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POINCARÉ TRANSVERSALITY FOR DOUBLE COVERS 

I. HAMBLETON AND R. J. MILGRAM 

Let 7r: X' —» X be a double cover of 2^-dimensional Poincaré duality (PD) 
spaces. The double cover is a fibering so it is classified by a map 
f: X —> RP1+1(l ^> n). If the homotopy class of/ contains a representative 
which is Poincaré transverse [5] to RPl C RPl+1, we say that w is Poincaré 
split-table. In this paper we prove that an invariant A (X, f) in Z/2 (defined in 
[4]) is the complete obstruction to finding a Poincaré splittable double cover 
bordant to (X,f). In addition we give an explicit example in each dimension 
2n ^ 4 which is not Poincaré splittable. These examples are used to recover 
information on secondary operations in Thorn spaces of certain spherical 
fibrations and reprove Browder's results [1] on the maps in the Levitt exact 
sequence. 

The basic information about the invariant A (X,f) is given in Sections 1 and 
2. It is the Arf invariant of a quadratic map 

q: Hn{Xf,Z/2) -> Z/2 

refining the non-singular bilinear form 

l(a, b) = (aVJ T*b,[X']) 

where a, b £ Hn(X', Z/2) and T: X' -^ X' is the free involution. This qua
dratic map is shown to be the same as the Browder-Livesay map (Theorem 1.4) 
used in [2] to define a desuspension obstruction for smooth free involutions on 
homotopy spheres. 

In § 3 we describe a basic example in dimension 4 with A -invariant non-zero. 
This PD space is the orbit space of a free simplicial involution on a finite 
simplicial complex with the homotopy type of S2 X S2. A non-splittable 
example in each even dimension is then given (Theorem 3.1) by forming the 
product with suitable smooth manifolds so that in each case the covering space 
has the homotopy type of a manifold. Some variations of the construction are 
described and in § 4, we show how to use the A -invariant to compute some 
secondary operations (Corollaries 4.4, 4.5). 

In the final section, § 5, we state the results about Poincaré transversality 
needed to identify the A -invariant with the obstruction to Poincaré splittability 
(Theorem 5.6). These results were obtained by Levitt [8], Jones [7] and Quirm 
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1320 I. HAMBLETON AND R. J. MILGRAM 

[11] and take the form of an exact sequence measuring the obstructions to 
t ransversal i ty for a map Sn+k —* T(T]1C) where T(r]k) is the Thorn space of a 
(k — 1)-spherical fibration. 

I t is a pleasure to thank the Mathemat ics Ins t i tu te of Aarhus Universi ty 
for its support during the writing of this paper. 

1. A quadra t i c m a p for d o u b l e covers . In this section, we recall the 
definition of the quadra t ic map g and prove t ha t it equals the Browder-Livesay 
map. We use Z / 2 coefficients throughout and [X] denotes the fundamental 
class of a P D space X. 

Let 7r: X' —* X be a double cover of 2n-dimensional P D spaces classified 
b y / : X —» RP°\ W e denote the involution on X' by T and the m a p covering 
/ b y / ' : X'-tS™. Form Sœ X z , 2 ( * ' X Xf) where Z / 2 acts on X' X X' by 
interchanging the factors and define F: X -* Sœ X zri{X' X Xf) to be the 
quot ient of the equivar iant map 

F' : Xf ->Sm X (Xf X X') 

given by F' (x) = (f'(x), (x, Tx)). Now if a# is a cocycle on X' representing 
a G Hn(X'), then 1 ® r/# 0 c/# is an equivar iant cocycle on 5°° X {Xr X X ' ) 
and so represents a class a. £ H2n(Sœ X zjiiX1 X -X''))-

Definition 1.1. g (a) = </'*(«), [X] ). 

Let F = S00 X Z / 2 Z ' and define X : Y -> 5OT X Z / 2 ( X ' X X ' ) by \[u, x] = 
[u, (x, Tx)]. If p: Y—> X is given by p[u, x] = T(X) then p is a homotopy 
equivalence and / ; o p ~ X. We now describe a chain approximat ion for X. 
Suppose tha t T: X' —^ X' is simplicial and Ta C\ a =• 0 for all simplices 
a £ X'. Part ial ly order the simplices so tha t T(a [J t o) = Ta {J t Tb where 
U i denotes the Steenrod cup-sub-z-product. We give S~° its usual equivar iant 
cellular decomposition with cells et and Tet in each dimension. In the s t a tement 
below, Aj•.: Ck(X') -> Ck+J(X

f X X') is the / t h Steenrod m a p [12] and 
r: Ck{X' X X') -> Ck(X' X Xf) is defined by r\a ® b) = b ® a. We recall 
the formulas: 

dAj = (1 + T ) A ^ _ I + d,A and A7 o T = (71 0 70 A,, 

T H E O R E M 1.2. ZTze map given by 

h(ei ® c) = Yl ^ ® (1 ® 'WAi-jic) 

and 

\t(Tet ® c) = (T ® T)\i(et ® 7c) , / o r e G 6 / ( X ' ) , 

is a chain approximation to X. 

Proof. Firs t we define an equivar iant acyclic carrier c£ from 6^(5°° X X') 
to C*(5œ X X ' X X ' ) by ^ ( e , ® a) = C*(et X o- X Ta). Since X# is carried 
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POINCARÉ TRANSVERSALITY 1321 

by ^ and agrees with X on the 0-skeleton, by the acyclic models theorem it 
remains to show that X# is a chain map. 

First: 

d\f{et ® c) = E (1 + ï>,_i ® (1 ® TyA^^c) 

+ Z ^ ® (1 ® ?V[(1 + r)Aw_i(c) + Aw(3c)] 

= x#(*< ® dc) + [i + T ® (r ® r)r]x#(^_! ® c). 
However, 

X#((l + T)et-i ® c) = X#(^,-_i ® c) + T ® rX#(^z-_i ® Tc) 

X#(^Ï-I ® c) + T ® r E ^ ® (i ® T)TJ(T ® r)Aw_i(c) 
L o ^ ^ i - i 

= [i + r ® (r ® r)T]x#(e«_i ® c). 
Therefore dX# = X̂ d as required. 

COROLLARY 1.3. Fora G Hn(X'), 

q(a) = \ Z e ' ® ( « # U « r a # ) , [ F ] ) 

where a# is a cocycle representing a, ei is dual to ei and p*[Y~\ = [X]. 

Proof. Let c be any chain in C* {X'). Then 

(X (1 ® a# ® a#) , ^ ® c) = (1 ® a# ® a#, X#(e;,- ® c)) 

= \ 1 ® «# ® a#, E ^ ® (1 ® !>%•_. ;-(c)> 

= (a# U , 7 a # , c). 

Now 

X (1 ® a# ® a#) = E ^ ® (a# Ui ^ # ) 

and the result follows from the relation X# = p# F#. 

With this explicit cochain formula, we can relate q to the Browder-Livesay 
map \f/ : Hn(Xf) —* Z/2. First we summarize its definition [2]. 

Let x be a cocycle in Cn(X') representing a cohomology class a. Cochains 
vn+j are constructed for 0 ^ j ^ n such that 

x U«-i Tx + bvn+j~l = (1 + 7>n+>. 

The cochain ^2W turns out to be determined by x modulo ôC2n~1(Xf) © 
(1 + T)C2n(Xf) and the equivariant cohomology class {(1 + T)v2n} £ 
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1322 I. HAMBLETON AND R. J. MILGRAM 

H2n
zli{C*(X')) 9É H2n(X) depends only on a. They set 

Ha) = <{(1 + 7>2*},[X]>. 

THEOREM 1.4. For all a £ Hn(X,)i \[/(a) = q(a). 

Proof. By construction, (1 + T)v2n = x U Tx + tw2"-1 where x is a cocycle 
representing a. Set 

7 1 - 1 

E n— i— 1 /0. w+1 

and compute 

& = è *' ® (* Uz r*) + e° ® (i + 7>2n. 

Therefore ôv = \#(e° ® x ® x) + p#(l + 7>2", so 

(\*(e° ® * ® s) , [F] ) = <e° ® (1 + T)v2n, [Y] ) 

and the result follows. 

The final result of this section is a formula for evaluating g (b) when /; £ ini7r*' 
In the statement Sq* : Hn(X) —>H2n~i(X) is Steenrod's operation [12]. 

PROPOSITION 1.5. Let T: Xf —» X be a double cover of 2n-dimensional PI) 
spaces and b £ Hn(X). Then 

q(**l) = ( Z /*("') USq,(5),[fl) 

where u generates H1 (RPœ). 

Proof. The following diagram commutes: 

X • S00 Xz/2 (X' X X') 

/ X 1 1 X 7T X 7T 

Since (1 X TT X TT)*(1 ® 5 ® 5) - 1 ® TT*5 ® TT*5 and 

(1 X z/2A)*(l ® 5 ® b) = S e* ® Sq,(5), 

we obtain, 

g(7r*6) = (F*(l X TT X TT)*(1 ®b®b), [X]) 

( è /*(»') U Sq«(5), [X]). 
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2. A product formula. We now recall the definition of A(X, f) where 
/ : X —> RP°° classifies the double cover T : Xf —» X of 2w-dimensional PD 
spaces. According to [2] or [4]. 

q(a + b) - g (a) - qib) = (a U T*&, [X'] ) 

for all rz-, & Ç Hn(X'). The bilinear form defined by the formula on the right-
hand side is non-singular and hence there exists a symplectic basis for Hn(X') 
with respect to this form. A (X, f) is the Arf invariant [2] associated to any 
such base. The first observation is: 

PROPOSITION 2.1. A(X,f) defines a homomorphism A \ JV 2n
VT> (RP"0) -> Z/2. 

Proof. Since /l is additive on disjoint unions, it is enough to check that if 
(X,f) = d (W, h) then A(X,f) = 0. But this is obvious from the definition 
of q by the usual argument, namely that q vanishes on im (i* : Hn(W) —> 
Hn(X')), an isotropic subspace of half the rank oi Hn(X'). 

The second observation, a result of [4], is: 

PROPOSITION 2.2. If IT : X' —> X is a Poincaré splittable double cover of 'In-
dimensional PD spaces, then A (X, f) = 0 where f : X —» i^P°° classifies T. 

For the later calculations, we need to compute the A -invariant of product 
covers 

X' XN 7 r X \ x XN 

where A' is a PD space of dimension 2m. Our main applications are the cases 
N = CP2 and N = RP2. 

THEOREM 2.3. Let ir X 1: X' XN-^XXNbea product covering where 
N is a 2m-dimensional PD space. Let a £ HP(X') and b £ Hr(N) with 
p + r = n + m, then 

q(a 0 b) = \ £ i**(l ® ci ® a) U/*(« ' ) ® Sq,(6), [Z] ® [F] ) 

where u generates H1 (RPœ). 

Proof. Consider the commutative diagram: 

X' X N • S00 X (X' X N) X (X' X A0 

A X ! A X 1 X 1 

(X' XX') X N 5°° X 5 œ X (Xf X N) X (X7 X TV) 

1 X / ' X 1 shuffle 

(X' X S» X N) F' X 1 X A> Sœ X {X' X X') x r x (NXN) 

https://doi.org/10.4153/CJM-1978-109-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1978-109-3


1324 I. HAMBLETON AND R. J. MILGRAM 

If we give (X ' X X' X N) the involution T X T X 1, then all the maps are 
equivariant so we get a diagram on the quot ient spaces. Let G be the composite 
of the vertical r ight-hand maps, then 

F*G*(1 ® a ® a ® 1 ® & ® &) = F*( l ® a ® & ® a ® &), 

and the proof is completed by sett ing this equal to the other composite. 

Two easy applications are: 

COROLLARY 2.4. Ifb G Hm(N), thenq(a ® b) = q(a) < b\ [N] ). 

COROLLARY 2.5. 7/6 G Hr(N), where r < m, thenq(a ® b) = 0. 

The product formula we need is: 

COROLLARY 2.6. 7/ 7r X 1 : X' X X —> X X X is /fee product covering with 

N = CP2 or RP2, then A (X X N, j.pi) = A (X, / ) where pi : X X CP 2 - * X 

is the projection. 

Proof. We give the proof only for TV = CP2 as the other case is similar. Con

sider the equivar iant decomposition 

H«+2(X' X CP2) ^ Hn{X') ® H2(CP2) 0 Hn+2(Xf) ® H°(CP2) 

0 Hn-2(X') ® 77 4(CP 2) . 

Wi th respect to the bilinear form above, the first summand is self-dual and 
orthogonal to the other two. The second and third summands are dually 
paired by Poincaré duali ty. Since, by Corollary 2.5, q vanishes on the second 
summand, the result is established by Corollary 2.4. 

3. E x a m p l e s of n o n - s p l i t t a b l e d o u b l e covers . In this section we will 
describe a basic example in dimension 4 with 7ri(X4) = Z / 2 and A (X4 , / ) = 1 
w h e r e / : X4 —-> RP^ classifies the universal cover. T h e product formula is then 
applied to give examples in each even dimension of non-spli t table double 
covers. Some variat ions of the construction are also sketched, and an orientable 
example X 6 given in dimension 6. T h e result t ha t X 4 and X& have non-zero 
A - invariant is used in the next section to give information on secondary opera
tions in certain Thorn complexes associated to them. 

The example XA in dimension 4 is among those constructed in [13, p. 240]. 
Let K be the 3-skeleton of TvP2 X S2 in a normal cell decomposition, fixed for 
the remainder of the discussion. Note t h a t the universal cover K' ^ S\2 V 
5 2

2 V Ss. We obtain X 4 by a t taching the 4-cell a4 by a different m a p than t h a t 
used to get RP2 X S2. To describe the map we denote generators of 7r25r, 
TTSS3 and 7r35\2 by Iu J and rjt respectively for i = 1,2. Note t h a t by construc
tion the 3-skeleton K of X 4 will be the same as t h a t of RP2 X S2. Then , accord
ing to the Hi l ton-Milnor theorem, T^K is generated by J, 771, 772 and [7i, 72]. 
T h e Z / 2 action on these is given by 

TJ = J - [J l f 72], TVi = Vi, T[IU 72] = - [ J l f 72] 

https://doi.org/10.4153/CJM-1978-109-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1978-109-3


POINCARÉ TRANSVERSALITY 1325 

and the a t taching map used to obtain RP2 X S2 has class J. To construct X4 

we use a map in the class J -j- rju where the notat ion is chosen so t ha t Si2 is 
the sphere covering RP2 in the universal cover of (RP2 X S2)^). Since 
(1 - r ) ( j 4 is then a t tached with class [Iu I2], X' ~ S2 X S2. Observe t h a t X4 

is non-orientable. This P D space has A (X4,f) = 1 where the m a p / : X —> RPœ 

induces the universal covering T: X' —» X. To see this we need a description 
for the generators of H2{Xf). By construction, X 4 ~ (RP2 V S2) U az U o-4. 
A basis for H2(X') ^ H o m ( f f 2 ( r ) , Z / 2 ) is given by duali ty from the basis 
of # 2 X ' represented by covers of RP2 C RP2 V 5 2 C I 4 and S2 C RP2 V 
5 2 C Xe. Denote these classes by a and b respectively. Then b = 7r*5 for some 
b £ H2(X4) and from Proposition 1.5. 

(7(6) = \ E f V ) usqi(5), [XV = <a us , m> = i 
where â is dual to the class represented by RP2 C RP2 V S2 C X4, Since 
{a,b} form a symplectic basis of H2(X'), to prove tha t A (X4,f) = l i t is enough 
to check q(a) = 1. 

For this recall t ha t by Corollary 1.3 we must compute a$ Uz Ta# where a# 
is the obvious cochain representing a. Clearly a$ U2 7 -̂# = 0. but for the others 
it is convenient to construct a complex L by collapsing * VS2 and then the 
resulting S's in X4 to a point (the notat ion again refers to the normal cell 
decomposition as above) . Let p: X —•» L be the quotient map and note tha t 
L ~ RP2 \J o-4 so H2(L') = Z/2 generated by a class c such tha t p*c = a. 
Also p*: H4(L) —-+H4(X) is an isomorphism. I t is impor tan t to observe t ha t 
the a t taching map of the 4-cell in L represents 771 £ TS(RP2) == 7r3(.Si2). Since 
7)1 mod 2 is detected by Sq2, we have c# Uo Tc# = (1 + T)a4 where a4, T V 
are the generators of C4(Lf). Now c# U2 Tc§ = 0 and c# U i TV# = 0 hence 
q(c) = 1. By natural i ty , g (a) = q(p*c) = 1. 

Our main result on the existence of non-splittable covers is: 

T H E O R E M 3.1. T^ each dimension 2n ^ 4 /fere existe a P D space X2n and a 
map f: X2n —> RP°° such that A (X2n, / ) = 1 and X' has the homotopy type of a 
smooth manifold. 

Proof. The method is clear. We simply form the product of X' —» X4 with 
suitably many copies of CP2 and RP2. The result follows from Corollary 2.6. 

Another example X 6 can be constructed in a similar way to X4. One takes 
the 4-skeleton of RP3 X Ss and reat taches the 5-cell using the generator of 
ir±S3 corresponding to the first summand of 

w,((RP* X 53) ( 4 )) ^ 7T4(i?P3) © ^4(S3) © TT4(54) 

together with a generator of 7r4(54). This P D space was described in [6] and 
mot ivated the construction of X4. One sees t ha t X 6 is orientable, 7n(X6) = Z / 2 
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and A(XG,f) = 1, however X' is homotopy equivalent to the non-trivial S* 
fibration over S 3 which is not the homotopy type of a manifold. 

The construction given here can also be a t t empted in higher dimensions. 
T h e resulting examples will not be used in the rest of the paper so some 
details are omit ted. Let K0 = (RPn X Sw)o,+i) be the (n + 1)-skeleton in a 
normal cell decomposition. Since 

7Tn + 1(K0) ^ Tn + l(RPn) © 7Tw + i(SW) 0 7Tn+i(5B+1) 

we can construct a complex K by a t taching an (n + 2)-cell to Ko using a map 
representing 77 + a where rj 6 irn+i(RPn) is the generator and a Ç TH+I(KQ) is 
the class used to get the normal (n + 2)-skeleton of RPn X Sn. From [10], 
y) is a projective element if and only if n = 2 (mod 4) . If we now use a pro
jective rj then we will be able to choose a map 0: Sn+1 —> K' whose class gener
ates a summand of wn+o(K) such tha t T§ c^. ± # . This is the main difficulty 
in the proof of the following result. 

PROPOSITION 3.2. If n = 2 (mod 4) , there exists a P D space X2n with 

iTi(X) = Z/2,X' c^Sn X Sn,X(n+o) ^K in a normal cell decomposition and 

A(XJ) = 1. 

4. T h e Spivak n o r m a l b u n d l e s to X4 a n d X 6 . The purpose of this section 
is to clarify the s t ructure of these non-spli t table covers by finding the stable 
homotopy types of certain Thorn complexes. 

Define an injection p \J/*VJ>(pt) -^J/^{RP^) by p[Xn] = [X\ zv,] where 
Wi : Xn —> RPœ classifies the first St iefel-Whitney class of X. 

The following result contains the result of Browder [1] on the maps in the 
Levi t t exact sequence and will be proved in the next section. Another proof 
can be found in [5, Theorem 10.6]. 

T H E O R E M 4.1. The Pontrjagin-Thom map 

p:Jfm*J>(RPœ)-+Trm°(RPœ A MG) 

is an injection for m ^ 4, so characteristic numbers detect each bordism class. 

Consider the class [X4] mJ/A
vlD(pt). We calculate t h a t the St iefel-Whitney 

class of X4 is 1 + el and hence [X\f] = p[X4]. Therefore [X4] ^ 0 and we have 

COROLLARY 4.2. The characteristic number k^.e1 ^ 0 on X4 and [X4] generates 
the cokernel of im (yK4

Dif f{pi)) in J/^{j?t). 

Here £3 is the first exotic characterist ic class and the result follows from 
checking the classes in dimension ^ 4 . (see [9]). 

Let 

K:X*-^S"U2(T*-^BG 

be the composition where r is the pinching map) and X satisfies \*(&3) ^ 0, 
\*(co4) = 0. Let (K) be the induced fibre space (of some large fibre dimension) . 
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COROLLARY 4.3. The Spivak normal fibre space of X* is 771 © (/<) where 771 is 
the non-trivial line bundle. 

Proof. One checks easily tha t the set of homotopy classes of maps [X4, BG] 
are distinguished by their induced cohomology maps so the assertion follows 
from Corollary 4.2. 

Let 02,2,1 be the secondary operation based on the relation Sq2(Sq2 Sq1) = 0. 
I t is defined on the kernel of Sq2 Sq1 with values in 2 7 * + 4 ( ~ ) / S q 2 ( 2 7 * + 2 ( - ) ) . 

COROLLARY 4.4. Let U be the Thorn class of T(TH) over XK Then (/>2;2,i(U) = 
eA \J U is non-zero with zero indeterminacy. 

Proof. Let V be the Thorn complex of rji over the 3-skeleton of XA. Then V is 

( 5 0 U 2 ^ ) V (S 2 U 2 e 3 ) 

and TT 3 (F ) = Z / 2 © Z / 2 © Z / 2 with generators p(I0), 77(77, 2, 70 ), t\Ii. 
Now Steenrod squares detect the first and third generators, hence the 

a t taching map of the top cell of T(rji) is €77(77, 2, 70 ) where e = 0 or 1. If 
e = 0, then T(r]i) is reducible contradicting 4.3. Therefore e = 1 and 02;2,i is 
defined on 2̂ (771) and detects 77 (77, 2, 70 ) so the result follows. 

We can also apply the same ideas to X6. The class [X&, e1] in ^ /
6

P D ( 7 ^ P c o ) is 
non-zero since A (X6, el) = 1 and hence a characteristic number is non-zero. 
But the Stiefel-Whitney class of X6 is 1 and the only indecomposable exotic 
classes in dimensions S6 are £3, S q 1 ^ , Sq2&3, Sq2Sq1^3. Thus (e1)3 U k% is the 
only possible non-zero characteristic number. 

COROLLARY 4.5. The secondary operation 4>o,2 based on the relation Sq2Sq2 + 
Sq3Sq1 = 0 is defined on all of H3(X6) with zero indeterminacy and is non-zero. 

Proof. I t follows from the definition of £3 (see [9]) t ha t if 02,2 is defined on 
all of 773(X6) with zero indeterminacy then 

( W a , [ Z « ] ) = <*2,2(a),[Z«]>. 

5. T h e transversal i ty o b s t r u c t i o n . Let V0 he a (k — 1)-spherical fibre 
space over a space 13 and consider triples (Y, g, b) such tha t Y is an w-dimen-
sional P D space, g: Y —-» B a map and b: v* —> 77;c covers g where vk is the normal 
fibration of a Poincaré embedding of Y in Sm+Jc. Define bordism of triples in 
the obvious way and call the set of bordism classes T(Sm+k, l^(y]k)). 

The general theory of [7], [8] or [11] gives an exact sequence (for k ^ 3 
and m §; 4) 

. . . -> Lw0n(5), w) -> T(Sm+\ T(n*)) •£ ^(Ttf)) 

-+Lm-i(wi(B),w)-+ . . . 
where w = o)i(r)k), Lni(wi(B), w) are the surgery obstruction groups (L = Lh) 

of C.T.C. Wall [14] and 0 is a " transversal i ty obstruct ion". The sequence is 

natural under maps h: B —> B' covered by h: 77 —> rj'. 
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Let /, k be large compared to n (so that the groups below are stable) and 
771 —> RPl the canonical line bundle. Then if wk—>BG{k) is the universal 
{k - l)-spherical fibration T{u1 X rji) = MG(k) A RPl+l and we can com
bine two special cases of the Levitt sequence into one diagram, 

0 

Y 

T(S*»+k, T(œk X m)) 

£—*Tr2n+k(MG(]k) A RPl+l)-+0 

r 
= •L 2 n _ 2 (Z/2 X Z/2") 

though at this point we cannot yet assert that the square above commutes. 
(The full diagram is defined for n ^ 3; for n = 2 we will use the Pontrjagin-
Thom maps). Since A:jV2n

VT>(Rpi+i) _+ Z/2 vanishes on im ( ^ 2 / D ( £ 0 -> 
^V2n

VT>{RPl+l)) (Proposition 2.2) it can be regarded as a homomorphism 
^in

VT>{RPJ+l) —> Z/2. We will now prove Theorem 4.1 and use this to prove 
that A = dp, i.e. that the square in 5.1 commutes. 

PROPOSITION 5.2. For the examples (X2n,f) of Theorem 3.1., {n ^ 2) 

A{X2\f) = dp(X2nJ) = 1. 

Proof. There is a cohomological formula for dp{X2n),f from Theorem F [5] 
involving a class K = (k#) G HA^~1(BSG). (The component in dimension 3 is 
just &3, cf. § 4). For n = 2, we interpret the right-hand side by this formula. 

0p(X2n,f) = (p(f)*$K(ak X vi), [&n+k]) (<*> = Thorn isomorphism) 

= (p(f)**(*M® v2{vi)),[s2n+k]) 

= ((yxXmzM <g> Ë {e'f-1), [X2n]) 

= ( t k2n-2i+1.(eY-\[X2"]) 

For the examples of Theorem 3.1, this formula reduces to 0p{X2n, f) = 
(kz.e1, [X4] ). In order to give an alternate proof that this is non-zero (without 
using Theorem 4.1), consider the commutative diagram: 

L4(Z/2~) >JVfD{pt) *T,+k(MG(k)) 

\i* \i* 
T r y 

L 4 (Z/2 X Z /2 - ) +J/A
PD(RPl+^) p

 >7rA+k(MG(k) A RP+
l+l) 

(5.1) 

*jY2nPD(RPl+1> 

Z/2 
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Since i% is an isomorphism on the Wall groups [14], if (k^.e1, [X4] ) = 0 then 
[X\el] = H[Y]. But this contradicts A[X\ el] = 1. 

Proof of Theorem 4 .1 . The classifying map of co/. X vi induces a map of Levi t t 
sequences: 

0 >T(S2n+*, T(ak X vi)) P° > *2„+k(MG(k) A RPI+1) •L2„_2(Z/2 X Z/2") — > 0 

0 •r(52 n+*, 7\co,+1)) Hr2n+k(MG(k + 1)) >L2n_,{Z/2~) 

From Proposition 5.2, 6 in the upper sequence is onto (n ^ 3) and the map on 
Wall groups is an isomorphism. Hence the map 6 in the lower sequence is onto. 
(This is the result of Browder [1]). Finally, the natura l i ty of the Levi t t 
sequence for the inclusion pt C RP1+1 (as in the proof of Proposition 5.2) 
yields Theorem 4.1 . 

COROLLARY 5.3. The Pontrjagin-Thom map 

p:J?2n™(RPl+i) -> T2n+k(MG(k) A RPl+1) 

is an isomorphism for n ^ 2 (and /, k ^> n). 

These results will now be applied to show t h a t A = dp. 

Definition 5.4. Let ^ 2ll be the subgroup of JV^PD (RP,z+1) containing those 
bordism classes with a Poincaré splittable representative. 

PROPOSITION 5.5. There is a monomorphism s: T(S2n+k, T(cok X rji)) —» & 2n 

(for n ^ 3 and k ^> n). 

Proof. Let (Z2,l~l, g) represent a class in T(S2n+k, T(œ,c X 771) ). (Since k is 
large, b is unique so can be ignored). By low-dimensional surgery on g, we may 
assume tha t gf. ir\(Z) —>7n(BG(k) X RPl) is an isomorphism. LetE(rj) —>Zbe 
the pull-back of the disk bundle of 771, S(rj) be the pull-back of 771, then (E(r}),S(r))) 
is a P D pair of dimension 2n with 5"(77) c^. Z' (Z' —> Z is the 2-fold cover 

induced by Z-^ BG(k) X RP1^ RP1). If A: £(7?) -> EM is a bundle m a p 
covering £2.g and T: E(rji) —>RPl the projection, we can assume T.h\S(rj) = * 
(a base point ) . Define s(Z, g) = (£(77) U s(V) T, 7rA U *) = (X,f) where 
( F , Z ' ) is a P D pair bordant (rel. Z ' ) to (E(r\), Z'). I t is easy to see t ha t 5 is 
a well-defined homomorphism into JV^PD(RP,z+1) whose image, by construc
tion, lies in &2n- If we surger (£(77), Z ' ) (rel. Z ' ) to ( F , Z ' ) with 

^ ( Z ' ) ^ Tn(y) 

an isomorphism, and use this pair in the construction of s(Z, g), it is evident 
t ha t (vx) X /#: 7r i (Z)-^7n(5G(fe) X i ^ P ^ 1 ) is an isomorphism ( ^ : X-+BG(k) 
classifies the Spivak normal fibre space of X). 

Suppose t ha t s(Z, g) ^ 0, or equivalently t ha t (X, f) — d(W, h). Again 
we may assume tha t the inclusion map X —> W induces an isomorphism on 7n. 
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The map h: W —> RPI+1 is now transverse to RPl when restricted to X. The 
obstruction to making it transverse on all of W lies in LN2n-i (Z/2 —> Z/2 X 
Z/2~) according to § 5 [7]. Since this group is zero (by the exact sequence 
12.9.2 [15]) (Z, g) = d(V, h) where h ~ h and V = h~l{RPl) C W. 

THEOREM 5.6. The homomorphism A:J^2n
VT>(PPI+l) —> Z/2 can be identified 

with dp for n ^ 2. 

Proof. For n = 2, we interpret B.p by the cohomological formula used in 
Proposition 5.2. Since our example (XA, f) generates the cokernel of 
im (J^^[tt(RPI+1) -^.J/^iRP^1)) (cf. 4.2) the result follows from 5.2. 

For n ^ 3, we note that &'2n Q ker A (Proposition 2.2) and that &2n Q 
kerd.p since the Pontrjagin-Thom construction on a Poincaré splittable cover 
gives a Poincaré transverse map in ir2n+k(MG(k) A RP!+1). However, by 
Propositions 5.2, 5.3, 5.5, rank ^ \ n = rank ker A (as Z/2-vector spaces) so 
cS2n = ker A = kerd.p. 
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