.15 has been proved in [9, Theorem 5] for
the case where X =Y =R, T = I, A is a RH-regular matrix with nonnegative real
entries, Z is a P-ideal (i.e. if (.S,) is an increasing sequence in Z, there exists S € T
such that S, \ S € Fin for all n), and J = Fin.

Other consequences of theorem 2.14, in the same vein of the ones given in § 2.1,
may be obtained here, and they are left to the reader.

REMARK 2.16. An ideal Z on w is countably generated if and only if it is isomorphic
to one of the following;:

(i) Fin;
(i) Finx 0:={SCw?:Inew, SCI0,n] xw};

(iii) Fin® P(w) :=={S C{0, 1} x w: [SN ({0} x w)| < o0}.

(Recall that two ideals Z; and Z on countable sets H; and Ha, respectively, are
called isomorphic, written as 7; ~ Z if there exists a bijection h : Hy — Hy such
that h[S] € T, if and only if S € Z; for all S C Hy; accordingly, it is easy to see that
Zp ~ Fin x (), and that the ideals in (i)—(iii) are pairwise nonisomorphic.) This has
been essentially proved in [15, Proposition 1.2.8], however the correct statement
appears in [4, Section 2].

We include its simple proof for the sake of completeness. Suppose that 7 is
countably generated by a partition {Q; : j € w} of w, and define J :={j e w: Q; €
Fin}. If J is empty then every @, is infinite, hence 7 ~ Fin x (). If J is nonempty
finite then @); is infinite for infinitely many j € w, hence 7 ~ 7, where

J :=Fin@ (Fin x §) := {S CwUw?: SNw € Fin, S Nw? € Fin x (}.

However, J ~ Fin x (), with the witnessing bijection h :w Uw? — w? defined by
h(a, b) = (a, b+ 1) and h(a) = (a, 0) for all a, b € w. Hence, let us assume hereafter
that J is infinite. If J¢ is empty then Z ~ Fin. If J¢ is nonempty finite then 7 ~
Fin ¢ P(w). Lastly, if also J€ is infinite, then Z ~ 7 ~ Fin x (.

2.3. Unbounded to bounded case

In this section, we may assume that Z # Fin, otherwise we go back in the previous
cases. Differently from the other results, we are going to show that, quite often, there
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are no matrices A which satisfy
Ac («(X,T),(Y,T)) and J-lim Az = T(Z-limz) for all € ¢(X,Z), (2.5)

unless T is the zero operator. To this aim, recall that an ideal 7 is said to be tall if,
for every infinite set S C w, there exists an infinite subset S’ C S which belongs to
7 (note that countably generated ideals, hence also Fin, are not tall; for a necessary
condition in the case of countably generated ideals J and arbitrary Z, cf. remark
2.23 below).

THEOREM 2.17. Fiz a nonzero linear operator T € L(X,Y), where X, Y are
Banach spaces. Let also Z, J be an ideals on w such that I is tall.

Then there are no matrices A= (A, k) of linear operators in L(X,Y) which
satisfy (2.5).

Of course, if T'= 0, then the zero matrix A (namely, the matrix with A,, , =0
for all n, k) satisfies (2.5). However, this is essentially the unique possibility:

THEOREM 2.18. Let X, Y be Banach spaces. Let also I, J be ideals on w such that
7T 1is tall.

Then a matriv A= (A,r) of linear operators in L(X,Y) belongs to
c(X, I), (Y, J)) if and only if there exists k1 € w such that:

(
(B1) Ap =0 foralln € w and k > kq;

(B2) sup, ||An kx| < oo forallz e X and k < ki;
(B3) J-lim,, Ap =0 for all k < ky.

As it will turn out, condition (B1) is satisfied also for all matrices in the larger
class (coo(X, Z), £so(Y)), provided that 7 is tall.

2.4. Unbounded to unbounded case

In this last section, we study the analogue condition for a matrix A = (4, %) of
linear operators in £(X, Y) to satisfy

A€ (c«(X,D),e(Y,TJ)) and J-limAx =T(Z-limz) for all x € ¢(X,Z). (2.6)

REMARK 2.19. In some cases, it is easy to provide examples of matrices which
satisfy (2.6). Indeed, suppose that T € B(X,Y) and Z C J. We claim that the
matrix A = (A ) such that A, =T if n==Fk and A, ; =0 otherwise has this
property. For, set x € ¢(X, Z) with Z-limit n. Then Z-lim,, A,x = Z-lim,, Tx,, =
T(Z-limax) = Tn, which implies J-lim Ax = Tn. Here, we used the fact the T
preserves Z-convergence: this is clear if T' = 0, otherwise {n € w : | Tx, — Tn| < &}
D{new: ||z, —n| <e/||T||} € I* for all € > 0.

In the next results, we need a further weakening of (T1°) and stronger versions
of conditions (T3) and (T5), that is,

(T1) For all n € w, there exists f(n) € w such that ||A, 5 ;)| < oo;
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(T3%) >, A, kx) converges in the norm of Y for all x € ¢(X, Z) and n € w;
(T5ﬁ) Ae (CO()(X, I), Co(}/, j))

THEOREM 2.20. Fix a linear operator T € L(X,Y), where X, Y are Banach spaces.
Let also I, J be an ideals on w. Then a matriv A = (Ay ) of linear operators in
L(X,Y) satisfies (2.6) if there exists ko € w such that (T1°), (T$), (T4), and
(T5) hold.

Conversely, if A satisfies (2.6) then (T1), (T$), (T4), and (T5) hold.

It turns out that we obtain a complete characterization if J is a strongly selective
ideal:

THEOREM 2.21. Fiz a linear operator T € L(X,Y), where X, Y are Banach spaces.
Let also I, J be an ideals on w such that J is a strongly selective ideal.

Then a matric A = (A, k) of linear operators in L(X,Y) satisfies (2.6) if and
only if there exists ko € w such that (T1°), (T$), (T4), and (T5) hold.

In addition, if each Ay, 1, is bounded, it is possible to choose ko = f(n) =0 for all
new\ Jo.

Some additional properties can be obtained in special cases:

REMARK 2.22. Suppose that 7 is tall ideal. Then (T3%) implies, thanks to lemma
3.14, that A is row finite, namely, {k € w : A, # 0} € Fin for all n € w.

REMARK 2.23. Suppose that J is a countably generated ideal. Then (T5%) implies,
thanks to theorem 3.15, that for every infinite E € 7 there exists J € J* such that
{k€e E: A, #0 for some n € J} is finite.

3. Preliminaries

Unless otherwise stated, we assume that X, Y are Banach spaces. We recall the
following results on the so-called Kothe-Toeplitz #-duals:

LEMMA 3.1. Let (T) be a sequence of linear operators in L(X,Y). Then Y, Tyxy
is convergent in the norm of Y for all sequences © € Lo (X) if and only if:

(N1) | Tkl < oo for some ko € w;

(N2) limy, [T, = 0.

In addition, if each Ty is bounded, it is possible to choose ko = 0.

Proof. See [34, Proposition 3.1 and Proposition 3.3]. O

In particular, (N1) implies that T} is bounded for all k& > ko. We remark that, if
X =R and each linear operator T} can be written as Tyx = xyy, for some y; € Y,
then the sequence (T}) of lemma 3.1 is also called “bounded multiplier convergent,”
see e.g. [41].
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LEMMA 3.2. Let (Ty) be a sequence of linear operators in L(X,Y). Then Y, Tipxy
is norm convergent in'Y for all € ¢(X) if and only if (N1) holds for some ky,
together with:

(N2') >, T converges in the strong operator topology.

In addition, if each Ty, is bounded, it is possible to choose ko = 0.
Proof. See [34, Proposition 3.2]. O

A characterization of the Kothe—Toeplitz (-dual of a sequence space which is
strictly related to ¢(Z) can be found in [27, Theorem 4].
However, if X is finite dimensional, we have a simpler characterization:

COROLLARY 3.3. Let (T}) be a sequence of linear operators in L(X, Y') and assume,
in addition, that X is finite dimensional. Then the following are equivalent:

(i) > Thay is norm convergent in'Y for all sequences x € oo (X);
(ii) >-p Tk s norm convergent in'Y for all sequences x € ¢(X);
(i) [1T. | < oo.

Proof. The implication (i) = (ii) is clear and (ii) = (iii) follows by lemma
3.2. Indeed, since d := dim(X) < oo, each T} is bounded.

(ili) = (i) It follows by lemma 3.1 that it is enough to prove that condition (N2)
holds, provided that ||T,,|| < co. To this aim, suppose for the sake of contradiction
that there exists € > 0 such that limsupy, ||| > €. Then there exist a sequence
x taking values in the closed unit ball Bx and a partition {I; :j € w} of w in
consecutive finite intervals such that

Vicw, |(Th:kel)| > szg Tray|| > e.
J

Assume without loss of generality that X = R? and, since every norm is equiv-
alent, endow it with the l-norm ||z|| := )", |2;|. Define the sequence y by y; :=
Zkelj Tixy, for all j. Let {Q1, ..., Qa} be the collection of all closed quadrants
of RY. Since Uicoa Qi = R, there exist ip € [1, 2¢] and an infinite set J C w such
that y; € Q;, for all j € J. It follows that

Tl = [|(Th : k€ )| = sup
FCJ,FEFin

jer]H

= s Y yllz swp [Fle=oo,
FCJ,FEFin “~J€F FCJ,FeFin

which contradicts the standing hypothesis. O

LEMMA 3.4. Let (Ty) be a sequence of linear operators in L(X,Y) and assume, in
addition, that X is finite dimensional and J-limy, ||Tpz|| = 0 for all x € X, where
J is an ideal on w. Then J-limy ||T}|| = 0.
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Proof. Since d := dim(X) < oo, each T}, is bounded. Assume without loss of gen-
erality that X = R? and endow it with the 1-norm as in the proof of corollary 3.3.
Note that the set & of extreme points of the closed unit ball is finite. Hence, for
each k € w, there exists e, € & such that ||Ty|| = ||Tkek]||. It follows that

J-limy, || T3|| < Zeeg J-limy, || Tyel| = 0,
which completes the proof. O

As anticipated, we need an ideal version of the Banach—Steinhaus theorem, which
has been recently obtained in [12].

THEOREM 3.5. Let J be a rapidt PV-ideal on w. Also, let (T},) be a sequence of
linear operators in B(X,Y) and suppose that

VeeX, J-limsup, |Thz| < occ.
Then J-limsup,, || Tn|| < co.

Proof. It follows by [12, Theorem 3.1(b)]. O

The following result on unbounded operators is due to Lorentz and Macphail [31]
in the case J = Fin, see also [34, Theorem 4.1] for a textbook exposition.

THEOREM 3.6. Let (T),) be a sequence of linear operators in L(X,Y). Let also
(M,,) be a decreasing sequence of closed linear subspaces of X such that each T, is
bounded on M,,.

Lastly, fiz a strongly selective ideal J on w and suppose that (T,x) € loo(Y, J)
for all x € X. There there exist ng € w and J* € J* such that T, is bounded on
M, for alln € J*.

Proof. For each n € w, define
Sp :={k € w: T} is not bounded on M, } .

Note that (S,) is a decreasing sequence and S, N[0, n] =0 for all n € w. First,
suppose that there exists ng € w such that S, € J. It follows that T} is bounded
on M,, for all k€ J* :=w\ S,, € J*. Hence, suppose hereafter that (S,) is a
decreasing sequence in JT. Since J is strongly selective, there exists S € J+ with
increasing enumeration (k,) with the property that k,41 € S, for all n € w. In
other words, we have

{k,:new}eJ" and T, ,, is not bounded on My, for all n € w.

n+1

Tt follows by the proof in [34, Theorem 4.1] that there exists x € X such that
| Tk, ., x|l = n for all n > 2. This contradicts the hypothesis that the sequence (T, )
is J-bounded. O

THEOREM 3.7. Let A= (A, 1) be a matriz of linear operators in L(X,Y). Let J
be a strongly selective ideal on w. Then A € (¢(X), bso(Y, T)) only if there exists
ko € w which satisfies (T1°).
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In addition, if each A, i is bounded, it is possible to choose ko = f(n) =0 for all
new\Jo.

Proof. Thanks to lemma 3.2, for each n € w, there exists an integer f(n) € w such
that || A, > (n |l < oo. Without loss of generality, we can suppose that the sequence
(f(n) : n € w) is weakly increasing. Now, for each n € w, define

M, :={z €c(X):z,=0foral k < f(n)}.

Then (M,,) is a decreasing sequence of closed linear subspaces of the Banach space
¢(X). In addition, for each n € w, the linear operator A, : ¢(X) — Y is well defined.
Thanks to the Banach—Steinhaus theorem, A,, is bounded on M,, for all n € w.

At this point, it follows by theorem 3.6 that there exist ng € w and J* € J*
such that A,, is bounded on M, for all n € J*. Thanks to theorem 3.5, we obtain
that J-limsup,, |A, | My,| < oo, i.e., there exist a constant x > 0 and Jy € J*,
with Jy = w if J = Fin, such that ||A,z| < &||z| for all x € M,,, and n € Jy. To
complete the proof, observe that

< #ilz],

Vn € Jo, V& € coo(X) N My, | Anz| = HZDMO Ap g,

)

which implies that [|A,, > ¢n)l < k. Since the upper bound is independent of
n € Jy, the claim follows by setting ko := f(no).

The second part is clear once we observe that it is possible to choose f(n) =0
for all n. U

In the following results we need the following weakening of (T2), namely,
(T2°) J-limsup,, | A, xz| < oo for all z € X and k < k.

It is clear that (T5) implies (T2°), which is the reason why it does not appear in
theorem 2.14, cf. remark 2.6.

THEOREM 3.8. Let A = (A, ) be a matriz of linear operators in L(X,Y). Also,
let J be a strongly selective ideal on w. Then A € (loo(X), (Y, J)) if and only
if there exists ko € w such that (T1°), (T2 ), and (T3) hold.

In addition, if each A, j is bounded, it is possible to choose ky = 0.

Proof. TF PART. Fix @ € {o(X). Thanks to lemma 3.1, for each n, the sum A4,z =
>k An kg is convergent in the norm of Y, hence Az is well defined. It follows by
(T2°) that there exist J, € J* and & > 0 such that ||A, pzx| < & for all k < ko
and n € J;. Hence

lAnzll <37, IAwsael + {30, Ansan]| < ko + llzll supie s, 14r51
(3.1)
for all n € JoNJy € J*, which proves that Az € (. (Y, J).
ONLY Ir PART. The necessity of (T1%) follows by theorem 3.7, with ko = 0 if
each A, is bounded. Now, if (T2") does not hold, there would exist = € X and
k < ko such that J-limsup,, ||Ap rz| = oco. This contradicts the hypothesis that
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A€ (loo(X), loo(Y, J)) by choosing @ € o (X) such that 2, =z if t = k and x;, =
0 otherwise. Lastly, the necessity of (T3%) follows by lemma 3.1. O

REMARK 3.9. The same example given in remark 2.4 proves that, even if X =Y,
J = Fin, and each A, is bounded (so that (T2") is void), condition (T1)
(as its stronger version (T1)) is not sufficient to characterize the matrix class
(Lo (X)), loo (Y, J)); cf. corollary 3.11 below for the finite-dimensional case.

THEOREM 3.10. Let A = (A, 1) be a matriz of linear operators in L(X,Y). Also,
let J be a strongly selective ideal on w. Then A € (¢(X), (Y, J)) if and only if
there exists ko € w such that (T1°) and (T2 ) hold, together with:

(T45) >, Ay i convergences in the strong operator topology for all n.

In addition, if each A, 1 is bounded, it is possible to choose ko = 0.
Proof. The proof goes as in theorem 3.8, replacing lemma 3.1 with lemma 3.2. O

However, if X is finite dimensional, it is possible to simplify the equivalences in
theorems 3.8 and 3.10, namely, condition (T1°) is necessary and sufficient in both
cases choosing kg =0

COROLLARY 3.11. Let A = (A, 1) be a matriz of linear operators in L(X,Y) and
assume, in addition, that X is finite dimensional. Also, let J be a strongly selective
ideal on w.

Then the following are equivalent:

(i) A€ (loo(X), Lo (Y, T));
(i) A€ (c(X), lo(Y, T));
(iii) (T1°) holds with ko = 0.

Proof. (i) = (ii) is clear, (ii) = (iii) follows by theorem 3.7, and (iii) =
(i) follows by lemma 3.1, corollary 3.3, theorem 3.8, and the fact that each A, j is
bounded. (|

LEMMA 3.12. Let (T}) be a sequence of nonzero linear operators in L(X,Y). Then
there exists a sequence ® € X¥ such that ), Ty, is not convergent in the norm

of Y.

Proof. For each k € w, pick y, € X such that Ty, # 0. Now define the sequence x
recursively as it follows: xg := yo and, if xg, ..., z,_1 are defined for some n > 1,
then @y, := Kpyn, where ky = (n+ || Xpcp, 1 Thk )/ Tnynll. Indeed, it follows
that

sz@ T’“z’“H R sz@flkaH ="

for all n > 1, completing the proof. O
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LEMMA 3.13. Let T be an ideal on w which is tall. Then there exists a partition
{E, :n € w} of w such that E, € TNFin™ for all n.

Proof. We define such partition recursively, with the property that {0, ..., n} U
EyU---E, for all n. Since 7 is tall there exists an infinite set Sy € 7, and set
Ey := Sp U {0}. Now, suppose that Ey, ..., E,_1 have been defined, for somen > 1,

so that the set G, :=w\ J,.,, Fi belongs to Z*. Since 7 is tall there exists an
infinite set S,, € Z contained in G,,. The claim follows defining F,, := S, if n ¢ G,
and E, := S, U{n} otherwise. O

LEMMA 3.14. Let (T},) be a sequence of linear operators in L(X,Y). Let also T be a
tall ideal on w. Then Y, Trxy is convergent in the norm of Y for all x € coo(X, 7)
if and only if {k € w : T}, # 0} is finite.

Proof. Thanks to lemma 3.13, there exists a partition {F,, : n € w} of w such that
E,, € ZnFin™ for all n. Now, it follows by lemma 3.12 that F, := {k € E,, : Ty # 0}
€ Fin. Define F :=|J,, F, and suppose for the sake of contradiction that F' ¢ Fin.
Since 7 is tall, there exists an infinite subset F/ C F such that F’ € Z. However,
by construction {k € F’ : T}, # 0} = F’, which contradicts lemma 3.12. O

Recalling that a matrix A is said to be row-finite if {k € w: A, # 0} € Fin
for all n € w, we provide strong necessary conditions on the entries of matrices in
(XY, (Y, J)) and (coo(X, Z), € (Y)), where J is countably generated and Z is
tall.

THEOREM 3.15. Let A = (A, %) be a matriz of linear operators in L(X,Y) such
that A € (X%, bo(Y, J)), where J is a countably generated ideal on w. Then A is
row finite and there exist J € J* and ki € w such that A, =0 for alln € J and
k>k.

Proof. First, suppose that A € (X%, (Y, J)) and that J is generated by a
sequence of increasing sets (@;). Then A is row finite by lemma 3.12, so that
F,:={k€w: A,k #0} € Fin for all n € w. Suppose for the sake of contradiction
that

VJeETY, Vkicw Fk>k, Ined, A,p#0 (3.2)

Define a strictly increasing sequence (s,,) in w such that sg := min{n € w : F,, # 0},
and, recursively, s,,+1 = min(S, \ Q;,) for all n € w, where

Spi={t €w:max F; > max(F,,U---UF, )} and j,:=min{j €w:s, € Q;}.

We claim that S, \ Q;, is nonempty, so that s,y is well defined. Note that S,, €
J T indeed, in the opposite, we would contradict (3.2) by setting J = S¢ and k; =
1 + max(Fy, U+ U Fj, ). In addition, since Q;, € 7, it follows that S, \ Q;, € J*
(in particular, it is nonempty).

Since the set S := {s,, : n € w} is not contained in any Q;, it follows that S € J+.
In addition, set k) := max F;_ for all n € w. Using a technique similar to the one
used in lemma 3.12, we are going to construct a sequence x supported on K := {k,, :
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n € w} such that ||A,z| > n for all n € w, so that Az ¢ (o (Y, J). To this aim,
pick an arbitrary sequence y € X“ such that A i, yn # 0 for all n € w. Now define

x recursively so that xy, := yo and, if g, ..., 2k, , are given for some n > 1, then
Ty, 1= KnYn, Where ki, 1= (n+ || 20,1 As, ki Ti 1) /| As, ki, Y|l Indeed, it follows
that

= H : i<n A5n7kixki

— A T
Hzign—l Sn kit

for all n > 1. Since S € J+, we conclude that J-limsup,, ||A,z| # 0. O

HASn:BH = ”Zkern, Asvukxk

=2 Kn HASn Kn Yk, =n

THEOREM 3.16. Let A = (A, k) be a matriz of linear operators in L(X,Y) such
that A € (coo(X, I), loo(Y)), where T is a tall ideal on w. Then there exists ki € w
such that Ap ;=0 for alln € w and k > k;.

Proof. First, A is row finite by lemma 3.14. Now, it is enough to repeat the proof
of lemma 3.14 replacing lemma 3.12 with theorem 3.15, with F,, :={k € w:3Im €
W, Am,k 75 0}. [l

4. Key tools

Let A = (A, x) be a matrix of linear operators in £(X, Y') and note that, for each
n € w and sequence x taking values on the closed unit ball Bx, we have

J-limsup,, ||Anw| = J-limsup,, ||Anx|] (4.1)

In this section, we provide sufficient conditions on the matrix A and on the ideal
J for the existence of a sequence x such that the above inequality is actually an
equality. The following result is the operator version of the sliding jump argument
contained in the proof of [11, Theorem 1.3] for the one-dimensional case X =Y =R
and J = Fin.

THEOREM 4.1. Let J be an ideal on w which is countably generated. Let also A =
(Anx) be a matriz of linear operators in L(X, Y) which satisfies conditions (T1°)
for some ko € w, (TS), and (T6’). Then there exists a sequence = with values on
the unit sphere Sx such that

J-limsup, ||A, .|| = J-limsup, [|A,x].

Proof. Suppose that J is generated by an increasing sequence of sets (@, ), and
define

no = J-limsup,, || A, .| € [0, 00].
It follows by (T6") that

VE € Fin,  J-limy [Angll =) J-lim, | Ayl = 0. (4.2)

https://doi.org/10.1017/prm.2024.1 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.1

20 P. Leonetti

Hence there exists J; € J* such that ||A, <k, | <1 for all n € J;. Setting J, :=
JoNJy € J*, it follows that

Ve ds [ Anell < I Angkoll + [[An kol < 1+ supse g, [[As >k,

which is finite by condition (T1?). This proves that 79 # co. Moreover, if 1y = 0,
it is enough to let @ be an arbitrary sequence with values in Sy, thanks to (4.1).
Hence, let us assume hereafter that g € (0, 00).
At this point, for each n € w, define the set
o . "o

Eni={te Bl Auul = ml < 35}, (4.3)
and note that (F,) is a decreasing sequence of sets in J . Define also two strictly
increasing sequences (s, ) and (m,,) of nonnegative integers, a descreasing sequence
(H,) of sets of J*, and a decreasing sequence (S,) of sets in JT as it follows.
Set sg := min Sy, with Sy := Ey, Hy := w, and choose mgy € w such that ||As, >m,||
< 1o, which is possible by (T3%). Now, suppose that sq, ..., Sp_1, M0, - .., Mp_1 €
w and the sets Sg, ..., Sp_1 € I and Hy, ..., H,_1 € J* have been defined for
some n > 1.

(i) Set Hy, := Hp1 N{t €w: [|[Aym,_, || < no/2"}, so that H,, € J* by (4.2);
(ii) Define S, := E,, N H,, hence S, € JT and

VEE Su, Atgmall < o5 (4.4)

(iii) Choose s,, € S, \ Q., where k is an integer such that s,,_1 € Qy. In particular,
Sn > Sp—1. Note that this is possible since S, \ Q) € JT.
(iv) Lastly, thanks to (T3%), choose m,, > m,,_; such that
o
27.
To conclude the proof, let = (x,,) be a sequence taking values on the unit sphere
Sx such that

||A5n7>mn|| < (4-5)

"o
- — 4.6
271’ ( )

where M,, :={k € w:m,_1 <k <m,}, and z, is arbitrarily chosen on the unit
sphere Sx for all n € [0, mo]. It follows by (4.3)—(4.6) that

Vo>, szeM As",kka > || As, M,

Vn>1, [Asz]> HE kM Asn,kka - HAsn,émnaH - HAsn,Zmn
n
o
2 ”Asn,Mn - HAsn,éman - ||Asn,>mn - 271

> | As, ol = 2| As, < || = 2145, 5o |l — ;7—2

1 10 1o 10 1
S (l-—) -2 0 (1 — ).
"o ( 2n> 27171 2n71 on "o 2n73

(4.7)
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It follows by construction that we cannot find an integer k£ such that s, € Qy for
all n € w. Therefore {s, : n € w} € J" and J-limsup, |4, x| > no.
The converse inequality follows by (4.1), completing the proof. O

Related results (in the case X =Y = R and J = Fin) can be found in [1, Lemma
3.1] and [40, Corollary 12]. The following corollary is immediate (we omit details):

COROLLARY 4.2. With the same hypothesis of theorem 4.1, for each E C w, there
exists a sequence x taking values on Sx U {0} and supported on E such that

J-limsup, ||A, g|| = J-limsup, [|A,x].
In the finite-dimensional case, the statement can be simplified:

COROLLARY 4.3. With the same notations of corollary 2.11, suppose that X =
R?, Y =R™, and that J is countably generated. Let also A be a matriz which
satisfies:

(K]-) SupnGJo Zk Z@j |an,k(i7 .7)| <00 fO?” some JO S j*;
(K2) >, Z” |ank (i, )| < oo for alln € w;
(K3) J-limy, >, o lank(i, j)| =0 for all k € w.

Then, for each E C w, there exists a sequence x = (x(o), 2@, ...) taking values on
Sx U{0} and supported on E such that

J-limsup,, ZkeE max; ZZ |an,k(i, j)| = J-limsup, ZZ ’Zk Zj an,k(iaj)wgk) .

Proof. Conditions (K1) and (K2) correspond to (T1%), and (K3) corresponds to
(T6°), cf. the proof of corollary 2.11. In addition, (T1°) implies (T3%) by proposition
2.8(v) and remark 5.1 below. The claim follows by corollary 4.2. O

REMARK 4.4. As it has been previously observed in remark 2.3, there exists a
matrix A which does not satisfy condition (T6”) with J = Fin (which corresponds
to (S4)) and, on other hand, it satisfies (T5) with Z = J = Fin (which corresponds
to (83)). In addition, it is immediate to see that A satisfies (T1) and (T3%) since
A,k =0 for all n > 0 and k£ > 0. However, in this case, the conclusion of theorem
4.1 fails: indeed, if & = (zg, x1, ...) is a sequence taking values on the closed unit
ball of £5 then lim, |A,z| = lim, |4, 0z0l| =0, and ||A, | = [[An,0]| =1 for all
n € w. Hence we cannot replace (T6°) in theorem 4.1 with the weaker pointwise
condition J-lim, A, ; =0 for all k¥ € w (namely, (T5) with Z = Fin).

However, the weaker condition above is sufficient to obtain the same claim if
1o = 0o; note that, as it has been shown above, this case is impossible with the
hypotheses of theorem 4.1.

THEOREM 4.5. Let J be an ideal on w which is countably generated. Let also A =
(Anx) be a matriz of linear operators in L(X, Y) which satisfies conditions (T)
and (T5) with T = Fin. In addition, assume that J-limsup,, [[Ay > ¢l = oo.
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Then there exists a sequence x with values on Sx such that J-limsup,,
|Anx| = oo.

Proof. We proceed with the same strategy of the proof of theorem 4.1. Note
that (T3%) implies (T1°"). Accordingly, define E,, := {t € w | A¢,> )|l = n}, which
belongs to J 1 for each n € w. Set sg := min Sy, with Sy := Ey, Hy := w, choose
mo € w such that ||Ag >m,|| <1, which is possible by (T3%), and pick some
arbitrary vectors zo, ..., Tm, € Sx.

Now, suppose that, for some n > 1, all the integers s;, m;, sets .S;, H; C w, and
vectors x; have been defined for alli < n — 1 and j < m,,_;. Then, define recursively

Hn =Hpy_ 1N {t cw: sz<m Aukl’k < 1} s
XxMn—1

which belongs to J* thanks to (T5) with Z = Fin. Define S,, and s,, as in the proof
of theorem 4.1, and m,, > m,,_1 such that ||As, >, | <1, which is possible again
by (T3“). Finally, we choose some vectors {xj : k € M, } on the unit sphere Sx
such that || >, cas As, w2kl = | 4s, a1, || — 1. (Here, differently from the previous
proof, the sequence @ has been constructed recursively.) Reasoning as in (4.7), we
conclude that

Vn>1, |Asz|>n-5 and {s;:tcew}eJT .
Therefore J-limsup,, |A,x| = oc. O

As a consequence of the results above, we obtain an ideal version of the
Hahn-Schur theorem (where the classical version corresponds to the case J = Fin):

THEOREM 4.6. Let J be a countably generated ideal. Let also A = (an) be an
infinite real matriz such that ), |an k| < oo for alln € w and

\Y C -1 E == U. .
E w7 \7 llmn & a,nqk 0 (4 8)
Then j-limn § k ‘a/n,k| 0'

Proof. Set o := J-limsup,, Y, |ank| € [0, c0]. Note also that the standing
hypotheses imply (T3%) and (T6”). In addition, if 79 < oo, then (T1) holds. Tt
follows by theorems 4.1 and 4.5 that there exists a real sequence x taking values in
{1, =1} such that

J-limsup,, Zk (n k Tk = 1)0- (4.9)

At this point, define y,, := (14 x,)/2 for all n € w, so that y = 1, where E :=
{k € w:ap =1}. Tt follows by (4.8) and (4.9) that

no = J-limsup,, (Zk an k(2yr — 1))
=2-7- hmsupn Zk n Yk — J- hmn Zk Qn, k

=2 J-limsup,, Zke
Therefore J-lim, Y, |an k| = 0. O

5 Qp k. = 0.
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Neither (T6”) nor (T5) with Z = Fin will be required for a conclusion as in
theorem 4.1 in the case of positive linear operators between certain Banach lattices.

PROPOSITION 4.7. Let X be an AM-space with order unit e >0 and let Y be a
Banach lattice. Also, let T = (Ty) be a sequence of linear operators in L(X,Y)
which are positive and such that ), Trxy is convergent in the norm of Y for all
sequences x € Loo(X). Then

VECw, |(Tx:keE)|= HZ;@ TkeH .

Proof. Thanks to [2, Theorem 3.40], there exists a (unique, up to homeomorphism)
compact Hausdorff space K and a lattice isometry h : X — C(K) such that h(e) is
the constant function 1, where C'(K) is the Banach lattice of continuous functions
f: K — R, endowed with the supremum norm. It follows that the closed unit ball
Bx of X is simply the order interval [—e, €], indeed

Bx =h"'({f € C(K) : |/ <1}) = h7H([=1,1]) = [-e.e].

At this point, let us fix a nonempty E C w, a positive integer n with n < |E|,
distinct integers iy, ..., i, € E, and vectors x1, ..., 2, € X such that |zx| < e for
all k € {1, ..., n}. By the fact that each T} is a positive linear operator and [2,
Theorem 1.7(2)], it follows that

0< ‘Zk@Tikmk‘ < Zk@ T, x| < Zk@ Ty k| < ZkgnTike-

By the definition of group norm and the compatibility between the norm and the

Order Slruclure 1n )(7 we Oblaln
E TkeH H E Tke ’ I
kgn,k}EE keE

which concludes the proof. O

(Ty : k € E)|| = sup,,

In the same spirit of corollary 4.2, we obtain the following consequence:
COROLLARY 4.8. Let X be an AM-space with order unite > 0 and letY be a Banach
lattice. Also, let J be an ideal of w, and A = (A, 1) be a matriz of positive linear
operators such that A € (loo(X), loo(Y)). Then

VECw, J-limsup, ||A, | = J-limsup, ||A,x|,

where x, = e if n € E and z,, = 0 otherwise.

Proof. Proposition 4.7 implies that ||A, gl = || > ,cp Ankell = [[Anz| for all n.
O
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5. Main proofs

Proof of theorem 2.5. IF PART. Suppose that (T1)—(T5) hold and fix a bounded
sequence & which is Z-convergent to n € X. Thanks to (T3), A, is well defined
for each n € w. In addition, we obtain by (T1) and (T2) that inequality (3.1) holds
for all n (indeed, in our case Jy = J; = w), proving that Az € (o (Y).
First, suppose that n = 0. Fix € > 0 and define
€

0:=
1 + Supn ||A7172k0 ||

and E:={n €w:n <kyor ||x,|| >} Note that E € 7 and that, again by (T3),
(> per AnkTr i n € w) is a well-defined sequence in Y. In addition,

S = {n Cw: HZkGE Anykka > 5} ceJ

by (T5). Now, suppose that ||A,z| > e for some n € w. It follows that

e[Sl g Aot <[ ] 55 bt
(5.1)
By the definition of ¢, this implies that

HZkGE A”v”’f” >e—dsup; || A skl =6,

so that n € S. We conclude that {n € w: ||4,z| > e} C S € J. By the arbitrari-
ness of €, we obtain J-lim Ax = 0.

At this point, suppose that n € X and define y € X* such that y,, := x,, — n for
all n. Note that y € ¢}(X, Z), hence by the previous case Ay € c4(Y, J). It follows
by (T4) that

J-lim Az = J-lim Ay + J-lim, Y Anun =T,

which proves that A is (Z, J)-regular with respect to 7.

ONLY IF PART. Assume that A is (Z, J)-regular with respect to T. Hence,
the matrix A belongs, in particular, to (¢(X), ¢o(Y)). It follows by theorem 3.10
that conditions (T1) and (T2) hold. Also, for each n € w, the sum >, A, pxy is
convergent in the norm of Y for all sequences x € c’(X, Z), hence (T3) holds.
Moreover, for each x € X, the constant sequence (z, z, ...) has Z-limit x, hence
J-lim, >, Ay, rx = Tz, which is condition (T4).

Lastly, fix = € ¢§(X, Z), so that Z-limz = 0. By the (Z, J)-regularity of A
with respect to T', we obtain that Az is well defined and J-lim Az = T'(0) = 0.
This proves (T5).

The second part of the statement follows by proposition 2.8(iv). O

Proof of proposition 2.8. (i) Condition (T4) implies that ), A,  is convergent in
strong operator topology for each n € w. The conclusion follows by lemma 3.2

(ii) For all k € w and z € X, if lim,, 4,, x& = 0 then sup,, || A, rz| < cc.

(iii) It follows by lemma 3.1.
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(iv) Since A belongs to (¢(X), s (Y)), the claim follows by theorem 3.7.

(v) It is known that each A,, ;, is bounded. The second part follows by lemma 3.1
and corollary 3.3. (Note that this is not necessarily true if dim(X) = oo, cf. remark
3.9)

(vi) Given k € w and z € X, the sequence x defined by z, =z if n =k and
xn, = 0 otherwise has Z-limit 0, hence J-lim,, A, x@ = T(0) = 0. This claim follows
by lemma 3.4.

(vii) For all n, k € w, there exists a, , € R such that A, ; = a, xAg. Note also
that

VnewYECw, [Aupl =40} _ lonl (5.2)

Hence condition (T1) implies that Ay is necessarily bounded, ky = 0 can be chosen
by point (iv) above, and hence sup,, >, |an k| < co. Thanks to (5.2), it is immediate
to conclude that limy || Ay >kl = [[Ao|| timy D=5y |ans| =0 for all n € w.

(viii) By point (vii) above, Ay is bounded. Moreover, if Ay =0 the claim is
obvious. Otherwise, there exists © € X such that Agz # 0 and by (T5) we obtain
J-lim,, A, yx =0, so that [|Apz| - J-lim,, |a, k| =0 for all k € w. It follows that
J-lim,, || Ay k|| = || Aol - T-limy, |ay, x| = 0. O

REMARK 5.1. As it is evident from the above proofs, the statements of proposition
2.8(i), (iil), (v), (vil), and (viii) are correct also replacing (T1) with the weaker
condition (T1°?).

Proof of theorem 2.9. First, assume that A is (Z, J)-regular with respect to T', with
J countably generated. Then (T1) and (T4) holds by theorem 2.5. Now, fix « €
cbo(X, I). Then Z-limx = 0 and, since A is (Z, J)-regular, we obtain J-lim Az =
0, namely, J-lim,, ||A,z| = 0. Then (T6) holds by corollary 4.2.

Conversely, assume that (T1), (T4), and (T6) hold. Then (T5) holds (since it
is implied by (T6)), and conditions (T2) and (T3) hold by proposition 2.8(ii) and
(iii), respectively. It follows by theorem 2.5 that A is (Z, J)-regular with respect
to T g

Proof of theorem 2.10. The first proof goes verbatim as in the proof of theorem
2.9, replacing corollary 4.2 with corollary 4.8. Also the second part proceeds sim-
ilarly, with the difference that (T2) holds by proposition 2.8(iv): indeed, thanks
to [3, Theorem 4.3], cach positive linear operator A,, ; between Banach lattices is
necessarily continuous. O

Proof of corollary 2.11. Endow R? and R™ with the corresponding 1-norm, as
in the proof of corollary 3.3, so that ||A, x| = max; ) . |an (i, j)|, cf. e.g. [20,
Example 5.6.4]. Also, note that, for all n € w and E C w,

1 . .
Y o ki) < Mnpl < XS Janilid)l (53)
Accordingly, conditions (F1), (F2), and (F3) are simply a rewriting of (T1), (T4),

and (T6), respectively, with kg = 0 (which can be chosen thanks to proposition
2.8(v) and (iv); in particular, in the following subcases, condition (T2) is void).
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CASE Z = Fin: First, assume that A is (Z, J)-regular with respect to 7. Then
(T1) and (T4) hold by theorem 2.5. In addition, by proposition 2.8(vi) also (T6”)
holds. At this point, fix £ € Fin and note that [|A, gl <> ,cp [[Ankl. Taking
J-limits on both sides, we obtain (T6). Conversely, assume that (T1), (T4) and
(T6) hold. Then (T6) implies (T5). And (T3) holds by proposition 2.8(iii) and (v).
Hence A is (Z, J)-regular with respect to T' by theorem 2.5.

CASE J IS COUNTABLY GENERATED: If A is (Z, J)-regular with respect to T,
then (T1) and (T4) hold by theorem 2.5. In addition, (T3%) and (T6°) hold by
proposition 2.8(v) and (vi). Then (T6) holds by theorem 2.9. The converse goes as
in the previous case.

CASE @y (4, j) > 0 FOR ALL 1 <i < m, 1 < j <d, AND n, k € w: Note that R?
is an AM-space with order unit (1, ..., 1). The proof goes on the same lines of the
previous case replacing theorem 2.9 with theorem 2.10. O

Proof of corollary 2.12. Let Z and Z’ be two maximal ideals such that {2w, 2w + 1}
CTUT'. Since *(R%, I) = "(R%, T') = £ (R?), we obtain that (F3) holds with
both F = 2w and F = 2w + 1, hence it is equivalent to (F3'). In turn, (F3') implies
(F2) with T'= 0. The claim follows by corollary 2.11. O

Proof of corollary 2.13. First, suppose that A is (Z, J)-regular with respect
to T. It follows by theorem 2.5 that conditions (T1)-(T5) hold. Thanks to
equation (5.2) above and (T1), there exists ky € w such that sup, [|An >k || =
[ Aol sup,, > g g, [an,k| < 0o (since Ag # 0), which implies (M1) and (M2). Con-
dition (M3) is just a rewriting of (T4). In addition, conditions (T3%) and (T6°) hold
by proposition 2.8(vii)-(viii). It follows that (M4), which is just a rewriting of (T6),
holds for the same reasons in the proof of corollary 2.11.

Conversely, assume that conditions (M1)-(M4) hold. (M1) implies that each A, j
is bounded, hence it is possible to choose kg = 0 by proposition 2.8(iv), hence (T2)
holds. Accordingly, (M2), (M3), and (M4) are just rewritings of (T1), (T4), and
(T6), respectively. Lastly, (T3) follows by proposition 2.8(iii) and (vii), and (T5) is
implied by (T6). To sum up, conditions (T1)—(T5) hold, and the conclusion follows
by theorem 2.5. O

Proof of theorem 2.14. Tt proceeds on the same lines of the proof of theorem 2.5
(recalling the (T5) implies (T2")), with the only difference that it is not necessarily
true that Jy = J; = w but only Jy, J; € J*. O

Proof of corollary 2.15. Proceeding as in the proof of corollary 2.11, note that con-
ditions (R1) and (R2) are simply a rewriting of (T1°), (R3) is a rewriting of (T4),
and (R4) is a rewriting of (T6). Since each A,, 1, is bounded, we choose kg = f(n) =0
for all n € @y, in the statement of theorem 2.14.

First, assume that A satisfies (2.2). It follows by theorem 2.14 that (T1%), (T4),
and (T5) hold. In addition, (T1%) implies (T3%) by lemma 3.1 and corollary 3.3; and
condition (T6”) holds by lemma 3.4. We conclude by corollary 4.2 that A satisfies
(T6).

Conversely, assume that (T1%), (T4), and (T6) hold. Then (T6) implies (T5). As
before, (T1%) implies (T3%), so that A satisfies (T3) by lemma 3.1. The conclusion
follows by theorem 2.14. O

https://doi.org/10.1017/prm.2024.1 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.1

Regular matrices of unbounded linear operators 27

Proof of theorem 2.17. Suppose for the sake of contradiction that such a matrix
A exists. Since A € (coo(X, I), loo(Y)), it follows by theorem 3.16 that

dky €ew, VEk=k,Vnew, Amk:O-

At this point, since A is also (Z, J)-regular with respect to T, then (T1)—(T5) hold
by theorem 2.5. In addition, 7" is a nonzero linear operator, hence there exists (a
nonzero) x € X such that y := Tz # 0, and pick @ := (z, «, ...). Since A satisfies
(2.5), we obtain that J-lim Az = y. However, it follows by condition (T5) that

J-lim, A,z = J-1lim,, Zk<k1 Aprx =0,
providing the desired contradiction. O

Proof of theorem 2.18. This is an immediate consequence of theorem 3.16. (]

Proof of theorem 2.20. First, suppose that (T1%), (T3%), (T4), and (T5%) hold for
some kg € w. Fix a sequence « such that Z-limx = 7. By (T3%), Ax is well defined.
Moreover, since (T5%) implies (T2"), we can pick x and J; € J* as in the proof of
theorem 3.8, and define F := {k € w : |lzy — || = 1} € Z. Using (T5%), there exists

Jo € J* such that szeE,k;ko An,kﬂka < 1 for all n € Jy. At this point, it follows
by (T1°) that

Anall < |32, Anee| 4|32, o, Anwn]| 4 [, Anan]
1Anz]| < k<ky KRR kEE kzky  TRTE kgE kko | TWRTR

< kko + 1+ sup{|lzxll : k ¢ B} - supye s, | Ar.m\jo.40) |
< wko + 14 ([Inll + 1) - supse g, 1At >0l

for all n € J, where J := JyNJ; N Jy € J*. Therefore Ax € {(Y, J).

We conclude as in the proof of theorem 2.5 that A satisfies (2.6), with the only
difference that Inequality (5.1) holds for all n € Jy, once we replace sup, || A¢, >k, ||
with sup; ¢ 7, [[Ae, >k |-

Conversely, if A satisfies (2.6), then (T3%) holds because the sequence Az is
well defined for each = € ¢(X, Z); moreover, A € (c*(X, T), c¢(Y, J)), and it follows
by theorem 2.14 that conditions (T1°) and (T4) hold. Lastly, if  is a sequence
supported on Z, then J-lim Az = 0, which proves (T5). O

Proof of theorem 2.21. Thanks to theorem 2.20, we have only to show that
if A satisfies (2.6) then (T1°) holds. This follows by theorem 3.7 since A €
(e(X), boo(Y, J)), with ko = f(n) = 0foralln € w\ Jyif each A, ;, is bounded. O

6. Closing remarks

We leave as open questions for the reader to check whether theorem 4.1 holds for
the larger class of rapid*™ P*-ideals J, and whether this condition characterizes the
latter class of ideals in the same spirit of [12, Theorem 5.1]. An analogue question
could be asked for theorem 3.6. In addition, it would be interesting to obtain a
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characterization of the matrix class (¢(X, Z), ¢(Y, Z)), analogously to theorem
2.21.
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