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Abstract

Some new Gronwall-Ou-Iang type integral inequalities in two independent variables
are established. We also present some of its application to the study of certain classes
of integral and differential equations.
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1. Introduction

One of the most useful methods available for studying a linear and nonlinear system
of ordinary differential equations is the use of linear and nonlinear integral inequalities
which provide explicit bounds on the unknown functions. Over the last scores of years
several new linear and nonlinear integral inequalities have been developed in order to
study the behaviour of solutions of such systems. See, for example, [1-13].

In the study of the boundedness of solutions to linear second-order differential
equations, Ou-Iang [9] established and applied the following useful nonlinear integral
inequality. If u, f are nonnegative continuous functions on Ry = [0, 00), ugp > 0is a
constant and

t
WA (1) < u3+2/ f(s)uls) ds (1.1)
0
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forallt € Ry, then

'
u(t)§u0+/ f(s)ds, teR,.
0

Like the Gronwall type inequalities, (1.1) is also used to obtain the boundedness
of solutions to the unknown function. Furthermore, this result has been extended
and generalized by many authors (see [1-3, 5-7, 11-13]). Therefore, the integral
inequalities of this type are usually known as the Gronwall-Ou-Iang type inequalities.

Recently, Pachpatte in [13] obtained a useful upper bound involving functions in
two independent variables on the inequality

uP(x,y)§c+pZ[/
i=1 a
(1.2)

and its variants, under some suitable conditions on the functions involved in (1.2) and
including the constant p > 1. These inequalities are applied to study the boundedness
of the solutions of the retarded partial differential equation (1.3) with the initial
boundary conditions (1.4)

oi(x)  rBi(y)
[ai (s, HuP (s, t) + bi (s, Hu(s, )] dt ds]

i (x0)  Bi(x0)

i[ Pl )i ( )}
3y Z X,y axz X,y

=Flx,y,z(x —h1(x), y —g1(y), ..., 2(x — hpy(x), y — gn(¥))], (1.3)
z(x, yo) =e1(x), z(xp, y) =e2(y), e1(xp) =ea(yo) =0. (1.4)

The authors Cheung [2], Cheung—Ma [3], Dragomir—Kim [5, 6] and Pachpatte [13]
established additional new Gronwall-Ou-lang type integral inequalities involving
functions of two independent variables. Our main aim here, motivated by the
works of Cheung, Cheung—Ma, Dragomir-Kim and Pachpatte, is to establish
some new and more general Gronwall-Ou-lang type integral inequalities with two
independent variables which are useful in the analysis of certain classes of partial
differential equations.

2. Main results

We shall introduce some notation. Let R denote the set of real numbers and R
= [0, 00), I = [tg, T') be the given subsets of R. Let A = I} x I», where I} = [x¢, X)
and I =[yg, Y) are the given subsets of real numbers R. Denote by Ci(M, N)
the class of all i-times continuously differentiable functions defined on set M to the
set N. The first-order partial derivatives of a function z(x, y) defined for x, y € R with
respect to x and y are denoted by Dz(x, y) and Dyz(x, y), respectively.

LEMMA 2.1. Letu, a; € C(A, R}), o € Ccl(Iy, I), Bi € C\ (I, Ib) be nondecreas-
ingwitha;(x) <xonly, Bi(y) <yonlyfori=1,2,...,n. Let o € C(R4, R;) be
an increasing function with ¢(00) = oo and ¢ be a nonnegative constant. Moreover,
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let w1 € C(R4, Ry) be a nondecreasing function with wy > 0 on (0, o0). If

o(ux, y>><c+2[f

orallx € 11,y € Iz, then, for xo <X < X1, Yo <Yy < y1 with x1 € 11, y1 € 12,
1l 1 D, th ith 1 I

a;(x) Bi(y)
u(x,y)iw_l{ [G(c>+ (/ ai<s,z)dzds)]}, (2.2)
i=1 \Jai(xo) z(xo)

here Gory= | —
where - G(r) / wilp1(9)]

ai(x)  rBi(y)
a; (s, Hwy(u(s, 1)) dt dsi| 2.1

i (x0) i (x0)

r>rg>0,

90’1, G are, respectively, the inverse of ¢, G and x| € I, y| € I are chosen so that

ai(x)  rBi(y)
G(c) + (/ ai(s, t) dt a’s) € Dom(G ™),
i=1 @

i (x0) i (x0)

@ @) B
|:G(c) + (/ ai(s, 1) dt ds>:| € Dom(p™ ")
i=1 W«

z(xO) l(-x())
forall x € [xp, x1] and y € [y, y1]-

PROOF. Define a positive function z(x, y) by

a;(x) Bi(y)
zx,y)=c+e+ [/ a; (s, Hwi(u(s, 1)) dt ds:|,
i=1 LY ei(xo) JBi(vo)

where € is an arbitrary small positive number. Then (2.1) can be restated as

u(x, y) <o 'z(x, 1. (2.3)

It is easy to observe that z(x, y) is a continuous nondecreasing function for all
xell,yelzand

n Bi(»)
Dyz(x, y) = Z[/ﬁ a;j(a;(x), Hwi(u(a;(x), 1)) dl]Of{-(X)
i=1

i (50)

IA

Bi(») 1
[/5 a;j(a;(x), Hwi (e~ [z(a;i (x), D]) dt]alf(x)

i (Y0)

w1 (o~ [, D Z[ [3

1

A

»

a; (o (x), 1) dt:|ozf (x). (2.4)
i (Yo)
Using the monotonicity of ¢~ and wj, we deduce

w1 (@ z(x, Y1) = wi (9 z(x0, y0)) = w1 (9 '[c + €]) > 0. (2.5)
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From the definition of G, the inequalities (2.4) and (2.5) give

Diz(x, y) - /*""(” ] )
DG , = < i(oi(x), 1) dt |a; (). 2.6
GG ) = oo <;[ oy @0 D @) 26)

Keeping y fixed in (2.6), setting x = o and integrating it with respect to o from x¢
to x, x € I1 and making the change of variable, we obtain

n ai(x) rBi(y)
Ga(r. ) = GGatro. ) + Y [ ai(s, 1) dt ds.
i=1 Y%

i(x0) Y Bi(yo)

Since G~!(z) is increasing, letting € — 0 yields

n ai(x)  rBi(y)
Z(x, y) < G~ ! |:G(C) + Z / a; (s, t)dt ds] 2.7
i—1 Yai(xo) v Bi(yo0)
for
n ai(x) rBi(y)
G(c) + Z/ ai(s, 1) dt ds € Dom(G™).
i=1 Yai(xo) JBi(yo)

Using (2.7) in (2.3), we get the required inequality in (2.2). This completes the proof
of the lemma. O

In what follows, for any functions f;, g; € C(R4+, Ry), define
o (x) rBi(y)
Lo, g [ fi(s, 1) + &i(s, )] = [fi(s, 1) + gi(s, t)] dt ds.
@ (x0) 7 Bi(y0)

THEOREM 2.2. Let u, f; € C(A, Ry), aj € C'(I1, I), Bi € C' (I, I) be nonde-
creasing with oj(x) <x on I, Bi(y) <y on I fori=1,2,...,n. Let c be a
nonnegative constant. Moreover, assume that ¢ € C(R4+, R4) and wi € C(R4+, Ry)
are defined as in Lemma 2.1. If

Qux, Y) Sc+ D Lo gL fi(s, Duls, Hwi (u(s, 1))] (2.8)
i=1

forall x € I, y € I, then, for xo <x <x2, yo <y < yywithxy € I1, y, € I,

u(x, y) < w—l{sz—l [G—I(G[mc)] + ) L gL fiGs, r)])] }
i=1

where

Q(r)—/zi r>ro>0 G(z)—/Z ds z>2z20>0
el T ~ ), wile i@ Ty T
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Q1 q)_l, G ! are, respectively, the inverses of 2, ¢, G and x3 € I1, yy € I, are
chosen so that

G(Q(E) + Y Loy p,Lfi(s, )] € Dom(G ™),
=1

1

G [G(Q(c)) + ) Ly gL fiGs, r)]} € Dom(Q 1),
i=1

Q' {G—‘ [G(Q(c)) + D Ly LG, r)]]} € Dom(p™")
i=1

forall x € [xg, x2] and y € [yg, y2].

PROOF. Let us first assume that ¢ > 0. Define a positive function z(x, y) by
n
2@, ) =c+ Y Loy gL fi(s, Duls, Hwi(u(s, )],
i=1

Then z(x, y) > 0, z(xg, y) = z(x, yo) = ¢ and (2.8) can be restated as

u(x, y) <o z(x, 1. (2.9)

It is easy to observe that z(x, y) is a continuous nondecreasing function for all
xe]l,yelgand

n Bi(y)
Diz(x, y) = Z[/ﬂ [fi (@i (x), Dula;(x), Dw U, (x), 1))] dl]af(x)

i=1 i (Y0)

n Bi(y)
< Z[ /ﬁ [ i), D™ 2l (), Dl (9™ [z(ei (), D] dr]a; (x)

i=1 i (30)

n Bi(»)
< ¢7'Lz(x, )] Z[ /ﬁ [ i, D™ (@i ), 0D dt}a;oc).

i=1 i (70)
Using the monotonicity of ¢! and z, we deduce
¢~z NI = ¢ z(x0, yo) =97 () > 0.
From the definition of 2 and the above relation,

Diz(x, y)
o Hz(x, )]

n Bi(y)
< Z[ fﬁ [ i, it~ (@i ), 0D dr]a;w.

i=1 i (30)

DiQ(z(x, y)) =

(2.10)
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Keeping y fixed in (2.10), setting x = o and integrating it with respect to o from xg
to x, x € I; and making the change of variable, we obtain

Qz(x, ) Q) + Y Lo p Lfils. Dwi (@™ [2(s, HD]. (2.11)
i=l1
Now, an application of Lemma 2.1 to (2.11) gives
2(x, y) =Q7! [G“ <G(§2(c)) + Y Ly gl fiGs, t)])] (2.12)
i=1

Using (2.12) in (2.9), we get the required inequality.
If ¢ = 0, we carry out the above procedure with ¢ > 0 instead of ¢ and subsequently
let ¢ — 0. This completes the proof. O

THEOREM 2.3. Let u, f;, gi € C(A, Ry), a; € C'(Iy, ), B; € C' (I, I) be non-
decreasing with a;j(x) <x on I1, Bi(y) <y on I fori=1,2,...,n. Let c be a
nonnegative constant. Moreover, assume that ¢ € C(R4, Ry) and wy € C(Ry, Ry)
are defined as in Theorem 2.2. If

pulx, y) <c+ Z Lo g [ fi (s, Du(s, DHwi(uls, 1)) + gi(s, Hu(s, )] (2.13)
=1

1

forallx € I,y € I, then, for xo <x <x2, yo <y <yywithxy € I}, yp € I,

u(x,y) <g! {sz—l [G—l (G[p(x, I+ Y oy g fi(s, r))] }
i=1

where
P, ) =Q() + Y I, 4180, D],
i=1
Q(r)—/ri r>rg>0 G(z)—/Z ds z>70>0
0 M L wilg (@ Ty 0T

Q=L 97!, G are, respectively, the inverses of Q, ¢, G and x> € I, y» € I are
chosen so that

Gi(Q) + Y Loy ;1 fi(s. 1) + g(s. )] € Dom(G; ),

i=1

G;! [mec)) + 3 o gL fils. 1) + g, r)]} € Dom(Q"),

i=1
Q! {G,.l [mec» + ) da il fiCs, 1) + gCs, r)]] } € Dom(p ")
i=1

forall x € [xg, x2] and y € [yg, y21].
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PROOF. Let us first assume that ¢ > 0. Define a positive function z(x, y) by
n
2, ) =c+ Y o g Lfi(s, Duls, DOwi(u(s, 0) + gi(s, Duls, N1, (2.14)
i=1

Then z(x, y) > 0, z(xg, y) = z(x, yo) = ¢ and (2.13) can be restated as
u(x, y) <9~ 'z(x, Y. (2.15)

It is easy to observe that z(x, y) is a continuous nondecreasing function for all
xell,yelzand

n Bi(y)
Diz(x, y) = Z[ [ [t e 0. s, )

i=1LYBi(vo)

+ i@ (), e (), 1) dt}a; x)

1 Bi(»)
- Z[/ﬁ [fitei). 9™ [zten (). 01w (9 (e (). )]

i=1 i (Vo)

+ 8@ (), D™ (e (), 1)] dr]a;(m}

n Bi(»)
<o 'z )] Z[ /ﬂ [ i), D™ @), )

i=1 i (50)
+ 8i(ei (), )] dr]a;(x). (2.16)

1

Using the monotonicity of ¢~ and z, we deduce

o z(x, M1 ¢~z (x0, yo)l = ¢~ (c) > 0.

From the definition of €2 and the above relation,

Diz(x, y)
o z(x, y)]

n Bi(») .
Z[ | [ nune w0
i=1LYBi (o)

+ gi(ai(x), t)] dt]a{.(x).

D1Q(z(x, y)) =

IA

Keeping y fixed in (2.15), setting x = o and integrating it with respect to o from xg to
x, x € I} and making the change of variable, we obtain

Qe ) Q)+ Y a g, [f,-(s, Hwi (9~ [z(s. D)) + gi (s, t)].
i=1
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Let x < X, y <Y be arbitrary numbers and denote
n
P ) =)+ Y Iy 418i(s. D]
i=1
From the above relation, we deduce

Qx, 1)) = P V) + D ey fils, Dun (o™ s, 0)) -

i=1

Now, an application of Lemma 2.1 gives
n
2x, ) <! [G‘l <G(p(X, V) + Y Lo gL fiGs, t)])].
i=1
Using the inequality (2.16) in the inequality (2.14), we get

u(x, y) <g”! {sz“ [G“ (G(p(x, Y+ Lo gL fiGs, t)])] }
i=1

Taking x = X, y =Y in the above inequality, since X and Y are arbitrary, we can
prove the desired inequality.

If ¢ = 0, we carry out the above procedure with ¢ > 0 instead of ¢ and subsequently
let ¢ — 0. This completes the proof. O

COROLLARY 2.4. Let u, f;, gi € C(A, Ry), o; € CY(I1, IT), Bi € Cl(Ih, I) be
nondecreasing with oj(x) <x on Iy, Bi(y)<yon lh fori=1,2,...,n. Let p> 1
and ¢ > 0 be constants. Moreover, assume that wy € C(R4, Ry) is defined as in
Theorem 2.2. If

n

WP (e, y) Sc+p Y Lo g Lfi(s, s, Dwi(u(s, 1) + gis, Huls, 1)]

i=1

forallx € I, y € I, then, for xo <x <x2, yo <y <y withxy € I, yp € I,
1 n 1/(p—1)
ulx,y) < [G_ (G[B(x, NI+p-1 Z Lo, ;L fi s, t)])] ,
i=1

where B(x,y)=cP=V/P 4 (p— 1) 3" I, 418 (s, )], G~! is the inverse func-
tion of

G(2) / T s 2050
= T 1/ 104 - >V,
z B RvCEy 2>720

and x; € 11, y € I are chosen so that

GIB(x. )+ (p— 1) Y _ Ly p [ fi(s. )] € Dom(G; )
i=1

forall x € [xg, x2] and y € [yg, y21].
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THEOREM 2.5. Let u, fi, gi € C(A, Ry), a; € CL(I1, I), Bi € C' (I, I,) be non-
decreasing with a;j(x) <x on I, Bi(y) <y on I, fori=1,2,...,n. Let ¢ €
C(R4+, Ry) be an increasing function with ¢(00) =00 and c¢ be a nonnegative
constant.  Moreover, let w1, wy € C(Ry, Ry) be nondecreasing functions with
wi, wy > 0on (0, 00). If

n
P, ) <+ > lup L fils, DWI(s, 0) + gils, Dwa(u(s, )] (2.17)
i=1
forallx € I, y € I, then, forxg < x <Xx2, yo <y < yo withxp € I1, yy € I, we have
the following property.
(1) For the case wo(u) < wi(u),

u(x, y) <o~ Gll(cuc) + Y o gl fi(s, ) + g, r)])}.
i=1

(2) For the case wi(u) < wy(u),

u(x, y) <9 165! (Gz(C) + ) da il fils, 1) + gCs, r)]) }
i=1
where
G'(r)=/z—ds r>rp>0 (=1,2)
’ o wilp i1 o

and (p_l, G;l are, respectively, the inverses of ¢, G; and x € 11, yy € I> are chosen
so that

Gi(©) + ) Loy [ fi(s, 1) + gi(c, N] € Dom(G; )

i=1
forall x € [xg, x2] and y € [yg, y2].

PROOF. Let us first assume that ¢ > 0. Define a positive function z(x, y) by
n
2, ) =c+ Y oy gLfi(s, Dwiuls, 1) + gils, Hwauls, ).
i=1

Then z(x, y) > 0, z(xg, y) = z(x, yo) = ¢ and (2.17) can be restated as
u(x, y) <o 'z(x, ). (2.18)

It is easy to observe that z(x, y) is a continuous nondecreasing function for all
xely,yelpand

n Bi(y)
Diz(x, y) < Z[ /,3 [fi(ai(x), Hwi (e~ [z(ei (x), H)

i=1 i (Y0)

+ g (e (), D™ (@ (), DY) ] dr]a; (x).
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1

(1) When wj (1) < wi(u), using the monotonicity of ¢~ and z, we deduce

. n Bi(y)
Diz(x, y) Swi(e™ [z(x, y)] Z[/ﬁ [fi(ei(x), 1) + gi (@i (x), 1)] dfi|06,{(x)~

i=1 i (Y0)

From the definition of G| and the above relation,
n Bi(y) ,
DG (z(x, ) < Z[ f [fi (i (). 1) + gi (e (x), 1)] dr}ai ). (219
i=1 LY Bi (o)
Keeping y fixed in (2.19), setting x = o and integrating it with respect to o from x¢
to x, x € I; and making the change of variable, we obtain

(x.y) <Gy (G(e) + 3 Ll fis. 1) + i, t)]). (2.20)
i=1

Using (2.18) and (2.20) in (2.17), we get the required inequality.
If ¢ = 0, we carry aut the above procedure with ¢ > 0 instead of ¢ and subsequently

lete — 0.
(2) When wi(u#) < wy(u), the proof can be completed similarly. This completes
the proof. O

THEOREM 2.6. Let u, fi, gi € C(A, Ry), aj € CY(Iy, ), Bi € C' (I, I) be non-
decreasing with o;(x) <x on I, Bi(y) <y on I for i=1,2,...,n. Let ¢ €
C(R+, Ry) be an increasing function with ¢(00) =00 and ¢ be a nonnegative
constant. Moreover, let wi, wy € C(R4, Ry) be a nondecreasing function with
w1, wy > 0on (0, 00). If

pu(x, y)) <c+ Z Loy p; Lfi (s, Du(s, Hwi(uls, 1)) + gi(s, Hu(s, Hwa(uls, 1))]
i=1

(2.21)
forallx € 11, y € I, then, for xo < x < x2, yo <y < ya withxy € I1, y» € I, we have
the following property.

(1) For the case wy(u) < wi(u),
u(x,y) < sol{szl [Hr1 (H1<sz<c>> + ) da g fiCs, ) + i, t)])] }
i=1
(2) For the case wi(u) < wy(u),

u(x,y) <! {9—1 [Hzl <H2<sz<c)> + ) da gl fi(s, 1) + i, t)])]},
i=1
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where
Q(r):/rld—s’ r2r0>0,
o 9 (2(s))
Hi(Z)=/Z ds , z>z0>0 (i=1,2),
2 Wile Q7)1

90_1, QL Hfl are, respectively, the inverses of ¢, 2, H; fori =1, 2 and x € I,
yo € I are chosen so that

n

Hy(2(0) + Y Loy p L fi(s. 1) + gi(s, )] € Dom(H; "),
i=1

H! (Him(c)) + Y o L fi(s, 1) + s, z)]) € Dom(Q™")

i=1
forall x € [xg, x2] and y € [yo, y2].

PROOF. Let us first assume that ¢ > 0. Define a positive function z(x, y) by
n
z(x, y)=c+ Z Lo g; [ fi (s, Du(s, Dwi(uls, 1)) + &i(s, Hu(s, Hwa(uls, 1))].
i=1

Then z(x, y) > 0, z(xg, y) = z(x, yo) = ¢ and (2.21) can be restated as
u(x, y) <o~ 'z(x, y)l.

It is easy to observe that z(x, y) is a continuous nondecreasing function for all x € Iy,
y € I and

n Bi(»)
Diz(x, y) < ¢ [z(x, y)] Z[ /ﬁ [ i), D™ (@i @), 0D

i=1 i (Vo)
+ g1 (), Dy~ 2@ (), 0D | dt]a,f(x).

1

Using the monotonicity of ¢~ and z, we deduce

o Mz(x, V1= ¢ z(xo, yo)l = ¢~ () > 0.

From the definition of €2 and the above relation,

n Bi (y)
DiQ(z(x. y)) < Z[ fﬂ [ i), o™ @), )

i—1 i (o)

+ i@ (x), D™ [z(@i (x), D] dt}a; (). (@22)
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Keeping y fixed in (2.21), setting x = o and integrating it with respect to o from xg
to x, x € I; and making the change of variable, we obtain

Qz(x, ¥) Q) + Y Ly gL fi s, Dwi(p™ 205, D) + gi(s, Dwalp™ ' [z(s, D).
i=1

(2.23)

Now, an application of Theorem 2.5 to (2.23), we can prove the desired inequalities.
If ¢ = 0, we carry out the above procedure with ¢ > 0 instead of ¢ and subsequently
let ¢ — 0. This completes the proof. O

3. Applications

In this section, we will show that our results are useful in proving the global existence
of solutions to certain differential equations with time delay. First consider the partial
differential equation involving several retarded arguments with the initial boundary
conditions

Dz(Zp_l(X, y)Diz(x, )’))
=Flx,y, z(x =h1(x), y = k1 (y)), ..., 2(x = hy(x), y — ks (y))], 3.1)
z(x, yo) =e1(x), z(xo,y) =e2(y), ei(xp) =ea(yo) =0, (3.2)

where p > 1 is a constant, F € C(A x R", R), e; € clay, Ry), er € Cl(I, Ry)
and h; € C' (I3, Ry), ki € CY(I, R.) are nonincreasing and such that x — £;(x) > 0,
x—hi(x) e C (11, I), y —ki(y) =0, y —ki(y) € C' (I, I), hj(x) < 1, k[(y) <
and h;(xg) =kij(yp) =0fori=1,...,nandx €I}, y € I,.

The following theorem deals with a boundedness on the solution of (3.1).

THEOREM 3.1. Assume that F : A x R" — R is a continuous function for which
there exists continuous nonnegative functions f;(x, y), gi(x, y) fori =1, ..., n and
x € Iy, y € I such that

n
|F(x, y,ut, ..., up)| < z{fi(x, Wluilwy(uil) + gi Cx, y)luil}, (33)
a@+eamlze

where c is a constant. Let

1 1
M’:ﬂné?h——h;(x)’ Ni:r}{leallzcl_—w, i=1,...,n. 3.4

If z(x, y) is any solution of the problem (3.1) with the condition (3.2), then

_ n _ 1/(p=1)
lzGr, Il < [G—l (G[B(x, D]+ =Y [5G z)])] ,
i=1
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where B(x,y)=cP~D/P 4 (p—1) Yol Lo g8 (s, D], G~' is the inverse
function of

d
G(z)=/ . 2220>0,
20 wl[s /(p— )]

forall (x, y) € Ay, where p(x) =x — hi(x), ¥ (y) =y — ki (y) and

fi(o, T) = M;N; fi(0 + hi(s), T + ki (1)),

el o,sel, t,tel.
gi(0, T) = M;N;gi(o + hi(s), T + ki (1)), ! 2

PROOF. It is easy to see that the solution z(x, y) of the problem (3.1) satisfies the
equivalent integral equation

X ry
P (x, y) =/ / F(s, 1, 2(s = hi(s), t —k1(®)), ..., 2(s = ha(s), t — k(1)) dt ds
X0 Y Yo
+e1(x) + ea(y).
From (3.3) and making the change of variables, we have

|z(x, MIP

<c+ply Z{fi(x, Wlz(s = hi(s), 1 = ki () |wi(|z(s = hi(s), 1 — ki (1))])
i=1

+ 8i(x, y)z(s — hi(s), 1 — ki(t))l}

<c+p Y Iy | fi0, DI Dlwi (2. DD + ., Nz Ol (3.5)

i=1

Now, a suitable application of the inequality given in Corollary 2.4 to (3.5) yields the
desired result. This completes the proof. O

REMARK 1. Consider the partial differential equation (3.1) with the initial boundary

condition (3.2). Assume that F : A x R" — R is a continuous function for which
there exists continuous nonnegative functions g; (x, y) such that

n
IF(e,y, s un) <) gix, vl (3.6)
i=l1

Let M; and N; be functions defined by (3.4). If z(x, y) is any solution of the
problem (3.1) with the condition (3.2), then the solution z(x, y) can be written as

x oy
P(x,y) = / / F(s, t,z(s — hi1(s), t —k1(2)), z(s — hp(s), t — kn(t))) dt ds
X0 Yo
+e1(x) +ex(y). (3.7
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From (3.6) and (3.7), making the change of variables, we have

y n
Iz(x,y)l”§c+p/

X
X0 YYo=

8i(x, z(s — hi(s), t — ki(®))| dt ds
1

=c+p Z Ly, ;[ 8i(x, y)z(o, T)I]. (3.8)

i=1

Now, a suitable application of the inequality given in Corollary 2.4 to (3.8) yields

) n 1/(p—1)
|z(x, V)| < [c“’ P4 (p=1) Y loy g B, r)]]
i=1

forall (x, y) € A, where ¢ (x) =x — h;(x), ¥ (y) =y — k; (y) and

gi(o, 1) =M;N;gi(c + hi(s), T +ki(t)), o,se€l, t,tel.

In the following, we present an application of the inequality given in Section 2 to
study the boundedness of the solutions of the initial boundary value problem for the
hyperbolic partial delay differential equations of the form

Dr(D1¢(z(x, y)))
=Flx,y, z(x =h1(x), y =ki(¥)), ..., 2(x = ha(x), y — ka(y))], (3.9)
@(z(x, yo)) =e3(x), @(z(xo, y)) =es(y), e3(xo) =es(yo) =0, (3.10)

where ¢ € C(R4+, R4) is an increasing function with ¢(0) =0, ¢(co) =00, F €
C(A x R", R),e3eC (I}, Ry),e4 € C'(Iy, Ry)and h; € C'(I1, Ry), kieC' (I, Ry)
are nonincreasing and such that

x —hi(x) >0, x—hi(x)eC\(l, ),
y—ki(») >0, y—k()eC'(h, b)),
Rix) <1, k() <1, hi(xo)=k(yo)=0

foralli=1,...,nandx €I}, y € I,.
The following theorem deals with a boundedness on the solution of (3.9).

THEOREM 3.2. Assume that F : /A x R" — R is a continuous function for which
there exists continuous nonnegative functions fi(x, y), gi(x,y) foralli=1,...,n
and x € 1, y € I such that

[F e,y uns o un)| <4 fiGe, Wluilwi(uil) + g (x, y)uilwa(lu])}, 3.11)
i=1 :

le3(x) +es(V)| =,
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where c is a constant. Let

1 1
M;=max ———, Nj=max ———, i=1,...,n. (3.12)
xehy 1 —hl(x) veh 1 —ki(y)

If z(x, y) is any solution of the problem (3.9) with the condition (3.10), then, for the
case wy(u) < wi(u),

l2(x, ) <o~ {9—1 [H;l (Hl[sz(c)] + Y gy [ file, ) + 8o, r)])]},

i=1

where ™1, Q71 H Uare, respectively, inverse functions of ¢, Q, Hy for all (x, y)
€ A, Q(r), H((z) are as in Theorem 2.6, ¢(x) =x — h;(x), ¥ (y) =y — ki (y) and

fi(o, T) = M;N; fi(0 + hi(s), T + ki (1)),
gi(o, 1) =M;N;gi(oc + hi(s), T + ki(t))

forallo,s el and,t € I.

PROOF. It is easy to see that the solution z(x, y) of the problem (3.9) satisfies the
equivalent integral equation:

@(z(x, y))
=/ fy F(s,t,z(s —h1(s),t —k1(®)), ..., z(s — hy(s), t — k,(¢))) dt ds
x0 /¥

0 (U

+e3(x) + es(y).

From (3.11) and making the change of variables, we have

Pz, VD = ¢+ Y L[ /i Wzl = hits), 1 = ki)
i=1

x wi(|z(s — hi(s), 1 — ki(1))])
+ &i(x, Y)z(s = hi(s), 1 — ki (D) |wa(|z(s — hi(s), 1 — ki (t))l)]

<+ I | il DIz, Dlwn (260, )
i=1

+ 0 Wiz, Dlwa(lz(, D . 3.13)

Now, a suitable application of the inequality given in Theorem 2.6 (1) to (3.13) yields
the desired result. This completes the proof. O

REMARK 2. Consider the partial differential equation (3.9) with the initial boundary
condition (3.10). Assume that F : A x R"™ — R is a continuous function for which
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there exists continuous nonnegative functions g; (x, y) such that

n
[F e,y un, - ) <) gi(x, p)luil. (3.14)

i=1

Let M; and N; be functions defined by (3.12). If z(x, y) is any solution of the
problem (3.9) with the condition (3.10), then the solution z(x, y) can be written as

o(z(x, )
= / /*y F(s,t,z(s —h1(s), t —k1(2)), ...,z(s — hu(s), t —k,(2))) dt ds
X0 Yo
+e3(x) + ea(y). (3.15)

From (3.14) and (3.15) making the change of variables, we have

0 j=1

X y _n
oz = et [ 03 gt vl = hito).r — kol de ds
X0 Y'Y

IA

cH Y Iy B, o, D). (3.16)

i=1

Now, a suitable application of the inequality given in Theorem 2.3 to (3.16) yields

l2(x, Y| < w—l{sz—l (9(@ + ) Is 5, f>])}

i=1
for all (x, y) € A, where ¢(x) =x — h;(x), ¥ (y) =y — k; (y) and

8i(o, 1) =M;N;gi(0 + hi(s), T+ ki(t)), o,sel, t,tel.
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