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HAUSDORFF DIMENSION OF THE LIMIT SET ON A
VISIBILITY MANIFOLD

HyunN Jung KM

In this paper, for a given Fuchsian group I', we prove an upper estimate for the
Hausdorff dimension of the radial limit set in the visibility manifold. Further, if I’
is a convex cocompact group, we find the exact Hausdorff dimension of the limit
set.

1. INTRODUCTION

Imagine an infinite array of points in hyperbolic space. We consider the distribution
of these points at large distances from an observation point . We define the density at
the ideal boundary for the array of points viewed from z. That is a class of measures
on the ideal boundary, which is called the conformal density or Patterson-Sullivan mea-
sure. Suppose H is a n-dimensional complete simply connected Riemannian manifold
without conjugate points and I' is a discrete group of isometries on H, which acts on
H freely and properly discontinuously. As an infinite array of points, we consider the
orbit I'z of T" for a point £ € H. The conformal density for 't was constructed by
Patterson in the case where dim H = 2 and the sectional curvature of H is constant
—1 ([7])- His construction was generalised by Sullivan to the case where the sectional
curvature of H is constant —1 in all dimensions ([8]). In [9], Yue performed the same
construction when H has a variable negative curvature, and the author proved the ex-
istence and some properties of the Patterson—-Sullivan measure on a visibility manifold
(i6))-

We define the visibility manifold, following the notations in [2] and [3].

DEFINITION 1.1: H satisfies the visibility axiom if for every point p € H and
every number € > 0, there is R = R(p,e) > 0 such that for any geodesic v : R =+ H

with d(p,v) 2 R, £p(y) = sup{ép (v(t),7(s)) | t,s € IR} <e.

In particular, when we can get the constant R independently of the choice of p,
we say that H satisfies the uniform visibility axiom.
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In Definition 1.1 the notation £,(g1¢g2) for ¢;and g2 in H which means the canon-
ical measurement for the angle consisting of two geodesic rays from p to q; and ¢».

In [1] there are many properties that are equivalent to the visibility axiom in
Definition 1.1, and in this paper we use the property below frequently.

For any distinct two points 7 and & in 0H, there exists a geodesic line between 7
and €.

We note that there may be more than one geodesics between 7 and €. If we have
two geodesic between 7 and &, then the two geodesics bound a flat strip, and in the
flat strip, the sectional curvature is 0. In this paper, we assume the uniform visibility
axiom on H.

DEFINITION 1.2: Suppose M is a manifold without any conjugate points. If the
universal cover H of M satisfies the uniform visibility axiom, we call M a visibility
manifold.

Suppose H satisfies the uniform visibility axiom. Let 8H be the ideal boundary,
which is the set of points at infinity for H with the cone topology. Then H is diffeomor-
phic to an open disc D™ and the ideal boundary 8H of H at infinity is homeomorphic
to a sphere S™. Let I" be a subgroup of isometries of H, that is torsion free, discrete
acting on H freely and properly discontinuously in H. For any point z in H, consider
the orbit I'z and its closure I'z. The limit set of [' is defined by L(I') = Tz NdH.
According to Eberlein (2], L(I') has one point, two points or infinitely many points.
From now on, we deal with the case that L(I") consists of infinitely many points, and
call T the Fuchsian group. Generally, in a 2-dimensional manifold, I" has been called
a Fuchsian group, and in higher dimensional manifolds, I"' has been called a Kleinian
group. Here we call I' Fuchsian group in any dimensional manifold.

We introduce the construction and some properties of the Patterson-Sullivan mea-
sure, which were proved in [6] for the visibility manifold.

For positive real number s and two fixed points z,y in H, we consider the following
Poincaré series

gs(z,y) = Y _e~dE=m),
Yyer '

where d(z,~y) is the hyperbolic distance in H. Then there is a positive number §(T)
such that g,(z,y) diverges for s < §(T') and g¢,(z,y) converges for s > §(T), that is
independent of points z, y € H.
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Define a family of measures

= lim e~td@mlg s> 6(T),

fa ! s—=§(I)t gs(yvy) ; ki ( )
= lim $
s—&(I)* Ha

where 4., is the Dirac mass at vy. When at s = §(I') p3 diverges, I' is of divergence
type. Otherwise, I is of convergence type. When I' is of divergence type, p; is
concentrated on L(T'). In [6], we proved that for any other point z,z’ € H, p,
and u; were absolutely continuous and moreover, the Radon—Nikodym derivative at
£ e L) was

: dﬂz’ ~&(0)p (z’)
—— = z.£
(11) e () = ,
where p;¢(z') is a Busemann function.
For v € I' we find

(12) 'y‘ll'.'z = Uy(z)-

Generally, we call the family {u;} of measure on L(T') satisfying (1.1) and (1.2) a
6(T')-conformal density or an Patterson-Sullivan measure.

In this paper, we estimate the hyperbolic dimension of the limit set of L(I"). For a
hyperbolic manifold of constant curvature —1, there is a canonical metric on the ideal
boundary in the Poincaré model and the Hausdorff dimension is exactly §(T') in the case
where I is a convex cocompact group. In a hyperbolic manifold with variable negative
curvature, there are many possible equivalent metrics on dH (see [4, 5,9]). So the
Hausdorff dimension is well defined. Our problem is whether there is natural class of
metrics on the visibility manifold. In Section 2, we consider a metric on 8 H which was
introduced by Kaimanovich and Hamenstadt for strictly negatively curved manifolds.
We show that the metric on JH is still well defined on the visibility manifold and
we estimate the Hausdorff measure of the radial limit set with respect to this metric.
Finally, if I" is a convex cocompact group, we find the exact Hausdorff dimension of
limit set L(6).

2. HAUSDORFF DIMENSION FOR CONVEX CocoMpPaCcT GROUP

Let (X,d) be any metric space and D > 0 be a nonnegative constant. Let A be
a subset of X . For each € > 0, consider

o]

#HD(4) Einf{ZJleACUsz(tsj), d; <e and z; EA},
J

=1
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where the infimum is taken among all coverings of A by balls of radius less than or
equal to €. The limit measure

HZ (A4) = lim H2(4)

is called the D-dimensional Hausdorff measure of A. The Hausdorff dimension HD(A)
is defined to be

HD(A) = inf{D | HZ(A) =0} = sup{D | HD (A) = 0}.

An easy consequence of this definition is that if 0 < H2(A) < oo then HD(A) = D.

Fix a point zg € H. For any z in H and d > 0, consider the shadow of the ball
B(z,d) from zo to OH defined by Ogz,(z,d) = {n € 0H | czy,n N B(z,d) # 0}, where
Czo,n is the geodesic ray from zo to 7.

DEFINITION 2.1: ¢ € 0H is a radial limit point if for some ¢ > 0 and =z € H, ¢
belongs to infinitely many shadows Og(yz,c), for v+ € I'. We denote the radial limit
set by L"(I').

In order to estimate the Hausdorff dimension of the radial limit set, first of all we
have to define a metric on 8H. We define a metric on dH, which was introduced by
Kaimanovich [5] and Hamenstadt [4]. Fix a point z € H.

DEFINITION 2.2: For any two points n,§ € 8H let D,(n,£) be the minimum
distance from z to a geodesic ¢ from £ to 5. The geodesic metric is defined for all
€ >0 to be

ds(n,€) := e—€Dz(n€)

In this definition D(.,.) is well defined because the set of the geodesics between
two points in H, that is the flat part in H, has a finite width and the range of the
distance from z to c is compact interval. We have to show that the metric d¢ is well
defined.

THEOREM 2.3. There exists €9 > 0 such that d< is a metric for all 0 < € < &g
and z € M.

PROOF: By the definition of d5, we need to prove only the triangle inequality. Let
us choose the three points £;,£2,£3 € OH and let c¢,c2,c3 be any geodesics between
€1,€2 and §2,&3 and 3, &1, respectively. We can get a point p € ¢z so that d(z,c3) =
d(z,p) and let Ry = d(c3,z) = d(p,z), where d(.,.) is the distance induced from the
given Riemannian metric. Let v be the geodesic ray from z to p We prove the triangle
inequality by the two steps below.

First, we consider the special case in which the geodesic ray from z to & goes
through p in the geodesic c3. Then 7 and c3 orthogonally meet at p, that is,
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Zp(€1,€2) = w/2 and Z,(&2,€3) = 7/2. Since H satisfies the uniformly visibility
axiom, we can get a constant R = R(w/2) such that d(c;,p) < R and d(c2,p) < R. So
we have d(z,c¢1) € Ro+ R and d(z,cz) < Ry + R. Choose €9 = (In2)/R. Then for all
€ <Ep, .

exp(—ed(z, c3)) = exp (—eRo)
< 2exp(—e(Ro + R))
< exp(—ed(z, 1)) + exp(—ed(z, c2))
< dz (61, &) + d2 (€2, &3).

Next, we consider the general case. For a real number 6 € [0, ], define f(6) as
the minimum distance d(p,c) from p to a geodesic ¢ between &, and any point in 0H
with Zp(c) < 6. Then f is a decreasing function in § and f(r/2) < R = R(n/2). We
suppose that Z,(€1,€2) = 6p. Then Z,(£2,€3) > m — 6y because £,(€1,€3) = m. Let
g0 = (In2)/R. Since f is a decreasing function in 6, it is allowed that exp(—sf(0)) +
exp(—ef(m ~ 6)) has the minimum value 2exp(—ef(r/2)). Then for all € < &, we
have

exp(—ed(z, c3)) = exp (—eRo) < 2exp(—e(Ro + R))
)

< exp(—e(Ro + f(0))) + exp(—e(Ro + f(m — 9)))
< exp(—ed(z, c1)) + exp(—ed(z, c2))
< dz(&1,€&2) +d3(62,63).

Since the above inequality is true for any geodesic between £; and &3, we have the
triangle inequality

dz(€1,63) < da(6r, &2) + dz (62, E3). 1

From now on, we suppose that H is a visibility manifold with nonpositive sectional
curvature. For convenience, we make the followings definitions.
For fixed £ € H and for £,7 € 0H,

lz(éan) = sup{t 20 I d('?'z,{a')':c,n) < dl}
pL(€,m) = exp(—elz(€,m))-

This was suggested by Kaimanovich [5] and Hamenstadt [4], who showed that it
is a metric for sufficiently small ¢ in a negatively curved cocompact manifold. The
Lemma below says that this is still a metric in 0H on the visibility manifold.
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LEMMA 2.4. There exists a constant C > 0 such that for £, € OH ,

12(&,m) < D (&,m) +C.

PROOF: Let g be the point on a geodesic ¢ between £ and 7 that is nearest to
z. Let v, and -y, be geodesic rays from z to { and 7, respectively. Then in the
triangles (z,q,£) and (z,q,7n) the angles at the vertex ¢ equal 7/2, the distances from
the point ¢ to the ray +; and 4; is bounded by R; > 0 that is independent of the
choice nn and £. Let p1,p2 be the points on the geodesic rays v;, . respectively such
that d(ps:,q) = d(g,7v:) for ¢ = 1,2. Choose the points ¢; on v; (2 = 1,2) such that
d(z,q;) = 1z(&,7), so that d(g1,¢2) = d;. Let [g1,¢2] be a geodesic segment between
g1 and g2. Then there are the three cases:

(1) dz,q1) =d(z,p1),
(2) diz,q1) <d(z,p1),
3) d(z,q1) > d(z,p;).

First, we consider d(z,q1) = d(z,p1) and d(z,q;) < d(z,p1). Then we can easily
see 1z(€,m) < Dx(&,m).

Second, we consider d(z,q;) > d(z,p1). Then we can easily check 24, (¢,£) > 7/2,
because Zg,(gq,€) is a exterior angle of the right triangle (g;,p1,q9). By the visibility
axiom, the distance from ¢, to the geodesic ray ¢ from ¢ to £ is bounded above by
R, > 0. Let p be the point on c¢ nearest to ¢;. Since Zy(g,q1) = Z4(p,z) = /2, we
can get d(q,p) < d,, so that d(z,q;) < d(z,q) + Rz for some positive constant Rs.

Summing the above three cases, we get a constant C > 0 so that

I2(&,m) < dz(&,m) + C. d

For convenience, we use the notation d instead of (') as a critical exponent of
I'. Before the estimate of the Hausdorff measure, we prove a Lemma below, called
Sullivan’s Shadow Lemma in [6], which will play an important role.

LEMMA 2.5. Let {uz}zem be a §-conformal density of T'. Suppose p, does not
consist of a single atom. Then there are constants C 2 1 and by > 0 such that for all
b2 by

-1 -1
C—le—éd(z,‘y :c) < 7 (Oz (’)’_113, b)) < Ce—&d(z,'y Z)+2b5.

THEOREM 2.6. Let {u;} be d-conformal density of I'. There exists a constant
C > 0 such that if A is a Borel subset of L™(I') with uz(A) > 0, then ’Hg/e(A) <
Cuz(A), where d=d5 .

PROOF: Suppose A C L"(T') is a Borel subset. Let z € H. Since pz(4) > 0,
almost every point of A is a density point of the measure in the sense that for almost
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every a € A
i 2 [Bla,t)n 4] _
=0  p, [B(a,, t)] !

where B(a,t) = {n € 0H | de ¢(a,n) < t} for sufficiently small € > 0. Let T' = {%},
Let @ > 0 be any constant. We can take a set A’ C A and t, > 0, such that
pe{A—A") <o and

1z (B(a,t) N A)

(2.1) P'a:(B(a'a t))

>1l—«a

forall 0 <t<tyandallaec A’.
Let 0 < b < by, where by is the constant in Lemma 2.5. Since every point in
A" C L™(T) lies in infinitely many balls O.(v;'z,b), we can construct a covering

{Ogc ('y;klz,b)} of A’ such that O ('y;klx,b) is a ball whose df-radius ry satisfies

k-1
T, < t < to/2, whose centre is outside the union |J O, ('y;t,lx, b) and so that 7, 2 rr41
i=1

for all k. Then the ball with the radii rx/2 and the same centre are disjoint. Denote
the union of these disjoint balls by Q. By Lemma 2.5, there exists C; > 0 such that

S e < Cuu @),

k>1

By the definition of I, and Lemma, 2.4, there exists a constant Cy > 0 such that for all

k, r/2 < Cze_Ed( T ® ) Consequently, we have

15/6 A/ Zré/e 26/52 (15)6/5
2

< 0325/526—611 'ynk z,z)
< Capg(92),

for some constants C3 > 0, and by (2.1)

pe(9) < ——pua(A)

Summarising these results, we have ’Hf/ “(A’) < Cuz(A). Letting t = 0, o goes to 0.
So we obtain

HY/%(A4) < Cps(A). 0
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THEOREM 2.7. Ifthere exists a §-conformal density p, of ', then the Hausdorff
dimension of the radial limit set with respect to d satisfies

HD(I (D)) < ¢

for sufficiently small € and for all z € H.

PROOF: If pg(L™(I')) > 0, then Theorem 2.6 implies this result. Assume
pz (L7 (L)) = 0. We can get a cover of L"(I') as in the proof of Theorem 2.6. Then we

have ’Hf/s (L™(T)) < Cpz(Q) < Cpz(0H) < oo for some constant C > 0. 0

We have an upper estimate of the Hausdorff dimension when T" is a just Fuchsian
group. Now we prove that if a Fuchsian group T is convex cocompact, HD(L"(T')) is
exactly /e with respect to the metric df =d on 9H.

DEFINITION 2.8: Let I' be a Fuchsian group of a simply connected visibility man-
ifold.
(i) The geodesic hull of T is defined to be G(I') = (L(T') x L(I') — diag) xR,
that is, the union of all geodesics v in H with y(—00),v{c0) € L(T'). T
is said to be geodesic cocompact if G(T')/T is compact.
(ii) The convex hull of T is defined to be H(I'), that is, the smallest convex
set in H containing L(T'). T is said to be convex cocompact if H(I')/T
is compact.

In general G(I') is not a convex set, but G(I') is a subset of H(T').
THEOREM 2.8. The followings are equivalent.

(1) T is convex cocompact.

(2) T is geodesic cocompact.

(3) For any point £ € 0H, there is a constant C > 0 such that the geodesic
ray v from x to € is in the C-neighbourhood of a orbit of T.

PROOF: To show (1) implies (2), we first suppose that ¢g(I')/T is compact. Since
G(T) is a subset of H(I'), H(T')/T' is compact.

To show (2) implies (1), we first have by the visibility axiom, that for any
£1,€2,&3 € H, every point of the interior part of a triangle (£, &3,£3) is in the R(n/2)-
neighbourhood of the triangle, where R(n/2) is a constant corresponding ton/2 in the
uniform visibility axiom. Further, we get that H(T') is in the R(w/2)-neighbourhood
of the G(I'). So we get that the geodesic cocompactness of I" implies the convex
cocompact of T'.

To show (3) implies (2), we first choose any two distinct points £ and 5 in L(T").
Let Yz¢ and 7z be the geodesic rays from z to £ and 7, respectively and let ¢, be
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the geodesic line from £ to n. Then by the uniform visibility axiom, vz¢ and 7., are
in the R(w/2)-neighbourhood of v¢,. Since ;¢ and <z, are in the C-neighbourhood

- of a orbit of T, gy is in the {C + R(w/2))-neighbourhood of a orbit of ', and T is
geodesic cocofnpact.

To show (2) implies (3), we suppose I' is geodesic cocompact. Then there is a
constant C; > 0 such that any point of G(I') has a distance less than C; from an
orbit of I'. Let £ € 3H be any point. Let x € H be a fixed point. Choose a distinct
point n € 0H from £. We can get a unique point p in a geodesic v¢, from £ to 7
such that d(z,p) = d(z,ven). Let d(z,p) = C3. It is easy to see that ¢ is in the
R(m/2)-neighbourhood of «,¢ and v;p. By the compactness of G(I')/T', vp¢ is in the
C) -neighbourhood of a orbit of I'. And there exists a constant C3 > 0 such that the
ball with centre « and the radius R(w/2) is in the C3 neighbourhood of a orbit of T'.
Let C = min{C) + C,,C3}. Therefore the geodesic ray 7.¢ is in the C-neighbourhood
of a orbit of T. O

Theorem 2.9 says that every limit point in the convex cocompact set is a radial
limit point and L(I') = L™(T).

LEMMA 2.10. Suppose T is a convex cocompact group. Let u, be a §-conformal
density. Then there exists C > 0 and r9 > 0 such that

Bz (B(§1 T)) < CT‘S/Ea

where B(€,7) = {n € 8H | d5(¢,n) < r} is a ball with centre £ € L(T') and radius
ro>71>0.

PROOF: By Theorem 2.8, there is a Cy > 0 such that any point on a geodesic ray
from =z € H has a point of the orbit of I in a distance Cy > 0. Consider £ € L(T")
and e *® > r > 0 where R = R(n/2) is the constant corresponding to the angle 7/2
in the definition of the uniform visibility axiom. Choose a point u on the geodesic ray
from z to £ such that d(z,u) = —Inr/e. We can get a point a~!(z) of orbit ['(z)
such that d(u, o~ (z)) < C; for some a € T. Let 7 be a point in B(&,7). Let pe H
be the point on the geodesic line v¢, between £ and 7 such that d(z,p) = d(z, 7).
Then we have that both of Z,(§,z) and Z,(n, z) are w/2, By the definition of uniform
visibility, we get points ¢q1 and g, on the geodesic rays v;¢ and 7, , respectively, such
that both of d(p,q1) and d(p,g2) are less than and equal to R(n/2). By the triangle
inequality, we have d(q1,¢2) € 2R, and by the angle comparison of triangle, we have
d(u,q1) €< R. Since

d(a™Hz), Yzn) € d(a™(z),u) + d(u, q1) + d(q1,92) < C1 + 3R,

we have € O;(a™*(z),C; + 3R). So it means that B({,r) C O,(a"(z),C1 +3R) .
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By Lemma 2.5, we have

pa(B(Er)) < bz (007 (@), C1 + 3R+ d))

< Cze—6d(:|:,a_1(a:)) )

where C; > 0 is a constant independent of z and r. Since d(z,a"!(z)) > ~Inr/e -
C1 > 0, we have a constant C > 0 such that

Bz (B(E,r)) < Cro/e.

0

THEOREM 2.11. Let I' be a convex cocompact group with critical exponent
§ = 6(I"). Then there exists a constant C > 0 such that if A is a Borel subset of the

limit set then we have
pz(A) < CHYE(A).

PROOF: Let {B(&;,7:)} be any cover of A where the balls B(&;,r;) in OH have
centres on the limit set. Let € > 0. Then by Theorem 2.10, we get for € > r; > 0,

pz(A) < Z#z(B(&'ﬂ‘i)) < C'er/e-

Letting € — 0, we have a constant C > 0 such that
pz(A) < CHYE(A). 0

THEOREM 2.12. IfT isaconvex cocompact group with critical exponent & then
the Hausdorff dimension of the limit set is §/e with respect to the metric d .

PROOF: By Theorem 2.9, we have L™(I') = L(T). Since pz(L"(T")) = p(L(T))
has the positive full measure, Theorem 2.6 implies HD(L(I')) < 6/e. By Theorem
2.11, we have HD(L(T)) > &/e, which means that the Hausdorff dimension of the
limit set is /¢ exactly. 1]

REFERENCES

(1] W. Ballmann, M. Gromov and V. Schroeder, Manifolds of nonpositive curvature, Progress
in Mathematics 61 (Birkhauser Boston Inc, Boston MA, 1985).

[2] P. Eberlein, ‘Geodesic flow in certain manifolds without conjugate points’, Trans. Amer.
Math. Soc. 167 (1972), 151-170.

[3] P. Eberlein and B. O’Neil, ‘Visibility manifolds’, Pacific J. Math. 46 (1973), 45-109.

https://doi.org/10.1017/50004972700020244 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700020244

[11] Hausdorff Dimensions 209

[4] U. Hamenstddt, ‘A new description of the Bowen-Margulis measure’, Ergodic Theory
Dynamical Systems 9 (1989), 455-464.

(5] V.A. Kaimanovich, ‘Invariant measure for the geodesic flow and measures at infinity on
negatively curved manifolds’, Ann. Inst. H. Poincaré Phys. Théor. 53 (1990), 361-393.

{6] V.H. Kim, ‘Conformal density of visibility manifold’, Bull. Korean Math. Soc. 38 (2001},
211-222.

{7] S.J. Patterson, Lectures on measures on limit sets of Kleinian group, London Math. Soc.
Lecture Note Ser. 111 (Cambridge Univesity Press, Cambridge, 1987), pp. 281-323.

[8] D. Sullivan, ‘The density at infinity of a discrete group of hyperbolic motions’, Inst.
Hautes Etudes Sci. Publ. Math. 50 (1979), 171-202.

[9] C. Yue, ‘The ergodic theory of discrete isometry groups on manifolds of variable negative
curvature’, Trans. Amer. Math. Soc. 348 (1996), 4965-5005.

Department of Mathematics
Hoseo University

Baebang Myun

Asan 337-795

Korea

e-mail: hjkim @math.hoseo.ac.kr

https://doi.org/10.1017/50004972700020244 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700020244

