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Abstract

Let R be an integral domain and A a symmetric cellular algebra over R with a cellular basis {C§’T | A e
A, S, T € M(})}. We construct an ideal L(A) of the centre of A and prove that L(A) contains the so-
called Higman ideal. When R is a field, we prove that the dimension of L(A) is not less than the number
of nonisomorphic simple A-modules.
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1. Introduction

In 1996, Graham and Lehrer [11] introduced cellular algebras in order to provide a
systematic framework for studying the representation theory of a class of algebras.
By the theory of cellular algebras, one can parameterize simple modules for a finite-
dimensional cellular algebra by methods in linear algebra. Many classes of algebras
from mathematics and physics are found to be cellular, including Hecke algebras of
finite type, Ariki—Koike algebras, g-Schur algebras, Brauer algebras, Temperley—Lieb
algebras, cyclotomic Temperley—Lieb algebras, partition algebras, Birman—Wenzl
algebras and so on; see [8, 11, 16—18] for details.

There are many papers on centres of Hecke algebras of finite type, which are all
cellular algebras [8]. In [13], Jones found bases for centres of Hecke algebras of type
A over Q[q, g~ '], where g is an indeterminant. This basis is an analogue of conjugacy
class sums in a group algebra. In [10], Geck and Rouquier found bases for the centres
of generic Hecke algebras over Z[g, ¢ '] with ¢ an indeterminant. However, it is not
easy to write the basis explicitly. Then one should ask, is there any basis which can
be written explicitly? In [4], Francis gave an integral minimal basis for the centre of a
Hecke algebra. Then in [5], he used the minimal basis approach to provide an entirely
combinatorial way of describing and calculating elements of the minimal basis for
the centre of an Iwahori—-Hecke algebra. In [7], Francis and Jones found an explicit
nonrecursive expression for the coefficients appearing in these linear combinations
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for the Hecke algebras of type A. The relations between the so-called Jucys—Murphy
elements and centres of Hecke algebras are also investigated widely. In [3], Dipper and
James conjectured that the centre of a Hecke algebra of type A consists of symmetric
polynomials in the Jucys—Murphy elements. This conjecture was proved by Francis
and Graham [6] in 2006. An analogous conjecture for Ariki—Koike algebras is still
open.

Jeong et al. [12] firstly studied centres of semisimple Hecke algebras of some finite
types using the cellular basis. The fact that Hecke algebras of finite type are all cellular
led us to consider how to describe the centres of cellular algebras in general. Clearly,
most of the approaches for studying Hecke algebras cannot be used directly for cellular
algebras, since we have no Weyl group structure to use. Thus we have to look for
some new methods. In fact, the symmetry of Hecke algebras provides us with a way
to do so. In the present paper, we consider the centres of symmetric cellular algebras.
Note that Hecke algebras of all finite types [8], Ariki—Koike algebras with invertible
parameters [15] and Khovanov’s diagram algebras [1] are all symmetric.

In order to describe our result exactly, we fix some notation first. Let A be
a symmetric cellular R-algebra with a nondegenerate symmetric bilinear form f :
A x A — R.Then f determinesamap t : A — R whichisdefined by 7(a) = f(a, 1)
for every a € A. We call the map t a symmetrizing trace. Denote by

{D§ 718, TeM®,reA}
the dual basis determined by 7. Let
Hw=| ¥ cigang,
rEA,S, TeM(L)

this is the Higman ideal of Z(A). For any A€ A and T € M()), set e) =
D oSeMGy Cg’TDg,T, where e;, is independent of 7 and L(A) = {}_, ., m.ex | 13 € R}.
Then we have the following theorem.

aeA};

THEOREM 1.1. Let A be a symmetric cellular algebra with a cellular basis {CQT |

S, T € M(A), » € A} and a dual basis {Dg,T | S, T € M(A), A € A} determined by a
symmetrizing trace t. Then L(A) is an ideal of Z(A) containing the Higman ideal.

It is helpful to note that, when R is a field, the dimension of L(A) is not less than the
number of nonisomorphic simple A-modules (see Proposition 3.3 below). Therefore,
L(A) is the whole centre provided that A is semisimple. In particular, we give a
complete set of primitive orthogonal idempotents of a symmetric cellular algebra when
the algebra is semisimple. Note that Dipper and James did the same thing for a Hecke
algebra of type A in [3].

2. Preliminaries

In this section, we first recall some basic results on symmetric algebras and cellular
algebras, which are needed in the following sections. The so-called Higman ideal is
also described. References for this section are the books [2, 9].
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Let R be a commutative ring with identity and A an associative R-algebra. Assume
that A is finitely generated and free as an R-module. Suppose that there exists an
R-bilinear map f: A x A — R. We say that f is nondegenerate if the determinant
of the matrix (f(a;, Clj))ai’ajeg is a unit in R for some R-basis B of A. We say f
is associative if f(ab, ¢) = f(a, bc) for all a, b, c € A, and symmetric if f(a, b) =
f(b,a)foralla, beA.

DEFINITION 2.1. An R-algebra A is said to be symmetric if there is a nondegenerate
associative symmetric bilinear form f on A. Define an R-linear map 7 : A — R by
t(a) = f(a, 1). We call T a symmetrizing trace.

Let A be a symmetric algebra with a basis B={q; |i=1,...,n} and 7 a
symmetrizing trace. Denote by D ={D; |i =1, ..., n} the basis determined by the
requirement that t(Dja;) = §;; forall i, j =1, ..., n. We will call D the dual basis

of B. For arbitrary 1 <i, j <n, we write aja; = ), rijxax, where r;j; € R. Fixing
a t for A, we proved the following lemma in [14].

LEMMA 2.2. If A is a symmetric algebra with a basis B and the dual basis D, then
aiD; = Zk 7kijDi and Diaj = Zk ¥jki Dy.

It is well known that {) ; D;aa; | a € A} is an ideal of the centre of A, which is
called the Higman ideal [2]. We provide an elementary proof of this fact.

PROPOSITION 2.3. Let A be a symmetric algebra with a basis B and the dual basis D.
Then {)_; Djaa; | a € A} is an ideal of the centre of A.

PROOF. For arbitrary a; € B and a € A, by Lemma 2.2,
Z Diaajaj = Z rijkDiaay
i ik

and

Z aj D,‘(ld,‘ = Z rkj,-Dkaal- .
i

ik
Obviously, the right-hand sides of the above two equations are equal. Then
{>°; Diaa; | a € A} C Z(A). It is clear that the set is an ideal of the centre of A. O

LEMMA 2.4 [14, Proposition 2.3]. Suppose that A is a symmetric R-algebra with a
basis {a; |i =1, ..., n}. Let t, T be two symmetrizing traces. Denote by {D; |i =
1, ..., n} the dual basis of B determined by t and by {Dl/. |i=1,...,n} the dual
basis determined by t'. Then, for 1 <i <n,

n
D;=Yt(a;D)D.
j=1

We now recall the definition of cellular algebras introduced by Graham and
Lehrer [11] and some well-known results.
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DEFINITION 2.5 [11, Definition 1.1]. Let R be a commutative ring with identity. An
associative unital R-algebra is called a cellular algebra with cell datum (A, M, C, i)
if the following conditions are satisfied.

(C1) The finite set A is a poset. Associated with each A € A, there is a finite set M (1).
The algebra A has an R-basis {C§ ;| S, T € M(1), A € A}.

(C2) The map i is an R-linear anti-automorphism of A with i> = id which sends C g,T
to C % 5

(C3) If re Aand S, T € M()), then, for any elementa € A,

aChr= Y ra(S.$)Ch,; modA(<2),
S’eM())

where r,(S’, S) € R is independent of T and where A(< 1) is the R-submodule
of A generated by {Cg/, o 18", T" € M(u), o < A}.
On applying i to the equation in (C3) we obtain

(C3) C} 5i(@) =Y gepq ra(S's S)C) g mod A(< 2).

By Definition 2.5, it is easy to check that
Ct (Ch . =d(S, T)Ck dA
5.sCr,r =®(S, T)Cgp mod A(< A),

where ®(S, T') € R depends only on S and 7.
Let A be a cellular algebra with cell datum (A, M, C, i). We recall the definition
of cell modules.

DEFINITION 2.6 [11, Definition 2.1]. For each A € A, define the left A-module
W (L) as follows: W (L) is a free R-module with basis {Cs | S € M(A)} and A-action
defined by

aCs = Z ro(S', S)Cy forae A, Se M),
S’eM (L)

where 1, (S’, S) is the element of R defined in (C3).

For a cell module W(L), define a bilinear form &, : W(L) x W(A) — R by
®, (Cs, Ct) = D(S, T) and define

rad(A) :={x e W(A) | Pp(x, y) =0forall y e W(L)}.

Graham and Lehrer proved the following results in [11].

THEOREM 2.7. Let K be a field and A a finite-dimensional cellular algebra. For
A € A, denote the A-module W()\)/rad(A) by L. Let Ag={r € A | D) #£0}. Then
{Ly | A € Ao} is a complete set of (representatives of equivalence classes of) absolutely
simple A-modules.
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3. Centres of symmetric cellular algebras

Let A be a symmetric cellular algebra with a cell datum (A, M, C, i). Denote the
dual basis by D = {Dg,T | S, T € M(L), AL € A}, which satisfies

1 forh=u,S=U,T=V

- C}» DM —
(Cs.rDy,v) {0 otherwise.

Forany A, u e A, S, Te M(X),U, V € M(u), write

A no €
CsrChy= Y.  reTn.wvmwxroCxy:
ceN,X,YeM(e)

In [14] we proved the following lemma.

LEMMA 3.1. Let A be a symmetric cellular algebra with a basis B. Let D be the
dual basis determined by a given t. For arbitrary ., u € A and S, T, P, Q € M(L),
U, V € M(w), the following equations hold.

(1D DyyCsr=ecenx.veme "S.T0.1.0.0. V.0 D y-
@) C51Dyy =2 cenx.vemie TXY.0.8.T.0.W. V.0 Dy y-
3) Cg,TDg,T = Cg,PDé,P'
4) Dg,Tcg,T = D)[;,TC)};,T‘
(5) CipDpo=0ifT #Q.
(6) Dp oCsp=0if P#S.
(1) C§yDyy=0if g
@) Dy yCir=0ifu g
Let A be a symmetric cellular algebra with a symmetrizing trace t. The dual basis
{Dé,T | S, T € M(L), A € A}is determined by t. Then the Higman ideal is

H(A):{ > CiraD; aeA}.

AEN, S, TeM())

Forany A € Aand T € M (L), set

e, = Z C4 D5, and L(A):{Zrm rAeR}.

SeM(x) rEA
Now we are in a position to give the main result of this paper.

THEOREM 3.2. Let A be a symmetric cellular algebra with a cellular basis {Cg"T |

S, T € M(L), A € A} and the dual basis {Dg’T | S, T € M(A), A € A} determined by
a symmetrizing trace T. Then L(A) is an ideal of Z(A) containing the Higman ideal.
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PROOF.
Step 1. H(A) € L(A). Clearly, we only need to show that

l:= Z C5.7Cl v Db € L(A)
S, TeM(\),AeA

for any C[’j’v € B, where pe A, U,V € M(n). We divide / into three parts: [ =

. A A
b=y = Z CS,TCZ,VDS,T
S, TeM() =n
and the other two parts are defined similarly.
By Lemma 3.1(7), I 4/, = 0. We claim that
L= = P, (Cy, Cy)ey.

In fact, by Lemma 3.1(5), CZ,VD;Y =0if V #Y. Then from Definition 2.5 and
Lemma 3.1(7) we deduce that

_ 2 W u
bi=p = Z CX,VCU,VDX,V
XeM(u)

> ®u(Cy. Cy)Cy DYy
XeM ()

= &, (Cy, Cy)ey.

This implies that [, € L(A).
Now let us consider /5 ;. For arbitrary A < u, we show that

A 1Z A
Y. CirClyDsr= Y. IFS.T0.U.V.0.65.7.0€

$,TeM() TeM@)
Note that
A 12 A A
Y. CisChyyDsr= ) < > V(S,T,x),(U,v,u),<x,Y,e>C§,y>Ds,r-
S, TeM(\) S, TeM(\) “eeA,X,YeEM(e)

It follows from Definition 2.5(C3’) that r¢s 1), w,v,0.x,v,e) =0 if € ﬁ A and
Lemma 3.1(7) implies that C$ , D§ 7 = 0if € < A. Thus

A Ry Y
Z CsrCyyDsr= Z Z (8.0, V.0),X.Y, 0 Cx y D§ -
S.TeM() S.TeM(1) X.YEM(L)

By (C3') of Definition 2.5, r¢s.7.3)..v.).(x.v.2) = 0 if X # S and C§ , D5, =0 if
Y # T by Lemma 3.1(5). Hence

A 15 A A A
Y. CirChyDsr= Y rern.w v TnCsrDsr
S, TeM()\) S, TeM())

For arbitrary S, S’ € M (L), we have from (C3’) of Definition 2.5 that

s, 7.0, V,0),(S,T.2) = 1(S',T,2),(U,V,10),(S",T,2)-
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So

A 1% A
Y CirClhyDST= Y IFS.T0.WY.0.65.70€
S, TeM(\) TeM(\)

This implies /; ., € L(A). Then we obtain [ € L(A).

Step 2. L(A) C Z(A). It is sufficient to show that e;LCZ’V = ngve;t for arbitrary
A e U, VeMu).
On the one hand, by Lemma 3.1(1),

woo_ Nk el
eCyy = Z CsrDs1Cyy
SeMO)

A
= > Y. rwvawxre.stnCsrDyy-
SeM()) eeA,X,YeEM(¢)

By a similar method as in Step 1, we get

aChy= Y rwvw@rnsroCsrDxr.
S, XeM (L)
On the other hand,
" _ A
Chyer= ). Y rwvaw.sT.xroCxyDsr

SeM(L) ee A, X, YeM (e)
A A
= Y rwvasto.xrnCrDir
S, XeM(r)
S0 e,Cpy yy = Cyy yexs thatis, L(A) € Z(A).

Step 3. L(A) is an ideal of Z(A). It suffices to show that, for arbitrary ¢ € Z(A)
and A € A, the element ce; belongs to L(A); that is, Y gcpr) Cg’TcDgyT € L(A).
Since c¢ is an R-linear combination of elements of B, we only need to prove that, for
arbitrary CZ,V € B, the element ZSeM()\) CQ’TCZ’VD;T belongs to L(A). Clearly,
this element is equal to

€ A
E i rS,T,0),W,V,0,X,Y,e)Cx y DS 7+
SeM(\) ee AN, X, YeM(e)

We know that it is equal to (5.7 ), (U, v,1).(X,v,¢)€x by an argument similar to Step 1.
This implies that Y g1/, Cg TcDg r € L(A). O

We obtain some properties of L(A) in the following proposition.

PROPOSITION 3.3. With the notation as above:

(1) L(A) is independent of the choice of T;
(2) ifRisafield, then dimg L(A) > |Ag]l.

https://doi.org/10.1017/5S0004972710001620 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972710001620

518 Y. Li [8]

PROOF. (1) Let 7, t/ be two nonequal symmetrizing traces and D and d the dual
bases determined by t and t’, respectively. For arbitrary d’S\‘T € d, it follows from
Lemma 2.4 that

A e A e
ds r = Z ©(Cx yds 1) Dy y.
seA,X.YEM(e)

Then, by Lemma 3.1,

Ao A
Z Csrdsr = Z Z T(C yds 1)C5 1Dy y
SeM()) SeM(\) eeN,X,YeM(e)

A A .y
= Z Z T(CX,TdS,T)Cs,TDX,T-
SeM(\) XeM(.)

By the definition of T, we have l'(C;‘(’ng"T) = t(dg,TC)A(,T)- Then, by Lemma 3.1,
t(d} 1 C% 1) = 0if X # S that is,

A g A g A
Z Csrds r = Z ©(Cs pds )Cs 7 D 7
SeM(r) SeM()

We now need to show that 7(C g,Td.)SL,T) is independent of S. This is clear by the
equation dg’TCL’}’T = dk/,rcggr for arbitrary S” € M (L).

(2) We only need to find |Ag| R-linear independent elements in L(A). By the
definition of Ag, for each A € Ao, there exist S, T € M (L), such that &, (Cgs, C7) # 0.
Write ex = Y yemay C{‘,’TD%]’T. By Lemma 3.1, we know that the coefficient of
Dg}T in the expansion of C?,TDg,T 18 (5, 7.2),(5.7.1),5,7,») = P(Cs, Cr) #0 and
is 0 in the expansion of Cl’\]’TD{‘]’T for any U # S. That is, the coefficient of Dé’T in
the expansion of e, is not zero. We also know that the coefficient of Dé,T in the expan-
sion of e, is zero for any u £ 1. Now let ZAE[\O ryex = 0 and u be a minimal element
in Ag. Then r,, must be zero. By induction, we know that r; = 0 for each A € Ag. This
implies that {e; | A € Ag} is R-linear independent. That is, dim L(A) is not less than
the number of (representatives of equivalence classes of) simple A-modules. O

We could define e, =3 7y Dg’TCg"T for any L€ A and L(A) =
{3 ;e 265 | ra € R}. Then there are analogous results on L(A)'.

EXAMPLE 3.4. Let K be a field and Q be the quiver

o] o Op—1
[ ] [ ] [ ] o _ [ ]
— ! n
1 o 2 a2 3 n—1 an71

with relation p given as follows:

(1) all paths of length >3;

2) ozlfozi—oziﬂoelfﬂ,fori:l,...,n—2;
3) aiai+1,a;+1a;,f0ri=1,...,n—2.
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Let A= K(Q, p). Define 7 by:

() tl)=-=1(n)=1;
2) t(wa) =t(jo;) =1,fori=1,...,n—1;
() t()=71()) =0.

Then A is a symmetric cellular algebra with a cellular basis

/
Coaay oy, oy oo, Qe Oyl
el; / P / ) Y / s an_lan—l-
o [4) o, e3 o, €n
The dual basis is

e; o en—1 o

’. / I . en— -1 .

ajaf; 1 er ahay ahoy; e n—1 en.

o ajay’ Op—1 Q) 0p—1’
It is easy to see that L(A) is an ideal of Z(A) generated by
/ / / / / / / /
{ona, ooy + a0, oo +azes, . 20, o a1, 001}

and H(A) is generated by

{2a10] + a0, aja] + 2000 + a3af, aaah + 2030 + asey, .. .,

’ ’ ’ / ’
030, 3+ 205n—205n_2 +op—10, 1, g2, _» + 2“11—10["_1}-

Then dimg L(A) = n since the rank of the following matrix is n:

1 0 0 0 --- 0 O
1 1. 0 0 --- 0 0
1 1.0 --- 0 O
o 0 0 0 --- 1 1
—0 0 0 0 Y 0 1— (n+1)xn

We know that dimg H(A) < n if char K is a factor of n 4+ 1 and dimg H(A) =n
otherwise, since the determinant of the following matrix is n + 1:

2 1.0 0 -~ 0 0
1 2 1 0 -~ 0 0
01 2 1 -~ 0 0
00 0 0 - 2 1
o0 0 0 - 1 2]

Then H(A) C L(A) if char K is a factor of n + 1 and H(A) = L(A) otherwise.
There is an interesting orthogonal property of e; which can be stated as follows.

LEMMA 3.5. Keep the notation as above. Then eye,, = 0 for arbitrary A, i € A with
A FE .
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PROOF. For arbitrary A, u € A with eye, # 0, there exist So € M (1) and Ug € M (1)
such that
A A © ©
Cs,. 7 D5, 7Cyy.v Py, v # 0.

This implies D§, ,Cyy  # 0. Then by Lemma 3.1 there exists some C¥ y such that

F(Uo, V. ),(X,Y,€),(So,T,3) 7 0.

By (C3) of Definition 2.5 this implies that A < p. From e e, = ¢, e;, we geteje, # 0
which implies p < A. Therefore, A = p if ey e, # 0. O

4. Semisimple case

In this section, we consider the semisimple case. We will construct all the central
primitive idempotents and give a complete set of primitive orthogonal idempotents for
a symmetric cellular algebra.

Firstly, let us recall the definition of Schur elements. For details, see [9].

Let R be a commutative ring with identity and A an R-algebra. Let V be an
A-module which is finitely generated and free over R. The algebra homomorphism

pv :A— Endg(V), py(@v=av whereveV,acA

is called the representation afforded by V. The corresponding character is the R-linear
map defined by
xv:A— R, amrtr(py(a)),

where tr is the usual trace of a matrix.

Let K be a field and A a finite-dimensional symmetric K-algebra with
symmetrizing trace t. Let B={a; |i=1,...,n} be a basis and D={D; |i =
1, ..., n} the dual basis determined by t. If V is a split simple A-module, denote
the character by yy. Therefore,

> xv(a)xv(Di) = cy dimg V,
i

where cy € K is the so-called Schur element associated with V. It is nonzero if and
only if V is a split simple projective A-module [9].

LEMMA 4.1 [9, (7.2.7)]. Let A be a split semisimple K -algebra. Then
{ev =c,! Z xv (ai) Dj
i

is a complete set of central idempotents which are primitive in Z(A).

V is a simple A-module}

Let R be an integral domain and A a symmetric cellular algebra with cellular basis
{C§’T | S, T € M(A), A € A}. Given a symmetrizing trace t, the dual basis is {Dé,r |
S, T € M(A), > € A}. Let K be the field of fractions of R. Define Ax := A Qx K.
Consider A to be a subalgebra of A and extend 7 of A to Ax. Then we can construct
all the central idempotents which are primitive in Z(Ag) by e;.
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PROPOSITION 4.2. If Ak is split semisimple, then {C;Vl(x)ek | A € A} is a complete set
of central idempotents which are primitive in Z(Ag).

PROOF. The left Ax-module W ()) is split simple since Ak is split semisimple. Then,
by Lemma 4.1,

WG = > xw(Cy ) Dy -
neAN,U,VeM ()
Note that the character afforded by W (1) is given by the formula
xwin@ =" ra(S. )

SeM (L)

for all a € A. Then we get XW) (CZ,V) = ZSEM()\) rw,v,n),(S,T,»),(S,T,\)- Then

—1
eway = Cyi > > rwvas. T T DYy
neAN,U,VeM () SeM(X)

-1 I
= Cy Z Z T, V,w),(8,7.2),68, 7.0 Dy v
SEM (L) peA,U,VeM (1)

-1 T
=cyoy D CirDir. U
SeM ()

REMARK 4.3. Clearly, {e, | A € A} forms a basis of the centre of Ax by the above
proposition. Jeong et al. in [12, Theorem 3.7] gave a basis of the centres of semisimple
Hecke algebras of some finite types, consisting of the g-analogues of the conjugacy
class sums.

It is helpful to indicate that Dipper and James have given a complete set of
primitive orthogonal idempotents of Hecke algebras of general linear groups (see [3,
Theorem 5.2]). We could also give a complete set of primitive orthogonal idempotents
of symmetric cellular algebras.

COROLLARY 4.4. If Ak is split semisimple, then
—1
{E§ =y, CssDss | L e, Se MQ)
is a complete set of primitive orthogonal idempotents of Ak.

PROOF. Forany A, u € A, Se M(A), T € M(p), if A # u, the proof of Lemma 3.5
implies that EgE‘; =0. If A\=u and S#T, then EgE% =0 follows from
Lemma 3.1(6). The identities EéEg = E§ and D 5 a semo) E§ =1 are clear by the
proof of Proposition 4.2. Finally, the set {Eg |A€e A, Se ML)} contains exactly
D sen dimg (W (L)) elements and therefore primitivity holds. d

Note that the centre of A is equal to the intersection of A and the centre of Ax. We
give a necessary condition for an element of the centre of Ag being in A.

COROLLARY 4.5. Leta) € K forall A € A and a = ZAGA aye) € A. Then aycwp)
ny € R for arbitrary A € A, where n_is the number of elements in the set M ().).
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PROOF. For any A € A, we know that c%,l(k)ek is a central idempotent of Ag by

Proposition 4.2; that is, ei =cwqyexr. This implies that ae) = ajcwyen. Clearly
ae) € A implies t(ae;) € R. By the definition of the dual basis, 7(e)) =n,. This
completes the proof. O
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