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ON A GENERALIZATION OF A RESULT OF WALDSPURGER 

JIANDONGGUO 

ABSTRACT. We consider a generalization of a trace formula identity of Jacquet, in 
the context of the symmetric spaces GL(2n)/GL(/i) x GL(w) and G' /Hf. Here G' is an 
inner form of GL(2w) over F with a subgroup H' isomorphic to GL(n,E) where E/F 
is a quadratic extension of number field attached to a quadratic idele class character 77 
of F. A consequence of this identity would be the following conjecture: Let TT be an 
automorphic cuspidal representation of GL(2«). If there exists an automorphic repre
sentation 7r; of G' which is related to TT by the Jacquet-Langlands correspondence, and 
a vector </> in the space of -K' whose integral over H' is nonzero, then both L{ 1 /2,7r) and 
1(1 /2,7r ® TJ) are nonvanishing. Moreover, we have 1(1/2,7r)I(l /2,7r(g>77) > 0 . Here 
the nonvanishing part of the conjecture is a generalization of a result of Waldspurger 
for GL(2) and the nonnegativity of the product is predicted from the generalized Rie-
mann Hypothesis. In this article, we study the corresponding local orbital integrals for 
the symmetric spaces. We prove the "fundamental lemma for the unit Hecke function-
s" which says that unit Hecke functions have "matching" orbital integrals. This serves 
as the first step toward establishing the trace formula identity and in the same time it 
provides strong evidence for what we proposed. 

0. Introduction. Let F be a number field, E a quadratic extension field of F. We 
use FA and EA to denote the adele rings of F and E. Let 77 be the quadratic character of 
the idele class group FJ /F* attached to E. For a positive integer m, we denote by Gm the 
linear group GL(ro). Let G be G2n(F) and let H be Gn(F) x Gn{F). We embed H into G 
in the following way: 

Let Z be the center of G. For a character \ of H(FA) trivial on Z(FA)H(F)9 we say that an 
automorphic cuspidal representation -K of G(FA) is (//, x)-distinguished if TT has trivial 
central character and there exists a vector <j> in the space of the automorphic realization 
of 7r such that the integral 

( ' ' JH(F)Z(FA)\H{FAy( ) X ( ' 

is not zero. If TT is (H, 1 ̂ distinguished, we will simply say that it is //-distinguished. 
We denote by X(E : F) the set of the isomorphic classes of pairs (G\H'\ where G' 

is an inner form of G over F and H' C G' is an algebraic subgroup which is isomor
phic to Gn(E) over F. Let Z' be the center of G'. Then we can define the notion of H1-
distinguished representation of G' in a similar way. We say that an automorphic cuspidal 
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representation n of G(FA) satisfies Waldspurger's condition if there exists a pair (G', H') 
in X(E : F) and an automorphic cuspidal representation -K' of G'(FA\ which is related 
to 7r under the Jacquet-Langlands (Deligne-Kazhdan) correspondence, such that 7r' is 
//'-distinguished. When n = 1 we have the following remarkable result of Waldspurger. 

THEOREM (WALDSPURGER). Let TC be an automorphic cuspidal representation of 
GI{FA). Then TT is both H-distinguished and (//, ^-distinguished if and only ifir satisfies 
Waldspurger s condition. 

Here we regard rj as a character of H{FA) by setting 

7/(70 = rKdet/*) 

for h £H(FA). 
It is natural to ask for a generalization of this result to G2„. Here we conjecture a 

partial generalization: 

CONJECTURE. If an automorphic cuspidal representation TT of G2n(FA) satisfies 
Waldspurger s condition, then ir is both H-distinguished and (//, ^-distinguished. In the 
case that n is odd, the converse is also true. 

Waldspurger first proved his theorem by using the machinery of the Weil represen
tation. But this method is limited to low rank cases. Another approach to the problem 
of proving the conjecture is the relative trace formula of Jacquet. We proceed to explain 
this as follows. Le t / be a smooth function with compact support on G(FA)/Z(FA). We 
denote by LC(G) the subspace of cusp forms of the Hilbert space I? [G(F)Z(FA ) \ G{FAi). 
Then/ induces an operator pc(f) on LC{G). Let Kc(x,y) be the kernel of pc(f). We define 
a distribution 1(f) by 

1(f) = f [ Kc(x,y)j](x)dxdy. 
JZ(FA)H(F)\H(FA) JZ(FA)H(F)\H(FA) CK ' " /V ' 

The kernel Kc(x,y) admits a spectral decomposition of the form 

Kc(x9y) = J^Kir(x,y), 

where the sum is over all the irreducible cuspidal representations IT. Let {(/>/} be an or-
thonormal basis of 7r. Then we have 

i 

From this expression we find 

I7r{f) = IJKAx,yMx)dxdy 

= Y\j{Pc(f)<l>i){x)n(x)dx\ [J4>i(y)dy\. 

So In(f) is not zero only if 7r is both //-distinguished and (//, ^-distinguished. In other 
words only such representations contribute to 1(f). 
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Similarly for (G',#') eX(E:F) and/ ' G C?(Gf(FA)/Z'(FA)), we define a distribu
tion /'(/*') by 

W)= [ x f , K'c(x,y)dxdy 
Jz>(FA)H'(F)\H'(FA)JZ'(FA)H'(F)\H'(FA) cK 

where ^ ( J C , ^ ) is the kernel representing the operator pc(f) on ̂ (G7) induced by/ ' . As 
before only //'-distinguished representations contribute to I'(f'). 

Then if n is odd, we should have the following trace formula identity 

(0.2) 7 ( 0 = £ /(/*) 

if the corresponding local components of the function/ and the functions {/"'} have 
"matching orbital integrals". 

If n is even, then for a given pair (G',//7) G X(E : F), the trace formula identity we 
expected reads: 

(0.3) /(0 = Af) 

if the local components of/ and/' have "matching orbital integrals". 
Here the difference in formulating the trace formula identities between the case when 

n is odd and the case when n is even is suggested by the comparison of the double cosets 
H \ G/H with the double cosets H' \ G'/H1 for (G', H1) eX(E:F) (see Lemma 1.8 in 
Section 1.1). 

Once these identities are established, the above conjecture can be proved by analyzing 
the spectral decomposition of both sides. When n = 1 this is what Jacquet has done in 
[Jl] where he established (0.2) for GL(2) and reproved the result of Waldspurger. Further 
exploiting this identity, we proved in [G] that 

Z,(l/2,7r)Z,(l/2,7r<g>T7)>0 

for an automorphic cuspidal representation TT of GL(2,F^) with trivial central character. 
When combining with some known result concerning the positivity of certain average of 
i ( l /2,7T ® i/) ([HF]), this implies L(\/2, TT) > 0. 

Generally for/ = ®vfv G Q° (G(Fy4)/Z(F^)), then we have a finite set S of the places 
of F such that each v ^ S is unramified in E a n d / is the unit Hecke function of G(FV). 
The same is true for the function in the other side. Thus in trying to establish (0.2) or 
(0.3) for Gin, we should first show that locally the unit Hecke functions have "matching 
orbital integrals". The purpose of the present paper is to prove that this is the case (see 
Section 1.2). So we may regard it as the first step toward the generalization of the result 
of Waldspurger. In the same time it also provides evidence that the identities (0.2) and 
(0.3) will work for Gin, hence our conjecture. 

The distinguishedness of a representation has a strong relation with the properties of 
L-functions. To explain this we recall a result of Friedberg-Jacquet ([FJ]) as suggested 
by the work of Bump-Friedberg ([BF]). Let \ be a character of FJ /F*. If an automorphic 
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cuspidal representation IT of G is (//, x)-distinguished, then the exterior square /.-function 
L(s, 7r, A2p) has a pole at s = 1 and 

for some cusp form <j> in the space of 7r. SO we could derive the following result from our 
conjecture: 

If 7r satisfies Waldspurger's condition, then L(s, n, A2p) has a pole at s — 1 and 
L(l /2,7r)t( l /2,7r®»j)^0. 

Furthermore by the trace formula identity (0.2) or (0.3), we could relate the product 
L(l /2,7r)Z,(l /2,7r ® 77) to, roughly speaking, the square of a integral 

/ <Kh)dh 
JH'{F)Z'{FA)\H'{FAyx 

for a pair (G', // ') G X(£ : F) and a cusp form <j> in the space of a //'-distinguished repre
sentation 717 of G'{FA). This in turn should provide information concerning the positivity 
and some other properties of L{\ /2,7r)L(l / 2 , n <g> 77). 

To end the introduction, we mention that a necessary tool, which concerns the multi
plicity one of the subgroup H in G and H' in G', in carrying on the project we described 
above becomes available recently ([JR], [G2]). To explain this, we assume that F is a 
nonarchimedean local field. Suppose TT is an irreducible admissible representation of G. 
Let Hom(7r, C) be the dual space of 7r, and let Hom#(7r, C) be the set of the //-invariant 
elements in Hom(7r, C). Then we have ([JR]) 

dimHom//(7r,C) < 1. 

Similarly we have ([G2]) 
dimHom///(7r/,C)< 1 

where (G', Ft) G X(E : F) and 7T7 is an irreducible admissible representation of G'. 
The material in this paper is part of my Ph.D thesis in Columbia University. I would 

like to express my deep gratitude to my thesis advisor Professor Herve Jacquet for his 
generous guidance and help, and continuous encouragement over the years. I also want 
to thank Columbia university and Sloan foundation for their support. 

1. Symmetric spaces and orbital integrals. 
/ . / . In this section, F is a field of characteristic 0. We will study the correspondence 
between the double classes H \ G/H and the double classes / / ' \ G'/H' for (G', H') e 
X(E : F). For this purpose, we first recall the description of the geometric structure of 
the //-conjugacy classes in the symmetric space G/H, as given by Jacquet and Rallis in 
[JR]. 

We denote by e„ the matrix 

Co - U 
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Let 9n be the involution of G defined by 9„(g) = engen. Then we have 

H={geG\0n(g) = g}. 

We consider the variety 

Sn = {gtng-len \geG} 

which is contained in the space 

Pn = {g€G\ gengen = Iln}. 

In what follows, we often write e, 0, S and P for e„, 0„, S„ and Pn respectively if no 
confusion arises. The group G acts on S by the twisted conjugation 

(g,s) = gs0(g-1), g<EG,seS. 

In particular H acts on S by conjugation (h,s) = hsh~l for h £ H. The surjective map 
p:G—>S defined by 

(11) P(g) = geg~le, g£G 

satisfies 
p(xgh) = xp(g)Q(x). 

So it induces an isomorphism between the symmetric space G/H and the space S as 
G-spaces. The map p also induces a one to one correspondence between the //-double 
cosets in G and //-orbits in S. 

Thus we are reduced to study the //-conjugacy classes in S. For x G S, let x = xsxu = 
xuxs be its Jordan decomposition in G, where JC* is semisimple and xu is unipotent. Then 
both xs and xu are in S ([R] and [JR]). Our task is to analyze the semisimple elements in 
S. We note that an element 

(1.2) g=[A
c
 B

D)eG, 

where A9B,C,D are of size n x n, is in P„ if and only if 

A2=In+BC, D1=In+BC9 AB = BD, DC = CA. 

So when A and D have no eigenvalues ± 1, then B and C are nonsingular. In this case we 
have: 

LEMMA 1.1. Let s £ S be an element of the form (1.2) where A and D has no 
eigenvalues ±1 . The s is H conjugate to an element of the form 
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A 0 0 A -A, 0 0 
0 I* 0 0 0 0 
0 0 ln—n\ —Hi 0 0 0 

+ 4, 0 0 A 0 0 
0 0 0 0 Im 0 
0 0 0 0 0 *n—n 

where Ai has no eigenvalues ±1 . Two such element s{A\) ands(Ai) are H conjugate if 
and only if A\ andAi are conjugate. Furthermore S(A\) is semisimple if and only ifA\ 
is semisimple. 

This is essentially the Lemma 4.3 of [JR]. They actually proved that s is conjugate to 
an element of the form 

*«'>-CA A,)es-
But it is easily seen that s(A\) is Hconjugate to t{A\). In fact we have 

d i a g ^ ! -InT\ln)s{Ax)&izg({Ax - /„ ) , /„ ) = t(Ax). 

Let n i and «2 are two integers such that 0 <n\ <nx+n2 <n and let A be an element 
in M(n\,F) without eigenvalues ± 1. We denote by s(A, nx, ni) the matrix 

I A 0 0 A-Ini 0 0 \ 

(1.3) 

\ 0 0 0 0 0 -ln-nx-nj 

\in\ = n, «2 = 0, we will simply write S(A,n\,n2) as s(A). Then the result of Jacquet-
Rallis on the H conjugacy classes of semisimple elements in S can be summarized as 
follows (cf Proposition 4.1 of [JR]): 

PROPOSITION 1.1. Each semisimple element s £ S is H conjugate to an element of 
the form s(A, n\, ni). The set of the H conjugacy classes of semisimple elements ofS is in 
bijective correspondence with the set of all triples {n\, {A\}, n-i) where 0 < n\ <nis an 
integer, {A{\ a semisimple conjugacy class in M(n,F) without the eigenvalues ±1 and 
«2 is an integer with 0 < «2 < n — n\. 

We say that an element s £ S is ^-regular if it is semisimple and the H orbit of s 
has the maximal dimension among all the H conjugacy classes in S. This is the same as 
saying that s is semisimple and the centralizer IIs of s in H has the minimal dimension. 
We denote by ST the set of the ^-regular elements of S. 

LEMMA 1.2. A semisimple elements £ S is 9-regular if and only if it is H conjugate 
to an element of the form 

where A is a regular element (in the usual sense) in M(n, F) without eigenvalues ± 1. The 
set ofH conjugacy classes of ST is in one to one correspondence to the conjugacy classes 
of the regular elements in M(n,F) without eigenvalues ±1 . 

PROOF. We first consider an element of the form (̂̂ 4) where A £ M(n,F) has no 
eigenvalues ± 1. We have that 

( ' . ' : > » ( * ; ' & ) - * • 
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if and only if 

hxAh\x = A = h2Ah^\ h{(A-In)h2l =A-In, h2(A+In)h^ =A+In. 

It is easily seen that these conditions are equivalent to 

h\AhxX =A,hx = h2. 

So if we identify Gn(F) with the subgroup 

{diag(g,g)|gGGw(F|} 

of//, then H*A) = Gn(FY, the centralizer of A in Gn(F). It is well known that 
dim Gn(FY > n and dim GniFy4 = n if and only if A is regular. 

Generally, by the above proposition, we can assume that s = s(A, n\, n2) where A has 
no eigenvalues 1,-1 and 0 < n\ <n\+n2. Then by an easy computation, we find that 
//* is the set of the elements of the form 

di2Lg(AuA2,A3,AuA4,A5) 

where^i G Gni(F)4
9A2,A4 E Gni{F) and A3, A 5 £ Gn3(F)} with«3 = n — n\ — «2Thus 

we have 
dim//5 = dimGnx{FY +2nl + 2n] >m+n2 + n3 = n. 

The equality occurs if and only if dim Gni (F)4 = n\ = n and n2 = n3 = 0. The assertion 
of the lemma follows. 

It is clear that if s(A) G ST, then IfiA) = GniFf which is a torus in //. We say that 
an element s € y is 0-regular elliptic i f / f is a elliptic torus (/.e., / f / Z is compact). 
This is equivalent to saying that s is H conjugate to an element of the form s(A) where A 
is a regular elliptic element in M(n,F). We denote by S6 the set of the 0-regular elliptic 
elements in S. 

Let Gr (resp. Ge) be the set of elements in G whose images under p are in ST (resp. 
S6). We say the elements in Gr are 0-regular and the elements in Ge are 0-regular elliptic. 
For a G Gn{F) such that det(/„ — a) ^ 0, we denote by g(a) the matrix 

[in In) 

which is in G. Then we have: 

LEMMA 1.3. Each 9-regular element ofG is in the same H double coset as an ele
ment of the form g(a) where a is a regular element in Gn(F) such that det(/w — a) ^ 0. It 
is 9-regular elliptic if and only if a is regular elliptic. The setH\ Gr /His in bijective cor
respondence with the conjugacy classes of regular elements in Gn{F) without eigenvalue 
1. 

PROOF. We consider the inverse Cayley map A from the set 

W= {aeGn(F) I det(/w- a) ^ 0} 
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to the set 
U={A€ M(n,F) | det(/w +^)det(/w - A) ^ 0} 

defined by 
X(a) = (In+a)(In -a)~l. 

Clearly A is bijective and induces a one to one correspondence between the G„(F) con-
jugacy classes of W and the Gn{F) conjugacy classes of U, which maps regular classes 
(elliptic regular classes) in W to regular classes (elliptic regular classes) in U. On the 
other hand it is easy to check that 

p(g(a))=s(\(a)) 

for a E W. Here s(\{a)) is 0-regular (0-regular elliptic) if and only if X(a) is regular 
(regular elliptic), which is equivalent to saying that a is regular (regular elliptic). Recall 
that p induces a bijective correspondence between the //-double classes in G and the H 
conjugacy classes in S. The assertion of the lemma follows immediately from Lemma 1.2. 

Next we consider the double cosets of the pairs inX(E : F). Given (G', // ') E X{E : F)> 
we can find a central simple algebra U of dimension An2 over F and a subalgebra M1 C V 
isomorphic to M(n, E) over Fsuch that G' (resp. // ') is the multiplicative group of U (resp. 
Af). For 7 E F \ we use Lln to denote the algebra 

Then Z ^ is a central simple algebra of dimension An2 over F with the subalgebra 

ME,n = {diag(a,a) | a E M(«,F)} 

isomorphic to M(n,E). In particular if 7 E Ms* then (L7)„,M^„) is isomorphic to 
(M(2n,F),M(n9E)) over F. Let Af(F : F) be a set of representatives of F*/NE*. It is 
easily seen that there exists one and only one 7 E N(E : F) such that (Z/, A/*) is isomor
phic to (LyjW, M ^ ) over F. Let G7}„ be the multiplicative group of Lln and let HEi„ be 
that of ME,n- Thus we find that 

{(GXn,HEfn)\7£N(E:F)} 

gives us a set of representatives of X(E : F). Therefore we just need to study the 
HE,n-double cosets of G7)„. 

Let E = F(i/r) where r E F" is not a square. We denote by e ^ the matrix 

yftln 0 A 
0 -yftlnj' 

Let 07)W be the involution on G7j„ defined by 

07,/ife) = ^ge^J , , g E G7,„. 
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Then HE,H — {g & G%„ I Q-i,n(g) = g}- As before we consider the variety 

Sm = {gOmig'1) I g € Gi,n) C <?7,„. 

In what follows, we will drop the second index n from the notations if no confusions 
arises. Then it can be proved (see [G2]) that 

57 = {g G G-r | {giE? = hn}. 

So an element 
(A 1B\ 

8={B A)eG^ 
is in S~f if and only it satisfies the following conditions: 

(1.4) A2 = In+lBB, AB = BA. 

As before G7 operates on S7 by the twisted conjugation 

(g9x) = g*07(g_1), gEG^xeS^ 

and in particular the subgroup HE of G7 operates on S1 by conjugation. The surjective 
map p7: G7 —•* S^ defined by 

Piig) = g^ig'1) 

induces an isomorphism between the symmetric space G1/H and S1 as G1 -spaces. It 
also induces a bijective correspondence between the HE double cosets in G7 and the HE 
conjugacy classes in 57. 

Before describing the HE conjugacy classes in S7, we first recall some facts about the 
twisted conjugation in Gn(E). Two elements g\,g2 G Gn(E) are called twisted conjugate 
if there is a g E Gn(E) such that g\ = ggig~x. If g E G„(£), we will write N(g) for gg 
and call it the norm of g. 

LEMMA 1.4 ([AC], LEMMA 1.1 IN CHAPTER 1). (1) Ifg e G„(E), then Ng is 
conjugate to an element h of Gn{F); h is uniquely determined modulo conjugation in 
G„(F). 

(2) IfNg\ andNgi are conjugate in Gn(E), then g\ andgi are twisted conjugate. 

In other words, the norm map is an injection from the set of twisted conjugacy classes 
in Gn(E) to the set of conjugacy classes in Gn(F). We will write fA£(g) for the conjugacy 
class in Gn(F) so obtained. We denote by NGn(E) the subset of the elements h E Gn{F) 
which are conjugate in Gn(E) to Ng for some g E Gn(E). In fact, if h E NGn(E), we can 
findag E G„(£) such that/* = A/g.Letg E Gn(E) such that Ng is conjugate to h E G„(F). 
Then we say g is twisted regular (twisted regular elliptic) if/? is regular (regular elliptic) 
in Gn{F). 

We are back to the symmetric space. For x E Sl9 let x = xuxs = xsxu be its Jordan 
decomposition where xs is semisimple and xu is unipotent. Then we also have that xs E 57 

andjcMES7([R]). 
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LEMMA 1.5. Let 

(A 1B\ 
S=[B A) 

be an element in S1 such that A has no eigenvalues ± 1. Then s is HE-conjugate to an 
element of the form 

whereA\ G M(n,F) has no eigenvalues ±1 such that A] —I„ — lB\B\andA\B\ = B\A\. 

Furthermore s is semisimple if and only if A \ is semisimple. Two such elements s^A \,B\) 

ands1(A2,B2) are HE conjugate to each other if and only ifA\ andA2 are conjugate to 

each other. 

PROOF. The first assertion is proved in [G2]. Now we assume that 

[A 1B\ 
S=[B A) 

where A G M(n,F) has no eigenvalues ±1 such that A2 —1„ = IBB and AB = BA. We 
have that 

diag(75,/„)"' ( ^ 7J*] diag(75,/„) = [^2
 A_ ^ ^ = t(A) G S. 

In other words s is conjugate to t{A) in GL(2w, E). Applying the Lemma 4.3 of [JR], we 
find that s is semisimple if and only if A is semisimple. To prove the last assertion, we note 
that for two such elements S^AuBi) and S1{A2,B2\ if we set a, = l~xBt{Ai + In)~

l G 
Gn(E)(i= 1,2), then 

At = (Jn + <*,•<*,•)(/„ - a/d,-)""1, Bi = 2lcii(In - a w ) - 1 . 

It is easy to check that if h G Gn(E), then 

diag(A, A^^i^OdiagCA"1 , A"1) = s^A^B^ 

if and only if ha\h~l = a2. In other words, s^(A\,B{) is HE conjugate to S^Ai.Bi) if 
and only if ot\ is twisted conjugate to a2. By Lemma 1.3, this last condition is equivalent 
to the condition that ot\6c\ is conjugate to a2d2, which is the same as saying that A\ is 
conjugate to A2. We are done. 

Let n\, n2 be two integers such that 0 < n\ < n\ + n2 < n and let A be an element in 
M(n\, F) such that A2 — Ini G lNGni (E). Then we denote by s^A, n\, n2) the matrix 

/ A 0 0 IBA 0 0 \ 
I 0 I„2 0 0 0 0 

n Sx 0 0 -In-nx-n2 0 0 0 
K ] \BA 0 0 A 0 0 

0 0 0 0 /W2 0 
\ 0 0 0 0 0 -In-nx-n2 I 

where BA is a fixed matrix such that A2 — In = lBABA,BAA = ^£4. We will write 
s7(A, n, 0) simply as s>y(A). We have: 
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PROPOSITION 1.2. Each semisimple elements G G7 is conjugate to an element of the 
form s^(A9 n\, n2) where A is semisimple. The set ofH conjugacy classes of semisimple 
elements ofS1 is in one to one correspondence with the set of all triples (n\, {A},n2), 
where 0 < n\ < n is an integer, {A} a semisimple conjugacy classes in M(n,F) with 
A2 — 1 G lNGn{E), and n2 is an integer with 0 < n2 < n — n\. 

PROOF. In [G2], we have proved each element s G S7 is HE conjugate to an element 
of the form 

IAx 0 0 7#i 0 0 \ 
0 A2 0 0 1B2 0 
0 0 A3 0 0 7#3 

U ' 5i 0 0 Ax 0 0 ' 
0 B2 0 0 A2 0 

\ 0 0 B3 0 0 A3 I 

where if we set 
e (At iBt\ a r 

then si G Slytli such that A\ G M(n,F) with A\ - In = lBxBx,AiBx = BxAx, and both 
52 and —53 are unipotent elements. Observing that in this case the element s is in fact 
conjugate to diag(s 1,52,53) in GL(2«,£), we have that 5 is semisimple if and only if 
51,52,53 are semisimple. Equivalently Ax is semisimple by the above lemma, 52 = I2n2 

and 53 = — I2n3. Hence 5 is semisimple if and only if it is HE conjugate to an element of 
the form s^A, nx,n2) where A is semisimple. The last assertion of the proposition follows 
immediately from Lemma 1.5. 

As before we say that a semisimple element 5 G S1 is ̂ -regular if the HE conjugacy 
class of 5 has the maximal dimension among all the HE conjugacy classes in S7. We 
denote by 5!̂  the set of 07 -regular elements in 57. 

LEMMA 1.6. Each element in S^ is HE conjugate to an element of the form s^(A) 
where A is regular. The HE conjugacy classes is in a bijective correspondence with the 
conjugacy classes in M(n,F) of those elements A such that A2 — In G lNGn(E). 

PROOF. We first consider an element of the form s^{A) in S1. We set 

aA=l-xBA(In+A)-x eGn{E). 

Then as in the proof of Lemma 1.5, we have that 

diag(/z,^)57(^)diag(^-1,r1) = Sl(A), h G GH(E) 

if and only if haAk~x — aA. Thus if we identify HE with Gn(E) in the natural way, then 
tfjl{A) is the twisted centralizer Gn(E)a_A of aA in Gn(E). Hence we have dim/^(y4) > n 
and d im/ /^^ = n if and only if aA is twisted regular which means that aAdA, hence 
A = (In + ocAaA)(In — aA6cA), is regular. If this is the case, we have H^^A) = GniFY if 
we regard Gn{F) as a subgroup of HE. 
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Generally, for a semisimple element s G S7, we can assume that s = s1{A,n\,n2) 
where A G M(m,F) such that A2 — Ini = lBABA and 0 < n\ < n\ + n2 < n. Then we 
have 

dim#| = dim/^jf + 2n\ + 2nj>ni+n2+n3 = n 

and the equality occurs if and only if n\ = n,n2 = «3 = 0 and 4̂ is regular. Hence the 
assertion of the lemma. 

We say that an element s G «SJ is 07- regular elliptic if FPE is an elliptic torus. We 
denote by S% the set of such elements. Then for s G Sy, it is easily seen that s € S^ if and 
only if 5 is conjugate to an element s^(A) G S^ such that A is regular elliptic in M(n, F). 

We say that an element g G G7 is 07-regular (resp. 07-regular elliptic) if p7(g) G SJ 
(resp. 5^). We use G^ and G* to denote the set of the 61 -regular elements and the set of 
the 07-regular elliptic elements respectively. For a G G„(E) with det(/„ — lota) ^ 0, we 
denote by g7(a) the matrix 

a In J ' 

LEMMA 1.7. Each element g EGr
n is in the same double coset as an element g7(a) 

where ad is a regular element in Gn(F) such that det(7w — 7 ad) ^ 0. Furthermoreg is 
01-regular elliptic if and only if ad is elliptic. The double classes HE \ G7 /HE is in one 
to one correspondence with the twisted conjugacy classes of twisted regular elements in 
G„(E) whose norms have no eigenvalue l~l. 

PROOF. Let W1 = WfMNGn(E) and t/7 = UD{A G M(n,F) \ A2-In G lNGn(E)}. 
(See the proof of Lemma 1.4 for the notations.) For a G W,we have 

X(a)2-In=4a(In-a)-2. 

Here 4(In -a)~2 G NGn(E). So X(a)2 -In G lNGn{E) if and only if a G lNGn(E). Hence 
the inverse Cayley map A induces a bijective correspondence between W1 and U1. For 
a G Gn(E) such that lad G Wl9 we have 

Pi(gi(aj) =s1(\(ladj). 

Here s7 (A(7 ad)) is 07-regular (07-regular elliptic) if and only if \{laa) is regular (regu
lar elliptic), which is the same as saying that a is twisted regular (twisted regular elliptic). 
Then the first and the second assertions follow from Lemma 1.6. 

It is easily seen that g7(c*i) and g^(a2) are in the same double coset if and only if 
a\ and a2 are twisted conjugate. Recall that we have a bijective map fA£ between the 
twisted conjugacy classes in G„(E) and the conjugacy classes in NGn{E). The the map 
9^ defined by 9^{a) = l9\t{a) is a bijective map between the twisted conjugacy classes 
in {a G G„(E) | det(/„ — lad) ^ 0} and the conjugacy classes in Wy. Hence the last 
assertion of the lemma. 
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We now consider the correspondence between the HE conjugacy classes in S1 and the 
H conjugacy classes in S. We note that both S7 and S are subsets of G2n(E). The following 
simple fact will be used repeatedly. Let 

o (Ax Bx\ (A2 B2\ 

are two elements in G2n{E) where At are elements in M(n,E). If gi is H{E) conjugate to 
g2, then A\ is conjugate to A2. 

We first consider the HE conjugacy class of s^(A) where, as usual, A G M(n,F) and 
A2 - In G lNGn(E). We have 

(«-«* ;>>rvr' i)-^ 
In other words s^A) is H(E) conjugate to s(A). Now suppose s<y(A) is H(E) conjugate to 
another element 

-{% 2 H 
Then Ai is conjugate to A. Thus by Lemma 1.1, we have that si isH conjugate to s(A). 
On the other hand if 

S2 = {B2 A2)
eS^ 

is also H(E) conjugate to s(A). Then^2 is conjugate to the elements. So by Lemma 1.5, s2 

is HE conjugate to s>y(A). Combining this considerations with Proposition 1.1 and Propo
sition 1.2, we get: 

PROPOSITION 1.3. Suppose s is a semisimple element ofS1. Then there is g £ H(E) 
such that gsg~l G S. This establishes an injection of the HE semisimple conjugacy classes 
in 57 into the H semisimple conjugacy classes in S which carries the conjugacy class of 
s>y(A, n\, n2) in S1 to the conjugacy class ofs(A9 n\,n2) in S where A G M(n, F) such that 
A2-Ine lNGn(E) andO <nx<nx+n2<n. 

We can in fact define an injection of the general HE conjugacy classes in Sy into the 
H conjugacy classes in S in exactly the same way. Recall that each element in 57 is HE 
conjugate to an element of the form (1.6). The same thing is true for an element in S. So 
we are reduced to study the element s G 57 such that s or —s is unipotent. The point here 
is that in this case we can find h £HE such that hsh~l is in Sy H S (see [G2]), and we can 
also prove that this induces an injection of the /f7 conjugacy classes of elements in 57 of 
this type into the H conjugacy classes of the same kind of elements in S. Since this will 
not be used in this paper, we omit the details. 

Finally we study more especially the 0-regular elliptic elements. We denote by Y% the 
subset 

{{s(A)} | A is regular elliptic such that A2 - ln G lNGn{E)) 

of the set of the H conjugacy classes {S6} in S, which is the image of the set of the HE 
conjugacy classes {S^} in 57. Then we have 
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LEMMA 1.8. When n is odd, the subsets Y* and Y* are disjoint ifllx
 l is not in 

NE*. Furthermore we have 

u n = in 
1£F*/NE* 

So we have a bijective correspondence between the disjoint union Uief*/NE*{^f} an^ 

in 
When n is even, then for each 7 we have 

Y^ = {{s(A)} | A is regular elliptic in Gn(F) with det(A2 - /„) G NGn(E)} 

which does not depend on 7. 

PROOF. We consider the element S(A) G S where A e U (see the proof of 
Lemma 1.3). Then there exists a £ W such that 

A = \(a) = (In + a)(In-ayl. 

It is clear that A is regular elliptic if and only if a is regular elliptic. Then as in the proof 
of Lemma 1.7, we have 

A2-In=4a(In-a)-2. 

Since 4(7„ - a)~2 G NGLn(E), so A2 - In G lNGn(E) if and only if a G lNGn(E). It is 
well known that ifa is regular elliptic, then7~1tf G Mj„(£)ifandonly ifdet7 - 1# G Ms* 
(Lemma 1.3, Chapter 1 in [AC]). This implies that if A is regular elliptic, then A2 —In G 
7M7„(£)ifandonlyif 

(1.7) Y'det(A2-In)eNE*. 

Now if n is odd, then the condition (1.7) is equivalent to 

7de t (^ 2 - / w )GA^* . 

Note that we also have 
(J NE*=F*. 

-yeF*/NE* 

Then we obtain the first part of the lemma. 
If n is even, then the condition (1.7) is equivalent to 

d e t ( ^ 2 - / w ) G A ^ . 

The second part of the lemma follows. 

By this lemma, we can also find easily that, if n is odd, then we have a injection from 

the disjoint union \Ay^F*/NE*{^y} t 0 {^}- ^ u t it *s n°t surjective except for n = 1. 

1.2. We now assume that F is a non-archimedean local field, E is a quadratic extension 
field of F. Let rj be the quadratic character ofF* attached to E. We use | \F to denote the 
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absolute value on F for which we have \VD\F = q~l where w is a uniformizer of F and q 
is the number of the elements of the residue field of F. 

We call an element s G S relevant if T)\H* — 1. It is easily seen that a semisimple 
elements^, n\,ni) is relevantif and only if rt\ = n,ri2 = 0 (see the proof of Lemma 1.2). 
Recall that the H conjugacy class of a semisimple element in S is closed ([R]). Then for 
/ G C?(S) and a relevant semisimple element s G S, the following orbital integral is 
well defined 

(1.8) H(s;f; rj) = JH/Hsf(hsh-l)rj(dcth)dh. 

Ifs = s(A\ we will simply denote H(s(A):/; 77) by H(A;f; 77). 

REMARK. For a relevant semisimple element s G S and /* G //, we have 

H{hsh-x'J',rj) = r/(det/*)//(*;/; 7/). 

So our orbital integral is not constant on a double coset. But for a semisimple element 
A G M(n9F) without eigenvalues ±1 and an element h G G„, we have that 

H(hAhTx\f\T)) = 7/(detA2)i/(^;/;r7) = J W ; r j ) . 

Hence H{A\f\ 77) depends only on the conjugacy classes of A under G„. 
Forg G G, we let 

(1.9) //g = Hng~lHg ={heH\hg = ghf for some/*' G H}. 

We call g relevant if 7/|//g = 1. It is easy to check that g G G is relevant ifand only if p(g) 
is relevant in S. For a function/ G Q°(G) and a relevant element g G G such that /9(g) 
is semisimple (this is the same as saying that HgH is closed [R]), the following orbital 
integral is convergence 

(1.10) H(g;f; 1,) = JH/H^ jk/tfr,gft2to(detA,) <ft, <ft2. 

If g = g(a) where a is an element in Gn without eigenvalue 1, then we simply denote 
H(g'J\r)) by H{a\f\r\). If for / G C?°(G), we define a function p(/) G Cf(S) by the 
formula 

P(f){p(g)) = j/(gh)dh, 

then we have 
H(g;f;r1) = H(p(g);p(f);T]) 

forg G G, and 
H(a;f;r,)=H(\(a);p(f);r1), 

for a G W. So H(g;f; 7/) is not constant on the double cosets, but H(a,f; 77) depends only 
on the conjugacy classes of a in G„. 
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Let /be a smooth function with compact support on S7. We define an orbital integral 
for/ at a semisimple element s G S7 by 

H,(s;f)= [ f(hsh~l)dh. 
JHE Hv l**k 

If s = s704), we use H>y(A;f) to denote //7(s;/). In this case, //7 ($•;/) depends only on 
the //# conjugacy classes of 5. Hence H-y(A;f) depends only on the conjugacy classes of 
A. 

For g G G7 such that p7(g) is semisimple, then HEgHE is closed. So we can also define 
an orbital integral of/ G C°°(G) at g as follows 

(1. 11) fiyfe/) = 4 / ( / f£ )g jttmgh2)dhX dh2 

where (HE)g = HEC\g~xHEg.lfg = g7(a) where a G G„(F) such that det(/w-7a<*) ^ 0, 
we will denote i/7(g;/) by i /7(a;/) . As before we have 

H1(g;f) = H1(p1(g);p1(fj), and //7(a; /) = 7/7(A(7aa);p7(/)) 

where 
fhV){fh(g)) = jHfigh)dh. 

If 7 = 1, then Gi is isomorphic to G over F For convenience, we will denote {G\, HE) 
by (G', T/7), and denote the orbital integral Hi (g;f) by H(g;f) in all cases. Let RE and 7?£ 
be the rings of the integers of F and E. We set K = G(RF) and K' = G2n(RE) H G'. They 
are maximal compact subgroups of G and G' respectively. Suppose F has odd residual 
characteristic and E is unramified over F. Then as usual, one of the ingredients in the 
comparison of trace formulas is the "fundamental lemma" which involves matching the 
orbital integrals of Hecke functions. In our case, the (conjectural) fundamental lemma 
has the following form. 

FUNDAMENTAL LEMMA. Letf be a Hecke function on G and letf be the corre
sponding Hecke function on Gr. Then for a regular element a G Gn{F) without eigenvalue 
1, we have 

(1.12) H(aJ,r,)-\^ ifa£NGn(E). 

The main result of this paper is that the fundamental lemma is true for unit Hecke 
functions. More precisely we have: 

THEOREM. Letfo andf^ be the characteristic functions ofK and K' respectively. 
Then the identity (1.12) is true when f andf arefo andf^ respectively. 

This theorem is the initial step in our project described in the introduction. We also 
expect that we can deduce the fundamental lemma for general Hecke functions from this 
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result for the unit Hecke functions following the ideas of Clozel [C] or Labesse [L] for 
stable base change. 

Another local result we need is the existence of the transfer of smooth function/with 
compact support on G to the smooth function/ with compact support on G1 where/ 
and {fj} have "matching" orbital integrals at regular elements. In the case G = G4, this 
was done by the author in an unpublished note. 

The remaining part of the paper is arranged as follows. In Section 2 we prove a reduc
tion formula that can be used to reduce the comparison of orbital integrals of Hecke func
tions to the case of elliptic orbital integrals. Then for a regular elliptic element r = oca 
in G„(F), we construct a Hecke function *Fr of G„(F) and a Hecke function O a of Gn(E) 
such that H(r;fo; 77) and H{a\f^) are represented by the usual conjugate orbital integral of 
mr at r and the usual twisted conjugate orbital integral of O a at a. We then prove that *¥r 

and O a are related by the base change map. These are done in Section 3. In conclusion 
we prove our theorem in Section 4. 

2. A reduction formula. In this section we will prove a reduction formula which 
relates the orbital integrals on G(F) to the orbital integrals on the Levi subgroups of 
G(F). This formula can be used to reduce the comparison of the orbital integrals of Hecke 
functions to the case of elliptic orbital integrals. 

2.1. We first introduce some notations. Let (/wi,/W2,... ,/w/) be a partition of a positive 
integer m. Let 7/ be a subgroup of Gmi{F). For tx? e 7/ (1 = 1,2,..., /), we use (t\,..., t{) 
to denote the element diag(/i,..., tj) of Gm{F). Then T\ x • • • x 7} is the subgroup of 
Gm(F) consisting of such elements. 

Given a regular semisimple element r of Gn{F), we may assume 

(2.1) r=(ru...,n) 

up to a conjugation. Here n is a regular elliptic element of Gni(F). Let P\ be the standard 
parabolic subgroup of Gn(F) associated to the partition n = n\ + • • • + w/. We have a 
decomposition 

p x = MXNX = NXMX 

where Mx is the standard Levi subgroup and N\ is the unipotent radical of Pi. 
We use P to denote the standard parabolic subgroup of G(F) of type (2«i, . . . , 2«/). 

Let M and N be the standard Levi subgroup and the unipotent radical respectively of P. 
Then we have 

(2.2) M=G 2 w i (F)x-- -xG 2 w / (F) . 

We now define an automorphism 9 of G by 

(2.3) [ <fi\*& <£'>'*«') ^ (e,v),<v</ 
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where Ajj, Bij, Cjj, Dfj are w,- x rij matrices and 

<24) * - ( # 2;) 
is 2/1/ x 2rij matrix. Let 

*o 

(U 0 • • 0 0 0 •• 0 \ 
0 0 • • 0 1-, 0 •• 0 
0 A/Z2 0 0 0 0 
0 0 • 0 0 1-2 • 0 

0 0 • • 1», 0 0 •• 0 

^ 0 0 • 0 0 0 •• !»,/ 

The map 0 is actually the inner automorphism defined by 0(g) = xogXQ1. Since xo G K, 
We have 9(K) = K. We remind that P\ x Pi is regarded as a subgroup of Gin in the way 
that it is a subgroup of Gnx G„ C Gin. Let HM be the image of Mi x M\ under the map 
8. Then HM is the subgroup 

(2.5) Gni(F) xG„,(F)x---x G„,(F) x G„,(F) 

of M. We can extend the definition of our orbital integrals to (M,HM) in a natural way. 
Let Ni be the subgroup Q(N\ x N\). It is easy to see that each element of A^ has the form 

/ la , , (Ul2,U'l2) 
0 hn2 

(Uu,U[i)\ 

\ 0 0 ••• 12„, / 

where Uy and C? are n, x «,- matrices and (Uy, Uy) is used to denote 

(Uy 0) 
(0 U'yj-

It is clear that N2 is contained in N. 
In order to state our proposition we need to introduce another notation. For a Hecke 

function/ on G, we define a function/^ on M as follows: 

(2.6) fp\m) = 8P(m)L2 jj/(«n)</«• 

Here <$/> is the usual module on P. We have 

(2 .7 ) <S/>(/w) = 
dmnm 

dn 
T-r | det m, | 

Uldetmyl-

fornEN and /w = (/wi,..., m/) GM. The function/*P) is actually a Hecke function of 
M and the map 

https://doi.org/10.4153/CJM-1996-005-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1996-005-3


GENERALIZATION OF A RESULT OF WALDSPURGER 123 

is an isomorphism from H(G,K) to H(M,MDK). In particular/^ is the unit Hecke 
function of M iff is the unit Hecke function of G(F). 

Back to the element r given in (2.1). Let F\ be a finite Galois extension field of F 
such that r splits in G„(F\). Let rimi (1 < /w,- < «,-) be the eigenvalues of r,- in Gni(F\) 
(1 < / < / ) • Then the element 

II {rm-rjmj) 
1 <m; </i, 
1 <my <«y 

is in F We use A(r) to denote the value 

( 2 8 ) n I d e t d ^ - r ^ l d e t d ^ - r ^ 

1 <*'</</ | n !</«,<«/ (^m, — rjmj)\F 

1 <m7 <«, 

2.2. We have: 

PROPOSITION 2.1. Letf e H(G, K) and let r e G„(F) be as in (2.1), then: 

(2.9) Hw^Wfti; I]) (!;; ;;)>/«4 

PROOF. For any positive integer m, we normalize the Haar measure on Gm(F) so that 
the mass of Km = Gm{Rf) is one. By the definition of our orbital integral we have: 

Since r is a regular semisimple element in M\, it is easily seen that Hr is equal to 

(Mi xMx)nr-\Mx xMx)r 

which is contained in M\ x Mi. Applying the Iwasawa Decomposition 

H(F) = (H(F)nK)(Nx x Ni)(M{ x Mi) 

to the integral we get: 

H(nf\r))= f I I I 
JM{ xMi /Hr JMX xMi JNi xN\ JNX xN{ 

f\ n\m\ I n . 1 W2W2 jr/(detwi)dn\ dnidntx dmj. 

We now consider the action of the map 9. Since/ is a Hecke function, we have/b# = / . 
Let 9(r) be the image of 

f1" r) 
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under 0. Then we find 

<2-'°> * > - ( ( l : •••) 0 : e,)) 
which is in M. Therefore with the action of 0, our integral becomes 

(2.11) / / / / f(n\mi6(r)m2ri2)ri(dQtmi)cln\dn2dmidrn2. 
JHHUHM)^ JHM JN2 JN2

J\ ' /V 

where 
(HM)e{r) = HMnO(rrlHM0(r) 

which is equal to 
0((Mi x Mi)nr-\Mx x Afi>r) = 0(#r). 

Let 
m = m\0(r)m2 € M. 

Thus we can write the integrand of our integral in the form 

f(n\mn2) = f(mm~l mmn2). 

Consider the map 

(2.12) (n\,ri2) *—>m~ln\mri2 

from A/2 0 #2 to N. We will find that it is bijective. Let J(m) be the Jacobian of this map. 
We obtain: 

(2.13) H{nf;r,) = j j ^ ^ j j ^ j j^ i» i i ) ( l / / (« ) ) »KdetmO*<ft»i </m2. 

To continue, we must compute J(m). First of all we write (2.12) in the form 

(2.14) («i,«2) *—* m2l[0(r)~l(mTln\m\)0(r)(m2n2m2l)]m2. 

By formula (2.7), we find 

5p\0((Xi,X2))j =$Pl(XiX2f 

forxi,x2 G Mi. Recall that / / ^ = 9{M\ x Mi) and Â 2 = 0(N{ x Afi). It follows that the 
Jacobian of the map 

n\ 1—> m~[xn\m\ and «2 •—> minimi1 

from Â2 —* A/2 are 
Wwi)" 1 / 2 and M^2) 1 / 2 

respectively. 
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Next we consider the Jacobian./ of the map 

{nun2)^B(ffxnx6{r)n2 

from N2®N2 to N. Let 

/12„, (Ul2,U[2) 
o h„2 

n\ 

\ 0 0 

and 

«2 = 

/ l a . , (YX2,V[2) 
0 l2»2 

V 0 

(Uu,U'u)\ 
(t/2/,^2,) 

l2n, / 

(^2 / ,^ ) 

l2„, / 

where t/y-, Uy, Vy, Vy are n, x it,- matrices. We denote the matrix 

Urn W 
by Ai for / = 1,2,...,/. LetfTy (1 < i < / , l <y < »,-) be the matrix 

(2.15) Xr\UV,Vg)Xj+(VV,Vy). 

Then we have 

6(rrl
ni9(r)n2 = 

/ la , , ^12 ••• » w \ 
0 U ••• W-a 

V 0 0 ... 1 ^ / 
The formula (2.15) determines a F-linear map from F,"f^ to F4"'"'. Let Jy be the corre
sponding Jacobian. Then we have J = I\\<i<j<iJy- So we are reduced to computing Jy. 
From (2.15), we find Wy is 

*+Vy {lni-n)-\Uyrj-riU>j)\ 
AU-nr'iVy-Uy) * + Vy J' 

Here * indicates matrices not related to Vy and V-. Thus the only nontrivial part we need 
to compute is the Jacobian of the map 

{Uv9lfg)~{Uvrj-nl/y9l/y-Uv) 

from F2ni"j to F2mJ. We now go for a moment to the field Fx. Let 

and 

n = Si(rii9rn9...9rint)si 

rj = sj(rjl9rjl9...9rjnj)sjx 
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for st £ Gni(F\) and Sj G Gn(F\). Then by a suitable change of basis we just 
need to consider the Jacobian of the map 

(Uij,Vu)^(Uij(rjl,...,rjnj)-(m,...>rini)U'u,U'y-Uij). 

In this case an elementary computation shows that the result is 

II (rimi-rjmj) 
\<mt<ni 

Thus we find 

III </»,•<«,• yinii *"Jmj)\f 

Jii = = 

I d e t C l ^ . - r ^ 

Taking the product of all J/,, we obtain 

J111 </w, <m Vintf rjntj ) | p, 

J= n 
i <"»,•<«/ 

i</</</ | det(l„. - n)\2
F"J 

|n ngig ( ^ - rM)|F | det(l^ _ r_)r 

J!-1 det(lnj -r,)|">|det(l„. - r,)|». JJ |det(lnj - r t ) \ * 

= \(r)-iSP(6(r)yl/2. 

Finally the Jacobian of the map n i—> m^xnm2 from NtoNis bpimiY1. Therefore 

J(m) = 8P(mO-l/%(m2)l/2X(rrlSp(e(r))~l/26P(m2r
l 

which can be simplified to 

6p(m)-l/2\(r)-1. 

Hence our integral becomes 

= X(r)LM/(HM)(Kr) jH/P\m^r)m2)n{^rnl)dml dm2. 

This ends the proof of our proposition. 

2.3. We turn to the //'-double orbital integrals on G'(F). Let a belong to G{E) and let 
r — ad. Suppose r is a regular element in Gn(F) which has the form as in (2.1). We may 
assume 

a = ( a i , . . . , a / ) 
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where r, = «/«/ is a regular elliptic element in Gni(F). To continue we need to introduce 
another variant of G{F). Let G" C G2n(E) be the subgroup which consists of the elements 
of the form 

/(ocu (3\\\ (ecu Pu) 

Un <*nJ '" [pu au) 

I fan Pn] fan Pu] 
H/3/1 «/i J ' " U// «// J 

where a,y and /3,y are «, x wy matrices over E. Regarded as an algebraic group over F, G" is 
isomorphic to both G and G'. Let F" C G"{F) be the parabolic group which corresponds 
to F C G(F). Theng" E F" if and only if atj = ptj = 0 wheny < i. Let 

be a Levi subgroup and N" be the unipotent radical of F". 
The automorphism 0 of G defined in (2.3) can be regarded as an automorphism of 

G(E). Then it is easy to see that the restriction of 9 to G' induces an isomorphism be
tween G' and G". In what follows we will not make a distinction between Gm(E) and its 
embedding in G'lm{F) for any m > 0. Thus the subgroup 

HM» = Gnx(E) x Gn2{E) x • • • x G„,(F) 

ofA/"isjust0(Mi(F)).We can extend the definition of our orbital integral to (Af", HM») 
in a natural way. 

PROPOSITION 2.2. Letf be aHeckefunction ofG'(F) andletf =foB~xbe the 
corresponding one of G"{F). Then 

am iw>-W((J; J) (I; «;)>M 

PROOF. We normalize the Haar measure on Gn(E) by JK(E) dg = 1. For g £ GW(F), 
we set g = Anm by Iwasawa decomposition, where k £ Kn(E), n e N\(E) and m E 
M\(E). Then </g = </&*/« <//w. So we get 

ri(E) 
H(a;f) = f [ , / / 

JMx{E)JMx{E)lGn{E)-JNx{E)JM 

f[{nuni)(h,h) ( J_w £ j (g,g)(/i2,"2) I </»i *2 dh dg. 

Let A^7 be the image of N\(E) under the map 0. Then A '̂ is a subgroup of AT", which 
consists of the elements of the form 

/l2», (£/ l l ,# l l ) 
0 1 2 W 2 

\ 0 

(UlhUu)\ 
(U2i,U2l) 

l2n, 
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Here we use (£/#, Uy) to denote the matrix 

Let 0(a) be the element 

*•"> •((«• •-.))-((* r j ( k ; : ) ) 
Then we can change our orbital integral into 

L ^ a ) L k / , / M > ^ > M *•*» dh> dh> 
= //jU"(™"»")(lM»")) dn"dhx dh2 ' 

Here m" = h\0(a)h2 G M" 2xidJ(m") is the Jacobian of the map 

(2.18) («i,«2) •—• m"-xnxm"n2 

from NtftBN-l to TV". We need to compute J(m"). To do this we express (2.18) in the form 

(nun2) • - Aj1[fl(a)-1(Ar1/i1A1)fl(aXA2n2Al1)]A2. 

First of all the Jacobians of the maps n\ \—>h\xn\h\ and n2 •—* h2n2h2X from A^' t0 ^ 
are 

^ (^ (^ (AOj ' ^MAi)" 1 7 2 and ^ ( r 1 ^ ) ) = SP»(h2)
l/2 

respectively. Next we consider the Jacobian J ' of the map 

(n i, n2) •—-+ 0(a)-*«16(a)n2. 

from A '̂ 0 N!{ to JV". We proceed as in the last proposition. Let 

nx = 

and 

n2 

(hnx (Ul2,Ul2) 
0 12*2 

\ o 

/ h a , (^12,^2) 
0 l2»/ 

(UlhUu)\ 
(U2UU2l) 

nni I 

(VlhVu)\ 
(V2h V2l) 

\ o 
We use X*i to denote the element 

12/1/ 

In,- «i "\ 

https://doi.org/10.4153/CJM-1996-005-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1996-005-3


GENERALIZATION OF A RESULT OF WALDSPURGER 129 

Let W[j be the matrix 

(2.19) Xi
l(Uy,Uii)X,j + (Vif9Vij) 

for 1 <i <j <l. Then we have 

6(a)-lni6(a)n2 = 
0 hn2 

\ 0 0 hnj 

As before if we denote by J- the Jacobian of the F-linear map from F4"^ to F*WiW> de
termined by (2.19), then J' = IIi</</</^. We now compute J~. We will do this over 
E\ = F\ ® E. Here E\ is a quadratic extension field of F\ if F is not isomorphic to a 
subfield of Fi. Otherwise we have E\ = F\ 0 Fi. In either case we will still use x i—* x 
to denote the only nontrivial F\ -automorphism of E\. Since r = aa splits over F\, there 
exists Sk G Gnk(E\) for each k E {1,..., /} such that 

ak = sk(aku...,aknk)s£l 

where a^ E E\ and a^a^ — r&. Thus we can write Wy- in the following form: 

(*+Vy Yy \ 
\ Yy *+Vy) 

where * is not related to Vtj and 

(1„. - aidi)Yij = Uij-aj - otiUij 

= UySjiocji,..., aJnj)sfl - Si(an,..., a^.)^"1 Uy 

= st[(syl UijSj)(aji,..., ajnj) - (an,.. •, <*/„, X ^ 1 UySj)]^1. 

Then through an elementary computation we obtain 

4-
1</Wi</1/ 

• 2ii/ 
| d e t ( l * - r , ) £ 

Thus by taking the product of all J .̂, we find 

/ = A(r)-V(fl(a))"1 / 2 . 

Finally the Jacobian of the map « »—• h^nhi from JV" to W is 

M*2)- 1 / 2 . 

Hence 
J(w/,) = MAi)"1/2«F«(A2)1/2A(rr1fi/v,(fl(a)) ' 6^(A2> 
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which is 
Sp»(m"Txl2\(r)-\ 

So our orbital integral becomes 

jHM»/(HM»Ma)JHML JN" J 

which equals to 
\(r)H{e{a);f^). 

From these two propositions the comparison of the orbital integrals of Hecke functions 
is reduced to the case of the orbital integrals at regular elliptic elements. 

3. Orbital integrals at regular elliptic elements. In this section we restrict ourself 
to the unit Hecke functions^ and^. We will compare the orbital integrals H(a;fo\ri) and 
H(a;Jo) where a is regular elliptic in Gn(F) and a is twisted regular elliptic in Gn{E). 

3.1. We need some preliminaries. Let V — F2n be the 2«-dimensional vector space of 
column vectors over F. Let (e\, e2,..., e2n) be the natural basis of V. Then the exterior 
w-space AnV is a vector space with basis {eix A • • • A ein \ 1 <i\ < • • • <i„ <2n}. For 
a vector 

V = J2 ah-ineh A " • A ein 
\<i\< <i„<2n 

in An V, we define 

|V|F = max(\air..in\F; I <i\ <•• <in< 2n). 

The group G(F) acts on An V by 

g(eh A • • • A ein) = geh A • • • Agein. 

LEMMA 3.1. Given g e G(F). Then g E KH if and only if 

(3.1) |g0?i A • • • A en)\F • \g(en+x A • • • A e2n)\F = \ detg|F. 

We remark that as a function on G{F) 

\g(e{ A - - - A en)\F\g(en+i A - - - A eln% 
I detg|F 

is invariant under K on the left and invariant under H on the right. 

PROOF. Clearly if g G KH, then the relation is satisfied. 
As for the " i f part, We apply the following Iwasawa decomposition for g G G(F) 
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where k G K and h eH. Because the element 

Co t " ) -*» 
is in K and wm 1 „ + X is nonsingular when m is large enough, we may assume detX ^ 0 
in the above decomposition. By the Cartan decomposition for Gn(F), we can express X 
as 

k\(voh,...,win)k2 

with k\, hi G £« and z'i < • • • < /„. Thus we can write 

if we change A:, h suitably. We may further assume i\ < • • • < / „ < 0 by adjusting k. In 
this case we have 

\g{ex A • • • A en)\ |g(e„+1 A • • • A e2n)\ = ?/l+-+/«| detg|. 

Therefore if 
\g(ex A • • • A en)\ \g(en+\ A • • • A e2n)| = | detg| 

then i\ = - • = in = 0 andg G AT/. 

The subgroup H' is not a Levi subgroup of G'. But we still have a similar description 
for K'H1. To that end we need a preparatory lemma. 

LEMMA 3.2. £very double coset K'gfH' has a representative g*0 such that go has 
integral entries and 

\g'0(elA---Aen)\E = \. 

PROOF. Let 

<-(? 2)-
Multiplying g7 on the left by 

( 1„ vsfln\ v, 

for large enough m if necessary, we may assume deta ^ 0 and det/J ^ 0. So we can 
takeg7 of the form 

Let 
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Here k\,ki G Kn(E) and z'i > • • • > / < > 0 > it+\ > • • • > / « . Then the element 

g i = g , ( ^ , ( l , . . . , l , w - ^ , . . . , w - < - ) , ^ 1 ( l , . . . , l , t a - < - ' , . . . , t u - < ' ) ) 

/" ^ " ' ( l , - . . , 1, Ct7-^-',.. . , CT-'-) * 1 (TO , ' ' , . . . ,G7 / ' , 1 , . . . , 1 ) A 

^ *,(«/>,.. . ,«M,... ,1) ^-1(1,...,1,07-^,...,W_J.)J 

- t f-> £Wf r(l .»-.l ,ro~^ l , .-- ,ro- '") *2*i(ra,'I,...,a7",l,...,l) ^ 
-1*2 ,*i)*{ ^,...M-A,...,\) W d i , ^ 1 rtj 

has integral entries. We have 

= \(e\ + wHen) A • • • A (e, + c^e*,,) A (w~it+let+\ + *Wn) A • • • A (w~lnen + e2*)| 

= k A • • • A et A en+t+i A • • • A e2n + Y,ah<eh A * * * A eh 

where aiv..in are integers. Hence |go(ei A • • • A en)\ = 1. 

LEMMA 3.3. ^« elementgf G G' W I/I AT'/f //a«c/ o«(y / / 

(3.2) |g'(ei A • • • A en)\E • | g W i A • • • A eln)\E = \ detg'U. 

PROOF. Let gf = k!gf0h' where gf0 has integral entries and satisfies 

\g'0(ei A • • • A e„)\E = 1. 

We also have 
\g'o(en+i A • • • A e2n)\ = |go(*?i A • • • A e„)| = 1. 

Then we find 

\g'(ex A • • - A e„)U|gWi A • • • A e2n)\E = | deth'\E. 

Thus 
\g\ex A • • • A e ^ l g W i A • • • A e2w)U = I detg'l/r 

if and only if | detg^l = 1 which is equivalent to g*0 G K\ hence gf G K'H'. 

The following simple lemma is crucial in later computations. 

LEMMA 3.4. Let rbea regular elliptic element in Gn(F) and let 

xr = | det(ln - r)\F, yr = | detr|F, 

then xr < yr oryr < xr = 1. 

PROOF. Let F\ be the splitting field of the characteristic polynomial of r. Then F\ 
is a finite Galois extension of F. Let a j , . . . , an be the eigenvalues of r in F\. Then r is 
conjugate to ( « i , . . . , a„) in G„(Fi). Thus 

xr = |(1 - ai) • • • (1 - a„)\F, yr = \ax-- a„\F. 
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Since r is regular elliptic, the characteristic polynomial of r is irreducible. Therefore 
cc\,..., an are conjugate to each other. Hence we have 

l a i k = ••• = \<xn\Fl9 \l-cti\Fl = . . . = |1 -an\Fr 

Now|l — at\Fl < \ai\Fl or|a/|/r, < |1— at\Fl = 1. The conclusion ofthe lemma follows. 

We now fix some notations. Let A be an n x n matrix over F. We will denote by 
11(̂ 4)* 11 the maximum ofthe absolute values of determinants of all k x k submatrices 
of A. In particular ||(4)i|| is the maximum ofthe absolute values of all the entries and 
||(^)„|| = |det^|. We will simple denote ||(>4)i|| by ||v4||. For convenience, we define 

IM)o|| = 1 . 

3.2. Let r be an element of Gn(F) such that det(ln — r) ^ 0. Let xr andyr be defined 
as in Lemma 3.4. We use Or to denote the characteristic function ofthe set of (A", Y) E 
G„(F)xGn(F) such that 

sup(||(A)it||;A: = 0,...,/2)sup(||(y)^||;A:=0,...,«)=jc r 

(3.3) |deOT| =yr. 

Then <Dr is compactly supported and h\-Kn invariant for both X and Y. Let *Fr be the 
function on Gn{F) defined by 

(3.4) Vr(g) = f <t>(gh-\hMteth)dh. 

It is clear that ^Fr is a Hecke function of Gn(F). 

LEMMA 3.5. With the Hecke function *Fr defined above, we have 

(3- 5) H(nf0; r,) = f Vr(grg-l)dg. 
JG„(F)/G„(F)r 

Here Gn{F)r is the centralizer ofr in Gn(F). 

The right-hand side of (3.5) is the usual orbital integral with respect to conjugation in 
Gn(F). We will call it the conjugate orbital integral. 

PROOF. Recalling the definition ofthe integral H(r;f; rj), we have: 

H(nf0;ri) 

which is 

LjAfik *^)),Kdet*i*2)d(*i'*2)d(*j-*4)-
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We now change the variables h$ »—> h\h^h^ «—•» /*2^4, ̂ 2 '—• fe^i x• Then our integral 
becomes: 

JJfo[{hn
2
 k x r h \ y { ) *)'KdetA2)<ftrf(A,,A2). 

Let O be the function on the symmetric space G/H defined by 

and let 4>(X, y) be 

•((' a) 
forX, F G G„(F). Thus we obtain 

#(r,/o) = I f (pi/r m ^(hirhJih2l,h2Udcth2)dhl dh2. 
JG„(F) JG„(F)/G„{F)r 

By Lemma 3.1, we have that O is the characteristic function of the set of 

(X,Y)EGn(F)xGn(F) 

such that 

By a simple computation, we find 

, = sup(||(y)*||;* = 0 , ! , . . . , « ) 

(if a (e„+i A • • • A e2„) = |det(l„-Jfy) | . 

Cr a (<?i A • • • A e„)\ 

and 

= sup(||(A0*||;* = O,l , . . . , / i ) . ( 7 1 ) ^ n + 1 A ' " A ^ 

On the other hand whenX = hxrh^h^1 and Y = h2 we have 

I det(l„ - JfiOl = I det(l„ - r% | detAT| = | detr|. 

Thus we find 
Qtyxrh^h^M) = <&r(hxrh^hz\h2) 

for a\\h\,h2 G Gn(F). The assertion of the lemma follows immediately. 

Similarly for a G G„(£) such that act = r G CJ„(F) and det(lw — r) ^ 0, we use O a 

to denote the characteristic function of the set of X G GW(F) where 

supd|(X)ik|U;* = 0, l , . . . , i i ) = xr 

(3.6) |detY|*=.y r . 

Then O a is a Hecke function on Gn{E). 
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LEMMA 3.6. With the above notations, we have: 

(3.7) H(a;f0) = f c&^a/T l)<tt. 
JG„{E)/G„(E)a 

Here 
Gn{E)- = {he Gn(E) | hah"1 = a} 

is the twisted centralizer of a in Gn(E). 
The right-hand side is the usual orbital integral with respect to the twisted conjugation 

in Gn(E). We will call it the twisted conjugate orbital integral. 

PROOF. By definition the orbital integral H(a;$) is equal to 

/ , / 4(1 l)(l- ?)(n J? )W 
JG„(E)/Gn(E)- JGn{E)J{3 \\Q hj {a InJ {0 hX J J 

- jj*([& t i c i?,))**-
Let O' be the function on G' JH' defined by 

&(g) = hf(gh)dh 

and let &(X) be 

Then our integral becomes 

f &(hah-l)dh. 
JGn(E)/Gn(E)-

By Lemma 3.3,O' is the characteristic function of the set of X E Gn(E) such that 

| ( * ^ ) ( e i A " , A e w ) | | ( ^ fn)(en+iA--Ae2n)\ = |det(l„ ~XX)\E. 

This condition is equivalent to 

sup( | | (^IU;A:=0, . . . ,n) = |de t ( l w -X?) | F . 

If X = hah~l, we have 

| detZ|£ = | det a\E = | detr\F = yr, | det(l„ - XX)\F = xr. 

Thus we find 
®\hah-1) = Q>a(hah-1) 

for any h G Gn(E). Hence our lemma. 

From these two lemmas we find that to compare the orbital integral offo at r with the 
orbital integral of/o at a, it suffices to compare the conjugate orbital integrals of *Fr with 
the twisted orbital integrals of O a . In this case we have: 
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PROPOSITION 3.7. Letrbe a regular elliptic element in G„(F) such that det(l„—r) ^ 
0. Then 

(1) ifr= ad for some a £ Gn(E), then *Fr and O a have matching (conjugate and 
twisted conjugate) orbital integrals at regular split elements ofGn(F), i.e., for a regular 
split element t ofGn(F) 

(2) if r ^ NGn{E), then the conjugate orbital integral ofmr vanishes at all split 
regular elements ofG„(F). 

PROOF. Since the orbital integrals depend only on conjugacy classes, we just need 
to consider the diagonal matrices. We use A„ to denote the subgroup of diagonal matrices 

of GH(F). 
We first compute the conjugate orbital integral of *Fr at the matrix a = (a\,..., an) 

where at ^ aj if i ^ j . For convenience we use Ar(a) to denote this integral. Then we 
have: 

JGn(F)/A„(F) 

which is equal to 
J ^r{rian~x)dn 

by the Iwasawa decomposition G„(F) = KnNnAn. Here Nn is the group of the upper 
triangular unipotent elements of Gn(F). 

Recalling the definition of the function *Fr we have 

M<*)= L L ®r(nan-lg-\g)T](detg)]dndg 
JN„ JG„(F) 

Then using the Iwasawa decomposition Gn{F) = K„NnAn again and the fact that O r is 
bi-Kn invariant for both variables, we find 

Ar(a)= / / Q>r(nan~]m~lnYl,n\m)7](detm)dndn\dm 

= JA JN IN ®Ma~X 

nan l)m xnl
x,n\m)ri(detm)dndnidm. 

We now consider the map 
n y—> a~lnan~l 

from N„ to Nn. Its Jacobian is 

A ( a ) = | d e t ( A d ( a ) - l ) | L i ^ ) | F 

where Lie(A/„) is the Lie algebra of N„. So our integral becomes: 

A(a)~x / / <b{anm~xn\x ^n\m)r\(dsXm)dndn\dm 

am x(mnm x)n]
x,m(m xn\m))ri(&Qtm)dndn\dm 
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Next we change the variables 

n\—*mnm~x n\*-^m~xn\m 

and then n \—> nn\x to obtain 

Ar(a) — A(a)~l / / <br(am~[n,mn\)r)(detm)dndn\dm. 

Recall that the function Or is the characteristic function of the subset of (X, Y) G Gn(F) x 
Gn(F) which satisfy the conditions 

sup(||CX)ifc||;*: = 0, . . . ,«) sup(||(y)jt||; A: = 0,...,#i) = jcr 

(3.9) |deUY|=>v. 

This subset is empty unless yr < xr and 1 < xr. Assuming this is the case, we must have 

xr = yr > 1 or yr < xr = 1 

by Lemma 3.4. 
To continue we distinguish these two cases. 
We first consider the case yr < xr = 1. Then (X, Y) E Gn(F) x G„(F) satisfies the 

conditions (3.9) if and only if 

sup(||(X)jk||;t = 0, l , . . . , i i ) = l 

sup(| |(y)ik| |;t=0,l,. . . ,ii) = l 

and 
\detXY\ =yr. 

These conditions are equivalent to 

W < 1 , | | r | | < l , \detXY\=yr. 

Now let 
m = (xu...,xn) 

and let uy and vy be the (jj)-entry of n and n\ respectively. So when | det<z| == yr our 
integral becomes 

A(tf)-1 IT / \ll(f dutMf rfv«)liKdetxO«fjc, 

1 r 

M "2 

We conclude that 

Ar(a)= I A(a)K-'-a„- | f
 tf M ^ ».«/ €iVP, h •••a„| =yr 

10 otherwise. 
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In particular ifyr £ \NE*\, then Ar(a) is always zero. 
Next we consider the case xr = yr > 1. Then the conditions in (3.9) become 

sup(\\(X)k\\;k=0,...,n) = \detX\ 

(3.10) sup(||(y)^||;A: = 0, . . . ,«) = |dety| 

\detXY\ =xr=yr. 

Let 
X=ki(voh,...,wi")k2 

where k\, ki G Kn and h < - • - < in- Then we have 

So 
suP( | | (X) j l | | ; t=0, . . . , i i ) = |detJf| 

if and only if M < • • • < / „ < 0. Since 

we find that ||X~'|| = q'n. Thus the above condition is equivalent to ||X_1|| < 1. Similarly 

sup(| | (y)*| | ;*=0,. . . ,») = |detyl 

if and only if || F- ' | | < 1. 
Hence the conditions in (3.10) are simply 

P T ' H ^ I , | | r - ' | | < l , \dctXY\=xr=yr. 

Therefore Ar(a) equals to 

A(a)~l rj(det m) dn dn \ dm 

where the integrals are over the domain 

H J T W - 1 ! ! < 1, H/i^rn-1!! < 1, |deta| =xr=yr. 

Now we change the variables from (n, n\) to (n~x, n^1). The domain for our integral 
becomes 

\\nma~l || < 1, ||«im_11| < 1, | detaj =xr= yr. 

Thus in the case | det a\ = xr = yr we find 

Ar(a) = A(a)~l TT f \T\( f <W)( f <fr«)W)<f xg 

r.2 
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In conclusion we get 

Ar(a) = { J s f f e r i . i f k l > 1.«' e NE*, |«i--- an\ = jv 
[ 0, otherwise. 

In particular^,, is always zero ifyr fi \NE*\. 
We now pass to the computation of the twisted conjugate orbital integrals of O a at 

diagonal matrices. We assume ad = r is a regular elliptic element of Gn(F). Let (3 = 
( f t , . . . , j3„) € An(E) such that /?/# ^ /3//3/ if i ^ j . We use £a(/3) to denote the orbital 
integral 

Then it is equal to 

f f Q>a(nm8m'ln-l)dndm= f Q>a(nBn~l)dn. 
JAn(E)/A„(F)JNn{E) JN„(E) 

We now change n to fi~lnl3n~l. The Jacobian is 

| d e t ( l - A d ( « o a ) L W 

where a is the nontrivial element of GdX{E/F). This Jacobian is actually equal to A(N/3) 
([K], p. 376). Hence our integral becomes 

&(Nf3yl f <&a(Jln)dn. 
JN„(E) ^ 

Recall <J>a is the characteristic function of the set of X G G„(E) such that 

(3.11) \dQtX\=yr9sup(\\(X)klk = 09...9n)=xr. 

So <&a = 0 if xr < 1 or xr < j r . As before the only remaining cases are 

xr = yr > 1 and >v < xr = 1. 

We first consider the case yr < xr = 1. Then the conditions for O a becomes 

||*||s < 1 , | d e t * | = x r . 

So when | det (3\E = xr we have 

Ba(B) = MNBT1 f dn=[ A ^ _ 1 Hi^KU<|A|-> du^ i f IAl ^ * 
aVA^ v p y l̂l/3«||£<i \ 0 , otherwise. 

J p p f e ' if|AU<i 
10, otherwise. 

If | det/% ^ jcr, the integral is zero. 
Next we consider the case >>r = xr> 1. Then the condition for O a is 

sup(||(X)ifc||;*=0,...,n)<|dctjq£ = x r = ^ r . 
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As before this is equivalent to 

\\JTl\\E<l, \detX\E=xr=yr. 

Hence if | det/?|£ = xr = yr we have 

Ba(ff) = MNPT1 f dn = MNPT1 L „ <1 dn 

= J A(AT/r' UnvUtoteMk duij), if |ft| > 1 
10, otherwise 

i f | / ? ,U>l 
— < A(7V/?) 

10 otherwise. 

lf\det(l\E^yr,thenBa(j3) = 0. 
So we have finished the computations. Comparing the results, we find the assertions 

of the proposition are true. 

COROLLARY 3.7. With the notations as in the proposition, we have 

¥ r = 0 ifr£NGn(E) 

and 
mr = bQ>a ifr = ad. 

Here b:H{Gn(E),Kn{E)) —> H(Gn(F),Kn(F)) is the base change map. 

PROOF. We assume O a = 0 if r <£ NGn(E). L e t / = b®a. Then/ and <Da have 
matching (conjugate and twisted conjugate) orbital integrals ([AC], Chapter 1). Thus/ 
and *Fr have the same conjugate orbital integrals at regular diagonal matrices. 

Let S be the Satake transform from H(Gn(F), Kn} to H(An,An nK„). Then for regular 
a €Anv/e have 

Sf(a) = *«»,.(«)-'/> kite's- ' ) * 

where Pw = ^WNW is the minimal standard parabolic subgroup of Gn ([C], p. 147). The 
same is true for ^Fr. Therefore sf = s^r. But S is one to one. S o / = ^ r . 

4. Conclusion. Now we are ready to prove our theorem. 

PROOF OF THE THEOREM. Let r e Gn(F) be a regular semisimple element such that 
d e t ( l w - r ) ^ 0 . 

Ifr is regular elliptic, we have 

JGm(F)/G.{F), r ^ )U8 10, if r$NGn (£) 
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by the above corollary. By Lemma 3.5 and 3.6, we obtain: 

(4 I) H(r fo'n)=lH{a^ i f r = adc 

If r is not regular elliptic, we may assume 

r = (/-!,...,r7) 

where n is a regular elliptic element in Gni(F). Proposition 2.1 tells us 

H(r;f0;r1) = X(r) ft H(n;J}0;rj) 

whereto is the unit Hecke function of Gt(F). On the other hand if 

a = (<*!,... a/) 

where aiCCi = r, is regular elliptic in Gni(F), we have 

H(orJi) = A(r) II #(«/Jio). 

Hereto is the unit Hecke fimction of G'2n.. Therefore the identity (4.1) is also satisfied in 
this case. This ends the proof of our theorem. 

We remark that we could also consider the orbital integrals over nonregular elements. 
For GL(4), this was done by the author in an unpublished note where he established the 
Shalike germ expansion theorem for our orbital integrals and applied it to obtain the 
relations between orbital integrals over elements which are not relatively regular. 
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