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ON THE REGULARITY OF THE KOWALSKY 
COMPLETION 

EVA LOWEN-COLEBUNDERS 

Cauchy spaces were introduced by Kowalsky in 1954 [9]. In that paper a 
first completion method for these spaces was given. In 1968 Keller [5] has 
shown that the Cauchy space axioms characterize the collections of 
Cauchy filters of uniform convergence spaces in the sense of [1]. Moreover 
in the completion theory of uniform convergence spaces the associated 
Cauchy structures play an essential role [12]. This fact explains why in the 
past ten years in the theory of Cauchy spaces, much attention has been 
given to the study of completions. 

In 1971 a very large and natural class of completions was constructed by 
E. Reed, unifying all completion methods known up until then, including 
the Kowalsky [9] and the Wyler completion [15]. Other completion 
methods were developed for certain subclasses of Cauchy spaces [7], [4]. 

In the study of completions, properties such as strictness and regularity 
play an important role. In fact in [7] Kent and Richardson have shown 
that a strict regular completion, if it exists, is unique up to an 
equivalence. 

In [13] the same authors characterized Cauchy spaces having a regular 
completion and proved that not every space with a regular completion has 
a strict regular completion. 

The subject of this paper is to find conditions on a space to ensure the 
existence of regular completions in the collection of E. Reed. The 
completions in this collection are all strict. We give an example of a 
Cauchy space having a strict regular completion but having no regular 
completion in the collection of E. Reed. However, if the Cauchy space is 
totally bounded and pseudotopological then the property of having a 
(strict) regular completion is equivalent to the existence of a regular 
completion in the collection of E. Reed. In fact, then both properties are 
equivalent to the uniformizability of the space. 

In particular we investigate the regularity of the Kowalsky completion. 
We give an internal condition which characterizes the regularity of this 
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completion. In the pretopological case this condition is equivalent to the 
space being relatively round. In general however, even in the totally 
bounded pseudotopological case, being relatively round is not a sufficient 
condition to ensure the regularity of the Kowalsky completion. A 
C -embedded Cauchy space always has a regular completion, for instance 
the natural completion [4]. The position of the natural completion with 
respect to the collection of E. Reed is investigated. 

The paper is subdivided in sections treating respectively: the general 
case, the pretopological, topological, totally bounded and CA-embedded 
case. At the top of each section a diagram summarizes implications 
holding in that particular case and in the corresponding section we prove 
those results necessary to deduce the non trivial implications. In each of 
the charts the only valid implications are those indicated by the arrows or 
obtained from them by transitivity. In the final section we give examples 
to show that all other possible implications are false. 

I thank Professor D. Kent and Professor R. Fric for posing some 
interesting questions which initiated the investigations of this paper. 

1. Preliminaries. Throughout the paper we use notations, constructions 
of completions and results from [7] and [12]. From these papers we also 
use basic definitions and notations on Cauchy spaces. A few changes in 
the notations of [7] will be made. The closure operator will be denoted by 
cl instead of T and the set of equivalence classes in a Cauchy space (X, <£) 
will be denoted by X*. For a Cauchy filter & its equivalence class is 

A Cauchy space is uniformizable if it is the collection of Cauchy filters in 
some uniform space, totally bounded if every ultrafilter is Cauchy, 
pseudotopological (full in [12] ) if a filter Ĵ " is Cauchy if and only if all finer 
ultrafilters are in the same equivalence class, pretopological (topological) if 
it is a Cauchy subspace of a pretopological (topological) convergence 
space, considered as a complete Cauchy space. Pretopological (topologi
cal) Cauchy spaces are spaces with minima (minima with an open base) in 
their equivalence classes [11]. A Cauchy space is Hausdorff iî the induced 
convergence structure is Hausdorff, regular if cl 3F is Cauchy whenever & 
is Cauchy, completely regular if it is a subspace of a completely regular 
topological space. 

Throughout the paper the original space (X, <£) is assumed to be regular 
and Hausdorff. By the term "completion" is meant a Hausdorff 
completion. 

A subset X of Y is strictly dense in Y if cl X = Y and whenever \p is a 
filter on Y converging to y in 7, there is a filter ^ on Y converging to y 
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such that X G ^and i// z> cl ^. If (y, ^ ) is a completion of (X, #) and X is 
strictly dense in y then (Y, Si) is a s/n'c/' completion [4]. 

Given a Cauchy space (X, fé7) lety':X—> X* be the mapy(x) = (x) for x 
G X In [12] a family of completions is constructed on X*, using 
collections of maps that pick out a filter for each equivalence class. A(^) 
is the set of all maps À from X* to F(X) (the set of all filters on X) such 
that X(p) is contained in some filter in/? for/? G X* and A/(x) = x for x 
G X For every T c A(^) a completion K\(X, <&) is constructed. The 
collection of completions thus obtained is called the collection of E. Reed 
and will be denoted by ^(X, ¥>) or if no confusion can arise simply 9t. 

In particular for 

2 = [o G A(#) \o(p) G p for/? G X*} 

the associated completion K%(X, <£) is the Kowalsky completion which we 
will shortly denote K(X, V). If T = {o} then we write Ka(X, V) for the 
corresponding completion. & is a collection of strict completions. We call 
& regular if it contains a regular completion. 

In [7] an extension of a Cauchy space (X, <€) is constructed which is not 
always a completion. The construction is based on a certain 2-operation: 
In order to avoid confusion with the 2 defined above we will change the 
notation of [7]. For A c X we have 

AA = {/? G X*\A G 3?for some ^ G /?}. 

For a filter J ^ o n l w e have A ̂  the filter on X* generated by {AF\F G 
J^~}. The construction (X* <#p) in [7] will be denoted by R(X, <#). Every 
strict completion in standard form is finer than R(X, <€) and a strict 
regular completion in standard form, if it exists, is unique and equal to 
R(X, (€). These results from [7] will be used several times in this paper 
without explicit mentioning. For a Cauchy space we use the notation SC^ 
from [13] to denote the property that it has a strict regular completion. 

A convergence space (X, q) is co-regular if c l ^ & converges whenever^ 
converges, where coq is the finest completely regular topology on X coarser 
than q. (X, q) is completely regular if it is regular and has the same 
ultrafilter convergence as a completely regular topological space [8]. 
CA-embedded spaces are introduced in [4]. They can be characterized by 
the property of having an oregular pseudotopological completion. Such a 
completion can be obtained by embedding (X, <€) in a function algebra 
and this construction, called the natural completion, will be denoted by 
N(X, V). 
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2. General case. Let (X, <&) be a Cauchy space. 

Si regular . 
(*, tf) relatively «• * ( * , *f) regular => ( * ' / ^ y 

round ,, 

^ regular => SC3 

LEMMA 2.1. ^ zs regular if and only if there exists a o G 2 swc/z //?#/ 
A^(A, #) /'s regular, where o can be chosen to map on ultra/liters. 

Proof Let r c A(#) such that ^ r (X, #) is regular. Choose y G Y and 
for 7 G A* \j(X) an (ultra) filter ^, G _y such that y(_y) c %. Let a:A* -> 
F(X) mapping (x) to x for x G Aand J; G A* \ . y ' W to ^ r Then a G 2 
and 

^ r (A, #) ^ Ky(X, <€) ^ #a(A, # ) ë #(A, #) . 

Clearly the regularity of Âj(A, #) implies the regularity of K0(X, c€). 

For o G 2 and F and y4 subsets of X and J*7 a filter on X let i7 < a A if 
and only if for every p G X*, A or X \ F belongs to a(p) [12]. 

Let F < a ,4 if and only if for every p G X*, if F G Jffor some J f G p 
then 4̂ G o(p). 

Let 

raJ^ - {y4 c X\F <a A for some F G j q [12] 

and 

V^7 = {^ G X\F <° A for some F G J^}. 

Then raJ^ and sa3^ are filters on X, s0^ G cl J*" and ^J*" G raJ^ 
A Cauchy space is relatively round if for every o G 2 the filter rCTJ^ G tf 

whenever^" G #[12]. 

THEOREM 2.2. K(X, <&) is regular if and only if for every a G 2 the filter 
s0^F G %> whenever ïF G # Si is regular if and only if there exists a a G 2 
such that sa^ G fé7 whenever J^ G # 

/Voo/. If A (̂X, # ) is regular and^" G #then AJ^"converges in A:(A, #) . 
For every a G 2 there exists & G #such that f1 c A^" Then we have $ 
G 5-aĴ  and sa^F G # For the converse suppose the condition is fulfilled, 
that ^ is a filter on X* converging to y in K(X, <£) and that o G 2 - Choose 
J£"G ywith^ G ^ . For.4 G saJHet F Œ ^with F <° A.For q G cl (Fa) 
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let ^fbe a filter in q such that F v JT exists, then F v Jf exists and ,4 G 
a(g). Then 

cl OF7) c A0 and Cv^) a c cl * . 

So cl ^ converges to j \ 
Using Lemma 2.1 the second part can be shown analogously. 

THEOREM 2.3. K(X, %?) is regular if and only if(X, ft) is relatively round 
and & is regular. 

Proof. If K(X, <£) is regular then (X, tf) is relatively round since sa^ c 
raJ^for every a e 2 - The other implication follows from the fact that in a 
relatively round space all the completions KY(X, <£) for V c 2 coincide 
[12]. 

THEOREM 2.4. 7/" ^(X, fé7) w regular then the structure induced on X* \ 
j(X) is diagonal (in the sense of [9] ). 

Proof. If 

IL:X*\J(X)^>F(X*\JXX)) 

and \x(p) converges to/? for every/? <E X* \j(X) and ^ is a filter on X* \ 
j(X) converging to q in X* \j(X) let [/x(/?) ],p e X* \j(X) and [*] be the 
filters generated on X*. For/? <E X* \j(X) choose 17(77) e /? with AT](/?) C 

[[i(p) ]. For JC <= X let T](JC) = Jc. Choose & ^ q with AĴ " c [*]. Then 
^(J*") G q and A^ ^ " c [ u n /A(/?) ]. 

It follows that U n ju(/?) converges to g in X* \j(X). 

3. Pretopological case. Let (X, <£) be a pretopological Cauchy space. 

(X, # ) relatively K(x> V) 
round ^ regular 

il 

^ regular =̂> SC^ 

(X, V) a strict 
subspace of a 

regular pretopo
logical space 

THEOREM 3.1. K(Xy <£) is regular if and only if (X, tf) is relatively 
round. 
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Proof. In view of Theorem 2.3 we only need to prove the "if" part. Let 
fi:X* —» F(X), fi(x) = x for x G X and \x(p) = Mp, the minimum element 
in/?, for/? G X* \j(X). L e t ^ b e a minimal Cauchy filter in (ê. Since (X, 
#) is regular and relatively round we have r^cl Ji) = Ji. By 
straightforward verification we obtain that 

s^Jf-D r^ (cl Ji). 

Using Theorem 2.3 and the fact that (X, <ë) is pretopological it follows 
that K(X, <g) is regular. 

THEOREM 3.2. (X, të) is SC^ if and only if it is a strict subspace of a 
regular pretopological space. 

Proof. If (X, tf) is a strict subspace of a regular pretopological space 
then the closure of X in this space is a strict regular completion. 

If (X, <ë) is 5C3 then R(X, tf) is a pretopological strict regular 
completion with neighborhood filter LJ(p in /?, where Jtp is the minimum 
element m p. 

THEOREM 3.3. If K(X, %) is regular then the induced structure on X* \ 
j(X) is topological. 

Proof If (X, # ) is pretopological then so is K(X, <g). If K(X, V) is 
regular then X* \j(X) is diagonal (Theorem 2.4). It follows that X* \j(X) 
is topological [9]. 

4. Topological Cauchy spaces. Let (X, <€) be a topological Cauchy 
space. 

, „ _x 1 - 1 (X, të) a subspace of 
(X, # ) relatively ^ , v <^ i i • i • 

, =̂> ^ ( A , <#) regular <=> a regular topologi
cal space 

& regular 

H 
sc3 

THEOREM 4.1. ÀXX, # ) w regular if and only if (X, <£) is a subspace of a 
regular topological space. 

Proof. If (X, *f) is topological then so is K(X, <g) [11]. If (X, # ) is a 
subspace of a regular topological space Y then the closure cl X of X in y is 
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a topological regular completion of (X, <#). Let <p:cl X —> X* be the map 
which to y e cl X assigns (-#v), where Jty is the trace on X of the 
neighborhoodfilter t~(y) of j . Since ^ ( j ) has an open base, we have 
q(r(y)) D ^ , where /x:** -> F(*) maps /> G X* \ y(*) to the 
minimum element in p and (x) to i for x £ X Hence 

<?: cl * - > # ( * , #) 

is continuous. Since K(X, *&) = R(X, tf) the map <JP_1 also is continuous. 
It follows that K(X, <&) is regular. 

5. Totally bounded pseudotopological Cauchy spaces. Let (X, <&) be 
totally bounded and pseudotopological. 

K(X, <g) s» o^ (X, # ) 
7 <̂> ^regular <=̂> «SCi <=> .„ . \ . 

regular uniformizable 

(X, Sf) relatively 
round 

THEOREM 5.1. The following properties are equivalent: 
(1) # ( * , # ) w regular 
(2) ^ w regular 
(3) (X, # ) w SC3 

(4) (X, <&) has a regular completion 
(5) (X, <£) is uniformizable. 

Proof. (1) => (2) => (3) => (4) are trivial implications. (4) => (5): Suppose 
(X, <&) has a regular completion. Then from Lemma 2.3 in [2] and 
Theorem 2.2 in [7] it follows that R(X, <&) is an almost topological regular 
completion in the sense of [7]. If co e 2 maps every p <E X* to an 
ultrafilter co(p) then K^X, %>) is compact Hausdorff and pseudotopologi
cal [12] and therefore it is minimal Hausdorff [6]. It follows that KU(X, %?) 
and R(X, <£) coincide and that R(X, &) is topological. From the proof of 
Theorem 4.1 we have that K(X, %) is equal to R(X, <£) and that K(X, V) is 
a compact Hausdorff topological space. Hence (X, %?) is uniformizable 
[10]. 

(5) => (1) is evident since K(X, %>) preserves uniformizability [12]. 
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6. CA-embedded Cauchy spaces. Let (X, <£) be a CA-embedded space. 

(X, <g) completely 
regular 

S 
K(X, V) completely 

regular 

4 

K(X, (i) co-regular => there is an «-regular 
completion in 0t 

t I 
K(X, <g) « N(X, V) => N(X, V) " e " & => # ( * , #) strict 

H II il 
K(X, <g) regular =* St regular => SC 3 

THEOREM 6.1. K(X, %) is a completely regular convergence space if and 
only if (X, <£) is a completely regular Cauchy space. 

Proof. K(X, %?) is pseudotopological so if it is completely regular then it 
is topological and then (X, %?) is a completely regular Cauchy space. 

The other implication follows from the proof of Theorem 4.1. 

We use the following notations. 
If a e 2 , F and A are subsets of X and ^ is a filter on X then we 

put 

F < a A 

if and only if for every/» e X*, we have A e a(/?) whenever for every 
Cauchy continuous real valued m a p / o n (X, tf), 

l i m / p O G /OF) for s o m e ^ f e /? 

and 

/ ^ = {^ c X\F <Ca A for some F <= J*"}. 

Then / ^ is a filter on X and tn& c s ^ 
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THEOREM 6.2. The following properties are equivalent. 
(1) K(X, <g) is ^-regular. 
(2) For every o G 2 the filter taJ^ G & whenever J* G ^ 
(3) # ( * , tf) w equivalent to N(X, «'). 
(4) #(Jf, # ) w regt//ar ««J 7V(X, #) w j/r/c/. 

iVoo/. (1) =̂> (2). If #(X, #) is co-regular, a G 2 and J^ G #then [J?*] 
converges in if(X, #) and so does c\œK[^]. Let 9 G # such that ^ a c 
&UKW\ and let G G # Choose F G ^satisfying clwA:F c Ga. Up G X* is 
such that for every real valued Cauchy continuous map f on (X, %>), lim 

f(3f) G / ( F ) for some 3tf G /?, then/> G clw^ F. If not, then there would 
exist a continuous function h:K(X, <£) —» R such that 

A ( c U f ) = {0} and /*(/?) = 1 

and for the restriction f to X we would have 

f(F) = h(F) c h(cl„KF) = {0} and 

lim f(JT} £ f(F) for every Jf G /?, 

which is impossible. Since/» G c l ^ F w e have G G a(p). Finally F <.° G 
and G G /a J^ Since ^ c f^ we have that ta^ G # 

(2) =̂> (1). If (2) is satisfied and ^ is a filter on X* converging to p in 
K(X, <&) then we choose & G p with AJ^ c <lr. For a G 2 and A G fa ^ 
let F G #" such that i7 <Ca A. For /? G c l ^ i 7 and a real valued Cauchy 

continuous m a p / t h e set (f*)~X(f(F) ) is co^T-closed if/* is the extension 
oîfto K(X, V). Hence 

So there exists a n ^ f e /? with l i m / ( ^ ) G f(F). It follows that/? G A° 
and clw# F c A°. Finally K(X, <&) is co-regular since 

(1) => (3). If ^(X, #) is co-regular then it is C-embedded and strict. So it 
is equivalent to N(X, # ) [4]. 

(3) => (4) => (1) are trivial implications. 

With an analogous proof we also obtain the following result. 

THEOREM 6.3. The following properties are equivalent. 
(1) N(X, <%) is equivalent to some completion in &. 
(2) There exists a o G 2 such that N(X, # ) is equivalent to Ka(X, *$). 
(3) There exists a o G 2 such that taJ^ G & whenever ^ G ^ 

https://doi.org/10.4153/CJM-1984-005-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1984-005-8


KOWALSKY COMPLETION 67 

7. Examples. 

Example 7.1. A CA-embedded topological Cauchy space, not relatively 
round, with a strict natural completion and for which Si is not regular. 

On the real line we choose an irrational number a and a descending 
sequence (ay)y-GNo of irrationals converging to a. For y > 1 we choose two 
disjoint sequences of rationals (qJ

n)n^N0 and (r7,7)„GN() in ]ap OLJ-\[ con
verging to oij. For j = 1 we choose two disjoint sequences of rationals 
( U G N 0

 a n d ( O ^ N 0 in ]ai, + oo[ converging to a,. 
Let X = ( [a, + oo[ n Q) U {a} U {a7|y G N0} and Y = [0, S2], where 

Q is the set of rationals and is Œ the first uncountable ordinal. Z = X X Y 
is equipped with the pretopological structure p defined by its neighbor
hood filters in the following way. 

&((q,y)) = (q',y)ifq ^ Q 

> , Q ) ) = [{ ( 
1 

a, a + -
n 

D X) X {£2} |n G N0} ] 

0((a,y)) = [{Fn(y) U { (a, y) } U { (a,-, .y) 1./ ^ K } | * G N0} ] 
OO 

for ^ G [0, ai with i ^ ) = U { (ql y) \k G N 0 } 
j = n 

&( (a,-, Q) ) = [ { (G7
W U {a,-} ) X ]y, Q] |* G N0, y < V] ] 

for j G N0, with GJ
n = {rJ

m \m ^ n) 

&((«j,y)) = [{]«y - ^ « / + ^ [ H X) X {y)\n G N0}] 

for y G N0 and^ G [0, Q[. 

Let 

D = ([a, + o o [ n Q ) X [0, B]. 

On Z) we take the Cauchy subspace ^induced by (Z, /?). (Z>, # ) is a 
topological Cauchy subspace with minimal Cauchy filters 

Ax,v) = ®( (*> y) ) \D for (x, y) G Z 

and (Z, /?) is a strict completion of (Z), fé7) since 

'OW c ^ (x , _y) for every (x, 7) G Z. 

The structure /? on Z is finer than the product topology r on X X Y of X, 
with the trace of the discrete rational extension topology on R [14] and the 
topology on Y, which is discrete in every y < £2 and has the neighborhood 
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filter [ { ]y, fi] |y < £2} ] in £2. The topology r is completely regular and 
&(x,y) has a T-closed base for every (x, y) e Z. Hence (Z, /?) is co-regular 
and C-embedded. (D, c€) is CA-embedded and N(X, %) is equivalent to 
(Z,p). 

Next we show that (Z), #) has no regular completion in 0t. Suppose on 
the contrary that $ is regular. Using Lemma 2.1 we can choose o e 2 
such that ATa(A fé7) is regular. Then 

v:(Z,/>) -> tfa(Z), <?) 

mapping z to {Jfz) is an isomorphism. For j e N0 we have 

There exist «y G N0 and yy < £2 such that 

<P( (G{. U {a,-} ) X ]y7, 12] ) c (G7, X [0, Q] )". 

It follows that for every j ; e ]yp £2], 

G7, X [0, Q] G a <^(a.tV)>. 

Since a (J?(a,V)) ^ ^(a.,V), we have 

G7, X {;,} e a ( ^ v ) > . 

Take 
y0 - sup y 

then we obtain that 

(1) G\ X {Yo} e a ( < ^ , Y o ) > ) 

for every y e N0. 
On the other hand we also have 

There exists an m e N0 such that 

<P(^(YO) U { (a, y0) } U { (CLJ, y0) \j ^ m) c (F,(y0) )a. 

Then 

^i(ïo) e a (Jt{am^)> 

and using (1) we have 

^i(yo) n (Gf x {Yo} ) e a <^(a„„yo)> 

which in view of the disjointness of the chosen sequences is a 
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contradiction. In particular K(D, <£) is not regular and using Theorem 3.1, 
we obtain that (Z), fé7) is not relatively round. 

Example 7.2. A CA-embedded topological Cauchy space, with a regular 
completion in 01, equivalent to the natural completion, which has a 
non-regular Kowalsky completion and is not relatively round. 

On the real line we choose a, (a7) / e N o , (qJ
n)n<=N0 f ° r j G N0, and X as 

in the previous example. X is equipped with the pretopological structure p 
with neighborhood filters defined in the following way. 

S8(q) = q for q G Q 

âS(a) = [ {Fn U {a} U {ctj \j ^ n) \n G N0} ] where 

oo 

F„= U {qJ
k \k G N0} 

^ ( « / ) = [ { ]«/ - - , CLj + - [ H X |* G N 0 } ]. 

Let £ = [a, + oo[ n Q be equipped with the Cauchy structure c€ 
induced by (X, p). Then (E, tf) is a topological Cauchy space and^#Y = 
01 (x) \E is the minimal Cauchy filter corresponding to x G X. (X, p) is a 
strict completion, and /? is finer than the trace of the discrete rational 
extension topology r on X. 0&(x) has a r-closed base for x e I It follows 
that (X, p) is C-embedded and (£, C) is CA-embedded. 

For o:E* -> £ (£) , a( (JC) ) = JC if x G £, a ( ^ > = ^ a and 

°<-^«,> = [ { {qJk \k ^ m) \m G N0} ] for y G N0, 

we have s0(x) = x, S ^ ^ = Jta
 a n d V^«- = ^ « - Hence Ka(E, c€) is 

regular. 
For \:E* -> F(E), X( (JC) ) = x if x G £, X<^a> = ^ a and A ( ^ > = 

^ for j G N0 we have s\Jta =£ Jta. It follows that K(E, <£) is not regular 
and that (E, # ) is not relatively round. The completions (X, p), Af(£, ^ ) , 
/*(£, <<f) and # a (£ , # ) are all equivalent. 

Example 7.3. A totally bounded pseudotopological relatively round 
Cauchy space with no regular completion. 

Let Xbe an infinite set. Fix a nonprincipal ultrafilter % a n d let ^ b e the 
following Cauchy structure on X: A filter J^ belongs to #if and only if J^ 
= x for some JC G X or J^ = % or every ultrafilter finer than J^ is 
nonprincipal and different from %. (X, <£) clearly is totally bounded, 
pseudo-topological and regular. (X, <£) is not pretopological since 

% D n {^ |^ nonprincipal, <% ¥= %} 
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and in view of Theorem 5.1, (X, %) has no regular completion. However, 
(X, <ë) is relatively round. 

Example 1A. A CA-embedded Cauchy space which is not completely 
regular, for which the Kowalsky and natural completion are equivalent. 

Let Xhz any C-embedded non completely regular topological space and 
y> the complete compatible Cauchy structure. 

Example 7.5. [3] A CA-embedded Cauchy space with a strict regular 
completion and with a non strict natural completion. 
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