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Abstract

We consider a multi asset financial market with stochastic volatility modeled by a
Wishart process. This is an extension of the one-dimensional Heston model. Within this
framework we study the problem of maximizing the expected utility of terminal wealth
for power and logarithmic utility. We apply the usual stochastic control approach and
obtain, explicitly, the optimal portfolio strategy and the value function in some parameter
settings. In particular, we do this when the drift of the assets is a linear function of the
volatility matrix. In this case the affine structure of the model can be exploited. In some
cases we obtain a Feynman—Kac representation of the candidate value function. Though
the approach we use is quite standard, the hard part is to identify when the solution of the
Hamilton—Jacobi—Bellman equation is finite. This involves a couple of matrix analytic
arguments. In a numerical study we discuss the influence of the investors’ risk aversion
on the hedging demand.

Keywords: Wishart process; portfolio problem; CRRA utility; stochastic control;
Hamilton—Jacobi—Bellman equation; matrix exponential

2010 Mathematics Subject Classification: Primary 93E20; 91G80; 91G10

1. Introduction

Asset price models need stochastic volatility in order to produce the ‘smile effect’ between
the implied volatility and the strike price of a call option, or to reproduce the ‘leverage effect’,
i.e. that past returns are negatively correlated with future volatilities. To cover these aspects,
many one-factor stochastic volatility models have already been introduced, among them the
popular Heston model (see Heston (1993)). However, recent empirical studies show that even
in a single asset model it might be reasonable to model the volatility by at least two factors
(see, e.g. Cont and Da Fonseca (2002)). Moreover, it is often necessary to model a complete
portfolio of assets. Hence, in recent times multivariate extensions of the Heston model have
been proposed. They all build on the matrix Wishart process for the volatility which was
introduced in Bru (1991). It is a direct multivariate extension of the Cox—Ingersoll-Ross model
and has been extended and used for financial applications; see, e.g. Gourieroux and Sufana
(2003), (2004), Da Fonseca et al. (2007), (2008), Buraschi et al. (2010), and Muhle-Karbe et
al. (2012). While these papers consider option pricing, hedging, credit risk, and term structure
models, we will investigate portfolio optimization problems. More precisely we consider the
classical problem of maximizing the expected utility of terminal wealth in a multi asset Wishart
volatility market for power and logarithmic utility. During the work on this project we became
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aware that Hata and Sekine (2011) also considered portfolio optimization problems in a similar
setup with the risk-sensitive criterion. However, their methods were different and they also
focused on different aspects as we will explain below. Another recent article is Richter (2012),
where solutions of BSDEs in such a setting are considered and applied to indifference pricing.
There the exponential utility is also dealt with. In Buraschi ef al. (2010) a model with two
assets and a two-dimensional Wishart process is considered and the hedging demand for a
power utility problem is treated. Besides these articles, to the best of our knowledge, there are
no others yet which deal with optimization problems in this financial market. Moreover, all
these papers consider only financial markets where the process of volatility and the stochastic
logarithm of the asset has an affine differential with respect to the volatility. We call this the
affine case. In Kallsen and Muhle-Karbe (2010) the authors consider a general semimartingale
market which is again affine. They consider portfolio problems with power utility but only in
the single asset framework.

In this paper we use the classical stochastic control approach and solve the portfolio opti-
mization problem with the help of the Hamilton—Jacobi—Bellman (HJB) equation. However, it
turns out that this is a nontrivial task due to rather complicated computations. Moreover, some
interesting aspects occur in the sense that in some parameter settings the problem is rather
easy and in others it is not. We already know from Kraft (2005) (also see Kallsen and Muhle-
Karbe (2010) and Liu (2007)) that in the one-dimensional Heston model, which is included
as a special case, there are parameter settings where the value function is not finite and thus
the stochastic control approach breaks down. See also Korn and Kraft (2004) for a word of
warning in this direction. It will turn out that in the affine case (i.e. when the drift of the
stocks is a linear function of the Wishart process, which is assumed in most models and also
in the Heston model), there are parameter settings where the value function is finite and can
be computed explicitly. In this case fortunately we can show that the optimal value function
is a Laplace transform of the Wishart volatility process and we can use results in Gnoatto
and Grasselli (2014), where such expressions have been computed. The affine structure of the
process is exploited here. Still the impression remains that this is a very special case because the
corresponding optimal portfolio strategy is completely deterministic and, hence, measurable
with respect to the initial information. We also identify another situation with special Q matrix
and special correlation between the Brownian motions which drive the asset dynamics and those
which drive the volatility dynamics. However, there is also the situation of general drift, where
the HJIB equation boils down to a linear partial differential equation and where we have at least
a candidate for the value function via a Feynman—Kac representation formula. In particular,
the case of uncorrelated Brownian motions belongs to this category.

In Hata and Sekine (2011) the authors solve a risk-sensitive portfolio problem in an affine
Wishart-volatility model. While doing this, they also solve the power utility problem. However,
they use the risk sensitive approach and use a change of measure first, before they set up the
HIJB equation. Moreover, they do not get a closed form solution like we do and they do not
discuss the cases where the value function is infinite. On the other hand they do tackle infinite
horizon problems.

The outline of our paper is as follows: In Section 2 we introduce the multi asset financial
market, where volatility is modeled by a Wishart process, and state the optimization problem.
In Section 3 we derive the associated HJB equation. The next section is then dedicated to
finding solutions of this HIB equation. We divide this section into two parts. In the first part we
consider a general asset drift, but with specific correlations, and in the second part we treat the
affine model where we derive an explicit solution. In Section 5 we verify that this solution in
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the affine model is indeed the value function of our portfolio problem. In Section 6 we briefly
discuss the case of the logarithmic utility function, and in Section 7 we consider some numerical
examples and discuss the hedging demand in a two-dimensional setting. The appendix contains
some of the proofs and auxiliary results.

2. The Wishart volatility market

It is well known that the classical standard Black—Scholes model is not flexible enough to
create the smile effect, nor does it satisfy the leverage effect either.

To cover these shortcomings of the standard Black—Scholes model, Gourieroux and Sufana
(2004) have presented a multivariate Wishart stochastic volatility. The model introduced below
possesses a generalized drift compared with Gourieroux and Sufana (2004). It is an extension
of the one-dimensional Heston model.

In our model the market consists of one riskfree asset with price process (S? )r>0 and d risky
assets. The constant riskfree rate is » > 0 and the dynamic of the riskfree asset is

ds? = s%dr, S0 =1.

We denote by (S;.;)r>0, 1 <i < d, the price processes of the d risky assets and by (S;);>0 =
(St.15 - -5 St.a)e>0 the vector process. The return of (S;);>0 has a Wishart stochastic volatility
(2¢)r>0. The joint dynamics of (S;);>0 and (X;);>0 are given by the (vector-matrix-) stochastic
differential system,

ds, = diag(S,)(B(X,) dt + =,;/*dw), 2.1)

A%, = (NNT + M2, + 5,MT)dr + 32 aw? 0 + 0T @w?)" 5,72, 2.2)

where (W,S )r>0 1s a d-dimensional Brownian motion vector and (W/);>0 is a d x d Brownian
motion matrix. All processes are defined on a common probability space (2, , P). In what
follows, (¥7):>0 denotes the corresponding Brownian filtration. The entries between (W[S )i=0
and (W/);>0 can be correlated. We assume that d(Wfk, Wfl.j) =pijdtforl <k, i,j<d.
The matrix diag(S;) is a diagonal matrix with entries S; 1, ..., S;,4 on the diagonal. Further,
N, M, and Q are d x d matrices with N € GL;(R) the set of real invertible matrices of
dimension d x d. We also assume that NNT > (d +1)07 Q (where A > B means that A — B
is positive semidefinite) which, according to Theorem 2.2 of Mayerhofer e al. (2011), implies
that (2.2) has a unique global strong solution on S:,“ (R) which is the set of symmetric positive
definite matrices of dimension d x d. As usual, for ¥ € Sj (R), we denote by X !/2 the unique
matrix A € Sj (R) for which A2 = ¥. The function B Sj (R) — R is measurable and will
be specified later.

In what follows we will assume, for the correlation coefficients pi;j, 1 < k,i,j < d
between the Brownian motions, that o ;; = 0 for k # i and prx; =: p; is independent
of k. In particular we denote p = (p1, ..., pq)T. This means if (B;) is another d-dimensional
Brownian motion vector independent of (W), we assume that

w52 /1—pTp B, +W’p.

Example 2.1. The Wishart stochastic volatility model can be regarded as an extension of the
Heston model to the multidimensional case. Recall that the one-dimensional asset return process
(S1)r=0 in the Heston model is determined by the stochastic process

dS; = Si(u+ rZ) dr + /7, dWS,
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whereas the volatility process (Z;);>0 follows a Cox—Ingersoll-Ross process
dZ, = k(0 — Z;)dt + £/ Z, dWZ,

where (W,S )r>0 and (WtZ )¢>0 are Brownian motions with correlation p, and u, «, 6, and & are
suitable constants in R. We easily see that the dynamics above are specifications of (2.1) and
(2.2) in the one-dimensional case.

We now assume that an agent can invest into this financial market and define the portfolio
strategy process (77;);>0 as an R?-valued progressively measurable process with respect to

(F#)i>0, where m; = (77,1, ..., 7, d) and 7y represents the proportion of wealth invested
into stock k at time ?. Obv10usly, 70 := 1 — 1 s the proportion of wealth invested in the
bond, where 1=(1,..., )T € R?. Under a fixed portfolio strategy (7;);>0, the portfolio

wealth process (X7 );>0 has the following dynamic

ds?

ds,
_ T or 0
dXT = X[n| = + X7, K

Applying the dynamic (2.1) yields

7T

172
x” =@ (B(Z) — 1) +r)dt + 7752 dw?, (2.3)
with Xg =xpandr = (r, ...,r)] € RY. We consider only portfolio strategies where (2.3) has
a unique strong solution and call them admissible. The solution of the portfolio wealth process

(X7)is
4 1/2 T 1 2
X7 :xoexp</ [nST(B(ES)—r)—f-r— 2> ||2} ds—i—[ 2w )
0 0

Now, denote by U : Ry — R a (strictly increasing, strictly concave) utility function. We
want to solve the classical problem of maximizing expected utility of terminal wealth for power
and logarithmic utility. The value function of the optimization problem reads as

Vit,x,2) = sup]E’x Z[U(X )], x>0%¢€ S;(R),t e[0,T], (2.4)

where E/** is the expectation with respect to the conditional distributions X, = xand ¥, = %,
and where the supremum is taken over all admissible portfolio strategies. We will follow the
usual way using stochastic control, i.e. we will first derive the HIB equation, then find a solution,
and, finally, verify it. However, the challenge here is to identify parameter cases where the value
function is finite. As pointed out in Kraft (2005) and Korn and Kraft (2004), this is an important
issue and in this case a nontrivial task.

3. The HJB equation and its transformations

In what follows we assume that U (x) = x¥/y for y < 1,y # 0. The formal derivation
of the HJB equation is as follows. Since the process (V (¢, X[, ¥,));>0 is a supermartingale
under any admissible portfolio strategy  and a martingale under the optimal one, the drift of
the process, which is derived using the It6—Doeblin formula, has to be zero when maximized
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over all portfolio allocations. In order to apply the Ito—Doeblin formula we have to compute
the quadratic variation and covariation of (X7') and (%;):

Sk, Spg)r = [Zip(1(QT Qg
+ 2ok (0T Q)i + Zig()(QT Q)ip + Zieg ()(QT Q)1 dt,
(S, XY = XTI 2@ o) + (/e (QT p)i1dt,
d(X™), = (X[} Ty dr.

We will also denote by G; and G, the partial derivative with respect to ¢ and x and we denote

the operator matrix
( 8 )
V= .
dXij 1<i,j<d

Thus, a candidate G(z, x, ) € CH22([0, T] x Ry x Sj (R)) for the value function should
satisfy the HIB equation:
0=G,+Tr(NNT + M + SMT)VG) + rxG,
+3Tr(E(V+ VDT OV + V)G
+ sup (xu” (B — )Gy + sx*u” TuGy + xu” 2(V + VG, 07 p},

ueRd

with terminal condition G(T, x, ¥) = x¥/y. When we use the usual Ansatz G(f, x, ¥) =
xVg(t,X)/y with g > 0 and substitute in the expressions above we end up with the HIB
equation

1 1 T T T T
;(&-I—ETV(Z(V-FV WO OV +V)g+Tr(NN' + M + M )Vg))

y —1

+rg+ sup {uT(B —r)g+
ueRd

=0.

u' Sug +u’ T(V + VT)gQTp}

Obviously, a maximizer of this HIB equation is given by

B(Z) — )+ 2(V+Vhei, )07
n*(t,Z):Zl(( (X)—1gt, X)) +X(V+Vier )0 p) G.1)
(I-y)g, %)
for X € Sj (R), 0 <t < T. Substituting the maximum point into the HIB equation, we arrive
at
g +ATr(EV+VHQTO(VT +V)g+ Tr(NNT + MZ + =MT)Vg)
y _
+yrgt ST (B~ 0’2 7'(B -ng’ +20" Q(V+V)e(B —r)g
+pTQ(V+Vgm(V+ Vg0 p)
=0. (3.2)

In the next section we will solve (3.2) under further conditions on the model parameters. Note,
in particular, that B = B(X) is up to now an arbitrary (measurable) function of . In Section 4
we will consider the following two cases:
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Case 1. B(X) is general and
p=p1 and Q;; = Q1j, ceR, 2<i<d,c:=1, (3.3)

i.e. the correlations are the same and the rows of Q are multiples of the first row.
Technically this condition implies that under the transformation g = h® for a suitable
é the last two terms in (3.2) at least partially cancel and there remains a linear partial
differential equation, whose solution can be represented by a Feynman—Kac formula.

Case2. B(X) —r = Xv forav € R?. This assumption implies a constant market price
v of variance-covariance risk. It is also used in the one-dimensional Heston model
(see Example 2.1). In this case it is possible to derive an explicit solution. In some
parameter cases one can show that the solution is finite. The key property that makes this
case solvable is the fact that the Wishart process (Z;) is an affine process and the value
function of the problem can be interpreted as a Laplace transform of (%;).

4. Solutions of the HJB equation

4.1. A candidate for general drift
In this section we consider case 1, so let us assume (3.3). This implies

d . \2
0"pp" @ =p*Q" 11" 0 = p?Q" 0 with p* = ﬁz(zj—lclz).
> iz ¢
We use the further transformation
1 —
%) =h(t, B withs = — V)
I=y)+vyp

In this case (3.2) reduces to the linear partial differential equation

he + Tr(S(V+ VDT +V)h+Tr(NNT + M + SMT + H)Vh)
yr Y o Tv-l,p
+ (F + TR )8 (B-r) X (B r))h
=0 4.1

with terminal condition 4(7T', ¥) = 1 and matrix

Y
1=y

This specific transformation has been used before in Zariphopoulou (2001); in particular, it was
used in Kraft (2005) regarding the one-dimensional Heston model and in Rieder and Biuerle
(2005) in a model with partial observation. Here we get exactly the same § as in Kraft (2005),
p. 305.

It is now possible to formally derive a solution via a Feynman—Kac formula. So far we
worked under the physical measure P. We now denote a new measure by PP associated with the
following Radon—-Nikodym derivative:

dP T 1 (7

T o 2

Z; = —| =exp / Tr0(%s)" dWy) — —/ 160 (X25) ]|~ ds
d]P F t 2 t

QTp(B—1)" +(B-1)p" Q).

https://doi.org/10.1239/jap/1389370097 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1389370097

Optimal portfolios for financial markets with Wishart volatility 1031

with
Y _
(%) = m(2‘/2) YB(=)—n)pT, T e SSR).
For ad x d matrix A, we define by || A 12 = Zi, j aizj the Frobenius norm. Then, we obtain the
following theorem which is proved in Appendix A.

Theorem 4.1. If the Radon—Nikodym derivative (Z;) is an (¥;)-martingale and if

~ R T yr 14 T
h(t,2) =E I:eXp(/t (? + m(B(Es) —r)

x T7N(B(Zy) — r)) ds>i| e c'%(0) (4.2)

with O = [0, T~] X Sj (R), then the solution h of (4.1 ),~if it exists, has the Feynman—Kac
representation h, where [E denotes the expectation under P.

Hence, we have a candidate solution for the stochastic control problem. However, for a
general function B, it is difficult to compute the expectation or verify the solution. In the next
subsection we consider the special case of a linear function B where we get an explicit solution.
4.2. The linear drift case

In this subsection, we consider case 2, i.e. the drift coefficient B(X) of (S;);>0 satisfies
B(X) —r = v for some v € R?. The asset dynamic (S;);>0 can now be written as

ds, = diag(S)((r + X,v) dt + %,/ dWS).

The key property that makes this case solvable is the fact that the Wishart process is an affine
process and its Laplace transform can be computed (see, e.g. Gnoatto and Grasselli (2014)).
We will later see that under the optimal strategy the expected utility of terminal wealth exactly
reduces to a Laplace transform of the Wishart process. The partial differential equation in (3.2)
now reads

&+ ITrEV+VNHQETO(VT + V)g + Tr(NNT + ME + =MT)Vy)

+yrg+—"—"Evg* + 20" Q(V7 + V)gTvg
2(1—-y)g

+p" 0V +V)g=(V+ Vg0 p) =0 (4.3)
with g(T, ) = 1.

In the next theorem S;(R) denotes the set of symmetric real matrices of dimension d. The
proof can again be found in the appendix.

Theorem 4.2. With boundary condition g(T, ¥) = 1, the partial differential equation (4.3)
possesses the following solution in the cases where the expressions are finite:

g, X) =exp(@(T — 1)+ Tr[y(T — X)), 4.4)

where ¢(t) € R and ¥(t) € Sg(R) for t € [0, T] are solutions of the following Riccati
equations system:

V() = Y(OM + My () + 29 ) 0T Oy (1) + T, (4.5)
¢i(t) = Triy ()NNT 1+ yr (4.6)
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with

M AT — oT Y T T,
+(1_ )Q pv’ 0 0=0 Q+—(1_V)Q pp" QO
F=_—Y W

21 —y)

and the initial conditions, ¥ (0) =0 € S4(R) and ¢ (0) =0 € R.

Note that equation (4.6) is not a problem because ¢ can simply be obtained by integrating the
right-hand side. The Riccati equations (4.5) have a finite solution in some parameter settings and
there are different ways to compute a solution. For example, it is possible to use a linearization
of the matrix Riccati ODE (see Gnoatto and Grasselli (2014) for details). In this case one
obtains, with Proposition 11 of Gnoatto and Grasselli (2014):

Proposition 4.1. In the case where a finite solution of (4.5) exists fort € [0, T]with ¥ (0) = 0,
the solution is given by

Y1) = Yoo ()P (1),

Ui Y@\ M -207Q
<w21(r) sz(t))_eXp{t<f _mT )}

and M, QT Q, and T are given in Theorem 4.2.

where

However, the inverse 1//2_21 (t) does not necessarily exist and it is hard to give conditions on the
parameters which imply existence. The next proposition presents an alternative representation
of the solution (under further parameter restrictions) which allows explicit conditions. As
usual sinh(A) for A € S:{(R) is defined as sinh(A) = (e* —e™4)/2 where e/ is the matrix
exponential. Moreover, the log which appears there is the matrix logarithm. The proof can be
found in the appendix.

Proposition 4.2. Suppose MT(QT 0)~! = (QT Q)~'M. Fort € (0, T, define
k(1) := —(y/C3 cosh(v/Cat) + €y sinh(v/C21)) ™ (+/C2 sinh(y/Car) + €y cosh(y/Ca1)),
Cr:= 020+ M"(QT O)~'M) 0" € S4(R),
Cr==-0M" Q") 0" € Su(R),
with M, QTQ, and T’ given in Theorem 4.2. If
20+ M"(Q"0)'M =0,  JC+C1 =0, and 0TQeGLiR) (47

are satisfied, then the partial differential equation (4.1) possesses, on [0, T, the finite solution

(4.4), with
vt =20 Ve o - tmT (0T 0),
() = —ATr(NNTMT(QT Q) Dt + yrt

3Tr(Q NN 07 ogl(v/C2) ™ (/G2 cosh(y/Car) + Cy sinh(y/Can)))).

Remark 4.1. (a) Note that the condition M T(QTQ) = (QT Q) 'M is more general than
the commutativity assumption M Q QM in Bru (1991). For a discussion see Gnoatto and
Grasselli (2014).
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(b) The first two conditions in (4.7), for the existence of a finite solution of the Riccati equations,
reduce to the single condition

r<mM'20"0)'m, (4.8)

it MT(QT Q) !is negative semidefinite. Under this assumption, C; is positive semidefinite
and, thus, condition (4.8) implies the condition /C> + C; > 0. Ify > 0and Q € GL4(R) then
QTQ € GL4(R)isalways satisfied. Note that, fory < 0, the condition " < MT(ZQ Q) 'm
is always fulfilled.

(c) In the special case d = 1 the conditions (4.7) coincide with the results in the Heston model
in Proposition 5.2 of Kraft (2005). Let us use the terminologies in Kraft (2005) and denote, for

d=1,
M=-5_0 by 0:="2
=—= <0, Vi=A, = p, = —,
2 pi=r 2
W _* . y o 5 K
T2 12T Ty
In Kraft (2005) it is assumed that & > 0. Then 070 =0o2(1 +yp%/(1 — y))/4 =: 6% and
2MT(QT Q) ' = —k /6% is negative semidefinite. The condition in (4.8) can be written as
Y 1 < 5  2yipok y2i2p202> 1
— A < — .
2(I—-vy) 1=y (1=y)? )20+ yp*a?/(1 —y))

Note that the term o> 4+ yp202/(1 — y) is always positive, thus, multiplying both sides with
this expression, the inequality above can be simplified to

Ao 2
vk (A e K
1—y\2 o 202
which is condition (26) in Kraft (2005).

(d) The one-dimensional Heston model with power utility has also been solved in Kallsen and
Muhle-Karbe (2010) using martingale methods. They deal with parameter settings where the
value function is finite for certain time horizons up to a critical one. The conditions in (4.7)
ensure that the value function exists for all 7 > 0. Inspecting the proof of Proposition 4.2
we may also be able to identify cases where the matrix 1/C, cosh(y/Cat) + Cj sinh(y/Cat) €
G L4(R) for some ¢ up to a critical one.

5. Verification

In this section we consider the linear drift case from Section 4.2 and verify that
X7
G, x,%) = —exp@(T —1) + Tr[y(T — X)), 1 €[0,T], (5.1
4

where i and ¢ are solutions of (4.5) and (4.6) respectively, is indeed the value function of our
portfolio optimization problem, given G (¢, x, X) is finite which is, for example, satisfied under
the conditions of Proposition 4.2.
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First note that our candidate, for the optimal portfolio strategy 7 *, is given using (3.1) by
= w*(t, Ty) with

\ 29T —0)Q"p
+ .
—Y I—y
Note that 7*(z, ¥) = /", i.e. the optimal strategy is purely deterministic and does not depend
on X.
We will show directly that the corresponding value attained by this portfolio strategy is
G(t, x, ) and every other admissible portfolio strategy will not yield a larger value.

T, %) = 1 (5.2)

Theorem 5.1. (Verification.) Suppose the function G in (5.1) is finite (this is, for example,
satisfied under the conditions of Proposition 4.2). Given (rt}") as in (5.2), there is

s 07
14

and for every other admissible portfolio strategy m we obtain

] =G(t,x,%), te[0,T], x>0, ZeS R

t,x, 2 (X;T‘)y +
EP 2L < Gr,x, ),  1€[0,T], x>0, £eSI®R).
14

Thus, V. = G and (") in (5.2) is the optimal portfolio strategy.

Proof. The inequality for every admissible portfolio strategy is standard and the proof
follows e.g. that of Kraft (2005) Proposition 4.3. For the equation, recall that we have

T T
1
X7 =XT exp(/ |:7TSTZSV +r— 5||71STES1/2||%] ds —l—/ JTSTZSl/ZdWSS>
t t

with X7 = x. Let us denote

7. = dQ _ r *Tzl/Zd S Vz T *Tzl/z 2d 53
t = _d]P) - =expl| ¥V ) (ﬂs) s Ws — 7 i ||(7'[S) s I7ds ], (5.3)
1

which is a martingale by Proposition A.2 in Appendix A. Using Girsanov’s theorem, we obtain

XV EN (X))
— X ’ T _l T 1/2)2
= exp| ¥ () Zgv+r 2II(JTS) ' ll7 | ds
t
T
+y/ (n;*)Tzi/def)}
t
T
1
=%"’E[e><p<y/ [(n;‘)TEsvw— §||(n:)T(2S)1/2||§
t
14
+ En(n:)T(zs)l/?ng] ds)]
_Et,x,E T s\T 7/—1 s\ T *1d
=Eg exp| v () Zgv+r+ 5 ()" Bgmy | ds
t

T —
= IE(’(’;'Z [eXp(W(T -0+ / Tr[(VV(JTs*)T + wﬂj(”;ﬁ)T)ES} ds)}
' (5.4)
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In what follows let us introduce the deterministic matrix-valued process

yiy =1 _,

Fo=yva)! + =5 —nim)’

which appears in (5.4). By substituting the optimal strategy 7* and using (4.5), we obtain

1
Fy = L{—VVT +vp! QU(T —5)
1—y 12

— (T —5)0T pv! = 29/(T — 5) 07 pp” QY (T — s>}

=Y (T —5) =Y (T — )M — M"Y (T —5) = 2y(T — ) QT Qy/(T —5)
YT =0TV 4 (T =907 pp” QYT =),

Now note that under Q defined in (5.3) the process WZ := W7 — y Etl / znt* pT isalso astandard
Brownian motion and the dynamics of (3;), under Q, is given by

ds, = (NNT + M3, + ;M) di + =2aw? 0 + QT @w?)' x,/?

=(NNT+ M2, + s MT +yS70T Q0 +y 0T p(x)T' %)) dt
+35,2dWe 0 + 0T @w?)’ %, /%,
Hence, under Q the process (X;) is again a Wishart process with drift

NNT + M2 +EM" +yEn*p’ 0+ y QT p(n*) %,

2
= NNT + M3, + 5, MT + 1’_’yz,vaQ+ 1_)’)/

2
0TS+ 0 el QU — 03

S (T —1)0T pp’ Q

Next we compute ftT Tr(FsXy)ds under Q. For this instance, note that due to the product rule
and since ¥ (0) = 0 and X; = X, we obtain

T T
/ Tr(Y (T — 5)5) ds = Tr(Zw(T —1) +[ (T — s)d25>.
t t

Substituting the dynamics of (X;) under Q we obtain
T T
/ Tr(FsXs)ds = Tr(Zy (T — 1)) +/ Tr(y(T —s)NNT)ds
t t
T
- / Try(T —s)Q" QY(T — 5)%;) ds
1

T T
+Tr</ W(T—S)Zsl/2dW§’Q+/ w(T—S)QT(de)TESUZ).
t t

Note that the differential equation (4.6) can be written as

T
& —1) = / Tr(W(T — s)NNT)ds + yr(T —1).
t
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Hence, we obtain

XV EP (X))
T
= E{@x>2[exp<yr(T —1) +/ Tr(FxEs)ds>:|
t

T
=Eg"” [exp<Tr(2w(T — D)+ (T —1) — / TrQy(T — )07 QY(T — 5)Z,) ds
t

T T
+Tr(/ w<T—s>2§/2dWSQ+/ w(T—s)QT(de)TEsl/z))}
t t
— exp(TF(SY (T — 1) + (T — 1)

T
x Egh* [exp(‘f TrQQy(T — )Ty (T —)Q")ds

t

T
+ 2Tr(/ Oy (T — s)Esl/des”>>}.
t

With the help of Proposition A.1 it can be shown that the expression within the expectation is
a Q-martingale with expectation 1, which yields

rE [—(X; )V} _ % exp(Tr(SY(T — 1)) + ¢ (T — 1),

and the statement is shown.

Remark 5.1. The optimal portfolio strategy (rr;*) in (5.2) can be decomposed into the Merton
ratio v/(1 — y) and the hedging demand given by

29(T -0 p

1—y '
In the case where there is no correlation between the Brownian motions that drive the assets
and those which drive the volatility process, i.e. p = 0, the optimal portfolio strategy reduces

to the Merton ratio and does not depend on time. In all case note that the optimal portfolio
strategy does not depend on NN and is deterministic.

6. Logarithmic utility case

In the case where the utility function in (2.4) is the logarithmic utility U (x) = logx, the
problem can be solved by pointwise maximization. Indeed, in the general drift case, for an
admissible portfolio strategy, we obtain

E"**(log(XT))

T
1
= logx + RE/** / ml (B(Zs) — 1) +r — §||7TSTEsI/2||%d5:|
t

T
+Et,x,2|:/ 2T dWSS}
t

- X
< logx + E-%% / max <nsT(B(zs) —P)+r— §||nsT zs‘/2||§> ds}, 6.1)
LJ ¢t

s, S€E(L,
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when we assume that ftT al %2 dW5 is a true martingale. Obviously the maximizer is here
given by
7*(2) =27 (B(Z) — ). (6.2)

For the case B(X) = r + Xv with a v € R?, it is evident that )/ =vand
T 1/2
f vz 2 aws
t
is a true martingale.

Substituting 77* into (6.1) yields

sup ]E”x’z(log(Xg)) =logx +r(T —1)
(7rs)

T
+ %f E"*E((B(Zs) — )T 271 (B(Z) — 1)) ds.
t

For further computations we need to calculate the conditional expectation of the function
f(E) = BE) -0 Z7 (BE) —1).

Note that 3; has a Wishart distribution for fixed r. We refer the reader to Matsumoto (2012) for
the conditional expectation of the moments of real inverse Wishart distributed matrices, and to
Sultan and Tracy (1996) for the moments of central and noncentral Wishart distributions.

7. An example

In this section we compute the optimal portfolio strategy numerically for time horizon 7 = 1
in a two-dimensional example for the case B(X) —r = Xv. More precisely, we consider a
financial market with one riskfree asset and d = 2 risky assets. The parameters are taken from
Buraschi ef al. (2010), where such a model is calibrated to real market data from the Standard
and Poor’s 500 Index and 30-year Treasury bonds. For the volatility process (%;) they obtained

M= —1.21  0.491 0= 0.167 0.033
“\0.3292 —1.271)° —\0.001 0.09 )’
_(—0.115 (4722
P=\—0s540) V= \3317)
In the computation we assume that we have an investor with power utility U(x) = x”/y,

y < 1, y # 0, where we vary the parameter y. We use the formula in Proposition 4.1 to
compute (1), i.e.

() = Y)W (r),  tel0, 1],

Y11 () wu(w) (M —ZQTQ>
= ~ ~ , t €[0,1],
(wzlm i) TP —mT (041
and M, QTQ, and T are given in Theorem 4.2. In our numerical study, v¥ns(f) was
always invertible and we obtained finite values for 1/ (¢). The optimal portfolio strategy is

where
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Time
Time 0.0 02 04 06 08 10
00 02 04 06 08 1.0 0.00
0 / —0.021
1 /) —0.041
] 0.06
’ = —U.U07
g -3 ; g
N £ —0.081
S I °
té() 5 ,,’ %‘3 —0.10 //’
2 6 2 —0.121
] o —0.141 g — Asset 1
7 — Asset] --- Asset2
—81 --- Asset2 —0.16
-9 —0.181

FIGURE 1: Hedging demand (2/(1 — )y (1 — 1) QT p for asset 1 and 2 for (from left to right) y = 0.8
and y =0.2.

given by (5.2),

.Y 2y =1Q7p

T, = + .
I—y -y

Indeed, in the figures we only plot the hedging demand.

Note that the degree of risk aversion of the investor changes with parameter y. Formally the
degree of risk aversion is defined by the Arrow—Pratt absolute risk aversion coefficient, which
is

U’ (x) 1
— = =(-y)-
U'(x) X
in the case of the power utility. Thus, the risk aversion decreases for all wealth levels with y.
The case y — 0 corresponds to the logarithmic utility: It is easy to see that y — 0 implies
I' — 0 and, hence, a trivial solution of (4.5) is ¢ = 0. Thus, the hedging demand

2y(T —1)Q"p
-y
in this case is 0 and 7} = v. We know from (6.2) that this is the optimal portfolio strategy in
case of a logarithmic utility.

If y € (0, 1), the investor is less risk averse than in the logarithmic utility case and we
expect a negative hedging demand which implies a tendency to shortsell stocks. Indeed, when
we look at the pictures of the hedging demand for different y we see that positive y (less
risk averse investor) implies a negative hedging demand (see Figure 1) and negative y (more
risk averse investor) implies a positive hedging demand (see Figure 2). We have observed
this behavior in all our numerical computations. This effect has also been reported in other
situations with power utility (see, e.g. Rieder and Béuerle (2005)). Since the formula for (r;")
is still quite complicated we did not try to prove this observation but we conjecture that it is
true for reasonable parameters.

In any case, the numerical study shows that it is very easy to compute the optimal portfolio
strategy numerically since the formulas are explicit and no numerical integration is needed.
Much higher dimensions than d = 2 would also pose no numerical problems.
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(@ 0.051 (b)
— Asset 1 0.157 —— Asset |
0.04 --- Asset2 - --- Asset2
< 2 e
§ 0.031 5 0107
o Q
! 2
£ 0.021 ‘T
i ke
32 o 0.057
s jan)
0.01+
0.00 . . . . \ 0.00 : : : : )
00 02 04 06 08 1.0 00 02 04 06 08 1.0
Time Time
(©)
0.061 — Asset 1
L --- Asset?2
0.057~~._
T 0.041
<
g
Q
<= 0.034
on
g
2 0.021
(]
T
0.01+
0.00 . . : : )
00 02 04 06 08 1.0

Time

FIGURE 2: Hedging demand (2/(1 — y))¢¥ (1 — 1) QT p for asset 1 and 2 for (a) y = —0.1, (b) y = —1,
and (c) y = —8.

Appendix A
This section contains some proofs and auxiliary results.

_ Proof of Theorem 4.1. Observe first that under the new measure P, the process defined by
W7 =W — f(; Q(ZS) ds is a d x d matrix Brownian motion on [0, T] by the Girsanov
theorem. Thus, under [P the process (X;) has dynamics

1/2

A%, = NNT + M3, + s MT + Hydr + 5, 12

dw? 0 + 0T @w)’'s,
where we have~used 21/29Q + QT9T21/2 = H. Hence, the process (X;) is again a Wishart
process under P, however, with different drift. The characteristic operator of this process is,
for f € CZ(S;(R)), given by
(ANE) = 3TrEV + V)TV + V) f
+Tr(NNT + M3 +=M" + H)Vf) underP.
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Then the partial differential equation (4.1) can be written as
yr 14 Ts—1
Ah=—-h —|—+—"——B-1r)2 (B-— h, h(T, %) =1.
, (8+2(1_M( )Tzl r)) (T. %)

Applying the theorem of Feynman—Kac, we conclude that the representation in (4.2) is the
solution of (4.1) under proper conditions.

Proof of Theorem 4.2. We simply verify that g given in (4.4) satisfies (4.3). To this end note
that
g =—8(T =) + Tr(Y (T —1)D)),

Vg =Vg=gy(T -,
gxu,zi; = 8Vji(T — )Y (T —1).
Substituting these derivatives into (4.3) yields (obviously g cancels out):

0=—(¢ +Tr(y D) +2Tr(EY(QT Q)¥) + Tr(W(NNT + ME + M)

+yr+ Trv Sv+4p7 QuSv + 40" Qu sy 0 p).

_r
2(1—=y)
In order to see that the right-hand side is really 0, keep in mind that ¢ satisfies (4.6), i satisfies
(4.5), and the following relations hold:

_r
2(I—-vy)

14 T Y T 14
—2(1_V)Tr(4p QvZv) = 1_yTr(V/o ovE)+ =y

Tr(p" Q¥ Sy QT p) = Tr(y Q" pp” Q¥ T).

To ensure g(T, ¥) = 1, we need the initial conditions ¥ (0) = 0 and ¢ (0) = 0. This completes
the proof.

Tr(vI Tv) = Tr(C'Y),

Tr(y 0T pv' 2),

Proof of Proposition 4.2. The explicit representation of ¢ and ¢ follows directly from
Theorem 11 of Gnoatto and Grasselli (2014). Given Q7 QO € GL4(R), these expressions are
well defined and finite when

K () :=+/Cycosh(y/Cat) + C; sinh(y/Cyt) € GLi(R), te[0,T].
Indeed, we show now that K () € GL4(R), for all # > 0, if and only if
2 +MTOTO)"'"M =0 and /Cr+C; > 0.

First of all note that C, is symmetric and for the well definedness of the matrix square root of
C», we need C; to be nonnegative definite, which is equivalent to —2I" + M7 (QT 0)~'M > 0.
Consider the situation t = 0. We obtain K (0) = +/C>. Then K(0) € GLy(R) if and only if
2+ M7 QT Q)M = 0.

Subsequently, we show the sufficiency of the conditions for # > 0. For the sake of simplicity,

we write
K@) = 1(/Co+ CeV® + L(/Cy — Cppe Ve,

Note that, for /C> € S (R) and t > 0, there is eV € ST (R) and e V2 = (e¥C2)~1 ¢
Sd+ (R). Moreover, expanding the matrix exponential functions as a series, we obtain eV _
e VG » (0 for /C; € S;(R),t > 0. Hence, we can write eVC2 = e=vVC2l P(t) with

https://doi.org/10.1239/jap/1389370097 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1389370097

Optimal portfolios for financial markets with Wishart volatility 1041

P(t) € S (R). Then there is
K@) = L(/Cr+ eV + P(1)) + L(/Cy — C)e VO
= /Coe V' £ 1Oy + CP @),

which is always invertible if and only if det(K(t)) # O, for all + > 0. Note that
det(K(@®)P~11)) = det(K(2))det(P~1(¢)) and det(P~'(t)) > 0, for all + > 0, since
P(t) € S} (R) for all positive . We obtain K (t) € GLy if and only if det(K (t) P~ (1)) # 0,
for all + > 0. Because of

KO P™H (1) = /Cre VO (V0 — VOl L(/Cy + Cp)
e G Vo e Y/ i W S T (VIR o)

413 -
= (21‘1 +2:%/Cy + 5Ot )
>0

it follows that det(K ()P~ (1)) # 0, for all t > 0 from /C5 + C; = 0.

Finally, we show the necessity of the conditions. We assume JCs + Cq 7% 0. Note that,
fort = 0, K(0) = /C; > 0, which implies that all the eigenvalues of K (0) are positive. If
JCo + Cy % 0,i.e./Cr+Cy possesses at least one negative eigenvalue, we can show that the
matrix (v/C2 + C 1)e*/C7I also has at least one negative eigenvalue by using a matrix similarity
transformation,

1
1
+§(\/ Cr+ Cy),

o (/Cy+ C1)eVC) = 6 (V)2 (\/Cy + C1)(eV)!/?),

where o (A) denotes the spectrum of the matrix A. Then, for large enough 7, it follows that K (¢)
has at least one negative eigenvalue. Since the spectrum of a matrix is a continuous function
on the entries of the matrix (see Rellich (1969)), we conclude that there exists a + > 0 with
K (1) ¢ GL4(R) if /C2 + C; - 0. This completes the proof.

Proposition A.1. Let us denote
r 1,2 I 12,2
Z; = exp(/ Tr(As Ty dW7) — 5/ As 25 || ds>,
13 t

where (A;)ief0,1] IS a deterministic process with values in R¥*4 and bounded by A* € RI*4,
Then (Z;)te[0,1] is a martingale.

Proof. By Lemma 4.2. in Hata and Sekine (2011), (Z;) is a martingale if there is a constant
C° € Ry such that

VTre(®)0T (2)0(2)07(2)) < C°YTr(TT) A1)
with () = AX!/2. Consider the left-hand side of this inequality,
Tr@O(2)07 (2)0(2)07 () = Tr(ASAT Az AT)
< imax Tr(AT T AT)
= Amax T (ZATAY)

<2 Tr(EX),

max
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where Amax is the largest eigenvalue of AT A. The second to last inequality follows from the
fact that the trace of a matrix is the sum of its eigenvalues and

ATSATATSAT = ASOAOT AT < A AZTAT,

where O AOT is the spectral decomposition of AT A. The last inequality follows in the same
way, i.e.
TATAY = SO0A0TE < ipx TX.

Since A, € R*4 js bounded on [0, T, Amax is also bounded on [0, T'] and we denote its upper
bound by A% .. Hence, we conclude that (A.1) is satisfied with C® = A%, which implies that
(Z;) is a martingale. This completes the proof.

Proposition A.2. Let us denote

r 1
Z, ::exp(/ ATn{?aws — 2/ 1AT /%2 ds), tel0,T],
t t

where (A;)icl0,1] is a deterministic process with values in R4 which is bounded by A* € R4,
Then (Z;)ie[0,1] is a martingale.

Proof. First note that it is sufﬁcient to show that EZ, = 1 fortr € [0, T]. Since (WtSk,

we k/> = p; we obtain (W, k) (p1 Wfkl +./1 - ,ofW[,kl), where (W,) is ad x d Brownian
motion matrix independent of (W/). Thus, denoting v, := (01,0, ..., O)T € R4 and Uy =

( 1—p12,0,...,O)T € RY, we obtain

1/2 1/2 1/2

dWS 2 Trw,AT's, 2 dW?) + Tr(@,Al £,/° dW,)

and
1/2 1/2 1/2 1/2
IAT S 212 = (0?4 (1 — p2DIAT 5212 = v, AT 2212 + 19,47 721
Hence, we can write

T T
1
Z; 2 exp</ Tr(vaST 1/deU) - 5,/ ||vaXT 1/2” ds >

t t

.
xexp(/ Tr(5,A! El/deS)—E/ I5,A7 53772 ds>
t

t

T T
= 8(/ Tr(v,Al'S l/de")) e:(f Tr(i,Al'S l/deY)> ,
. 13 . t

where & denotes the stochastic exponential. Now we obtain

EZ, =E[E[Z | 7' 1)

T T
=E[8</ Tr(v,ATS l/de")) E[S(/ Tr(v,Al s 1/2dwg)> ?TW“H.
. t . t

Since (W,) and (W/) are independent, the inner conditional expectation is equal to 1 due
to Example 4 in Liptser and Shiryaev (2001). From Proposition A.1 we conclude that the
remaining expression is also 1.
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