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ON SUMS OF CERTAIN TRIGONOMETRIC SERIES

MINKING EIE AND YAO LIN ONG

Let N be a fixed positive integer. In this paper, we apply a newly developed
method of Eie and Lai to the evaluation of certain infinite trigonometric series.
Indeed, we are able to express the sums of these series in terms of Bernoulli poly-
nomials. That is, we obtain several new Bernoulli identities. A similar method
leads to Ramanujan’s identities.

1. SPECIAL VALUES OF L-FUNCTIONS AT POSITIVE INTEGERS

Let x be a Dirichlet character modulo N and let

o x(n)
= Z X , Res>1
n8

n=1
be the corresponding Dirichlet L-function. Through the functional equation for L(s, x)
and its special values at negative integers, it is possible to evaluate L(s,x) at positive

integers. The results are as follows.

(1) If x(—1) =1, then for any positive integer m,

(2) If x(—1) = —1, then for any positive integer m,

L2m+1,x) = (—z)_(__i":._ (2%)2m+17-(x)(_3%m+1),

(2m + 1)!
where
N .
700 = x(a)e?re/N
a=1

is the Gaussian sum and B;(‘(n =0,1,2,...) are the generalised Bernoulli numbers
defined by
X J)te Z Bn |t| <

Nt _ 1
i=1 € n=0
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In this paper, the role of the Dirichlet character y(n) will be replaced by trigono-
metric functions such as tan (nw/N), cot(nm/N), sec(nw/N), csc(nw/N) whenever
they are defined. We obtain the following new identities.

(1)

ad t (nm/N 1)t (gg)2ml T2 . ]
R R——)
i=

n=1
n#0 (mod N)
(2) If N is odd, then
S /) _ CDPEH T S i, ()
m N/

n2m+1 2(2m + 1)! et

n=1

(3) If N is even, then

o) _1\m n2m+l N B y
O L 1{,)(27(3431)! S VW =i - 1)Bamia (Z).
j=1

n=1
nZN/2 (mod N)

(4)

i csc (nm/N)

n2m+1
=1
nZo f(lmod N)
B (_1)m+1(27r)2m+1 N-~2

Z (N—] - l)Bzm.H(l +% + %)

N(2m+1)! =
(_1)m+1(2ﬂ_)2m+1(1 _ 2—(2m+1)) BZm+2
N2m+1(2m)! 2m + 2
(=1)™*(27)2m 1 1 1\ N-(1/2) 1
T TN Gm) 2m+232m+2<N+ z) 2m + 1 B"”"+‘(N+§) '

(5) If N is odd, then

°° N) _ (=)™@n)™? 3 1
> Se(;(z’::fz )L 22217(1 +)1)! ZO ('I)JB""‘“’(1 Tt %)
i=

n=1
n#0 (mod N)

(=1)™(4m)?mH? N 1 N 3
+ 4N2m+1(2m + 2)! B2m+2( 2 + 4) B2m+2(7 + Z) '

(6) If N is even, then
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i sec (nm/N)

n2m+2
n=1
";N/? (mod N)
N=-2 '
(-1)™(2m)?m+2 ; L
=T NEm+ 2 -1)'B T
N(2m +2)! g( 1) 2m+2( +2N+N)

(_1)m+1(27r)2m+2 [(Bzm+3 (N + (1/2)) _ 92m+3 Bzm+3 (N/2 + 1/4) )

N2m+2(2m + 1)! 2m +3 2m 4+ 3
1 Bamia(N +(1/2)) 5mnia Beme2((N/2) + (1/4))
+(3-)( i3 B )]

It is not difficult to derive all these identities once we apply the newly developed
method in [2] to the zeta functions associated with rational functions of the form

P(T)
F T = 9
(T) (1-Tm)(1-Tm2).--(1—-Tm™r)
where mj,ma, -+, m, are complex numbers with positive real parts and P(T) is a
finite linear combination of T#, Re 8 > 0, with complex numbers. By specifying F(T)
to be
1 and 1

1-7)1-TV) 1+T)1-TN)

or
T(1/2)+N T(1/2)+N
———————— and ,
1-Ty1-TN) 1+T)(1-TN)

we obtain our identities. Similar arguments can be used to derive identities in [1,
Chapter 14 of Part II}. As a consequence, we have the following identities for any odd

integer n:
(1) gfl (coth (nk))/(k?"+1) = 22ngin+l g (=1)**!(BaxBani2-2¢) / ((2K)
'(2n + 2 — 2k)!)
(2) ki((—l)"“ csch (wk)) / (K27+1) = g2 :z:;: (~1)* (Box(1/2) Bans 2k

(1/2))/(@k)1(2n + 2 - 26)1),

2. ZETA-FUNCTIONS ASSOCIATED WITH RATIONAL FUNCTIONS
Consider the rational function of the form

P(T)

F(T) = (1 -Tm)(1-Tm2).--(1-Tmr)’

https://doi.org/10.1017/50004972700033566 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700033566

106 : M. Eie and Y.L. Ong (4]

where m, my,--- ,m, are positive integers and P(T') is a polynomial in T (with com-
plex coefficients) of degree less than m; +mg +---+ m,. For |T| < 1, F(T) has a

power series expansion
oo

F(T)=)"a(k)T*.

k=0
The value of a(k) is determined via the residue theorem as

1 [F(2)dz
o) = 3 J, R

where C is a sufficiently small circle centred at the origin going counterclockwise.
The zeta function Zr(s) associated with F(T) is then given by

o0

Zp(s) = Z a{k)k™2, Res>r,
k=1

which is determined by F(T') uniquely through a Mellin transform
Zr(s)T (s) = /000 t'"F(e™t) - F(0)] dt
for Res > r, where I' (s) is the classical gamma function defined by
L(s)= /Ooo t*"le~tdt, Res > 0.

The possible poles of F(e~%) lie in the imaginary axis of the complex plane. By
a direct verification, we can find a sequence of contours Cy (N = 1,2,...) such that
the following conditions hold:
(1) Cn is the rectangle with vertices znx + yn, TN — YN, —ZN + YN,
—zn —iyn, Ny > 0, y~ > 0, and its direction going counterclockwise.
. -y _ .
(2) Nl}-I)noo N Nl—Ibnoo N +oo
(3) Cn does not pass through any pole of F(e™?).
(4) max.ecy |F(e™?)| is bounded by a constant independent of V.

It follows that for any positive integer n,

im —l- z'("“)F(e"’) dz =0.
N—oo 2wt Jo,,
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This also implies that the residue of z~ ("t F(e~?) at z = 0 is equal to the negative
of the sum of residues of 2~ "tV F(e~*) at z = 2kwi/m;, k€ Z, k#0,j=1,...,r.
That is,

1

(2.1) —/ 2D F(e=%) d2
2w jz|=¢ ( )

=- Z{Residue of z_("+1)F(e_’) at z = 2kmi/m;}.
k#£0

Note that residue theory shows the left hand side of (2.1) is a constant multiple
of Zp(—n), and gives the right hand side of (2.1) as an infinite series. This produces
an identity among the Bernoulli numbers and the sums of infinite series. On the other
hand, we are able to decompose F(T') into the sum of its partial fractions, so that Zg(S)
can be expressed as a sum of Riemann zeta functions and Hurwitz zeta functions. For

example, if
1

O = a—ma—ry

one can decompose F' into

1 + 1 + 1-T + 1-T
6(1-T7)° 4(1-T) 4(1-T?)  31-T9)

= gZ(k+1)T"+ ZZT’°+ Su-mT*+ 52(1 - T)T3.
k=0 k=0 k=0 k=0

)=

It follows that

-8

Zr(s) = g [¢(s ~ 1)+ ¢()] + 766+ 2 ¢ = ¢(5:5) ] + - [o9) ~ ¢ (s:3)].

It is well known that Riemann zeta functions and Hurwitz zeta functions both have
analytic continuations in the whole complex plane and

C(l—m):(—l)m_l%, C(I-—m;d):—BmT(é) (m=1,2,3,...).

Therefore, Zr(s) has its analytic continuation and its special values at negative integers
can be given explicitly in terms of Bernoulli numbers and Bernoulli polynomials.

Now we are ready to derive our first identity.

THEOREM I. For positive integers m and N with N 2 3,

oo /N -1 m+1 o 2m+41 N-2 ‘ .
2 cotz(;w/l )= 12/'(2m(+i)! > (V=3 = DBamsi(57)-

n=1 =1

n#0 (mod N)
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PRoOOF: Consider the rational function

1
F(T) = (1-T)Q1-TN)
From the partial fractions decomposition
1 (N-D)+(N-2)T+---+TN-2
FT) = + ,
@ N(1 -T)? N(1-TN)
we conclude that
_ 1 N-1 s N-2 . —a—1 J
Zr(e) = 6o =D+ CE] + TN + 30 (V-5 - DN ¢(s.%).

Consequently for any positive integer m, we get

N2m—1 N-2

1 Bom42 ‘ i
N2m+2 2m+1;::(N J 1)B2m+1(1—v—).

ZF(-Z’I’TL) =

On the other hand, we have for Re s > 2 that

Zp(s)T(s) = /Ow g1 [(1 — e—t)(11 — = - 1] ds

*© 1 1 1
= tﬂ—l[ ]
/0 @D ta-1 el %

oo s—1
- /o (e —tl)(eii —y + (N7 +1)¢()T()-

Let L(e) be the key contour in the complex plane, consisting of the intervals
[e,+00) twice in opposite directions and the circle |z| = ¢ with the direction going
counterclockwise. Then for Re s > 2,

/ 2°~ldz
Le) (€2 —1)(eN= = 1)
X oo ts—l dt zs—l dZ
27is
= (e -1 / + / .
= ), @@ =Dt e @ DED
As € — 0, the second integral on the right hand side approaches 0. This gives

i 22~ 1d> _ (ezm's 1) /°° t5-1dt
20 fpy (e — (M = 1) o E-DEM-1)
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Still, the contour integral is independent of €, so we can eliminate the limit. Thus for
Re s > 2 and s ¢ Z, we have

i _ zs—l 2
Zp(s)T(s) = (™ - 1) ! /L(e) = 1)(6:\1,2 ) + (N72 +1)¢(s)T(s).

With the help of the functional equation

; ATL8
I(s)[(1 - 5) = T 2me

sinms  e2mis — 1’

we obtain

1 2°7ldz
2mi Jp () (€2 = 1)(eNZ = 1)

Zr(s) — (N-s + 1)((5) =T - s)e—‘rris

This gives the analytic continuation of Zp(s). Now for s = —2m, the integrations
along [e,+400) twice in opposite directions cancel each other. Hence we have

1 2z~ (2m+1) g,
— —_ |
Zr(=2m) = @m)izs /|,,=5 (er — 1) (e — 1)

= —(2m)! Z[Residue of 2™+ F(e*) at z = 2kmi/N]
k#0

_(@m+ 1)!2 1 (2m)! Z' ( N )2m+1 1

N &0 ki) 22 N prd 2kmi e2kmi/N _ |
k#0 (mod N)
m m N-1 . :
_ 2 (=)™ em + 1)(2m +2) + (=1)"(2m)! tﬂ((2m+ 1 i)
N (2m)2m+2 NQ@m)*™* & 7N NS

By applying the well-known formula

_ Bamya _ 2(-1)"M(2m+1)1¢(2m +2)
2m+2 (277)2m+2

1

we obtain

2z

-1 . . (_1)m+1(2ﬂ_)2m+1N2m N-2

Jm J
Skl 1, =) =

(N == DBamss (£):

J

This is equivalent to our required identity. 1
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If N is odd, choose F(T) to be

1
FT)= ———F——r.
() 1+T)1-TN)
Then the decomposition
1 +1—T+T2—...+TN—1
21+ 7T) 2(1 - TN)

gives

zr(9) =27 e = ¢ (1)) + 2o + 0 3 (capig (s, ).
=1

.,

It follows that

2m N-1 . o
Zp(-2m) = 5(2]:;—_*_1) ; (—1)JBzm+1(NN j)-

On the other hand, we also have

m+l
Zp(—2m) = (;()2 2731’: Zt (2m+1 N>

Consequently, we have the following identity.

THEOREM 1I. For any positive integer m and odd integers N with N > 3,

. tan (n7/N (-1)™(2r)?™ 1 o ; j
2 ar;gm/l - 22275131)! > (-1 Bamna(7)-

n=1 i=1
If N is even, another decomposition
F(T) = 1 _ 1 (N-1)-(N-2T+...+TN-?
1+T)1-T") N@+T) N(1-TN) :

gives the following identity immediately.

THEOREM III. For any positive integer m and even integers N with N > 3,

S tan (nm/N) _ (=)™ @0 & i
Z n2m+l N(2m+1)! Z (=1)’(V = j = 1) Bamo (17)
n=1,nZN/2 (mod N) j=1
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3. FURTHER RESULTS

If we consider the function

F T(1/2)+N
TN= —————
(7) 1-7Ha-TN)
and use the decomposition

(T) = TO/2+N N TM/DN[(N 1)+ (N - 2)T +...+ TN 2]
T N1-T)? Y A)) :

then we get the following identity.
THEOREM IV. For positive integers m and N with N > 3,
= csc (nm/N)
z n2m+1
n=1n#0 (mod N)
N-2 .
(_1)m+1(21r)2m+1 ) 1 j
= N-j-1)B (1 — —)
N@m+ 1) ;( I=DBmu(l+ 55+ 5

(_1)m+1(21r)2m+1(1 - 2—-(2m+1)) BZm+2

+ NZn+1(2m)! D—
(_1)m+1(27r)2m+1 1 1 N — (1/2) 1
g s B (V4 5) - gy B (V4 3))-

In a similar way, the following two identities are easily obtained by considering the

function
T(1/2)+N

= mrna-™

with its decomposition

TU/+N  pU/D+N[] T 4+ T%2 ~ . + TN

F(T) = 20 +T) | 2(1-TW)

when N is odd, and

TW/2D+N  TW/DIN(N 1) - (N -2)T + ...+ TN-?]
+
N1 +T)? N(1—-TN)

F(T) =

when N is even.
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THEOREM V. For any positive integer m and odd integers N with N > 3,

2 N-1

el /N —1)™(2m)*™*
Z Seigflw/‘-’« 2 2zzri+)2)! Z( 1 BZ"‘*"‘(HWJU]V)

nZo0 (x;od N)

(=1)™ (4m)?m+2 N 1 N 3
t ANTE (2 2)!32’"*2( 2t 4) - BZ’"“(E + Z)‘

THEOREM VI. For any positive integer m and even integers N with N > 3,

i sec (nw/N)

n2m+2

m 2m+2 N-2
= G en) ’ Z (_1)j32m+2( +L+ J)

N(2m + 2)! = 2N ' N
. (=1)™*+ (2m) 2™+ [(B2m+3(N+ (1/2)) _ 22m+3B2m+3((N/2)+ (1/4)))

N2m+2(2m + 1)! 2m+3 2m+3
+(§'N)( +2m+2 EEA— om + 2 )]

4. Two RAMANUJAN’S IDENTITIES
As mentioned in [2], it is possible to generalise the previous argument to include

the case
F(T) =

1-Tm1)...... (1-Tmry’
where
(1) mq,...,m, are not necessary positive integers, but are complex numbers
with Re m; > 0;
(2) P(T) is not necessary a polynomial, but a finite linear combination of T8
with complex numbers and Re 8 > 0

As an example we derive two identities in [1, Chapter 14 of part II.
ExaMPLE. For any odd integer n, we have

(1) 32 (coth (xk)/k20+1) = 22a21'S (L1)+) (B /(28)!) (Bonsa—za/

k=1 k=0
(2n+2 - 2k)!).

@) 3 ((=1)** csch (k) /k27+1) = 22nazntt’SS (L1)%(Byy(1/2)/(2k))
k=1 k=0

(Ban42-2x(1/2)/(2n + 2 ~ 2k)!).
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Proor: For 0 < u,v <1 and £ > 0, consider the function

Tu+u(e+:')
T a-D Ty

F(T)
Then for 0 < T < 1, we have that

o o
F(T) = Z z T{r1+u)+(e+i)(n2+v)
n1=0nq9=0
Thus the zeta function associated with F(T") is given by
o0 o
Ze(s)= Y Y [(m+uw)+(+inz+v)]”°, Res>2.

ny=0no=0

Zp(s) has its analytic continuation in the whole complex plane and its special values
at s = —2n are given by ([2, Proposition 2])

2l — 2n+2 (2n)! Bu(u)B A 2ndl-k
F("' n) = kz: m k('U-) 2n+2—k(U)(5+z) .
=0

On the other hand, we also have

1
_ -~ 1 ~(2n+1) -z .
Zp(—2n) = (2n) Py /|z|=6 z F(e™*)dz

As € = 0, we get

2§2 Br(u)Bany2-k(v) (§)2n ik
24 Fi@n+ 2~ k)!
1 exp{—(u + )z} dz
ry zj=5 220H1(1 — e7=)(1 — e7*%)
exp{—(u + iv)z}
22n+1(1 — e~ 2)(1 ~ e7¥%)

= - Z {Residues of
k#0

at z = 2kn, 2k7ri]

_ i(—l—)%ﬂ‘l' {exp{——(u +1iv)2km}  exp{(u+ iv)%ﬂ’}]
B - 2km 7 1-—- e—zkﬂ' 1- ean,

i (_1_)2n+1 [exp{—(u +w)2kmi}  exp{(u+ iv)2k7ri}]
- —\2kmi 1 — e2km 1 —e-2km ’
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Multiplying by ¢ on both sides gives

2§2 Bi(u)Bany2—k(v) (4) 2022k
El(2n+2-k)!

_ 1 \2n+irexp{—(u+iv)2%kn}  exp(u+iv)2kn
- Z(%) [ 1— e~ 2 1 — 2k ]

1 - e—2k1r 1— e2k1r

_1)ni ( )2n+1 exp{(u + iv)2kmi} _exp{- u+w)2k7rz}]

k=1

Now set u=v =0 and u = v =1/2. Then our required identities follow since

et 4+ e
cothz = ———
eI —_— e—I
and 5
cschz = ——.
et — e—% [I
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