
AN EXTREME DUODENARY FORM 

H. S. M. COXETER AND J. A. TODD 

1. Introduction. Let /(#i, . . . , xn) be a positive definite quadratic form 
of determinant A; let M be its minimum value for integers #1, . . . , #n, not all 
zero; and let 25 be the number of times this minimum is attained, i.e., the number 
of solutions of the Diophantine equation 

f(xh . . . , xn) = M. 

The form is said to be extreme if, for all infinitesimal variations of the coefficients, 
A/Mn is minimum. A form for which this minimum is as small as possible is 
said to be absolutely extreme. For a list of the known extreme forms with n < 12 
(including the absolutely extreme forms A2, Az, D±, J95, £e, £7, -Es), see Coxeter 
[1, pp. 394, 439]. Continuing this list, we may say that there are three known 
extreme forms for n = 1.2: 

1.1 
-412 = X\ — X1X2+ . . . + X9 — #9 #10 + Xio2 — #10 #11 + X\\— X\\ #12 + Xi22, 

1.2 
Z>12 = Xx — # l # 2 + . . . + #92 — #9 #10 + #102 — #10 #11 + #112 — #10 #12 + #122, 

1.3 
2 2 2 2 2 '{ ° 

£>12 = #1 — #1#2 + • . . + #9 — #9 #10 + #10 — #9 #11 + #11 — #11 #12 + i>#12*. 

Apart from a numerical factor, these are equivalent to the forms Uu, Vu, 
Wu of Korkine and Zolotareff [5, p. 367]. Since 2D[2 has integral coefficients and 
determinant 1, but cannot take the value 1 (for integers #1, . . . , #12), it must 
also be equivalent to the form/12 of Chao Ko [4, p. 85]. When giving the number 
of automorphs as 21012! instead of 211 12! [1, p. 434], Ko was doubtless omitting 
the automorphs of negative determinant. 

In a letter to one of us, dated January 14, 1947, T. W. Chaundy announced 
the form 

1.4 Ju = (è#i + #2 + #s)2 + (4*i + #2 + #4)2 

+ (4*1 + #3 + #4 + #5 + #6)2 + (4#1 + #7 + #8 + #9>2 

S 11 

+ X) (i*i + xj + 4#i2)
2 + X (XJ + hxiz)2 

5 9 

+ (#10 + #n + 4#i2)2 
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as a possible candidate for the title "absolutely extreme." However, A/M12 is 
still smaller for the new form 

„ ,„ = 4i (,, + 3 , + 2 , , + 3 ( : , + 2£,-,)' 

+ 3Çy/ + y6
2}, 

which we shall derive from a lattice in unitary 6-space, somewhat resembling 
the lattice in unitary 3-space that represents the senary form EQ [1, p. 421]. 
We shall prove that Ku is extreme, but we still do not know whether it is 
absolutely extreme. 

The following table shows how these five forms compare with one another: 

s M 212A (2/M)12A 

Au 78 1 13 13 
Du 132 1 4 4 
D2 

; ^ 1 2 
132 1 1 1 

J\2 324 2 2io i 
4 

Ku 378 2 36 729 
4096 

The value of 5 for Ku indicates that equal "solid" spheres in Euclidean 12-space 
can be packed in such a way that each touches 756 others. 

2. Eutactic stars. In Euclidean w-space, a set of 25 vectors ± ai, . . . , ± a, 
is called a eutactic star if the sum of the squares of the orthogonal projections of 
ai, . . . , a, on a line is the same in all directions [1, p. 401], i.e., if there is a 
constant <r such that 

s 

X) (a*.z) 2 = (JZ2, 

for every vector z. In terms of rectangular Cartesian coordinates, we write 
2Li = {flu, • • • , Mnz)> Z = (flf . . . , f n ) 

and the condition becomes 

11, S X) Mii M*I Si r* = o- S f i , 

i.e., 
s 

2 »ii M*i = vàjk 

[1, p. 397, with pk = 1/V and subscripts used instead of superscripts]. 
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Let us now extend this notion to a unitary n-space (in which the distance 
between two points is the square root of the sum of the norms of the differences 
of their coordinates f^). The above "orthogonality" relation suggests that it 
would be appropriate to define a eutactic star 

± (/in, • • • , M»0» 

in such a space, by the "Hermitian" relation 

s 

2.1 2^, Jiji Vki — <r$jk-
i=i 

If we write \in = %ji + Vji h where the £ and -q are real, this becomes 

]C (%ji ~ *ljfl)(£ki + Vkii) = <rôjk, 

and the real part yields 

X ) (%Jl %kl + Vjl Vkl) = O-Ôj*. 

Hence 

2.2 WAew £/ze rm/ and imaginary parts of the coordinates in unitary n-space are 
interpreted as coordinates in real Euclidean 2n~space, a eutactic star remains 
eutactic. 

3. The lattice L. As usual, we write co = e2iri/z and 

3.1 X = 1 — co = — 2co— co . 

In unitary space of six dimensions, let L denote the set of points whose co­
ordinates (fi, . . . , fÔ) are integers of the Eisenstein field Rice), mutually 
congruent modulo X and adding up to a multiple of 3, so that 

3 2 r, = r* (modx) v,k = i 6), 
£ f, = 0 (mod 3). 

The corresponding vectors 

(fi, . . . ,fe) = Z f y P i 

have the property that the difference of any two belongs to the set; hence L is a 
lattice. 

Since the coordinates are Eisenstein integers, we may write 

fy = A j co + Bj co2, 

where A, and Bj are rational integers. The conditions 3.2 are equivalent to 

3 3 AJ + BJ^AZ + B* (mod 3), 

T,Aj^ T,Bj^ 0 (mod 3). 
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Analogy with £ 6 [1, p. 421] suggests the following theorem: 

3.4 The twelve complex vectors 

tj = 3py (j = 1, . . . ,5) , t« = - 3Xp6, 

t* = X(p*_6 - p6) (k = 7, . . . , 11), 

tl2 = Pi + . • . + P6 

form a rational integral basis for the lattice L. 

Proof. Consider the vector 

6 6 

i i 

where x} and yj are rational integers. In terms of the orthogonal unit vectors 
Pit . . . i P6, 

z = JL (Sxj + \yj + y6)pj + I - 3Xx6 - X E ^ +/ye)pe. 

If this is the same as ^(AJOO + BjO)2)pjf we have, by 3.1, 

Aj* + Bfi? = ~ (2co + </)yj - (co + co2) (3xj + y6) (j = 1, . . . , 5), 

A «a + Bta>2 = (2co + co2)(3x6 + yi + . . . + y*) — (co + co2)y6, 

whence 
,4, = - 2yj- Sxj - ;y6, 

^ = - 30 - 3x, - ;y6 (j = 1, . . . , 5), 

^46 = 6x6 + 2(yi + . . . + yb) - y*, 

Bt = 3x6 + y\ + . . . + y% - ye, 

and 

* , = i(Aj-2Bj-A$ + 2B6), 

y , = -AJ + BJ ( i = 1 . . . . . 5 ) , 
6 

*e = iZ) 04* - Bk), 
i 

y* = i4e - 2£6. 

These are rational integers whenever .4* and J9* satisfy 3.3. Thus 3.4 is proved. 

The corresponding quadratic form, being the norm of z, is 

] £ (Sxj + \yj + ye) (Sxj + \yj + y9) 

+ (3Xx6 + X £ y j, - y«)(3X*« + x £ 3/, - y6)y 
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where the £ indicates summation from 1 to 5. Since X + X — XX = 3, this is 
equal to 

9 £ x / + 9 £ Xj yj + 6 S *i ye + 3 53 y / + 3 53 y$ 3>e + 5ye* + 27x6
2 

+ 18x6^ 3^ - 9x6 ye + 3 (53 y,)2 - 3 53 3 ^ 6 + y«2 

= 9 53 */ + 9 53 xi y J +6 53 x^ ye + 27x6
2 + is 53 y*** - &* e y* + 3 53 3̂2 

+ 3(Ey,) ' + 6y«2 

= 9 E (*, + *y, + W + 27(x6 + -|53 y, - iy6)
2 + f53 3'/ + i*2 

= i{ E (6*; + 3y, + 2y6)2 + 3(6x6 + 2 £ y, - y6)2 + 3 £ y,2 + y.2} 

= 3i£i2. 

The form i£i2 has integral coefficients, and represents 2 but not 1; therefore 
M = 2. The determinant is 

365 108 . 3 5 / 3 V _729 
1212 W 4096* 

4. Proof that the new form is eutactic. We know [1, pp. 397, 401] that a 
positive definite form is extreme if it is both eutactic and perfect (in the sense 
of Voronoï [10, p. 100]), and that it is eutactic if its minimal vectors constitute 
a eutactic star. 

In the case of our form 3Ki2, where M = 6, the minimal vectors go from 
the origin to the lattice points at distance V6. In the notation of Shephard 
[7, p. 96], these 756 points are easily seen to consist of the 486 points 

4.1 =fc (c/*1, . . . , com6), wi + . . . + w6 s 0 (mod 3) 

and the 270 points 

4.2 (3X, - 3X, 0, 0, 0, 0)', 

where the pre-subscript 3 indicates multiplication by any power of o>, and the 
prime indicates all possible permutations. 

From the symmetrical nature of the coordinates, we see at once that these 
minimal vectors 

± (/xu, . . . , HQI) 

satisfy the criterion 2.1 for a eutactic star in the unitary 6-space. By 2.2, the 
same 756 vectors form a eutactic star when regarded as belonging to the real 
12-space. Hence 

4.3 The form Ku is eutactic. 
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5. Proof that the new form is extreme. We know [1, p. 400] that a positive 
definite form is perfect if its minimal vectors (in the Euclidean space) do not 
lie on a quadric cone (with the origin as vertex). In the case of Ku, since we 
can show that the 135 lines joining the origin to the points 4.2 do not lie on 
such a cone, there is no need to examine 4.1. 

The six points (3X) and ( — 3X) in the unitary 1-space (or complex line) corres­
pond to the vertices of two equilateral triangles in the Euclidean plane (or 
Argand diagram). These are similar to the triangles 

( - 1 , 0 , 1 ) ( 0 , 1 , - 1 ) ( 1 , - 1 , 0 ) and ( 1 , 0 , - 1 ) ( 0 , - 1 , 1 ) ( - 1 , 1 , 0 ) 

in the plane f i + f 2 + f 3 = 0 of a Euclidean 3-space. Hence the figure formed 
by the 270 points 4.2 is similar to 

5.1 ( ( - 1 , 0, 1)°, (1, 0, - 1 ) ° , (0, 0, 0), (0, 0, 0), (0, 0, 0), (0, 0, 0)) ' 

in the 12-dimensional subspace 

5.2 xi + X2 + x.z = #4 + xb + x6 = . . . = Xi6 + Xn + xu = 0 

of a Euclidean 18-space. (The "degree" sign in 5.1 indicates cyclic permutation 
of the three numbers within the parantheses, and the prime indicates all possible 
permutations of the six triads of coordinates.) 

Any 11-dimensional quadric cone (with the origin as vertex) containing the 
270 points 5.1, could be regarded as a section of a 17-dimensional cone, say 

18 18 

5.3 £ 2 *# it f* = 0 (*# = *«)• 
1 1 

Direct substitution yields 135 equations for the bjkl such as 

— en — eu + 0ie + e>u — 036 *~ e*& ~ 0» 

where 
ejk = 2b jk — bjj - bkk. 

Adding the three equations 

en + eu ~ eu ~ 034 + 030 + 064 = 0, 

en + eu — eu — 036 + eu + 045 = 0, 

en + ei6 ~ 015 — 036 + 035 + 066 = 0, 

we obtain 

3013 + (056 + 064 + 045) = 0. 

Since 123 and 456 could just as well have been any other two of the six triads, 
we deduce that all the ejk are equal, say ejk = c. Any one of the equations now 
yields c = 0, whence 

2b jk = bjj + bkki 
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and 

E £ bjk r, f, = iX E (^ + 6») f,- f* 
= E E *** f< f* = E fyE *** f*-

It follows that every quadric cone 5.3 containing the 270 points consists of two 
17-spaces, one of which is X)f j == 0. Hence there is no such cone in the 12-space 
5.2, and we deduce 

5.4 The form Ku is perfect. 

Combining this result with 4.3, we have 

5.5 The form Ku is extreme. 

6. The reciprocal form. When the real and imaginary parts of the coordinates 
f i = £f + Vj i are interpreted as coordinates in real 2w-space, the scalar product 

2~i £J £'j + E vj v'j 

of two Euclidean vectors is the real part of 

Accordingly, if we define the scalar product of two complex vectors 

z - ( f i , . . . , r » ) , z' = ( r i , . . . , r i ) 
to be 

6.i [z-z']= £ f , r ; 

[11, p. 15 (24); cf. 12, p. 16], we see that a necessary and sufficient condition 
for the corresponding Euclidean vectors to be orthogonal is that the real part 
of this scalar product should vanish. 

ft is easily verified that the twelve basic vectors 3.4 satisfy 

mt, • t j = 0 0' = i , . . . . 12; * *j ± 6), 

mtj'tj+e] = - I V 3 U= 1 , . . . , 6), 

Wtj-t^*]= IV3 (7 = 7, . . . , 1 2 ) . 

Let L' denote the lattice generated by the twelve vectors 

t1 = it7y . . . , t6 = itw, 

t7 = — iti, . . . , t12 = — 7't6. 

Then, since 

9î[ty • t j = | V 3 H 0*.* = 1 12), 

the lattices in Euclidean 12-space corresponding to L and V are reciprocal 
[1, p. 399]. 
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Hence the reciprocal (or "adjoint") form is a numerical multiple of the 
norm of 

£*,t'+£y,t>". 
1 1 

This is derived from SKu itself by changing 

#i , . . . , #6 , yi, . . . , y& 

into 

—yu • • • , — y%* x i , . . . , #6. 

Hence 

6.2 The form Kuis equivalent to its own reciprocal. 

In this respect, i£i2 resembles Cn, ^2, ^4, ^.^_! (which is extreme when 
r > 3) and D\r (which is extreme when r > 4) [1, pp. 406, 423, 431, 434]. 
{A g and Dl are absolutely extreme, both being equivalent to Es.) 

7. Remarks on the lattice. As we have observed before, the form Kn does 
not represent 1. The solutions of the Diophantine equation 

K12 = N ( # = 2 , 3 , 4 , . . . ) , 

or 3iti2 = 3iV, are represented geometrically by the points of the lattice L 
at distance (3iV)* from the origin. 

When N = 2, we find the 756 points 4.1, 4.2, which are the vertices of the 
complex uniform poly tope (2 1; S^Y of Shephard [7a, p. 380]. They lie by 
sixes on 126 lines through the origin, and the hyperplane at infinity meets these 
lines in 126 points whose homogeneous coordinates (in complex projective 
5-space) are 

(wm\ . . . , a)m*) (mi + . . . + w6 = 0 (mod 3)) 

and 

(1, -c/\o,o,o,oy. 
These 126 points are the centres of the homologies in Mitchell's primitive 
collineation group [6; 3; 8; 9; see especially 2, p. 402]. The simplex of reference 
is one of the so-called a-hexahedra [2, p. 407]. 

When N = 3, we find the 4032 points 

6(3, 0, 0, 0, 0, 0)', ± \(uu , œl*, w1", 0, 0, 0) ' 

and 
« ( -2 , « m \ . . . , O ' ( w i l . . . + w i s 0 (mod 3)). 

which are the vertices of Shephard's polytope (22 1; 3)3. The corresponding 
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configuration at infinity consists of 6 + 180 + 486 = 672 points, which are the 
vertices of the 112 a-hexahedra. 

When N = 4, we find the 20412 points 

X(o> l, a> \ -co % -co *, 0, 0)', 

± ( - 2comi , -2«m" , cT , . . . , aT" )' ( « ! + . . . + W e s 0 (mod 3)), 

«(2 - «*•, c / \ . . . , «*')' (no = 1 or 2, m + . . . + n, s w0 (mod 3)). 

The configuration at infinity consists of 1215 + 1215 + 972 = 3402 points, 
which are the vertices of the 567 /3-hexahedra [2, p. 408]. 
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