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BOX DIMENSION FOR GRAPHS OF FRACTAL FUNCTIONS

by GAVIN BROWN and QINGHE YIN

(Received 24th August 1995)

We calculate the box-dimension for a class of nowhere differentiable curves defined by Markov attractors
of certain iterated function systems of affine maps.

1991 Mathematics subject classification: 28A80.58F12.

1. Introduction

Box dimension is one of the widely used fractal dimensions. Bedford [1] calculated
the box dimension of a class of self-affine curves. These curves appear as attractors of
hyperbolic iterated function systems (HIFS) of affine maps. In this paper we calculate
the box dimension of curves which can be considered as Markov attractors of HIFS
of affine maps.

A hyperbolic iterated function system (X; T,,... , Tn) is a compact metric space
together with contractive maps Tt : X i-> X. There exists a non-empty compact subset
A of X such that •

= \J T,(A)-

A is called the attractor of the HIFS. A Markov transition matrix M is an n x n
irreducible 0-1 matrix. Then there exist non-empty subsets Al,A1,...,An of A such
that

A, = | J T,(Aj)
M()=\

The set AM = (J"_, A, is called the Markov attractor of the HIFS associated with M.
Ellis and Branton [3] and the second named author [6] estimated the Hausdorff
dimension for Markov attractors. Gibert and Massopust [5] gave the Hausdorff
dimension of a certain class of fractal curves which appear as attractors of HIFS of
affine maps.

In this paper, X will be the unit square [0,1] x [0, 1] and Tt will have the form

331

https://doi.org/10.1017/S0013091500023774 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500023774


332 GAVIN BROWN AND QINGHE YIN

<;)•(; :)(;)• ft)
where 0 < \a,\ < |c,| < 1. Our main result is that under certain restrictions we have

dimfl(i4,) = s

where s is determined by

1 0

and where || • || denotes the Perron-Frobenius eigenvalue of the matrix.

2. The construction of curves

The metric space we employ is a rectangular subset /, x I2 of R2. Without loss of
generality, we let /, = /2 = [0, 1]. Use J to denote [0,1] x [0, 1]. For i — 1, 2 k,
define Ttj : J >-> J by

For n = /, 4-l2 H + k, define an n x n matrix M in the following way: We use
Mmua) to denote the (/, -\ + /,_, +j, /, H 1- /„_, + v) element of M. First we let
M(ilXiv) = djv. Furthermore, for each (if) and each u we define Mmuv) — 1 for exactly one
17 € {1,2, . . . , / „ } , and M(W(uo) = 0 for all other cases. Assume that M is irreducible.
Suppose T]j, i — 1, 2 , . . . , k,j = 1, 2 , . . . , /, satisfying the following conditions:

1. a, > 0 and a{ +a2-\ + ak = 1, x, = 0 and x1+, = ax-\ + a,, i = 1, 2 , . . . , k — 1;

2. let (0, yj) be the fixed point of Tv,j = 1 , 2 , . . . , / , and (1, y]) be the fixed point of
Tkj,j = 1, 2 , . . . . /t. We assume that there exists a y0 e [0, 1] such that P2Tuv(0, yj)T - yo

if M(uv)W)= ! . « # 1 and P2^»(l . ^ ) T =^0 if Af(lll,xw = 1, u / k, where P2 is the
projective map to the second coordinate.

For each fc-tuple (;(1),;(2),.. .,;(/c)), where 1 < ; ( i ) < ' , , let r = \Jk
i=lAm. Then we

have

Theorem 1. T is the graph of a continuous function ij): [0, 1] >-» R.

Proof. For each sequence i , , i 2 , . . . . by the definition of M, there exists exactly
one sequence (i,j(»i)). ('272). • • • such that M(liyi)(,t+i;i+l) = 1. If the elements of the sequence
(,, i2,... are not all 1 or k except finite many, then there exists exactly one point (x, y)
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such that

Define <p(x) = y.
For the sequence ixi2... iml 1 1 . . . and i , i 2 . . . «m — Ikkk... let

J = Th A.I) • • • rw_ ^ J , where M(,Wm)(1., = 1

and

1
• w h e r e Mc»-'^)w) = * •

By conditions 1 and 2, we can easily see that T,mjm(0, yjf = Tlm-V'J\,y'jl)
T• Hence

(x, y) = (x', / ) . Again, we define q>{x) = y.
On the other hand, it is easy to see that for each x e [0, 1] there exists one (or two

for countably many) sequence i,, i2,... such that

where P, is the projection to the first coordinate. Hence we have defined a function
q> : [0,1] •-» R.

Next we show that q> is continuous by showing that F is a continuous image of
[0,1].

* = E^i( '» - O/fc"1. «„ e {1,2, . . . ,*} define * : [0,1],-» T by letting

where j , determined by Mllt_tJi_lWljl) = 1. We show that ij/ is cont inuous. Let
a = m a x j ; { L i p ( ^ ) } . Given e > 0 choose N large enough such that <xN < e/{2-Jl).
Let 5 = 'k~N+>. For x = £~=1(im - l)/fcm and x' = E^ . i (« - " 0 /*" . i f I* " ^1 < S w e

must have i, = M,, i2 = u2,..., iN = uN or i, = u,, i2 = u 2 , . . . , i(_i = ut_u i, = u, + 1 and
i/+1 = . . . = iN = 1, u,+l = . . . = uN — k. In the first case, it is easy to see

— iKx') < £• In the second case, we have

and
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~ m^«> '1 '̂1> *2>2 • • • J i | - l . i>AJW 1uN+lvN+, • • • Jumvm\ Q I-

As in the above, let (0, y,) be the fixed point of TXj and (},y'v) the fixed point of Tkv.
By the second assumption we know that

Let E=TilU{Tll)
tl'lJ\jTil_XviTil_hvi{Tkv)

N-lJ. Then diam(E) < 2aN-'+1V2, since the two
parts of the union have a common point. Therefore

- U*')\ < di&m(Ti]jii0Tilh ... T^j^E) < a'-'diam(E) < e. •

Example 1. Let k > 2. Define TtJ : J >-> J (i=l,2 k;j = 1, 2) as follows:

• C M : .-.)(;)*(')•
where min{a, 1 — a} > j . Let M be defined by

When He = 3

1 if (ij) = (uv) or

0 otherwise.

l o o l o I
0 1 1 0 1 0

0 1 1 0 0 1

1 0 0 1 1 0

0 1 0 1 1 0

1 0 1 0 0 1

It is easy to check that (1) and (2) are satisfied. We let ;(i) = 1, i = 1,2,3. The
continuous function fkx, can be defined in the following way: for x — ]T^ i Xm/k"\
x m e { 0 , l , . . . , f c - l } , l e t
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m=\

where u, = 1 and

"m+I = { , . . .
I 1 — um otherwi

and lm = w, + u2 H I- «m — 1. Figures 1 to 4 show the first four steps of iteration,
where a = 1/2. When a = 1/2 we write fkA as Bk and call it a Bush function. Functions
of this kind were first considered by K. A. Bush [2] as an example of continuous
nowhere differentiable functions.

FIGURE 1 Step l(fc = 3, a = 1/2).

FIGURE 2 Step 2 (k = 3, a = 1/2).
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FIGURE 3 Step 3 (k = 3, a = 1/2)

FIGURE 4 Step 4 (fc = 3, a =1/2)

The function cp in Theorem 1 is usually nowhere differentiable. In some cases
it may be differentiable almost everywhere. We call this the degenerate case. In
fact if we let b, = 0 for all i and yi} = 0 for all (i,j) then we have IJISO. In the
next section, we calculate the box dimension of the graph of q> in non-degenerate
cases.

3. Main results

In this section we calculate the box dimension of Y under certain conditions. We first
establish a more general result.

Let (J;TUT2,..., Tn) be a HIFS where 7J : J t-> J is defined by
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«K IKK)
with 0 < \a,\ < IcJ < 1. Let M be an n x n Markov transition matrix. Let AM be the
Markov attractor of the HIFS associated with M. Let s be the number such that

\\M

0

= 1. (1)

Then we have

Proposition 2. dimB(/4M) < s.

Proof. Let £ „ = {1, 2 , . . . , n}N. Let J2M b e a subset of £ „ which consists of all
the elements (i, i z . . . ) such that Mijij+I = 1. Denote

M(s) = M

0 K\\anr
lj

By the Perron-Frobenius Theorem, there exists a vector p = (p,,p2. • •• <Pn)T

Pi > 0 such that

M(s)p = p.

We assume that £"=1 P. = 1- Define a probability measure on X!n by letting

MM) = P,.
MK/D = Af (s),vP;.

^([i,i2 • • • i j) = M(s)ll l2Af(s)(l l j... M(s)ft_lftpfc,

where [M2 •••'*] is the cylinder set which contains all elements which begin with
i , i2. . . i t . Clearly, the support of \i is J^M. Let a = min{|a,|, \a1\,..., \an\}. Given
5 > 0, suppose a m ><5>a m + l . For each x 6 AM, there exist it,i2,...,i, with
5 > |a,,a l 2 . . . au\ > am+2 and M,, = 1 such that x € Th ... TtlJ = JhU. Let

C = {[j, . . . i,]; I is the first number such that 8 > \ahatl... a,,| > cf+2, Af,,.+1 = 1}.
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It is easy to see that if [ i , . . . i,], [j{...j,] e C and [ i , . . . i,] / [_/,...;,], then
[ i , . . . i,] D [j, .. .j,] = 0. Therefore C is a disjoint cover of £ M .

Now we calculate how many 5-squares (square of side length 8) are needed to cover
AM. The height and width of Jh ,, are \ch... cu\ and \ah ...ah\ < 8 respectively. Hence,
at most tic,-, . . . cit/ah ... ak\] + 1 5-squares are needed to cover Jh i( n /4M.

U,...i,

28~s

...a,

K . . . c i l \ \ a i l . . . a i i r

2<TS

Therefore, for any 8 > 0, at most 28~s/a11 • min^p,} squares are needed to cover AM.
Hence dimB(i4M) < s.

When not all bt = 0, we need the following lemma. In the following we use \Jif...iJH

and Wi^.jjw to denote the height and width of Jh ia respectively.

Lemma 1. There exists a > 0 such that

\Jh...im\H<B\ch...CiJ.

Proof. When m=l, we have \Jh\H < \ch\ + \bn\. Let c = max{|bi|/|c,|}. Then
A.IH - ( ] +c)lci,l- Assume that

\Jl2...im+l\H <amk-2...cf_m+l|.

Then
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<(<xm + cdm)\ci2...cim+l\,

where d — max{|a,|/|c,|}. Hence we can choose am+1 = am + cdm. Notice that a, = 1 + c.
Therefore,

Hence the number 1 + c/(l — d) can be chosen as a. •

Now we assume that the HIFS satisfies the following conditions:

3. for any i , i2 . . . im with M,.,.+, = 1 let

yhn...tm = inf{y; (x, y) 6 J,th...im n AM for some x}

and

yhi~i* = suP0>; (x, y) e 7I|)2...lni n ^ M for some x}.

We assume that there exist ft > 0 such that for any e > 0

4. for any ^2...im with M r > > 1 = 1

^2(-/,,,2...,n n AM) = [yhh...im, y* i 2 . . . ,J,

is an interval; and

5. open set condition. If Mj; = 1 and i ^ j , then TtJ C\TjJ — 0.

Theorem 3. Suppose the HIFS satisfies the above conditions. Then

dimfl(/lM) = s.
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Proof. We only need to show that dimB(AM) > s. Given 0 < 5 < 1 assume that
am > 5 > am+l. For any x e AM there exist i,, . . . i, with M,, = 1 and

25 < la,, .. . a,,| < am~2 such that x e •/,....,,. Given e > 0, because of the assumptions 3
and 4, there are at least [f}\ctl ... cl(| )(5] ^-squares which intersect with •/,,...,-, n 4 M .
Since \Jix_u\w = K, ••o,, | > 8 and in view of the open set condition, each ^-square
intersects at most 4 such sets. We again use C to denote all the cylinders [i|,...i(]
mentioned above. Again C is a disjoint cover of £ M . The following calculation
gives us the number at least that many <5-squares are needed to cover Au.

[r'l.... i"/]eC

P \ ^ l̂ ii • * • ^ii I P ^""^ l̂ ii " * ' ^ii I

)3 v ^ , |1+ei ,_, , _ , ,
X/7^- f •* i i i i t

Therefore, dimfl(y4M) — e for any e > 0. •

In the proof of Theorem 3 we can use At (see Section 1) to replace AM and get the
same result.

Corollary. Under the same assumptions as Theorem 3, we have

d i m f l ( f } , ) = s, i — 1 , . . . , » .

Remark. The conditions 3 and 4 appear somewhat clumsy. But if a HIFS does
not satisfy 3 or 4, dimB(,4M) = s may not be true. We give two examples.

Example 2. Let

and all entries of M be 1. Then AM is the unit interval on the x-axis. The condition 3
is not satisfied. By (1) we have
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Example 3. Let

Let M be a 8 x 8 matrix whose entries are all 1. Then

AM = [0, 1] x C

where C is the Cantor middle-third set. This time the condition 4 is not satisfied. By
(1)

5 Iog3 Iog2
S = > 1 +

Now we come back to the curve F defined in Section 2. Since F is a curve, condition
4 is satisfied. By the definition of M and the condition 1 we can see that the open set
condition holds. We will see that in a non-degenerate case, i.e. when q> is nowhere
differentiable, condition 3 is satisfied.

Theorem 4. Suppose the HIFS defined in Section 2. Assume that the function <p is
nowhere differentiable. Then

dimB(F) = s.

Proof. We need only check that condition 3 is satisfied. First we have

Lemma 2. Let C be a curve in J. Then there exists a constant K such that for any
(Wi) . (izJil • • • - (KJn) we have

Wnn • • • \UC\H > \chhcilh .. . c w J( |C | w - K\C\W).

Proof. When n = 1 by the definition of Tit we get that

Then for n = 2 we have
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WhTnnc\H > Kh\(\ci2h\\C\H-\bhh\\C\w)-\bith\\Ti2hC\w

In general we have

\Tiih Tilh . . . TUmC\H > \clltlcllh . ..cUm\\\C\H - ( ^

Hence we can choose K = max{|b,7|/|c,7|} 5Z^o(max{ai/lc.;l})"- D

Next we check that in non-degenerate cases, i.e. when AM consists of nowhere
differentiable curves, the condition 3 is satisfied.

Since AM consists of nowhere differentiable curves, for each pair of (if) we can
choose a piece of curve C,; from Aq such that IC.yU/IC.yl̂  > 2K. For the sequence
(hhXhh) • • • (Un) with M(it;,,(,-+lA+l) = 1, we have

Wxh T»h • • • Ti,iJ n AM\H > IT;,;, \ h • • • T U C ^ , \H

* Kncnh • • • CwJ(lC.,,+,;,,+, U - K\Cin+Un+i \w)

we complete the proof by letting ft — l/2max{|Cy|H}. D

Example 1 (continued). Use Tk a to denote the graph of the function fk „ defined in
Section 2. We calculate dimB(rt a). First we check that rkA satisfies condition 4. Given
» 1 . » 2 . • • • < L ,

where a = X™,((, - l)/fe; and b = a + l//cm. By the definition of fkA, for any x e (a, b)
we have the same ut, (j = 1, 2 , . . . , m) in the expression of fka(x). Suppose ura = 0. Let

E ~ and x2 = a + E~m+1 W, where 0 < / < k - 1 and

and
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X€[a.b]

i=\ j=\

Hence we can choose /? = (1 — a)"1 in condition 3. If um = 1 we get the same result.
Let A = diag(a, b,a,b, ...,a, b) be the 2k x 2k diagonal matrix whose diagonal

elements are a and b alternatively with a, b > 0. We have

Choose a = a(\/k)'~l, b = (1 - a)(i/fc)J~' and let ||MA|| = 1. We get

, , log(l + v/(2a - I)2 + 4(fc - l ) z a ( r^Q - log 2
, ^ . ) = s = 1 + — .

When a = 1/2, using Fk to denote the graph of Bk, we have

log 2
dimB(r4) = 2 -

log/c'

4. Concluding remarks

It is interesting to compare Theorem 4 with the main result of [4]. There Falconer
considered the mixing repeller for a class C2 mapping / : M \-+ M where M is an
open subset of Rd. By extending the Bowen-Ruelle formula to the non-conformal
setting, he obtained an estimation for the Hausdorff dimension and box dimension
of the repeller under some conditions. When d = 2 and the repeller contains a non-
differentiable arc, this gives an exact formula for the box dimension in terms of the
singular values of the derivatives of the iterates of / .

By defining a Markov attractor using a set of linear transformations, we are
effectively working directly with derivatives. If we make the formal comparison with
[4] by considering / defined on R2 by

f-l = T,,. i = 1.2 #c; ; = 1 , 2 /„

then Falconer's formula, based on consideration of pressure, gives the same value for
the box dimension. However a fundamental condition in [4] is that

)-'ll2IIDJ"ll<l. (1)
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We have no such restriction and, in our setting, (1) translates to

, + cjj + r(a,, bijt ci})a] 2 \1

(2)

«=1.2 *; j = 1, 2 /,,

where r(a, b, c) = y/(a2 + b2 + c2)2 - 4o2c2.
Taking the special case fc,7 = 0 for comparison purposes, we then have that (2) is

equivalent to c? < a,. This can never be satisfied in our Example 1 for k > 4.
As our work comes from generalising concrete examples piecing together linear maps

and Falconer considers global functions in the light of thermodynamical systems, it
appears likely that the connections might repay further study. We thank the referee for
bringing [4] to our attention.
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