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1. Introduction

Let E, and E, be real Banach spaces. We denote by E,, the Banach
space of all bounded linear operators mapping E; into E, with the usual
operator norm. By D, we denote the open ball of radius #, centred at the
origin.

An operator f: E, — E, is said to be Fréchet-differentiable at a point
x € E, if there exists / € E;, (depending on x) such that for each number
¢ > O there is a number d(¢) > O so that:

fleth)—f(x) = lhtw(x, k)
where
llw(z, 2)|| < ellh|] i ||B]] < d(e).

We denote ! by f'(x), the Fréchet-derivative of f at x.

In the sequel, an operator f that is Fréchet-differentiable at every
point will be referred to be as a Fréchet-differentiable operator. If, for a
Fréchet-differentiable operator f, we have for each number ¢ > O a number
d(g) > O so that:

lw(z, k)] < &llk]] if ||k]] < 8(¢) and =, x+heD,,

[ 1s said to be uniformily differentiable in D,.

An operator mapping one Banach space into another is said to be
compact if the image of any bounded set is contained in a compact set.
A continuous and compact operator is called a completely continuous
operator.

It is well-known that ([1], p. 34; [2], p. 51):

[(I] If f: E, — E, is completely continuous and Fréchet-differentiable
at z, f'(x) is a completely continuous linear operator.

Therefore, the derivative at every point of a completely continuous
Fréchet-differentiable operator is completely continuous. It has been shown
in [3] that the converse is not true.
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On the other hand, Vainberg ([2], p. 51) has proved:
[1I7] If

(1) f'(») is completely continuous for every z,

(2) [ :E,— E,;is compact,

then f is completely continuous.

As the converse to [I], this theorem [II] is the best result published
so far.

In this paper we shall give a characterization of a uniformly differenti-
able operator which satisfies (1) and (2) in [IT], under the assumption that
E, has weakly compact unit ball.

2. Results

An operator f mapping one Banach space into another is said to be
strongly continuous if z, = x, implies that f(z,) — f(z,), where — and —
denote the weak and the strong convergence respectively. In general, strong
continuity and complete continuity are mutually independent.

However ([2], p. 14):

(3) If E, has weakly compact unit ball, a strongly continuous operator
mapping E| into another Banach space is completely continuous. The converse
is not true.

Now we can state our main theorem:
THaEOREM. When E| has weakly compact unit ball, an operator f : E; — E,,

uniformly differentiable in every open ball, is strongly continuous tf and only
if it satisfies (1) and (2).

3. Proof of the Theorem

LEMMA 1. If the Fréchet-differentiable operator f : E; — E, satisfies (1)
and (2), f is strongly continuous.

Proor. [II] implies that f is compact. Then, using ([2], p. 47), (2) and
the compactness of f imply that f is strongly continuous.

When E; has weakly compact unit ball, Lemma 1 is a stronger result
than [II], in view of (3).

LEMMA 2. Let E, have weakly compact unit ball. Then, if {: E; — E,
is uniformly differentiable in every open ball and strongly continuous,
f 1 Ey — E,, is strongly continuous.

Proor. Suppose that f is not strongly continuous. Then there is a
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sequence «, — %, and yet f'(x,) + f'(%,). This means that there is a sub-
sequence {z; } and a number &£ > O such that:

1" () —F (o)1l > & for all #.
So there is a sequence {4; } in E, such that |[#, || = 1 and
1 (25 Vs, — 1 (@) Ry, ]| > & for all m.

Now, if ¢ is a real nurnber such that |¢] < 1,

W (s, )k, —F wothy || = |If (2, )by, — [f s A-2h; ) — 1 ()]}

(4) 17 @o)th;,— [f (@o+th; ) —F o) Il
I s, +thy ) —f (@) —F@ot-th;,) + (o).

Since {x,} is weakly convergent to =, ||z, || < K for all » and
2ol = K.

Then ||z; +2h, || < ||2;||+]¢] < K+1 for all m, and, similarly,
[[eo 2R, || = ol + 12} < K41

Therefore, z; +th; € Dk, for all n and #y--th; € Dg,, for all n.

Since f is uniformly differentiable in Dy, , there exists for each number
& > 0 a number d(¢) > O such that:

[1f (@-th)—f (=) —1 ()th]] < lt]

if Jt] < 6(e), |1kl =1 and x, x+h € Dg 4.

Then, if we fix ¢ at a value ¢, so that |{,| < min {1, 6(¢/3)}, the sum of
the first two terms on the right hand side of (4) will be less than 2e|ty|/3.

Now ||%, || = 1 for all . Since the unit ball of E, is weakly compact,
there is a subsequence kg — A,.

Hence, by the strong continuity of f, f(xg ) — f(%o),

f(xK,+tth") — f@o+toh0), f(“’o"f'tohx,,) = f(xot+Eohy)-
So

1 o, o) —f () — 1 (o -ty ) -1 @) || < If (g, +tolr,) —1 (@ot-to o)
+ I @o+to k) —f (ZotEoho) |
+I1f (g,) — (o)l
< gltyl/3 if » is large enough.

Hence, returning to (4) and cancelling #,, we see that
If (xg, ) g, — 1 (%) g || < € if  is large enough.

This contradiction establishes the theorem.
In Lemma 2, the uniform differentiability condition is essential. We
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take each of E, and E, as the real line and we consider the function f

defined by:
f(e) = 2 sin (1/z) (@ #0);
f(0) = o.

Then
[ (x) = 2z sin (1/x)—cos (1/x) (x # 0);

f'(0) = lim,_,4 f(z)/x = 0.

So / is a Fréchet-differentiable operator and, therefore, strongly continuous
since strong and ordinary continuity coincide when E, is finite-dimensional.
However, f' is not continuous and, therefore, not strongly continuous.

ProoF oF THEOREM. We assume that f is strongly continuous. Then,
by Lemma 2, /' is strongly continuous and therefore compact, by (3), so
that (2) is satisfied. Again using (3), f is compact. Hence, by [I], /'(z) is
completely continuous for every x so that (1) is satisfied.

Now let us assume that f satisfies (1) and (2). Then, by Lemma 1,
/ is strongly continuous.

In the theorem, the strong continuity of f cannot be replaced by the
compactness of f. For if this were so, a compact operator, uniformly differen-
tiable in every ball of a space with weakly compact unit ball, would be
strongly continuous. That this is not true is shown by the following example.

We take E, as separable Hilbert space and E, as the real line R. We
consider f : E; — R defined by:

flz) = (z, @)

It is easy to show that f is uniformly differentiable in every open ball of E,
and that f is compact. However, f is not strongly continuous for, if {e,} is
an orthonormal basis for E,, ¢, — 0 and yet f(e,) + f(0) = Osince f(¢,) = 1
for all n.
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