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Topological complexity naturally appears in the motion planning in robotics. In this
paper we consider the problem of finding topological complexity of real Grassmann
manifolds G (R™). We use cohomology methods to give estimates on the zero-divisor
cup-length of G (R™) for various 2 < k < n, which in turn give us lower bounds on
topological complexity. Our results correct and improve several results from Pavesi¢
(Proc. Roy. Soc. Edinb. A 151 (2021), 2013-2029).

Keywords: Topological complexity; Grassmann manifold; zero-divisor cup-length

2020 Mathematics subject classification: Primary: 55M30; 14M15

1. Introduction

For a path-connected space X we denote its topological complexity by TC(X). In
[9] the author considered the problem of finding TC(Gy(R™)) for various 2 < k <
n (in this paper, Gj(R™) denotes the real Grassmann manifold of k-dimensional
subspaces in R™). Unfortunately, there is a problem with the proof of the main
lemma of that paper (lemma 4.4) and the consequential results on the topological
complexity (theorems 4.5, 4.8 and 4.12); see [10]. In this paper we reconsider this
problem, and as an outcome correct and improve several results from [9]. As in [9],
we use the cohomology method to obtain our results.

This paper closely follows and builds on the ideas presented in [9] (so, for back-
ground, motivation and all undefined notions, the reader is advised to consult [9]).
Throughout the paper we will use, as much as possible, the notation from [9]. In
particular, we will be working with the unreduced topological complexity, as defined
by Farber in [5] (e.g. by this definition the topological complexity of a contractible
space is equal to 1).

The paper is organized as follows. In § 2 we describe the cohomology method men-
tioned above and give an overview of the cohomology of real Grassmannians. In § 3
we consider the case k = 2. We obtain the exact value of the zero-divisor cup-length
of Go(R?"*1) (denoted by zcl(G2(R?*+1)), and defined in § 2) for s > 2; addition-
ally, for s >3, 2° +4 < n < 2°T! we prove a lower bound for zcl(G2(R™)). These
results show that the value of the zero-divisor cup-length given in [9, theorem 4.5]
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is not correct; what is more interesting, our results improve lower bounds for topo-
logical complexity stated in the same theorem. Section 4 is devoted to the case
k = 3. Separately, we prove lower bounds for zcl(G3(R™)) in the cases n = 2° 41
(for s > 3), and 2° + 3 < n < 2°F! (for s > 2). The first result shows that the corre-
sponding result from [9, theorem 4.8] is not correct, and improves the stated lower
bound for topological complexity of Gi3(R?**+1) (for s > 5). In § 5 we give a general
lower bound for zcl(Gy(R™)) (for k > 4). For k > 9 this result improves the bounds
stated in [9, theorem 4.10].

2. Background and notation

As mentioned in the Introduction, to obtain our results we use the so-called
cohomology method, which we now (briefly) explain.
Let A : X — X x X denote the diagonal map. Then the elements of

Ker(A* : H*(X x X;Zs) — H*(X;Z2))

are called zero-divisors. Furthermore, the zero-divisor cup-length of X, denoted
by zcl(X), is defined to be the maximum number of elements from Ker A* whose
product is non-zero. In [5], Farber proved that zcl(X) gives a lower bound for
TC(X), that is TC(X) > zcl(X) + 1. Hence, a lower bound for zcl(X) immediately
gives a lower bound for TC(X). Note that for every w € H*(X;Zs) the element

zlw)=wel+1@we H (X x X;Zs)

is in Ker A* (since A*(z(w)) =w -1+ 1-w = 0). Then, by [2, lemma 5.2], Ker A* is
generated as an ideal by these elements, that is by the set {z(w) : w € H*(X;Zs)}.
So, if zcl(X) =1, then there are classes x1, za, ..., 2y € H*(X;Z3) such that
2(@1)z(w2) -+ 2(e) # 0.

To get the best possible results on TC(G(R™)) using the cohomology method,
one requires fine understanding of the cohomology algebra H*(Gj(R"™);Zs). There
are several ways to describe this algebra; in this paper we will use the one due to
Borel (see [1]):

H*(Gk(Rn)7Z2) = ZQ[wtha v 7wk]/lk,n7

where wy, we, ..., wg are the Stiefel-Whitney classes of the canonical k-
dimensional vector bundle over G (R™), and Iy, = (Wp—k+1, Wn—k+2, - - -, Wy) 1S
the ideal generated by dual classes.

Although Borel’s description of H*(G(R™); Zs) appears simple enough, it turns
out that performing concrete calculations in this algebra can be rather diffi-
cult. Hence, one usually needs to apply some additional methods and properties
of H*(Gi(R™);Zs). The following result gives an additive basis for this algebra
(see, e.g. [7, 11]).

PROPOSITION 2.1. The set By p— = {w{"---w,* : 0<ay +---+ap <n—k} is
an additive basis for H*(Gp(R™); Za).

The height of a class ¢ € H*(X;Zs), denoted by ht(c), is the largest m € N such
that ¢™ # 0. For k > 2, the height of wy € H*(Gy(R™); Z2) is obtained by Stong in
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[12]: if 2 < k < n — k and s is the unique positive integer such that 25 < n < 25+1
then
25t 2 ifk=2or (k,n) = (3,2° + 1),
ht(wy) = {25+1 — 1, otherwise. (21)

In this paper we will often use Stong’s method from [12] for calculations in
H*(GR(R™);Z2) (later this method was generalized by Korbas and Loérinc to all
flag manifolds, see [8]). In what follows we briefly explain this method.

Let Flag(R™) denote the (real) complete flag manifold (n > 2). Denote by e; :=
w1 (y;) the first Stiefel-Whitney class of the canonical line bundle +; over Flag(R"™),
for 1 < < n. Then we have the map 7 : Flag(R") — G(R"™), given by

(S, Sk Sk, ) = (S1@ - B Sk, Sky1 B -+ B Sn).

The following result will be very useful for our calculations in H*(Gy(R™); Zs) (and
H* (Flag(R"); Z5)).

PROPOSITION 2.2.

(1) The set B, = {ef*e3* --er" ' : 0< a; <n—i} is an additive basis for
H* (Flag(R"); Z,).

(2) ht(e;) =n—1 for 1 <i<n. In particular € =0 for 1 <i< n.
(3) A monomial e]'e3? ---eln € HEG) (Flag(R™);Zs) is non-zero if and only if
(a1, ag, ..., a,) is a permutation of the n-tuple (n —1,n—2, ..., 1, 0).
(4) If u € H*(G(R™);Zs3) and
v = e]f_leg_Z et eZIf_leZIS_Z crep_1 € H*(Flag(R™); Zs),
then 7 (u) -v € H*(Flag(R™); Z2), and v # 0 if and only if 7*(u) - v # 0.
(5) For 1 <i<k, 7 (w;) is the i-th elementary symmetric polynomial in the

variables ey, e, ..., €.

Heights of the classes z(w;) and z(wy) will be very useful in our calculations. In
what follows we determine these values.

It turns out that if ht(w) is known, then ht(z(w)) can easily be calculated. This
is proven in lemma 4.3 from [9]. Namely, one has: if w € H*(X;Z3) and t is the
unique non-negative integer such that 2 < ht(w) < 2!, then

ht(z(w)) = 2171 — 1. (2.2)

We will apply this identity for X = Gi(R™), when 2 < k<n—k. If 2° <n <
2571 then (2.1) implies

ht(z(w;)) = 25T — 1. (2.3)

On the other hand, proposition 2.1 implies wﬁ_k # 0, so ht(wg) = n — k (by observ-
ing dimension we conclude that wsz“ = 0). Hence, if ¢ is the unique non-negative
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integer such that 28 <n — k < 2/71, then (2.2) implies
ht(z(wy)) = 2871 — 1. (2.4)
The following lemma will be particularly useful in § 3.

LEMMA 2.3. Let m, k,ne N, k<n, and dy, ..., d,, € N be such that dy + -+
dm = 2k(n — k). If z; € H%(GR(R™); Zg) for 1 < i < m, then

z(xy) - z(xm) = 0.

Proof. Note that the product p = z(x1) - - - z(,) is the sum of certain classes of the
formx ® y +y ® z, for some x, y € H*(G(R™); Zs). Since p is in dimension at least
2k(n — k) = 2dim Gi(R"), so is  ® y, and hence z, y € H*"=F) (G} (R™); Zy) or
z®y =y ®x = 0. There is only one non-zero class in H*"~F) (G, (R"); Zs), namely
w,?_k (by proposition 2.1), and hencez @ y =y @z =0orz @y = w,?_k ® wg_k =
y ® z. In both cases x ® y + y ® x = 0, which implies p = 0. (]

Also, we recall some results from [9] that will be used in our calculations.

LEMMA 2.4.
(a) If2° < n < 251, thenw? w)™2 "1 £0 and w¥ wi=2 =0 in H*(Go(R"); Zy).

(b) If2° +3 < n <25t andt=n — 2°, then w? w3 wh > #0 in H*(G3(R"); Zs).

Throughout the paper we use the same notation as in this section.

Finally, let us say a few words on lemma 4.4 from [9] and our strategy that
bypasses the application of this lemma. In lemma 4.4 from [9] the author assumes
that uy, ..., u, € H*(X;Z2) and kq, ..., k, € N are such that ulfl ook £ 0, and
wants to prove that A = z(up)?" ~1--- 2(u, )% ~' # 0, where r; is the unique inte-
ger such that 27~ < k; < 27 for 1 < i < n. For this he notices that after expanding
A one summand is u¥* - ufr @ u?rl “Rimlo 2™ k=1 which is nonzero, and from
this immediately concludes that A # 0. As we will see in the proofs of our results,
the problem is that the set

S={(l1,...,0n) : 0<l; <2 =1, bt - oube = b by}

can contain more than one element, and hence that the corresponding summands

of A with the first coordinate equal to u’fl -+~ uPF» may cancel out. So, in our proofs
we choose the n-tuple (ki, ..., k) a bit more carefully to ensure that
Z u%n,ll,l .”uirn_ln_l 7é0
(ll,..‘,ln)GS

and that this further leads to A # 0 (note: in our applications the degree of z(u;)
in A will not always be 2™ — 1, so we will have slightly different formulas than the
one given above).
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3. Zero-divisor cup-length of G5 (R™)

Let s be the unique integer such that 2° <n < 2!, In this section we con-
sider zcl(G2(R™)). We note that propositions 3.7 and 3.10, that we prove in this
section, show that the corresponding results of [9, theorem 4.5] are not correct
(see also remark 3.9). Fortunately, correct versions give better lower bounds for the
topological complexity of Ga(R™).

We will compare our results with the following upper bound from [9] (this result
is a consequence of a general result from [3, theorem 1]).

PROPOSITION 3.1. If 1 < k < n, then TC(Gr(R™)) < 2k(n — k). In fact, if k # 1
and (k, n) # (2, 2¢ + 1) for all d € N, then TC(Gr(R")) < 2k(n — k) — 1.

3.1. Preliminary lemmas

Let n be a positive integer and n = Y'_ a; - 2/, where a; € {0, 1} for 0 <i <t

and a; = 1, its representation in base 2. Then we write n := (o, ..., a1, ap)ea.
As we use Zs coefficient the following special case of Lucas’ theorem will be
particularly useful to us: if n:= (o, ..., a1, ag)2 and m := (3,, ..., 51, Bo)2, then

<n>1 (mod 2) if and only if t>r and o; >0 for0<i<r.
m

We will use the following two consequences of Lucas’ theorem throughout the paper.
Let w € H*(X;Zs). By Lucas’ theorem, (*, ) is even for 1 <4 < 2™ — 1, and so

z(w)2 =(wel+le w)2 = @1+10w? .

On the other hand, by Lucas’ theorem (2m[1) is odd for all 0 <7< 2™ —1, and
hence

2"7l_1
Z(w)rul =wl+1lx w)2m*1 - Z wi w21
i=0

We will also need the following result.

LEMMA 3.2. Let n be a non-negative integer. Then:

(a) (2”) is odd if and only if n = 0;

n

(b) (nz-:-ll) is odd if and only if n = 2'*1 — 1 for some t € Ny.

Proof. Part (a) immediately follows from Lucas’ theorem.
For part (b) we note that C,, = (*") — (,*,) is the n-th Catalan number. Then

n n+1
the result follows from part (a) and the fact that C,, (for n > 1) is odd if and only
if n =21 —1 for some t € Ny (see [4]). O
LEMMA 3.3. Let 0 <m <n—2 and ag, a1, ..., Qp_1-m € Zo. Then:
(a) Z?;Olfm el el ™1 = 0in H* (Flag(R"); Zs) iff ap =y = - = Q1 —m;
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(b) for a polynomial p € H*(Flag(R™); Zs) in classes e; and ea one has

n—3 _n—

p-esdel ™ e, 1 =0 in H*(Flag(R");Zs)
if and only if p =0 in H*(Flag(R"); Zs).

Proof. (a) By proposition 2.1 from [6] we have ef ™! = el ™' + el %eg 4 --- +
e1ef ™2 (we use this proposition for m =1, k =n — 1 and i = n — 2). Since
et = 0 (by proposition 2.2(2)), we have

n—1l-m n—1-m
+1 n 1—4 m+i n—1— l
2 ol = 2 (artan) e
i=1
Since e"Tlep ™2, T2l ™3 . el are in the additive basis B, (from
proposition 2. 2( )), the last sum is zero if and only if oy + g = e + g =
=Qp_1-m+ay=0,ie ifandonlyifag=a1 = =ap_1-m.

(b) As in part (a) we use the identities eh ' = el ™' + el Zeqg+ -+ ejeh 2
and e} = 62 =0 to express p in the form Za”ele%, where o, ; €
{0,1}, 0<i<n—1and 0<j<n—2 Then Y a; eieles el ™ e,
(= pes™ 362 4 ep_1)isasum of the elements from the basis B,, from propo-

sition 2.2(1); so this sum is zero if and only if o;; = 0 for all ¢, j, i.e. if and
only if p = 0 (since p is also represented in the basis B,,).
O

REMARK 3.4. We will use the following consequence of part a) of this lemma. Let
p= Zl o aieftieh™ € Hot(Flag(R"); Zo) for some 0 < a <n—2,a <b<n— 1.
If there exist 0 < ¢/ # z" < b— a such that a;y =0 and o = 1, then p# 0.

Furthermore, if qe HC(Flag(R"); Zs), where ¢ < 2n — 3, is written as a sum of
some monomials of the form efe}, then after removing all summands with ¢ > n or
J = n (since they are 0 by proposition 2.2(2)), we get that ¢ is written in the same
way as p above.

LEMMA 3.5. If 25 <n < 2°T and a, b € Ny are such that a + 2b = 2(n — 2), then
wiwh # 0 in H>"~ 4(G2(R”),Zg) if and only if

(a,b) = (21 —2,n =2 — 1) for some 0 <1< s.
Proof. By proposition 2.2(4), wfwl # 0 in H*"~4(Go(R™); Zs) if and only if
W*(w?wg)eleg_?’ cevepo1 = (e + eg)a(eleg)beleg_g’ i1 #£0

in H*(Flag(R™);Zs). After expanding we have

a
a b n-3 _ n-3 A\ it1+4b_a—i+b
(e1 4+ e2)%(er1e2)’erey " -ep1 =€5 " - ep1 g (i)el es )
i=0

Note that by proposition 2.2(3) the only non-zero monomials in this sum are the
ones for i that satisfies (i+1+b,a—i+b) e {(n—1,n—-2), (n—2,n—1)} and
() is odd, ie. i€ {n—2—b,n—3—0b} and (}) is odd.
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Ifi=n—2—0b, then () = (2("_2_b)) = (*") (here 2m = 2(n — 2 —b) = a). By

n—2—b
lemma 3.2 this number is odd only if m =0, i.e. (a, b) = (0, n — 2).

2Let us now consider the case i =n —3 —b. Then (‘j) = (2(7?_732:5)) = (WQLTl) =
( m

m+1> (again 2m = 2(n — 2 —b) = a). By lemma 3.2 this number is odd if and
only if m = 2 — 1 for some [ > 1. Then a = 2! —2 and b=n — 2! — 1 > 0, which
completes our proof. O

REMARK 3.6. If w{w} # 0 and a + 2b = 2(n — 2), then, by proposition 2.1, w§w} =
wh ™2 (since wj~? is the only non-zero class in H?("=2)(Gy(R™); Zy)).

3.2. Some exact values

In this section we calculate zcl(G2(R™)) for n = 2° + 1.

In the proof of the main result we will use the following observation. Let n > 4.
Then, by proposition 2.1, every class in H*(G2(R™); Zy) is of the form aw,, o € Zo,
while every class in H?(Go(R™);Zs) is of the form Bw? + ywa, (3, v € Zs. Since
z(w?) = z(wy)?, we conclude: if zcl(G2(R™)) = t, then there are a, b, ¢ € Ny such
that 2(wy)%2(w2)?z(z1) -+ - 2(z.) # 0, where a + b+ c =t and 71, ..., ¥, are some
classes of H*(G2(R™);Z2) each in dimension at least 3.

PROPOSITION 3.7. For s > 2 and n = 2%+ 1 one has

2cl(Go(R™)) = 271 +2° — 4 and TC(Go(R™)) > 25+ +2° — 3.
Proof. First, we prove that z(w;)? ~1z(w2)2 =3 # 0. After expanding, we consider
all summands of the form wj 2 @ x, for some = € H*(Go(R™); Zy). By lemma 3.5

. 141 _ s_ol s+1_ol41 1_
each such summand is of the form w} w3 2 ® w} 27 2 73 (for 1> 2)

25“—1) (25—3

with coefficient (21+1_2 25_21). By Lucas’ theorem each of these binomial coeffi-

. . s+1_ s_ . _ s+1_ol+1 l_
cients is odd, so z(w1)?" “'z(ws)? 73 contains wy * @Y, ,wi % Thwi 7E.

Since wj 2 is the only non-zero class in H2("=2)(Gy(R™); Zy) (by proposition 2.1),
it is enough to prove Y7, wfs+1_21+1+1wgl_3 £ 0 (in H*(Go(R* *1); Zy)).

Note that by lemma 2.4, w%swg =0, and so w%SH*zHleSL?’ =0for2<I<
s — 1. Hence, it is enough to prove that wlwgs_g = w1w§_4 2 0, which follows
from the fact that w1w72174 is in the additive basis B2 ,_2 (proposition 2.1). So,
2cl(Go(RZ H1)) > 25+ 4 25 4,

Let us now prove that zcl(Go(R? 1)) < 25%! 425 — 4. Suppose that this is
not the case and let a, b, c € Ny and 1, ..., 2. € H*(G2(R?**1); Zy) be some
classes each in dimension at least 3, such that a+b4c¢ > 2571 42° -3 and
z(wy)%2(we)b2(x1) - - - 2(z.) # 0. By lemma 2.3, we have a + 2b + 3¢ < 4(2° — 1) —
1=2%"2 -5 and hence b+ 2¢c < 2% — 2. Furthermore, since z(wl)zs+1 =0 (by
(2.3)), we have a <271 —1 and hence b+c=(a+b+c)—a>2%—2. This
implies b=2° -2 and ¢=0. Finally, a +b+c> 25t +25 —3 and a < 257! -1
imply a = 2571 — 1.

So, it is enough to prove A = z(wy) wy)? =2 = 0. Suppose that this is not
the case. Note that the dimension of A is 2571 —142(2° —2) =4(n —2) — 1, so
every summand of A is of the form 2’ ® 2" where one of the classes z’ and z”

23“712(
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has dimension 2(n — 2) and the other 2(n — 2) — 1. Note that, by proposition 2.1,
the only class in H*(G2(R™);Zy) of dimension 2(n —2) (resp. 2(n —2) —1) is
w2 (vesp. wiwy %), By symmetry, this and A # 0 imply A = w2 @ wywy > +
wiwh™® @ w2, Now, we proceed as in the first part of the proof to prove that the
coefficient of wj ™2 @ wywy ™ in A is zero. By lemma 3.5 each such summand in
A= z(w1)25+1’1z(w2)25’2 is of the form wal*ngsle ®wfs+172l+l+1w§l72 (for

some 1 < [ < s) with coefficient (3;::;) (22:221) By Lucas’ theorem this coefficient

. .. s+1_oltl 1
is 1, so it is enough to prove >, wi % Tlwi "2 =0.

. s s+1__ol41 1
Again, by lemma 2.4, w? wy =0, so w% 2 ng 2=0for2<l<s—1.

. . s4+1_ s_ s+1_

Hence, the previous sum is equal to w? | wiws ~2 By (2.1), w? 340, so
s+1_ _ s_

w% 3= wrwy 3 — wyw? 72, and hence A = 0. O

REMARK 3.8. By proposition 3.1, TC(Ga(R?> t1)) < 2572 — 4, so there is a gap of
2% — 1 between our lower bound and this bound. For example, 9 < TC(G2(R?))
< 12,

REMARK 3.9. Ideas from this paper can be used to prove the following:

(1) If s > 1, then zcl(Go(R*'+2)) =325 — 2 (one has 2(w1)2 T 2z (w)? #£0).
So, by proposition 3.1, 3-2% — 1 < TC(G2(R? T2)) < 2572 — 1.

(2) If 5 > 2, then zcl(Go(R* 3)) = 3-2° (one has 2(wp)2 Lz (we)? T £ 0).
So, by proposition 3.1, 3-2% + 1 < TC(G2(R? T3)) < 2572 + 3.

Complete proofs of these results can be found in the extended version of this paper
which is available on the author’s website.

3.3. General bounds for zcl(G2(R™))

Let 2° +4 <n < 25" and t = n — 2°. Also, we assume s > 3 (i.e. n # 8). Further-
more, let 7 be the unique integer such that 2"~! <t < 2". Since t > 4, we have
r > 2. Let j be the smallest positive integer such that the digit on position j in
the binary representation of ¢t — 2 is equal to 1 (j is well-defined since ¢ — 2 > 2);
in other words, ¢ — 2 has the binary representation of the following form

t=2=2" 4 pm12"  + 12T+ 2+ a,

for some g, a1, g2, .., o1 € {0, 1} and 1 < j < m. Since 2™ <t —2 <
2" —2 < 2% — 2, we additionally have 1 <j <m <r <s.

PRrOPOSITION 3.10. Ifn, s, t, r and j are as above, then
2cl(Go(R™)) > 251 425 427 — e — 2

n s+1 s v _f 27, ift is even
and TC(Go(R™)) > 2541 + 25 + 27 — & — 1, where e = {21.“’ It s ever

Proof. 1t is enough to prove that z(w1)2'§+1*1z(w2)25+2T*5’1 # 0. After expanding,
we consider all summands of the form wj * ® z, for some z € H*(G2(R"); Zy).
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) . oitl_g o254y ol
By lemma 3.5 each such summand is of the form wj w; ®
25Tl oltlyy  orqol et : : 2°F1 +2De 1
wy ws , 0< 1< s, with coefficient a; = (314, ) (25+t_21_1) =

(3251, (Note: if 2" +2' —c—¢ <0, then 2°+2" —e—1<25+¢t—2 —1
and hence «; = 0, so there is no need to discard summands alwf“rl 2w2 +-2'- o

wT+1 2 STHLE ® when 2" + 2! — & —t < 0.) Since wy~? is the only non-zero
class in H?("=2)(Gy(R™); Zy) (by proposition 2.1), it is enough to prove

A= Zaluﬂs“ 222 et L iy HY (G (R™); Zo).

Let us first consider the case when ¢ is even. Then € = 27. Note that 25 + 27 — 27 —
1=2542""142r=2 4 ... 420+ 4 2971 4 2-2 4 ... 41 (j <7). So, by Lucas’
theorem, o and «a; are even (since both 2° +¢ —2 and t — 1 have digit 1 on the
j-th position in the binary representation), while «; is odd (since 2% +¢ —1 — 27
has digit 0 on the j-th position in the binary representation).

Let us denote 7=2"—2/ —¢. Note that ¢t —2+4+27 <27, ie. 7> —2. By
proposition 2.2.(4), A # 0 if and only if

S

s+1_ol41 i
Zal(el + 62)2 2 +1(€1€2)2 ey el 362 e, 1 #0,
1=0

and, by part (b) of lemma 3.3, if and only if

s+1_gl41 1
p1= Zal(el + e3)? 2 eren)? T ey £0.
1=0

To prove that p; # 0 we will use remark 3.4, i.e. we write p; as in remark 3.4 and
find suitable indices i and 7" (as in that remark). We denote

s+1__ol+1 I+1 I+1 9s—1__ i
q = ZO‘Z e + 62)2 2 (6162)2 +7 _ Zal 2 + 6% )2S 1(6162)2 +7
=0 =0

1 —1 I+1 4 ol
’.Zl+1+21+7— 2° 1—1)-2 42747
= E (a7} E ezl eg 2 .

Let us observe a monomial efe} that appears in the inner sum for [. Then

a+b=2" 427 and a —b=(2i +1—25")2+1 je 21 ||a—b for s £1 (ie.
241 g — b and 242 fa —b) and a = b for s = [; so, efel appears only once in ¢
and its coefficient is «;. Now, since a; is even this implies that the coefficient of
(e1e2)* "7 in ¢ is 0, and since oy is even that the coefficients of 62 -1 2 7+ and

2 HTHY 127241 i) g1 are 0. On the other hand, since a; is odd the coefficient

of 22T in gy s 1.

Now, we expand p; = (€2 + ejez)qr. Note that the degree of each monomial
in py is 25T 427 42 =25F0 portl _9p 27+l 4 2 ¢ 25+1+4(t7 1)—2t—2=
2n — 6, and hence, after removing all monomials of the form efe} when a > n or
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b > n, we get p; written as in remark 3.4. Let us observe a monomial efe} in p;.
By the previous identity, its coefficient is the sum of coefficients of e‘f72eg and

€47 e8"1 in ¢. So, the coefficient of (ejes)? T7F1 is 0, while the coefficient of

FHTHY L2 4 g 1 Since 25 47+ 2 +1=2° 42" 1+ 1< 2 4t 1=
n — 1, the degrees of e; and es in these monomials are less than n, so we can apply
lemma 3.3 and remark 3.4 to conclude p; # 0.

Finally, we consider the case when ¢ is odd. Then € = 27 4+ 1. Note that 2% +
2" — 20 —2=25 42" 422 4. 42l 4 2071 4 202 4. 4 2 while t —2 =
2914 427 41 < 2" < 2% for some t' > 0. So, by Lucas’ theorem, we have that

. 25427272 /25427272
Qo = (25+2j+1t’+21+1) and a; = (25+2j+1t’+21

25 19T — 927 9 98 4 or=1 .. poitl poi-l 49
? 2 +t—5 25 4 2+ 4251 4252 ... 42

) are even, while

is odd.
Let us denote §# = 2" — 29 —¢ — 1. Note that 2 +¢t —2 < 2"+ 1, i.e. § > —4. By
proposition 2.2.(4), A # 0 if and only if

S

s+1_ol41 ! _ _
Zal(el + e)? 2 (erep)? 0 e en 362 4 en1#0,
1=0

)25+1—2’+1+1( 21+¢9e1

and, by lemma 3.3(b), if and only if py = > _jau(er + ez e1e2)

is non-zero. Let us denote

s s
sH1_ol+1 1 I+1 I+1 gs—1_ l
go = Zal(el + 62)2 2 (6162)2 +0 _ Zal(ef + 6% )25 1(6162)2 +0.

=0 =0

Now, as in the previous part of the proof we conclude: the coefficients of
efsﬂ#legsw“, 6?5+972635+0+2 and 63S+973635+0+3 in go are 0 (since ap and oy
are even); the coefficient of €2 t07%e2"T0+4 i g, is 1 (since ay is odd). So, in
the polynomial py = (€2 + e1e2)go the coefficient of e? 72" +9%2 is ( while the
coefficient of €2 +972¢2"+0+4 5 1. Since the total degree of each monomial of py
is 2571 420 42 = 25T 4 27t — 7+ _9p 2 44t — 8 — 2t = 2n — 8 and 2° +
O+4=254+2" -2 —t4+3<254+2"—t+1<2°+t—1=n—1, we can apply
lemma 3.3 and remark 3.4 to conclude py # 0. O

4. Zero-divisor cup-length of G3(R™)

Let s be the unique integer such that 2° < n < 2°t!. In this section we give some
bounds for zcl(G3(R™)).

In the following proposition we consider the case n = 2° + 1. This result will show
that the corresponding result of [9, theorem 4.8] is not correct (see also remark 4.2).
Fortunately, this proposition gives a better lower bound for topological complexity.

PROPOSITION 4.1. Let n = 2° + 1, where s > 3. Then

zcl(G3(R™)) > 271 425 42572 — 7 and TC(G3(R™)) > 25T! 425 4+ 2572 — 6.
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Proof. Tt is enough to show A = z(wy)? ~1z(wy)? T2 2z(wg)> —4 £ 0.
First, we prove that w? ws = 0. By proposition 2.2, this follows from

w0 2% 2 n—4
p3 = 7 (w] ws)etesel T ren_q
2° 2, n—d
= (e1 +ex+e3)” (ereges)eresel) " en_q
_(,2°43 2 3,242 3.2 2541y n—4 _
= (e} TCezes +eje; TTeg +ejese; ey T orep—1 =0.

Since w} w3 = 0, we have

s s—1 s—2 s s—1
A= 2w a(wn) T 2w a(wg)? T

_ Z(wl)2s7lz(w2)2s—l+2s—272(w%s ® w5571_4 + wgs—1_4 ® w%g)'

Let us observe all classes of the form w} ® ® z for some 2 € H*(G3(R");Zy)
after expanding the expression for A; since wg’_3 is the only non-zero class in
H3("=3)(G3(R™); Zy) (by proposition 2.1), to prove that A is non-zero it is enough

to show that the sum of all such z is non-zero. To do so, we determine all

monomials #’ and z” in classes w; and ws, such that w} o’ = wj™® = w? ~2 and
2t —4 292
ws ' =ws "%

Let 2/ = wwy be such that w? **w} = w2 ~2. Then a + 2b = 2(2° — 3). We use
proposition 2.2:
W ud)elenct

pl:ﬂ-*( r€p—1

=( ?S + 6%5 + egs)(el +ea+e3)%(eres + eges + 6361)1)6%6262_4 ceeep_1

n—4

= egs (e1 + eg)a(eleg)b+lele4 Ceep_1

a
s a . .
2 i+b+2 a—i+b+1 n—4
= €3 E (Z_>61 €y N e €p—1.
i=0

Note that by proposition 2.2(3) the only non-zero monomials in this sum are the
ones for 7 that satisfies (i +b+2,a—i+b+1) € {(2°—-1,2°—2), (2°—2,2° —
1)} and (9) is odd, i.e. i € {2 =3 —b, 2° — 4 — b} and (9) is odd.

Ifi =253 b, then (?) = (*Z 2) = (%) (here 26 = 2(2° — 3 —b) = a). By
lemma 3.2, this number is odd only if § =0, i.e. (a, b) = (0, 2° — 3). Let us now
consider the case i =2° —4 —b. Then (¢) = (2(2?;g:43:bb)) = (52_51) = (52_51). Again,
by lemma 3.2, this number is odd only if § = 2! — 1, and hence a = 2/*1 — 2 and
b=2%—2' —2forsome 1 <Il<s—1.

Let us now go back to our expression for A. Here we only consider pairs (a, b)
that satisfy @ <2°—1 and b <251 +2572 —2; hence b=2° -2 —2 only if | €
{s —2, s — 1}, so we have two pairs to consider: (a, b) € {(2571 —2, 2571 4 2572 —
2), (2 —2,25"1 -2)} = P.

Next, let 2/ = w$ wl be such that w‘f/wé’/wgkl_‘l = w2 ~2. We denote the set of
all such pairs (a/, b') with P’. Clearly, if (a/, b') € P’, then o/ + 2b' = 3(2°~! + 2),
and hence a’ + b’ > 3(2°72 + 1); also, by observing A4, it is clear that a’ < 2% — 1.
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Now, to prove that A is non-zero, it is enough to prove that B is non-zero, where
B is equal to

s_1— ap, 25 Tyos—2_ 9o by 25714 2 425 — 28 1 y9s=2_o_p/
E wi w3 + E w2 .
(a,b)eP (a’ )P’

By proposition 2.2.(4), this is equivalent to p = 7*(B)eZeze} * -+ - e,_1 # 0. In what
follows we will be working with the additive basis

ags

R — ap a2
Byo 1 = {ey'e5” - - €58

1<2°—1,a:<2° —2,a3<2%, a; <25+ 1—4,i>4}

for H*(Flag(R"™);Zs), given by proposition 2.2(1) and the canonical homeomor-
phism o : Flag(R"™) — Flag(R™) defined by

U(L1;L27L37L45L57 e 7L7L) - (L33L17L27L43L57 .. 5Ln)

Let dg p—3 = 6%6262_4 -v-ep—1. Then

* 2°—1—a 2* tpos—=2_9_p 25714
P2 =T E wy w3 d3m—3

(a,b)eP
95— 1+1 2371_4 25—2 2571_4
=" (w] ws +wiw;  w; )d3.n—3

s—2

s—1
= ((e1 + ez +e3)*  +(erea +egesz +ezer)? )
s—1
(€1 + e + e3)(ereze3)? _4d3,n73~

Note that the monomials of ps belong to EQSH; indeed, the degree of e; in each
monomial is at most 2571 + 14271 — 44 2 = 2% — 1, the degree of ey is at most
2571 414251 —4 4+ 1 =2°—2, and the degree of e3 is at most 2571 +1 + 2571 —
4=2°"-3.In particular each monomial of py is not divisible by e%s. Finally, ps # 0

. 251 _2°~ 52“17477,4 : :
since e] ~ €5 e3 ey -e,_1 has coefficient 1 in ps.

On the other hand,

% 25425 _1—q' 257142572 _9o_p/
p3 =T E wy wy d3 n—3
(a’\b')EP’
2S 25‘ 2S 25717 !’
= Z (61 +e5; +e3 )(61 +62+€3) @
(a/,b')EP’

25—1+23—2_2_b/

- (e1€2 + eges + ezeq) ds n—3

. 9s 25 1 4’ 9s=14os=2_o_p/
= E €3 (61 + 62) @ (6162) d37n,3.
(ab)EP!

Since a’ + b > 3(2°72 + 1), the degree of e; (resp. e2) in each monomial of this
sum is at most 25 +2571 4+ 2572 1 —a/ — b < 2% —4 (resp. 2° + 2571 42572 —
2 —a =V < 2% —5), and hence, after expansion, each monomial (if any) of p3 is in
Ezs+1 and divisible by €2 (note: it is possible that pz = 0).
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Hence, po and p3 do not have any common monomials from ]§25+1, and so there
are no cancellations between monomials of py and p3. Now, ps # 0 implies p =
p2 +p3 # 0. U

REMARK 4.2. Ideas from this paper can be used go prove the following: if
s > 4, then zcl(G3(R* 2)) > 727! (one has 2(w1)? " 2 (we) T2 2(ws) £ 0).
Hence, TC(G3(R?"+2)) > 72571 + 1. Complete proof of this result can be found
in the extended version of this paper which is available on the author’s website.
PROPOSITION 4.3. Let s 22, n=2°+t< 25T t >3 and 27! <t < 2". Then
zcl(G3(R™)) > 2572 —2" — 1 and TC(G3(R™)) > 252 — 27,

Also, if t — 3 > 2571, then zel(G3(R™)) > 7-2°7! — 1 and TC(G3(R™)) > 7-257 1.
Proof. For the first inequality it is enough to show

s+l sH+1_or+l r
A=zw)* Tlz(wr)? T z(ws)* #£0.

Note that w? w3 = 0. Indeed, this follows from proposition 2.2(4), 2 +*" =0 for
i € {1, 2, 3} and the following calculations:

k(20 9T\ 2 4
p1 =7 (w] wi )ejege) " en_1

= (€2 + e +e2 ) (erere3)? eqet ™ ey

29427 9r 9" 242" 27 2°427 —4
= (e el e e e p e e el T Ye2egel e, = 0.
. . s T
Similarly, one proves that w3 w? =0, w} wg 2"~ 0 and wy

2° +27 — O
Note that 2" > ¢ > 3 implies > 2. Now, we consider the cases 2 < r < s —
r = s separately.

Case 1: 2 <r <s—1. We have

1 and

A= z(wl)?*lz(wl)QSz(wg)stzrﬂz(wg)QSz(w3)27‘

s_ s_or+l s s r r s s
= 2(w1)? “e(w2)® TP (wi wi ®wi +wi ®wi w).

Since 2° —1 =214 ... 42rtl L or 1 97 1 and 25 — 2" F1 =2571 4 ... portl
in a similar way we get

_ 2" —1,, 2% 2% 28— 98 _ortl or 28— 9s_ortl or 28
A= z(wq) (wi wy ®wj wy ws + wy ws ws ®w1 w5 ).

Since the dimension of w? w3 is greater than the dimension of the class
s_or os_ortl op . . X
w? " wi ~? w3, after expanding the expression for A, there is only one

summand with the first coordinate in dimension 3-2°+ 2" — 1, and this sum-
. _ _or s_or+l r .
mand is w2 2 1w2 ®w% 2 w% 2 w? . Hence, it is enough to prove that

294271 2827 2% _ortl  or
wy w3 # 0 and wi ~? wj wsg # 0.
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First, we prove that w? *2 ~'w2" #£0. Since €2’ =0 for i€ {1, 2, 3} (by
proposition 2.2(2)), by proposition 2.2(4) it is enough to prove that

P2 = 7r*(w2 212 Jelegel ey
=(e1+ea+es)? €2 €2 +e2 )(eren + eses +eser)? egel ey
=(e1+ex+ 63)27l_1(€16263) eleQeZ e
=¥ (w¥ wd)e2eqen ™t e,y

is non-zero in H*(Flag(R™); Zs), i.e. that w? ~*w2" is non-zero in H*(G3(R™); Zs).

Observe the inclusion i : G3(R"2") C G3(R"). Note that the height of i* (wl) in
H*(G3(R"2");Zy) is 2" — 1 (by (2.1)). So, let « be a class in H*(G3(R""%"); Zs)
such that i*(w;)? ~tx € H3"=2"=3)(G3(R""2"); Zy) is non-zero (this class exists
by Poincare’s duality); further, let T € H*(G3(R™);Z2) be such that i*(Z) = .
Then, by [12, lemma 1] the value of w? ~'% - w} ib the bame as the value of
i*(w? 71F) = i*(wy)? "'z, which is non-zero. Hence, w? ~1w2” # 0.

Finally, we prove that w% 2 35 -2 2T # 0. This W111 1mmediately follow
from the identity w2 72Tw§§ 2Tw31 = w%w% = w? #0, which we now prove.
Since 62 20— for i€ {1, 2, 3}, by proposition 2.2(4) this follows from (here

2 n—4
d3,n73 = ej€2ey, - '€n71)

ps = (w] " wi T wi g s
=(e1 +ex+ 63)23_27'(6162 + ege3 + 6361)25_?(616263)2Td3,n73
=(e1 +ea+ 63)25_1 (e1e2 + ezes + 6361)25_1
er+es+e3)? T2 (eres + ezes +eser)? 2 (ereses)? dsn_s

s—1_or s—1_or s—
= (e; +ex+e3)? 2 (e1e9 + eges + ezeq)? 2 (e1eqe3)?

98—l 9s=2 L or or
(616263) + ok dS,nf

= (ere9e3)% d3.p_3
= (e1 4 ea +e3)¥ (e1ea + eaes +ezer)? ds s

7 (wi w3 )ds 3.

Since wgs € B3 3, we have w§ # 0, which completes our proof.

Case 2:r = 5. Then A = z(wy)? " H(w? @ w3 +w? @ w?). Since after expanding
A there is only one summand with the first coordinate in dimension 25+2 1,
and this summand is w? ~'w} ®w?’, it is enough to prove w? ‘w3 #0 and
w%s # 0. The second follows from w% € B3 ,—3, and the first one is proven after

the calculations for ps.
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Suppose now that t — 3 > 2°~1. We will prove that
B= z(w1)25+1_1z(w2)2sz(w3)2571 #0,

which implies zcl(G3(R™)) > 25F1 425 + 2571 — 1.
Let us observe all summands of B with the first coordinate in dimension 9 - 2571,
Note that

B = z(w)? "La(w?)z(wd)2(wd ”>7

. . . gs s-1 o s
so the only monomlal of this form is w% w3 w3 ®w? !, and hence it is enough to

prove that w? w2 w3 " #£0and w? "L #£0. This follows from lemma 2.4 (indeed,
since t — 3 > 2°~!', both monomials divide w? w3 wi ™ # 0). g

5. Zero-divisor cup-length of G (R™)
In this section we give a lower bound for G (R™) for k > 4
PROPOSITION 5.1. Let 4 < k <n and 2° + k <n < 2°T'. Then
zcl(GR(R™)) > ([logy k] +1)-2° =1 and TC(Gx(R™)) > ([logs k| + 1) - 2°

Proof. Let 271 < k < 2". Then [log, k] = 7, so it is enough to prove

r—1 r—1
A=2(w)? ] 2we)? = 2(w)? ] 2(wd) £ 0
=1 =0

First, let us prove that p = HT_OQ wzl ib non-zero in H* (G;€ (R™); Zs). Let dip—i =
eh e 1ez+f -ep—1. Since €2 =0 for 1 <i < k (by proposition 2.2(2))

and k' := Z::OQQZ =2""1—1 < k we have

r—2
25
" szi din—k
i=0

pP1 =
r—2
_ 2 of 2¢
— H E e2ieZ e | dpni
=0 \1<a1<a2<<a,; <k
90 ol r—2 2° 20 20
=[2°,2%,...,2"72 S erel en | dinr,
1<a1<as<--<ap <k
here [20, 2! 9r=2) = (2422 (227 (270 Jenotes the multi
where [2°, 2%, ... ]7( 20 )( o ) (2, 2) enotes the multi-

nomial coefficient. By Lucas’ theorem, this coefficient is odd. Also, for 1 <i <k
the degree of e; in each monomial in the last expression for p; is at most
2° + k —i < n—i, so all monomials in this expression are distinct members of the
basis B,, for H*(Flag(R");Zs), and hence p; # 0. So, by proposition 2.2(4), p # 0.

Now, let us observe all summands after expanding A with first coordinate in
dimension (2"~ — 1) - 2°. The dimension of p is (2”71 — 1) - 2% and it is easy to see

https://doi.org/10.1017/prm.2022.15 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.15

Topological complezity of real Grassmannians 717

-1

that the only term of this form is p ® wfs wgf_l. So, to finish the proof it is enough

s __ El s s . s+1
to prove w; ‘w2, # 0. In fact, we prove that w? w2, # 0. Since e =0 for

1 <7 <k, we have

s s

* 2
Py =T (wl wQH) i n—rk

_ 2° 2° 2° § : 2° 2° 2°

— (61 + €5 + .+ e ) 6alea2 e ea27.71 dk,nfk
1§a1<a2<--~<a2r71 <k

. 25‘ 25 2S

B Z 6a16a2 e 6a2r—1+1 dka"—k'

1<ay <a2<"'<a2r,»71+1<k‘

Now, as above, 2° + k < n implies that all monomials in the last expression for p
are distinct members of the basis B, for H*(Flag(R"™);Zz), and hence py # 0. By
proposition 2.2(4), it follows that w} w2, , # 0. O
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