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A diagonal dominance criterion

for exponential dichotomy

Kenneth J. Palmer

Roughly speaking, a system of linear differential equations has
an exponential dichotomy if it has a subspace of solutions
shrinking exponentially and a complementary subspace of solutions
growing exponentially. In the case of constant coefficients,
this happens if and only if the eigenvalues of the coefficient
matrix have nonzero real parts. In the general case, Lazer has
shown that if the coefficient matrix function is bounded and
satisfies a diagonal dominance condition (which, in the constant
case, is a sufficient but not necessary condition that the eigen-
values have nonzero real parts) then the system has an exponential
dichotomy. In this paper we prove the same result with a weaker
diagonal dominance condition, thus generalizing a theorem of

Nakajima.

1. Statement of the theorem
We consider a system of linear differential equations,
(1) x' = A(t)x ,
where A(t) = [bij(t)] is a real n X n matrix function defined and

continuous on (-, ©) . (1) is said to have an exponential dichotomy if

it has a fundamental matrix X(¢) satisfying the inequalities,
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-a(t-s)

lx(£)Px~Y(e)] = ke (s < t),

—-a(s-t)

X (£)(Z-P)Xx"L(s)| = e (s =t),

where denotes some matrix norm, P 1is a projection (P2 = P) , and

K >0, o >0 are constants. {|'| denotes modulus when the argument is
n

a scalar and denotes the norm sup ]xi| when x 1is a vector with
=1

components x x ey X
p 12 Ty s T )

A(t) 1is said to be row dominant if there exists & > 0 such that

n

for 4 =1, 2, ..., n and all t and column dominant if

n
(3) laii(t)l > jgl(j¢i) |aji(t>l + 8

Note that either (2) or (3) implies that |det A(%)]| = " (see [4,
p. 16]). It is a consequence of a result of lazer [2] that if A(¢) is

row or column dominant and bounded, then (1) has an exponential dichotomy.

We say that A(¢) is weakly row (column) dominant if A(t) satisfies
(2) (respectively (3)) with 6 =0 . 1In [3] Nakajima has proved that if

(i) A(%) 1is bounded,

(ii) inf |det A(¢)| >0,
—oo< £<o0

(iii) A(#) 1is weakly column dominant, and
(iv) aii(t) =0 forall ¢ and 27 =1,2, ..., n,

then (1) has an exponential dichotomy with P = I . 1In this paper we prove

the following theorem.
THEOREM. If (i), (ii), and (iii) hold or if (i), (ii), and
(iii)' A(%) <Zs weakly row dominant

hold, then (1) has an exponential dichotomy.
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2. Proof of the theorem

We only consider the row dominant case because the other one can be

deduced from it by the method used in the proof of Corollary 2 in Berkey

[71.
We, firstly, note a result which follows easily from Lemma 2 in [3].
LEMMA 1. Let A = [aij] be a real nonsingular n X n matrix such
that
n
(k) |a a for i =1,2, ..., n.

Lz Y e las]
it j=1(J¢z) id

Then all principal minors of A are nonzero; that is,

a a
Kok koK,
detfa, , ] = det| Dol #o0
]
a PERET 4
k_k k k
L"p1 P2l

for 1= kl < k2 < ... < kp =n.

Let A(t) satisfy (i), (ii), and (iii)'. Then Lemma 1 implies that
a..(t) # 0 for all 74 and t . We define e. as 1 if a..(t) > 0 and
11 7 17
as -1 if a..(t) < 0.
11

Suppose for some kl, k

o . kp such that

L=k <k, <o <k Sn,

§ ey [E ak.k.(t)] =0 .

=1 Ti'\j=l i g

Then since

e

. (t)) z |a ()] - oy a (¢} =z 0,
k [ i Ak kiki jgi(g¢z) k.k.

4=l "i7g g

E& ak.k.(t) =0 for 2 =1,2, ..., n .
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This implies det [ak X (t)] = 0, contradicting Lemma 1. So we must have
g

5: ekli akk(t)] >0 for all ¢
ia kKl kK

Further, suppose there exists a sequence tm such that

E ek'[i akikj(tm)] >0 as m~+»o® .

=1 "7 \g=1
By taking a subsequence if necessary, we may assume that
A(t ] > A = [a..] . Then in A the principal minor det[a ] =0 .
m 1J kikj

.This contradicts Lemma 1 since A must be nonsingular in view of (ii) and
certainly satisfies (k).

So we have shown the following.

COROLLARY 1. 1IFf 4(#) = [aij(t)] satisfies (i), (ii), and (iii)’

then a..(t) # 0 for all < and t and there exists A > 0 such that if

7,7,'(

15kl<k2<...<kp5n,

S ekli akk(t)]ZA for all t,
R =

g , N S co s 3 <o.
where e, is 1 if an(t) 0 and is -1 <if au(t) 0
After these preliminaries our first aim is to show that (1) has a

subspace of solutions whose norms are strictly decreasing. We begin with

the following

LEMMA 2. Let x(t) be a nontrivial solution of (1). Then for all
real t, there exists € >0 so that lx(t)| <is either strictly

decreasing in [to-e, to] or strictly increasing in [to, to+€]
Proof. Let
I={i: Ix(to)l = lxl(to)l} s
I ={i:4 EI,aii(t)<0} s

and
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Iy={t : i el,a,(t)> o} .

If 7 1is in Il , then

d
4 |xi(t)|lt=t

(5) = ]xi(to) ]_l{aii(to] }.’1: (¢ 0)] + J§ (j#2) ¢ ( O)xi(to)x.(to)}

A

aii(to]'xi(to)l + jgl(j¢i) ,aij(to]llxj[to)l

n
(® S CTC PR ITICA]
=0 .
Similarly, if < 1is in I2 , then
j% Ixz(t)|{ >0
t=t,
Now we define
I, - {i cier, L (t)I‘ o}

and
I, = {i DL€ I, Ez'lxi(t)l' o o} .
t=t,

Suppose I3 is nonempty. Then it is easy to see that if ¢ = to and

sufficiently near to .

|{£)| = sup |xi(tH
i€I3

But each of the lxi(t)I is a strictly decreasing function for ¢ < to

and near to and so [x(t)] is also. Similarly, if Ih is non-empty

then we show that ]x(t)] is strictly increasing for ¢ = to and near
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Suppose now that I and Ih are empty. Then

e
t=t,

3

d ..
dE |xi(t)| =0 forall 72 in I .

This implies that aij(to) =0 when 7 is in I and J is not in I

for otherwise we get strict inequality in (6) (or in the analogous

inequality when < is in I2 ). Fix a k in I . Then we can write

il

xi(to) = 6ixk(to) , where léil 1, when % is in I and, from (5), we

then have

Y a..(to)é. 0 for all 72 in I .
Jjer 1J J
This means that the determinant of the matrix, formed b& the elements

aij(to) in A(to) both of whose indices belong to I , is zero,

contradicting Lemma 1. Thus Ié and Ih cannot both be empty and the

proof of the lemma is complete.

COROLLARY 2. If =x(t) <is a nontrivial solution of (1), then for all

t le(¢)| <s either strictly decreasing on (-, tO] or strictly

O 3

inereasing on [to, ©) .

Proof. By the lemma there exists € > 0 such that [z(£)]| is
0* to*)

Suppose the first possibility holds. Let tl be the least number less

strictly decreasing on (to-e, to] or strietly increasing on [t

than to such that |x(t)| is strictly decreasing on (tl, to] . Suppose

tl > - ., Then at tl we can apply the lemma to deduce that there exists

€, > 0 such that |z(£)| 1is strictly decreasing on (tl—sl, tl] and

hence on (tl—el, tOJ . This contradicts the definition of tl . So tl

must be -« . Similarly, if the second possibility holds we deduce that
z(¢)| is strictly increasing on [to, ®) . This completes the proof of

the corollary.
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In real euclidean n-space Rn define the subspace,
s={x:xeR",x.=o if a..(t)>0}
7 i1

Then the dimension of § 1is ¢q , where ¢ 1is the number of <'s sucn

that aii(t) < 0. Let xz(%) be a solution of (1) with x(to) # 0 and

x(to] in S . Then in the proof of Lemma 2, I, is empty and so I

2
must be nonempty. Hence |x(t)| must be strictly decreasing on

(to—e, tO] and so, as in the proof of Corollary 2, on (-—0% to] .

3

Now let X(t) be the fundamental matrix of (1) with X(0) =TI . For
any positive integer m , if x(%) is a nontrivial solution of (1) with
z(0) in X_l(m)S ,then |x(#)| is strictly decreasing on (-, m} . For
each m choose an orthonormal basis hlm’ han’ ..

Then there is a subsequence hijm > hi as m > o and hl, h2, cees hq

S oh for X_l(m)S .
qm

will be an orthonormal basis for a subspace V of dimension ¢ . If x(¢)
is a nontrivial solution of (1) with (0) in V, then |xz(¢)| must be
nonincreasing on (-—», ©») , since x(t) is the pointwise limit as m +

of solutions whose norms are strictly decreasing on (—m, jm] , and hence
strictly decreasing by Corollary 2.

Now we want to prove that if x(¢) is a solution of (1) with =z(0)
in V , then there exist X >0 and a > 0 independent of x(0) and

8 such that

—a(t—s)lx(s)l

(1) fz{t)] = ke for s = ¢t

A1l we need show is that if z(#) is a solution with z(0) in V¥V and
|z(s)| = 1, then there exists T > 0 (independent of z(0) and s ) such
that ]x(s+.’l’)| < % , for then we may take q = T_:L log 2 and K =2 . If
this is not true there exist a sequence tm and a sequence of solutions
z(t, m) of (1) with z(0,m) in V and |z(¢ , m)| =1, but

1= lx[tm+m, m)| 2% . Since |z(t, m)| 1is strictly decreasing,

[t s T +m] contains a subinterval [s s 8 +l] such that
m> m m’ m
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0= |z(ty, m)| - |a(t,, m)] <m ™t ir 5, St; St,Ss +1.
put  $(¢, m) =x(sm+t,m] . Then for 0<¢ <1,

o' (£, m) =A[sm+t]¢(t, m)

(9) 0= [o(tgsm| = [6(tp m | <m™t .

Hence the set of functions ¢(t, m) 1is uniformly bounded and equi-
continuous on [0, 1] and so we can find a subsequence (for which we use
the same notation) ¢{¢, m) > y(¢) uniformly on [0, 1] . Because of (8)
and (9), |y(t)| 4is a constant B with F =g =<1 .

We prove that At)] =B on [0,1] for 2 =1,2, ..., n
¥:

Firstly, suppose there exists in [0, 1] such that lyz (1;0)| =R but

to

ly.(¢,)| < B for j #4 . For definiteness, we assume that ¢ =1 . By
FAY

continuity, there is a § > 0 and an interval J containing to such

that for ¢ in J , [y,(¢)| =8 and |yi(t)| =B -25 for 7 # 1.

Then if ¢+ is in 4 and m is sufficiently large, |¢l(t, m)| = /2 and

l(bi(t’ m)| = ld)l(t, m)l - 8§ for 7 #1 . So, putting fl =1 if

yl(to) =g and equal tc -1 Aif yl(to} = -8 , and using Corollary 1,
e f195 (s m)

n
Y elflalj(sm*‘t}q:j(t, m)

= elf‘lall(sm*'t] d)l(t, m) +

n

> elall[sm*'b) |¢l(t, m| - 22 |alj(sm+t} | ld)j(t, m) |

n n
2 fosanalo,) = 3 lay (o, ) logtenml + [ T lay (o0 1)o

Jd= J-

if t isin J and m 1is sufficiently large
> elall(sm+t)e where ¢ = min{B/2, 8§} > O
>

Ae
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Thus if t2 > tl are in J and m is sufficiently large,

e f1(0,(t s m) 0, (£, m) = Be(t -t )
Letting m » o
0= e f {y;(¢)y,(2,)) 2 aefe-2)) >0 .

This is a contradiction, and so for all ¢ in [0, 1] there are at least

two i's for which Iyi(t)l =8 .

Suppose now there exists ¢£. in [0, 1] such that

0
Iyi(to)l = ij(to]] =g , where 7 # j , but ]yk(to]] < B if k is
different from ¢ and j . We suppose for definiteness that < =1 and
J =2 . By continuity, there is a § > 0 and an interval J containing
t, such that for t in J , sup{yl(t), y,(¢)} =8 end ]yi(t)l =B -2
if 4 # 1, 2 . However, because of what we have just proved,
ly, ()] = ly,(t)] =8 forall ¢t in J . Thenif ¢ is in J and m

is sufficiently large, |¢l(t, m)| = 8/2 and '¢i(t’ m)| = |¢l(t, m)| -8
. for ©# 1,2 . So, putting f, =1 if y2[to) =8 and equals -1 if
yg(to) =-B
1
elflcbi(t, m) + e2f2q>2(t, m)
n

n
=efy j%i alj(sm+t]¢j(t, m) + e f, jgl azj(sm+t)¢j(t, m)

v

{eray(5,#0) 18,50 m) 92 11,15 (0,98) [0, m |

n
- 3 lay e, Lot m 1} + {epfyf stz (6,8) 10, (2. m)]
J=

™M

+ egigalontt) 1008, M| = T layifs, ) 16,0, m1}

J=3

[sm+t)]

: {el (ay, (8,28) #5135 (5,4 8)) v, (£ oy, (o4 8) 4,

N

- j§=:3 (lay ;(s,+) |+|azj(s,,,+b)l)}l¢l(t, m | + j§3 (lay;{s,42) [+lay (s, +2) )6

+ (elflf2a12(3m+t) 4-62a22(8m+t]) H¢2(ts m) l“l¢l(t’ m) l]
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if ¢ is in J and m 1is sufficiently large.

Applying Corollary 1 to the matrix function obtained from A(%) by

multiplying the first row and column by ji and the second row and column
by f2 , we see that the sum of the first and second terms in the last

expression is greater than or equal to Ae , where € = min{B/2, §} . The
modulus of the third term is less than or equal to Ae/2 if m is large

enough and so we deduce that
' + ' >
e f105 (8, m) + e foi(t, m) 2 de/2
if ¢ is in J and m is large enough. Then, proceeding as before, we
get a contradiction.

So for all ¢ in [0, 1] there are at least three <'s for which

|yi(t)| =R . After (n-3) similar arguments we finally reach the
conclusion that ]yi(t)| =B for all ¢ in [0, 1] and
2 =1,2, ..., n .

Now, putting fk =1 if yi(t) = B and equal to -1 if yi(t) =B ,

igi e 1;0:(t, m) = A eif;[jgl aij(sm+t)¢j(t, m)]
(n n
= Lfél ei[jzl f,beaw( . )H |6, (&, m|
n
+ izi [ E: 5 tJ(sm+t](|¢j(t,~m)|_|¢l(t, m)|]]

Applying Corollary 1 to the matrix function [fifb LJ

first term is greater than or equal to AB/2, if m is so large that

] , we see that the

|¢l(t, m)| 2 8/2 . The second term converges uniformly to 0 on [0, 1]

and so its modulus is less than or equal to AB/4 if m is large. Thus,

for all t in [0, 1] ,
n
igl e fy0;(t, m) = 0B/Y

if m 1is large enough. Then, proceeding as before, we get a contradiction.

o (7) must hold.
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Similarly, there exists a subspace W of dimension (n-q) such that
if x(t) is a nontrivial solution of (1) with z(0) in W then [z(2)]
is strictly increasing on (-, ) and there exist K > 0 and a > O

such that

(10) lz()] = k0P |5(5)] for s2 ¢ .

Clearly Wn V ={0} . Let P be the projection with kernel ¥ and range
V . 'Then, as in Berkey [!], we can show as a consequence of (7), (10), and
the boundedness of A(%) that (1) has an exponential dichotomy with

projection P .
REMARK. It may be thought that if A(#) is complex and satisfies
(i) A(t) 1is bounded,
(ii) inf{|det[A(t)-iBI]| : = < t <=, = < B < ®} > 0 , and
n

(iii) |re aii(t)l > ;El(j¢i) Iaji(t)l for all ¢ and % , or

la. . ()| for all t and < ,
i

n
(ii1)" Jrea  (¢)] = jgl(‘#i)

then (1) has an exponential dichotomy. This is certainly true when A(t)

is constant but does not hold in general. This we see from the equation

"
|
i
4
o
~
8
+
®
[}
8

o,
ot

which satisfies the above conditions but has the nontrivial bounded

solution xl(t) =t , xz(t) =1.
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