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Abstract

For a quadratic Markov branching process (QMBP), we show that the decay parameter
is equal to the first eigenvalue of a Sturm—Liouville operator associated with the partial
differential equation that the generating function of the transition probability satisfies.
The proof is based on the spectral properties of the Sturm-Liouville operator. Both the
upper and lower bounds of the decay parameter are given explicitly by means of a version
of Hardy’s inequality. Two examples are provided to illustrate our results. The important
quantity, the Hardy index, which is closely linked to the decay parameter of the QMBP,
is deeply investigated and estimated.
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1. Introduction

The motivation for the present paper is to study the decay properties of quadratic Markov
branching processes. We give the formal definition as follows.

Definition 1.1. A quadratic Markov branching process is a continuous-time Markov chain with
state space Z = {0, 1, ...} determined by the g-matrix Q = {g;;; i, j € Z } defined by

%) ies s
i“bi_it1 ifj>@G—1)>0,

gi=1 " . (L.1)
0 otherwise,
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738 A. CHEN ET AL

where {b; : j € Z } is a given real sequence which satisfies the usual nontrivial conditions

o
b;>0(# 1), —b1=ij, bo >0, and ij>0. (1.2)
#1 =2

Let my and my, be the mean death and mean birth rates, respectively. Then we have
oo
mg=by  and mFZ(;— 1)b;. (1.3)
j=2

When my > my, the jump chain almost surely hits the absorbing zero state. Thus, there is
a unique Q-function. Uniqueness may not hold if my; < my, but in all cases, the forward
Kolmogorov system has exactly one solution, which is the Feller minimal solution; see [6, 3].
The corresponding Markov process {Z(f); t > 0} is called a quadratic Markov branching pro-
cess, henceforth referring to as a QMBP. Note that the quadratic branching process no longer
obeys the branching property.

Let

B(s)=) by (1.4)
=0

denote the generating function of the sequence {b;; j > 0}. As a power series, this generating
function has a convergence radius Qb_l = lim sup /b, Clearly, op > 1.

n—oo
The generating function B(s) possesses the following simple yet useful properties, whose
proof is well known and thus omitted here.

Proposition 1.1. The generating function B(s) is a convex function of s € [0, op), and hence the
equation B(s) = 0 has at most two roots in [0, op) and, in particular, in [0, 1]. More specifically,
if B'(1) <0, then B(s) > 0 for all s € [0, 1), and 1 is the only root of the equation B(s) =0 in
[0, 1].

It is easy to see that B'(1) = my, — my, which explains the probability interpretation of the
important quantity B'(1).
Let the following assumption hold in the rest of the present paper.

Assumption 1.1. Assume that B'(1) < 0; that is to say, mg > my,.

Let P(t) = (P;j(t)) denote the transition function where P;j(1) =IP(Z; =j| Zy = i). Denote
the communicating class for the transition function P(f) by C. By the assumption given in
Definition 1.1, it is easy to see that for our QMBPs, the communicating class C is just N =
{1, 2, - - -}. The decay parameter of the process is defined by

1
Ac=— lim - log P;(?). (1.5)
—o0o t

General theory asserts that the limit exists and that it is independent of i, j € C. It is easy to
show that

oo
Aczinf{kzo:/ Pj(1)e*dt = oo, i,jeC}. (1.6)
0
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Decay parameter for quadratic Markov branching processes 739

For a review of this topic, we refer the readers to van Doorn and Pollett [21]. A very use-
ful representation for the decay parameter can be found in Theorem 3.3.2(iii) of Jacka and
Roberts [12].

In nearly all stochastic models that can be well modeled by a continuous-time Markov chain
with absorbing states, obtaining and/or estimating the corresponding decay parameter is a very
important topic. The main aim of this paper is to investigate this question for QMBPs.

The structure of this paper is as follows: after the introductory Section 1, we state our
main conclusions in Section 2; the proofs will be given in Sections 3 and 5. Examples will be
provided in Section 4.

2. Main results

Our first main result is a representation theorem for the decay parameter A¢ of the QMBP
by means of the classical generating function method. Let {F;(s, t); i € Z.} be the generating
functions of the Q-function P(t) of the QMBP. That is,

oo
Fi(s, =Y Py(n)s,  i=0.
j=0

Define

1
w(s) = %, J=(0, 1), 2.1)

where B(s) is defined in (1.4).
Consider the differential expression M defined by

My:= (—sy'(s)), yeH=L*J, w). (22)
It is known by Chen [3] that F;(s, ¢) is the unique solution of the equation
ad
&Fl-(s, N =—wMFs, 1), (s, 1) € (0, 1) x (0, 00), (2.3)
with initial condition
Fi(s, 0)=s'.

To solve the partial differential equation (2.3), we will make use of Sturm-Liouville theory.
We first find the suitable self-adjoint realization (S, D(S)) of the minimal operator S,,; of
(M, w) on J (see Definition 3.1 below), and then study the spectral properties of (S, D(S)). The
following is our representation theorem for A¢ for the QMBP.

Theorem 2.1. The decay parameter \c for the QMBP is equal to the first eigenvalue £o of the
self-adjoint Sturm—Liouville operator (S, D(S)) in the Hilbert space L*(J, w) defined by
Sg=w"'Mg forgeD(S), (2.4)

D(S)={y+cvi:y € Dpin, c €R}, 2.5)
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where Dy, is the domain of Sy, and vy is a C°°(J) function such that

© 1 when 0 <s < cq, 26)
vi(s) = .
0 whency <s<1,

with some 0 <c1 <cp < 1.

Remark 2.1. The identity (2.5) means that the dimension of the quotient space D(S)/Dy, of
D(S) and D,,;;, is 1. That is to say, the deficiency index of the differential expression M on J is
d = 1. The function v; is not unique and can be taken as any function v such that v — v € Dy;p,.

By Theorem 2.1, to find the decay parameter A¢c for the QMBP is just to find the first
eigenvalue £ of the self-adjoint operator (S, D(S)). Then, by means of the variational formula
for the first eigenvalue £(, we obtain upper and lower bounds on Ac.

Theorem 2.2. The variational formula for the decay parameter Ac is

s(g'(s))"ds
A= f° o(g'0)° 1g#0, geCR(U) - 2.7)
fo g2(s)w(s)ds
Furthermore, Ac has the lower and upper bounds
1 1
D2 <Ac= D (2.8)
where D? is given by
N ]
D? = sup {(—log s) - (/ —dr) } 2.9)
5€(0,1) o B()

From Theorems 2.1 and 2.2, particularly from (2.8) and (2.9), we see that to estimate the
value of D? is a key issue. Let us agree to call D? the Hardy index. The following corollaries
concentrate on discussing the Hardy index.

Corollary 2.1. We have that

by — my, <he< by ‘
4(log2)? =~ ~ (log2)?

Sharper bounds for A¢ can be given as follows.
Corollary 2.2. We have that

by —my mp — K2

Hlog(1 + Va2 — "€ = illog(l + )P

(2.10)

where k| = %’)’,

~ A(s0) + 50 mp

A(s) is determined by A(s) = 1 v, and sq is determined by the equation —my, = A'(sg), which
guarantees that 0 < so < 1 and that k1 < k.
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Corollary 2.3. If B'(1) < 2by, then

&Skcfbo_—mh’ 2.11)
4(log(1 + 1)) (log(1 + v/x5))?
where
. B'(1) . 2itab)
= 0 T T

Remark 2.2. There are two kinds of bounds on the quantity D? in (2.9), in Corollaries 2.2 and
2.3, respectively. It can easily be seen that the upper bound in Corollary 2.2 is better than the
one in Corollary 2.3 if and only if my < %B/ ’(1). Also, the lower bound in Corollary 2.2 is
better than the one in Corollary 2.3 if and only if

log(1 + /14 k)  A(sg) +myp - 5o — myp

>
log(1 + v/k5) by — my,
Furthermore, the assumption B”(1) < 2bq is not necessary for the lower bound on A¢ in

Corollary 2.3.

We can find new and better upper and lower bounds for A¢ by using the result for Example 2
discussed in Section 4.

Corollary 2.4. There exist s1 € (0, 1) and s, € (0, 1) such that

1 1
A , 2.12
162 = €= g6 (12)
where
$ dr
¢1(s) = (—log s) ,
0 (1—r) [bo +(bo+ by)r + %A”(O)ﬂ]
and

§ dr
0 (1= 1) [bo+ bo +bi)r + 34" (12

$2(s) = (—log s)

A(s) is determined by A(s) = %, and s1 and sy are determined by SUPye(0,1) ¢1(s) = @P1(s1)
and sup¢ o 1) 2(s) = ¢2(s2), respectively.

Remark 2.3. Here, ¢;(s), i=1, 2, are elementary functions; see (4.10) for their analytical
expressions. The point s; is the unique stationary point of the function ¢;(s) in (0, 1), which
can be obtained through basic numerical methods. Hence, both SUP;e(0,1) ¢1(s) = ¢1(s1) and
SUP,e(0,1) P2(8) = ¢2(s2) can be evaluated easily.

The proofs of these four corollaries can be found in Section 5.

3. Sturm-Liouville theory and the proofs of Theorems 2.1 and 2.2

For any interval J of the real line, we denote by LY(J, R) the linear space of real-valued

Lebesgue-integrable functions defined on J. The notation Lllo -(J, R)is used to denote the linear
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space of functions y satisfying y € L ([@, B], R) for all compact intervals [, 8] C J. As usual,

we also write these respectively as L'(J) and LIIOC(J) for simplicity. The class of absolutely

continuous functions on the compact interval [«, 8] is denoted by AC[«, 8]. Also, we denote by
ACioc(J) the collection of real-valued functions which are absolutely continuous on all compact
intervals [o, B8] C J.

3.1. Sturm-Liouville theory

For the differential expression M given by

My(s):= —(p(s)y'(s)) + q(s)y(s), on J,

with
J=(a,b), —0<a<b<oo, 1/p,q,weLl, R), (3.1)

and the expression domain of M being functions y such that y, py’ € ACoc(J), the following
definitions are taken from Zettl [22].

Definition 3.1. (The maximal and minimal operators.) The maximal domain D,,,, of M on J
with weight function w > 0 is defined by

Do = {8 € L3 w): 8. pg € ACioe(). w™' Mg € L2, w)|.
Define
Smax€ = w_lMg, for g € Dyax,
Sing = w_lMg, for g € Dyyqy such that g has compact support on J.

Then S, is called the maximal operator of (M, w) on J, S;,i, is called the preminimal operator,
and the minimal operator Sy,;,, of (M, w) on J is defined as the closure of S},;,. The domain of
Smin 18 denoted by D,y,;,.

Any self-adjoint extension of the minimal operator S,,;, satisfies
Smin CS=5" C Spax-

It is well known that the domain D(S) is determined by two-point boundary conditions which
depend on the classification of the endpoints as limit-circle or limit-point.

Definition 3.2. Consider the Sturm-Liouville equation
My(s) = Lw(s)y(s), {eR, on J. (3.2)
The endpoint a
e is regular if, in addition to (3.1),
1/p, g, we L'((a, d), R)
holds for some (and hence any) d € J;

e is limit-circle (LC) if all solutions of the equation (3.2) are in L>((a, d), w) for some
(and hence any) d € (a, b);

e is limit-point (LP) if it is not LC.
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Similar definitions are made at the endpoint b. An endpoint is called singular if it is not regular.
It is well known that the LC and LP classifications are independent of £ € R.

Lemma 3.1. Let (M, w) be given as in (2.1) and (2.2). Then both s =0 and s = 1 are singular,
and the endpoints s =0 and s = 1 are LC and LP, respectively. Moreover; the deficiency index
ofMonJisd=1.

Proof. It is clear that 1 ¢ L'((0, d), R) and w ¢ L'((d, 1), R) for any d € (0, 1). Hence, the
endpoints s =0 and s = 1 are singular.

Let vi(s)=1 and va(s) =logs on (0, 1). Taking £ =0, it is easy to see that vi, v, are
nontrivial linearly independent solutions of the equation

My(s) = (=sy'(5)) = £w(s)y(s).
Since

1

ERRNTEnTTEY

where A(s) >0 and is analytic on [0, 1] (see Lemma 5.1 below), we see that vi, vy €
LZ((O, d), w) and v; ¢ LZ((d, 1), w) with d € (0, 1). Hence, by Definition 3.2, the endpoints
t=0and r=1 are LC and LP, respectively. Hence, the deficiency index of M on J is d = 1;
see Theorem 10.4.5 of Zettl [22]. O

Lemma 3.2. Let vi € C*°(J) be given as in (2.6). Then

D(S) = {y € Dy : lim sy/(s) = 0} (3.3)
s—0+
={y+cvi:y€Dpin, c€R} (3.4)

is a self-adjoint domain. Moreover, (S, D(S)) is the unique self-adjoint extension of Sy, such
that y(s) = s — 1 belongs to the domain D(S).

Proof. The function v; can be constructed by means of the smooth cut-off function; see
Davies [8, p. 47] for details. Let v2(s) =log s and £ = 0.

Let p(s) = s. For y and z in the expression domain of M, the Lagrange sesquilinear form [, ]
is given by

[y, 2= ypz' —zpy’.

It is known that for any y, z € D4, both limits
[y, z1(0) = lir(l)rl+ [y, z](s), b, z2l(1) = lir{l [y, z1(s)
s— s—>1—

exist and are finite. See Zettl [22, Lemma 10.2.3].
It is clear that v{, v, are nontrivial real solutions of the equation

My(s) = (—sy/(5))" = Lw(s)y(s)

on (0, c1) satisfying [v1, v2](s) =1, s € (0, c1). When y € D,4,, we have that
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[y, vi1(0) = lim [y, vi](s)=— lim sy/(s),
s—0+ s—0+

[y, v2]1(0) = lim [y, v2](s) = lim (y(s) — slog sy'(s)).
s—0+ s—0+

Since 0 is LC and 1 is LP, Theorem 10.4.5 of Zettl [22] says that D(S) is a self-adjoint
domain if and only if there exist A1, Ay € R, with (A1, A2) # (0, 0), such that

D(S) ={y € Diax : A1 - [y, v11(0) + A2 - [y, v21(0) = 0}

holds. Now, taking (A1, A2) = (1, 0), we obtain (3.3).

It is easy to check that vy, v» € Dygy. Since [vi, v2](0) = 1, we have vy & D,,;;,. It is clear
that sv{(s) =0 on (0, ¢1). Thus, v| € D(S)/Dn. Note that the deficiency index of M on J is
d = 1. Hence, we obtain (3.4).

When y(s) =s — 1, we see that [y, v{](0) =0, [y, »2](0) = —1.1If (A1, A2) # (0, 0) satisfies
A1 - [y, v1](0) + Az - [y, v2](0) =0, then A # 0, Ay = 0. Hence, (3.3) is the unique self-adjoint
extension of S;,;; such that y(s) =s — 1 belongs to the domain D(S). U

Next we will show that the operator (S, D(S)) has the BD property, i.e., it has spectra discrete
and bounded below. Before that, let us briefly make some comments on the BD property. The
criteria for empty essential spectrum (or, say, discrete spectrum) of singular self-adjoint dif-
ferential operators (Sturm-Liouville operators) have been thoroughly explored in the literature
on analysis. The classical method employed is that of oscillation theory; see [10, 9, 20, 2]. In
particular, Theorem 4.1(ii) of [1] gives a necessary and sufficient condition using this theory.
A sufficient condition is given in [20] using the Friedrichs extension theorem. Other necessary
and sufficient conditions are given in [7, 16] using compact embedding theorems.

In the literature on probability, the Sturm-Liouville operator is viewed as a generator of a
diffusion process on the line. This explanation of the probabilistic meaning can be traced back
to Kolmogorov, Feller, and It6. For a diffusion operator with a killing term, Theorem 7.1(i) of
[5] is an extension of Theorem 4.1(ii) of [1] mentioned above.

There are also easier ways to obtain the same results, such as Theorem 4.1(ii) of [1] and the
method of [20] mentioned above, but we will employ oscillation theory, along the same lines
as [2] and [11], to show Lemma 3.3, since it is more elementary.

Lemma 3.3. The operator (S, D(S)) has the BD property. Moreover, the spectrum o (S) is real,
simple, and discrete;

oS)={teR, k=0,1,2,...},

by < lky1, Ly — o0o(ask— 00).

If @i is an eigenfunction of £y, then ¢ € C*°(J) and has exactly k zeros in J=(0,1). In
addition, the set of eigenfunctions {@y, k € Z.,.} is orthogonal and complete in $ = L*(J, w).

Proof. Define

Al B1= {f : [ 1 > R: £ € ACl BI.f' € L, B, and fl@) =f(B) =0}

We let
B(s) = (1 — 5)A(s). 3.5)
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Then A(s) #~ 0 and is analytic on |s| < 1. It follows from Lemma 2.2 of Chen [3] that
B(s)>0 Vs € [0, 1),
A(s) >0 Vs € [0, 1], (3.6)

where in the last inequality A(1) > 0 is from B'(1) = —A(1) < 0 (see Lemma 5.1 below).

The proof is in the spirit of Bailey et al. [2] and Hinton and Lewis [11]. We need only show
that for each real number ¢ there is a § > 0 (which may depend on £) such that, if [, 8] C (0, 6)
or [a, B1C (1 =4, 1)and y € Ale, B], y #0, then

B
/ [s07)? = e’ }ds > 0. (3.7)

It is clear that we need only show (3.7) for £ > 0. We make use of a Hardy-type inequality (see
Hinton and Lewis [11]): if f € A[e, B] with f # 0, then

B 1 B
/ F2(s)ds <4 [ sl (s)17ds. (3.8)
o s(logs)? o

For any ¢ > 0, we have that when s > 0 is small enough,

11 ¢ 1o ¢
45(ogs?  (1—s)AGs) — 4s(ogs?  (I—sm

where m > 0 is the minimum value of A(s) on [0, 1], and it follows from (3.8) that

p | 1
N2 g2 1 _ 2
/a {S(y) twy }dszfa (4s(1ogs)2 (1—s)A(s)>y ds>0.

The well-known inequality

X
—— <log(l1+x)<x, Vx>-—1,
p— g(l+x)<x, Vx

implies that when s € (0, 1),

1 1 1o s
slog s’ s(log(14+s—1)>  sU=9? " (1—s7

Hence, for any ¢ > 0, we have that when 1 — s is small enough,

1 1 V4 1 1 s b4
L L hy,
4s5(logs)? (1—9AG) 1—s\4l—s m

Combining this with (3.8), we have that

B B ¢
N2 g2 1 _ 2
/a {s(y )" — Lwy }ds > / (4 slogs? (1= s)A(s))y ds > 0.

o

Therefore, (3.7) holds, which implies that the operator S has the BD property. Since the end-
point s = 1 is LP, the other conclusions are given by the case (8.ii) of Theorem 10.12.1 in Zettl
[22, p. 208] and Theorem XIII 4.2 of Dunford and Schwartz [9, p. 1331]. U
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Denote by (f, g) the inner product in the space §) for every pair of elements f, g in =
L2(J, w).

Lemma 3.4. Iff € Dy, then

1
(Sidf+ ) = /O S(f(5))°ds. (3.9)

Proof. The assumption f € Dy,;, implies that there exists a series f,, with compact support
in J such that f;, — f and S;infn — Sminf in H. Hence, for any 0 < € < s < 1, we have that as
n— 0o,

sfus) + efp(e) = / (Y dr

= [ creye
= —f'(5) +¢f'(€).

Thanks to (3.3), by letting € — 0, we see that f5,(s) — f’(s) holds for all s € J.
Moreover, integration by parts implies that

(Sminfs f) = nll>r§o (Sminfm fn>
1
= lim / (—sF o) fu(s)ds
n—0o0 0
1
= lim / s(fh(s))>ds
n—oo 0

1
> f s(f'(s))%ds,
0

where the last inequality follows from Fatou’s lemma. U
Lemma 3.5. (S, D(S)) is a nonnegative self-adjoint operator on ).

Proof. Let v; be given as in (2.6). The identity (3.4) implies that we need only show that
(S(f + cv1), f 4+ cvi) = 0 holds for all f € Dy, and ¢ € R. For simplicity, we can assume that
c=1. Lemma 3.4 implies that

(SCF+vo. f+v) = () +2(5F, vi) + (Svi, v1)
1
= / S(F/($))ds + 2(Sf, vi) + (Sv1, vi).
0

By integration by parts, we see that

1 1
(Svi,vi) = /O s(vi(s))*ds, (Sf,vi)= /O sf7(s)vi(s)ds.

https://doi.org/10.1017/jpr.2022.91 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2022.91

Decay parameter for quadratic Markov branching processes 747

Hence,

1 1
12(8f, vi)l < /O [P + 01(s)?] de = /0 s(F/(s)Pds + (Svi, vi).

Thus, we see that (S(f + v1), f +v1) > 0. O
Corollary 3.1. The first eigenvalue of the operator (S, D(S)) is positive, i.e., £y > 0.

Proof. Lemma 3.5 implies that £o > 0. We need only show that 0 is not an eigenvalue. In
Lemma 3.1, we have shown that the nontrivial linearly independent solutions of the equa-
tion Sf =0 are vi(s)=1 and va(s) =logs on (0, 1). It is clear that none of the nontrivial
linear combinations of v; and v; is in D(S), which implies that 0 is not an eigenvalue. Hence,
60 > 0. O

3.2. Proof of Theorem 2.1

We first provide a representation of the generating function Fj(s, ) with i> 1. Since
Fi(s, 0) ¢ D(S), we cannot apply the eigenfunction expansion theory in §) directly. But it is
clear that Fj(s, 0) — 1 € D(S). Hence, to get around this difficulty, we need only consider the
equation of the function Fi(s, )= Fi(s, 1) — 1.

Since the Feller minimal Q-function is honest when B'(1) < 0O (see [6, 3]), it is clear that by
(3.3), Fi(s, ©) € D(S) for all ¢ > 0. Then we obtain

d - _
8_tFi(s’ )= —SF(s, 1), (s, € (0, 1) x (0, 00), (3.10)
with initial condition
Fi(s, 0)=s' — 1.

We will derive a series representation of F;(s, t) by the eigenfunction method.

Lemma 3.6. In the sense of abstract Cauchy problems, the above partial differential equation
(3.10) has a unique solution (one and only one solution), whose eigenfunction expansion is

o
Fis,n=>"ae " gu(s), s€(0, 1), (3.11)
k=0

where the series converges in Lz(J W), {€k, @r(s)} are the spectra of the operator (S, D(S))

given in Lemma 3.3, and the coefficient {a;:)} is given by

al = (s' = 1, @i(s)). (3.12)

Proof. We resort to the theory of semigroups of linear operators; see Pazy [18, Chapter 4].

First, by Lemma 3.3 and Corollary 3.1, the Hille—Yosida theorem (see Pazy [18, Theorem
1.3.1]) implies that (—S, D(S)) is the infinitesimal generator of a Cy semigroup of contractions
{T(t), t >0} on L2(J, w).

Second, it follows from Pazy [18, Theorem 4.1.3] that the abstract Cauchy problem (3.10)
has a unique solution u(f) = T(1)f for every initial value f € D(S). Taking f = s’ — 1, we have
that Fi(s, 1) = T@)Yf.
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Third, by the spectral theorem for self-adjoint operators, the solution Fi(s, f) has the
following representation:

o0 o0
Fis.n=Y_ e as)(f. o) =Y ae ™% - gu(s). (3.13)
k=0 k=0

O

The following lemma ensures that the series in (3.11) can be differentiated with respect to s
term by term.

o0 . o0 .
Lemma 3.7. For each fixed t € [0, 00), the series Y a,({’)e_tekwk(s) and Y ag)e—’ekwk’(s) con-
= )

verge absolutely and uniformly with respect to s on every compact subset of J=(0, 1), where
@ means the derivative of @y.

Proof. Since f = s' — 1 € D(S), we have that T;f € D(S) from Theorem 2.4(c) of Pazy [18,
p. 5]. Note that the second-order differential operator (S, D(S)) has a complete orthonormal set
{or} of eigenfunctions. Thus, Theorem XII1.4.3 of Dunford and Schwartz [9, p. 1332] implies
that the eigenfunction expansion

Tfs) = ale " pu(s)
k=0

converges uniformly and absolutely on each compact subinterval of J = (0, 1), and the series
may be differentiated term by term, with the differentiated series retaining the properties of
absolute and uniform convergence. U

Lemma 3.8. For any i € N and for each t € [0, 00), we have that

0
Pa(+ Y jPins ™ =3 ale i), s€(0, 1) (3.14)
j=2 k=0

Proof. The uniqueness of the solution to the partial differential equation (3.10) implies that
o ) o i
Y P =Fis. =1+ aep(s), s€(0,1). (3.15)
Jj=0 k=0

Because the series on the left-hand side of (3.15) is an analytic function of s when |s| < 1 and
the series on the right-hand side of (3.15) can be differentiated about s € (0, 1) term by term,
we can differentiate the two series in (3.15) term by term with respect to s. O

Remark 3.1. We can characterize the decay parameter Ac using only Equation (3.14). That is
to say, we do not need to take s — 0+ in Equation (3.14) to obtain an explicit expression for
P;1(¢) as in the previous work of Letessier and Valent [15] and Roehner and Valent [19].

Lemma 3.9. The decay parameter Ac for the QMBP satisfies the inequality

Ac > L. (3.16)
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Proof. By taking t =0 in Lemma 3.7, we see that the series

Oo -
Y agits)
k=0

is uniformly and absolutely convergent on every compact subset of J = (0, 1). Thus, by the
Weierstrass M-test, the series

0]

Yo ale T Pgis)
k=0

is uniformly convergent with respect to ¢ € [0, oo) for each s € (0, 1).
Observe that Py(f) is dominated by the left-hand side of (3.14), so taking the Laplace
transform and integrating term by term we obtain for each A < ¢( the bound

00 ') S |
| epumars [ e S e ot =—@iyo. s,
0 0 k=0

where f(s) =s—1 and R, is the resolvent of S. The last equality is again from Theorem
XII1.4.3 of Dunford and Schwartz [9, p. 1332], since R, f € D(S) (see Pazy [18, p. 9]).
The fact that R, f € D(S) also implies that |(R)\f)/ (s)| < 00 on any compact subinterval of J.

Thus,
o0
/ &P (Hdr < oo, 0<x<{, (3.17)
0
which implies that
o0
Aczsup{kzo:/ e“Pn(t)dz<oo} > {p. (3.18)
0

O

We are now ready to give the proof of our first main result stated in Section 2.

Proof of Theorem 2.1. We give a proof by contradiction. Suppose Ac # £o. Then it follows
from Lemma 3.9 that A¢ > £g. Define T = inf {r > 0, X; =0} and

xi(t) =Pt >10=)_ Py(t).
jeN
Since the set Ng = {i € N : gjo > 0} = {1} is finite, the conclusion in Jacka and Roberts [12]

implies that

I t
o= — lim 2&8¥1®
t— 00 t

Thus, for each € > 0 such that £y + € < A¢, we obtain that when 7 is large enough,

OOy (1) < 1.
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Hence,
: Lot . Lot X _
lim ¢y = lim ) e"'Pyy(1) =0,
jeN
which implies that

oo
Jlim I P+ Y jPysT [ =0, se(0, 1) (3.19)
j=2

On the other hand, it follows from Lemma 3.8 that for any s € (0, 1),

0< 11m eeo’[Pn(t)—l—Z]Plj(t)s’* 1= hm Za(l)e 1E=0) g1 ()
j=2

=af ph(s), (3.20)

where the last equality is from Lebesgue’s dominated convergence theorem and the absolute

convergence of the series Z a (pk(s)
k=0
By Lemma 3.3, we can take ¢o(s) > 0, s € (0, 1). Hence,

al’ / (s — Deo(s)w(s)ds < 0. (3.21)

By combining Equations (3.20)—(3.21) with Equation (3.19), we obtain that ¢{(s) =0, s €
(0, 1). Thus, @(s) = constant in (0, 1), which is a contradiction to Corollary 3.1. Thus, the
proof of Theorem 2.1 is finished. ]

3.3. Proof of Theorem 2.2
Denote by & the Hilbert space L2(J, wy) with w;(s) = s. Since
1 1

- 1
w(s)” wi(s) Lioc ().

the Cauchy—Schwarz inequality implies that $, & C Lloc(] ); the reader can refer to
Corollary 1.6 of Kufner and Opic [14] for details.
Define S = {w(s), wi(s)}. Let us define the Sobolev space with weight S,

w2, S),

as the set of all functions f € §) such that the weak derivative (or say distributional derivative)
Df is again an element of &. Theorem 1.11 of Kufner and Opic [14] says that W12(J, S)is a
Hilbert space if equipped with the norm

2 = 1115, + DI

Let C2°(J) denote the space of inﬁnitely differentiable functions ¢ : / — R with compact

support in J. Since w(s), wi(s), w(é) . (5) € L[la -(J), it follows from Lemma 4.4 of Kufner and

Opic [14] that C°(J) ¢ W'2(J, S). Then we define

Wy, §)=C2W),
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the closure being taken with respect to the norm of the weighted Sobolev space W!-2(J, S).
Let Q be the quadratic form defined on the domain Dj,; of the nonnegative symmetric
operator S, by

1
Of, 8) = (Spinf» 8) = fo o (5)g/(5)ds.

By the Friedrichs extension theorem (see Theorem 4.4.5 of Davies [8]), the quadratic form O
is closable. Let Q be the closure of Q. Since the domain D(Q) of Q is the closure of D;,;, with
respect to the norm of the weighted Sobolev space W!'-2(J, S), we have that

D) =W, 2, S).

Lemma 3.10. (S, D(S)) is the Friedrichs extension of (Smin, Dmin). That is to say, Q is the
quadratic form arising from the nonnegative self-adjoint operator (S, D(S)).

Proof. Let (L, D(L)) be the nonnegative self-adjoint operator associated with the closed
quadratic form Q We need only show that D(L) = D(S).

Since (L, D(L)) is a self-adjoint realization of (Syn, Dmin), there exist aj, a» € R with
(a1, a2) # (0, 0) such that

D(L) ={y +c-(a1vi +axv2) :y € Dyin, c €R},
where vy, v, are given in Lemma 3.2. On the other hand, we have that
D(L) C D(L%) —D(D).
Hence, a1vi + axvs € D(Q) € W2(J, S), which implies that
avi(s) + axva(s) € &,

i.e.,

1
/ (a1 i (s) + azvé(s))zsds < 00.
0

1
Since vi(s) € C2°(J) and v5(s) = —, we see that ap = 0. Hence a; # 0 and D(L) = D(S). O
s

We now provide a proof for our second main result stated in Section 2.

Proof of Theorem 2.2. Since D(Q) = C2°(J) with respect to the norm of the weighted
Sobolev space Wh2(J, S), we see that C2°(J) is a core for Q. The variational formula (see
Theorem 4.5.3 of Davis [8]) implies that the first eigenvalue of S can be expressed as

to=inf {Q(F): f € CW), Iflls =1}

1 y 2
—inf M:f¢0, recent.
Jo SH()w(s)ds

Hence, we obtain (2.7).
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It is obvious that for any & € (0, 1), the function

1
fg(s):/s %(r)l@’])(l’)dr, SG(O, 1),

belongs to the domain D(S). Hardy’s inequality (see Theorem 6.2 of Opic and Kufner [17,
p. 65]) implies that the optimal constant C of Hardy’s inequality

1 1

1 2 1 2
( / fz(s)W(s)ds> SC( / (f’<s))2wl<s>ds) . f()=0,
0 0

satisfies the estimates

D<C<2D,
where
s % 1 1 %
D= sup (/ w(r)dr) / dr
5€(0,1) 0 s wir)
Hence, we obtain (2.8) and (2.9). This completes the proof of Theorem 2.2. U

4. Examples

We now provide two examples to illustrate the results we obtained in the previous section.
The purpose of providing these two examples is twofold. On the one hand, they show that in
some cases the value of the Hardy index D? can be given exactly. On the other hand, they will
be helpful in getting better bounds for estimating Hardy index values for general models; see
Section 5.

Example 4.1. (Quadratic birth—death process.) When b;=0 for all j>3, the quadratic
branching process (1.1) degenerates to a birth—death process with the birth rate {v,} and death

rate {u,} as follows:
{vn = bn?,

W = an’.

Here we have set a =bg and b = by; the condition B'(1) <0 means that b <a. Let k = g

Although this process has been extensively discussed, we are still able to obtain some new
conclusions. In particular, for this special case, we can get the exact value of D? presented in

(2.9). Indeed, it is fairly easy to show (see below) that

5 1 1—«ks
D= sup 1 (—logs) [log
a—>b 0,1 l—s

2
_ [log(l —(}l—_\/ll)—ic)] ’ 4.1

which then implies that
a—>b a—>b
5 <Ac= 5
4[log(1 + /1 —x)] [log(1 + /1 —x)]
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When b — a—, the limit of the lower bound is E, which is the exact value of the decay

parameter Ac when a = b. See Chen [4] or Roehner and Valent [19].
Comparing our results with bounds obtained in Chen [4], we find that our estimates are
better than the estimates in Chen [4, Theorem 4.2],

L1
46 = "C=7%
O

but worse than the improved estimates in Chen [4, Corollary 4.4],

1

<A
S AC s

IA

1
)
For more details on §, 81, 87, we refer to Chen [4, Section 4].

To obtain the exact value of D? for our quadratic birth—death process, we need the following
lemma.

Lemma 4.1. Suppose that o is a strictly positive constant. Then
log(1 + o1) log<1 + %) <[og(1+ o)  Vie(0,00).

Proof. We maximize f (¢, s) =log(1 + o) log(1 + o), (s, 1) € (0, 00) x (0, 00), subject to
the constraint s — % = 0, using the method of Lagrange multipliers. Let

1
F(t,s,0)=1log(l +o1)log(1 +os)+ <s — ;) 6.

Then we have that
o

140t
o

0
log(1+os)+ Pl =0,

log(l +01)+6 =0, 4.2)
14+os

s——=0,
1t

which implies that

1 t 1
o og(l + oty = 7

log(1 + o). (4.3)

Consider the function

140t

G(t) = log(1 + o).
Since for ¢ € (0, 00),

o 1 1
G ()= T2 log(1 +o01)= t—z[at —log(1+01)] >0,
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Equation (4.3) implies that t = s. Together with the third equation of (4.2), we have that t =
s = 1, which implies the desired inequality.

We can also get the result by another, more elementary approach.

Let f(r) =log(1 4+ o¢) log(1 + "7); then it is clear that () :f(%). By differentiating both

sides, we obtain
o= 1f’ !
o2 \t)

which implies that if f'(z) >0 for ¢t € (0, 1), then f'(rf) <0 for t € (1, 00). Thus, the desired
inequality follows from f(#) < f(1).
Hence it remains to show that f/(¢) > 0 on (0, 1), which can be simplified to

P +o1) log<l n %) > +onlog(l +0n, 0<r<l. (4.4)

Now consider g(x) = (1 + ox)log(l + ox) and the straight line I(x) = (1 + o) log(1 + o )x. It
is easy to see that

8(0) =1(0), g =1I(1).
Hence, by the convexity of g(x), we obtain
gx) <lI(x), forxe(0,1), gx) > Il(x) forxe(l, 00). 4.5)
Thus, to show (4.4), it suffices to show

(2 + o1) log (1 + %) >, O<i<l. (4.6)

Letting s = % yields that (4.6) is equivalent to
(1 +os)log(1 4+ os) = I(s), 1 <s<o0.
This follows immediately from (4.5), which completes the proof. (]

Now we are ready to get the D? value for the quadratic birth—death process. Indeed, for
k €(0, 1), taking 0 = +/1 — k and }C =1+ ot, we immediately obtain from Lemma 4.1 that

1—
sup {— log x log Kx} = [log(1 + /1 — /()]2.

xe(0,1) 1 —x

Substituting the above identity into (5.4), we have that

2
D?— [log(l + 41— /c)] ' @7
(1 —«K)a

Together with (2.8) and the remark before Theorem 2.2, this yields the conclusions for
Example 4.1.

Example 4.2. (Quadratic branching process with upwardly skipping 2.)

A quadratic branching process is called with upwardly skipping 2 if by > 0, by > 0, b3 > 0,
and b; = 0 for all j > 4. We are aware that this case has not yet been discussed in the literature.
For this new case, we have

B(s) = (s — D)[b3s* + (b + b3)s — bo].

https://doi.org/10.1017/jpr.2022.91 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2022.91

Decay parameter for quadratic Markov branching processes 755

Hence B'(1) < 0 is equivalent to by + 2b3 < by, which then implies that there are three real
roots so, s1, 52 of B(s) =0, which satisfy so = 1, 51 > 1, and s3 < 0. Moreover, it is fairly easy

to show that the function
$(s) = (~1 )( / ' d’)
s)=(—logs —_—
£9\UJo B

is concave on (0, 1) (see Lemma 4.2 below), and there is only one stationary point so of the
function ¢(s) with 0 < sg < 1, i.e., ¢'(sg) = 0. Hence

D*= sup ¢(s)=¢(s0),
s€(0,1)

and

1
<

<Ac= .
4¢(s0) @(s0)

For convenience, let us denote B(s) by B(x), and let x| = sg, x» = 51, and x3 = s2; thus x; = 1,
xp)=c>1,and x3 = —d withd > ¢ when b3 = 1.

(4.8)

Lemma 4.2. Let the above assumptions on the cubic polynomial B(x) hold. Then we have that

the function
QD()C) <0g > . ( (t) > s XG( s ), (49)

Proof. Without any loss of generality, we assume that b3 = 1. Then B(x) = (x — 1)(x — ¢)
(x + d). Hence, by the method of undetermined coefficients, we have the resolution in partial
fractions of the function ﬁ:

is concave on (0, 1).

1 _a n o n o3
B(x) x—1 x—c¢ x+d
1 1
pp=———>0, ;z3=——— >0,
(c—D(c+d) d+ 1)(d+c)
1
op=— oy + o
ot @te)

Thus, for any x € (0, 1),

r
— di= dr SR S
/0 B %)y 1=1 c—1 +a3/ d+t+1—t

X

1+%
=y log T— +a3 log T—
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1 1-2 1
¢(x) =an log — log -
X X

X 142
£ + a3 log — log d
1—x

1

c

Since

(4.10)
— X
< 1and ‘[ll‘ < 1, it follows from Lemma 4.3 that both
1 1-%
log — log ¢
X 1—x
and

X
are concave, which implies that ¢”’(x) < 0 because ap, a3 > 0.

1 1+3
log—logl

O

The following simple inequality involving the logarithm function is crucial to our later
analysis; the proof of the inequality can be found in, say, Kuang’s book [13, Theorem 53,
p- 293].

Proposition 4.1. [f x > 0 and x # 1, then

4.11)
We also need the following inequality about a univariate quadratic polynomial. We omit its
proof, since it is very simple.
Proposition 4.2.

p(1—pi? —dpx+p—1<0,

Vxe(,1), |Ipl<l.

4.12)
Lemma 4.3. Suppose that |p| < 1 is a fixed constant,; then the function defined by

1
f(x)=—logxlog i

1—x
is a concave function on (0, 1), i.e., f(x) <0 on (0, 1).

Proof. By the Leibniz rule, we can easily compute the first and the second derivatives of the
function f(x) as follows:

1 1 1 1
ffx=—=1o +px tp log —,
X 1—x (A-—x)(1+px)

X

(4.13)
., _i 1+px_ 2(1+p) A+p)Q2px+1-p)
F= e = i ot

1
log —. 4.14
A—02(1+pr? BX (4.14)
It is easy to check that on (0, 1), the function f(x) satisfies the following symmetric relationship:

1—x
f(x)=f<l+px>~
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Define the transformation

y=T()=

l—x 1[1+p
14+px 1+ px

By differentiating the symmetric equation (4.15) and using the chain rule and the product rule,
we immediately obtain that when x € (0, 1),

—1}, xe (0, 1).

/ / —(1+p)
Feo=1 Msz(xfm’
" " d+p T, 20(1 + p)
') =f (y)‘y:T()‘)-[(l )2] f(y)iyﬂ(x)'m

_ k. [14p ., :

e [1+ SO+ (y)} =10

1+
(1 p)3 [a +PY)f”()’)+2Pf/()’)]}y:T(x). (4.16)

It follows from Equations (4.13) and (4.14) that
(14 px)f"'(x) + 2pf' (x)

2(1 1— 1 1 2 1
_20+p) PY g itrx,  ddpr o1 4.17)
x(1—x) x2 I1—x  (1—=x21+px) X

It follows from Proposition 4.1 that for any x € (0, 1) and |p| < 1,
(1 1) I+3 _ (1-00+»

2 T 2x
X

log - <
X

—X 1—x

1+px<<]+”x )1+pr (1+px 24 (p—1Dx

41 _ ) .
and log ~ 28t1;x) 1—x 2(1 + px)

Substituting the above two inequalities into Equation (4.17) then yields

(I+ px)f” (x) + 2pf'(x)

20+p) l=pxl+p 2+ (p—1n (1+p?  (1+x)

x(1 —x) x 1—x 2(1+px) 1= +px) 2x
1+p

_ . Idp g B
_2x(1—x)(1+px)[l’(1 pIx* —4dpx+p —1]

<0 (by Proposition 4.2).

Finally, substituting the above inequality into Equation (4.16), we immediately obtain the
desired f”(x) <0 on (0, 1). O

By Lemma 4.2, we see that ¢(x) is concave on (0, 1). It is not difficult to prove that there is
only one point xg € (0, 1) such that ¢’(xg) = 0, and we also have

D*= sup ¢(x) = ¢(xo). (4.18)
x€(0,1)
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Therefore, for our second example we can estimate Ac using the above equality and
Theorem 2.2. That is,

! <Aic= .
4o(xo) @(xo0)

(4.19)

5. Estimation of Hardy index (proofs of Corollaries 2.1-2.4)

The basic aim of this final section is to estimate the value of the Hardy index D? for our
QMBPs and to prove Corollaries 2.1-2.4, which were stated in Section 2. To achieve this
aim we need the following simple yet useful lemma which reveals the deep properties of A(s)

(which is defined above, e.g. in (3.5), as A(s) = % .

Lemma 5.1. The function A(s) is a positive bounded analytic function on (0, 1) whose deriva-
tives are negative functions on [0, 1]. In particular, A(s) is strictly decreasing on [0, 1] with
minimum value on [0, 1] given by A(1) =bo — my, and maximum value on [0, 1] given by
A(0) = bg. Also, A(s) is concave on (0, 1).

Proof. Under the condition B'(1) < 0, we know that by Proposition 1.1, B(s) has no zero on
(0, 1). It follows that as a power series, B(s) is analytic on (0, 1), and thus so is the function
A(s). In particular, A(s) is a continuous function of s € (0, 1). Note that

lim A(s) = by > 0
540

and
B B'(1
limAG) = lim 222 = BD _ _1ypay s o,
st st 11— (-1
which is a finite value.
In short,
lim A(s) = by, lim A(s) =mg — my = by — myp,.
540 st

It follows that A(s) is positive and bounded on [0, 1]. We now show that A(s) is strictly
decreasing on [0, 1].
Note that for s € (0, 1) we have

A(s):B(s).Zs”=ijs/-Zs". (5.1)

n=0 j=0 n=0

Since A(s) is analytic on (0, 1), we may expand A(s) as a power series on (0, 1):

o0
A(s) = Z ans”.
n=0

Then by (5.1) we get

VO<n<+oo, ay=)» b (5.2)
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Now by (5.2) and (1.2) we get that ag > 0, a1 <0, and
Vn>2, a,=<O0.

It follows that all the coefficients of all the derivatives of A(s) are definitely nonpositive (and
usually negative, except in the trivial case of a polynomial in which many coefficients are
zero). Therefore, all the derivative functions of A(s) are negative on [0, 1]. In particular, for
any s € [0, 1], A'(s) <0, and thus

A(s) [lon (0, 1).

Therefore
Mingeo,11A(s) = A(1) = b — mp =mg —my = (—1)B'(1),

and
Maxse[o,l]A(s) = A(O) = b().

Thus for any s € (0, 1) we have
0<by—my <A(s) < by < +00.

The fact that A(s) is concave on (0, 1) also easily follows from the fact that A”(s) <0 for all
s€ (0, 1). O

Using the interesting and useful properties of A(s) stated in Lemma 5.1, we are able to prove
Corollaries 2.1-2.4.

Proof of Corollary 2.1. Note first that the Hardy index D? represented in (2.9) can be

rewritten as
x 1 Il
D?>= sup / —dt/ —dr!. (5.3)
xe0.) |Jo (1 =DA@®) Jy 1

By Lemma 5.1, we know that 0 < by — myp, < A(x) < b for all x in [0, 1]. It follows that

1 [ 1 1 x 1 1 1 X 1
— —dr —dr < —dr —dr < dr —dr.
boJo 1—t J, t o I=0DA® J, t bo—mp Jo 1—t J ¢t

Clearly we have that for all x € (0, 1),

r ol I
—dt/ —dr =1log(l —x)logx
o 1—t x
1 2
=7 (log x(1 —x))

< fiog ] 2—(1 2)2
—(log - ) =(o .
=7 \log; g

Hence, we obtain that the quantity D? in (2.9) satisfies

2 2
(log2)” ., _ (og2) ,
by ~ bo—myp

which completes the proof of Corollary 2.1. (|
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In order to show Corollary 2.2, first recall that for the quadratic birth—death process (see
Example 4.1 in Section 4), we have assumed that by =a >0, b, =b >0, and b; =0 for all
j > 3;thus by = —(a + b). Then B(x) = a — (a + b)x + bx* = (1 — x)(a — bx), and the condition

B'(1) < 0 means that b < a. Define k = g. From Equation (2.9), it is easy to see that
1 1-—
D> = sup { —log x log hiad } . (5.4)
a—b xe,1) l—x

Proof of Corollary 2.2. As proved in Lemma 5.1, A(s) is strictly decreasing and concave on
[0, 1]. It follows directly that A(s) is sandwiched between the secant line of A(s), denoted by
v1(s), and the tangent line of A(s), denoted by y»(s), which are defined as follows on [0, 1]:

yi(s) = —my - s + bo, (5.5)

v2(s) = —my, - s + A(s0) + mypso, (5.6)

where sq is determined by the equation —my, = A’(sg), which guarantees that 0 < sg < 1. To be
more exact, we have that

y1(s) <A(s) <ya(s) forall se€]O0, 1]. 5.7
Using (5.4) and (5.7), we easily get that
(logs) [ —L<pP< sup (—logs) [ —&
sup (—logs ——————<D“< sup (—logs _
se(OI,)l) s o (I=ryr) se(OI,)l) s o (I=ryi(r)

Substituting (5.5) and (5.6) into the above yields that

$ d
sup (—log s)/ r
5€(0,1) o (1 —r)(mpso+ A(so) — mpr)
<D? (5.8)
< sup (~logs) [ ——
= Sup (—logs _—
5€(0,1) o (1 —=7r)bo—mypr)

Now, both the rightmost and the leftmost term of (5.8) are in the format of D? in the quadratic
birth—death process discussed in Example 4.1; thus, by using the conclusions obtained in
Example 4.1 and a little algebra, we immediately obtain

alog(+ i) _ 1, _ (log(l + k1))

mp — K2 by —my

Then (2.10) immediately follows, which completes the proof of Corollary 2.2. U

Using an idea similar to that used in proving Corollary 2.2, we may prove Corollary 2.3 as
follows.

Proof of Corollary 2.3. Recall that

D> 1 ) § dr
= sup (—logs _,
5€(0,1) o (I —=nA(r)
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where A(s) is analytic on (0, 1), and thus there exists & € (0, 1) such that
A(s) =A(0) + A'(§)s.

But as proved in Lemma 5.1, A'(s) is decreasing on [0, 1], and thus A’(1) < A'(§) < A'(0).
o0
Considering that A’(0) = — )" bj and A'(1) = —%B”(l), and noting that A(0) = by, we easily

Jj=2
get that
1 o
bo = 3B"(1) s <AGs) < by — ;bj ..

Then we claim that

(log(1 +Vkd)? _ 5 _ (og(l +/kh)*

by — my, - bo — my, 59
In fact, since B'(1) < 0, we get that
00
—A0) ,g " |
A0) bo

Now, using a method similar to that used in proving Corollary 2.2, together with the conclu-
sions obtained in Example 4.1, we easily obtain the right-hand side of (5.9). Moreover, under
the condition B”(1) < 2bg, we may use the conclusions obtained in Example 4.1 once again to
show that the left-hand side of (5.9) is also true. The proof of the conclusions in Corollary 2.3
is finished. t

The basic idea in proving Corollaries 2.2 and 2.3 was to sandwich the function A(s) between
two straight lines and then use the conclusions obtained in Example 4.1. We now prove
Corollary 2.4 by sandwiching the function A(s) between two parabolas and then using the
conclusions obtained in Example 4.2.

Proof of Corollary 2.4. We have

D’ = sup (—logs) ) L
e o (1=nA@r)’
where A(s) is analytic on (0, 1) and thus there exists & € (0, 1) such that

A//
A(s)=ap+ais + %sz,

with ag = bg, a; = by + b1 < 0. However, by Lemma 5.1, A”(s) is decreasing on (0, 1), and
thus
A'(1)<A"(§) <A"(0);

hence for all s € (0, 1) we have

1 1 2 1 1" 2
ap+ais+ §A (Ds™ <A(s) <ap+ars+ EA (0)s~.
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It is easy to see that

o
Al(s)= Z nays" !
n=1

and
o
A"(s)=> " n(n— Das"?,
n=2
and thus

A"(0)=2ar =2(bo + b1 +b2) <0,

A'()=> "n(n—Da,=» nn—1)> b <0.
n=2 n=2 k=0

Now, if we further assume that A”(1) > —oo, then

n

o0
—co <) n(n—1)) b <A"(§) <2bo+bi +b2) <0.
n=2 k=0

For notational convenience, write

1 " 2
E(s):ao+a1s+§A 0)s~,

F(s)=ao+ais+ %A”(l)sz.
Then for every s € (0, 1),
(1 = 9)F(s) < B(s) = (1 — $)E(s),
and thus

N dr 2 N dr
sup (—logs) ———— < D" < sup (—logys) _
5€(0,1) o (I —=nF(@) 5€(0,1) o (1 —=nEQ)

Now, by using our result regarding Example 4.2 and the preliminary remark made before, we
get that the functions

(“log's) / oA
&Y s A =nFa)

and
§ dr

(-logs) | T hED
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are concave on (0, 1). It follows that, if we let

d1(5) =(— logs)/ m

and

¢2(s) = (— logs)/ m

then there exist s1 € (0, 1) and s € (0, 1) such that

S dr
-1 -
ses(l(lfl)( OgS)/O d=nF0) o1(s1)

and ,
sup (—logs) A L = ¢1(52).
5€(0,1) o (I=nE®)
Then we get
$1(s1) < D < da(s2)
and consequently obtain (2.12), which completes the proof of Corollary 2.4. (]
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